Symmetry 2013, 5, 54-80: doi:10.3390/sym5010054

symmetry

ISSN 2073-8994
www.mdpi.com/journal/symmetry

Article
Non-Crystallographic Symmetry in Packing Spaces

Valery G. Rau L Leonty A. Lomtev 2and Tamara F. Rau '

' Vladimir State University, Gorkogo St., 87, Vladimir 600000, Russia; E-Mail: vgrautf@mail.ru

Joint Stock Company “Magneton”, Kuibyshev St., 26, Vladimir 600026, Russia;
E-Mail: leontijlomtev(@rambler.ru

2

* Author to whom correspondence should be addressed; E-Mail: vgrau@mail.ru;
Tel.: +79-066-103-496.

Received: 25 November 2012 / Accepted: 5 December 2012 / Published: 9 January 2013

Abstract: In the following, isomorphism of an arbitrary finite group of symmetry,
non-crystallographic symmetry (quaternion groups, Pauli matrices groups, and other
abstract subgroups), in addition to the permutation group, are considered. Application of
finite groups of permutations to the packing space determines space tilings by policubes
(polyominoes) and forms a structure. Such an approach establishes the computer design of
abstract groups of symmetry. Every finite discrete model of the real structure is an element
of symmetry groups, including non-crystallographic ones. The set packing spaces of the
same order N characterizes discrete deformation transformations of the structure.
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1. Introduction

One-dimensional integer partition of periodic space into segments (of mod N) containing
k-points-atoms was proposed by Patterson [1] and researched [2,3] to solve a homometrical theory
problem that leads to the ambiguity of crystal structure interpretation. In particular, it was
demonstrated [4] that the vector system point disposition along the nodal directions of the orthogonal
cell of N x N nodes allows us to have a set of two-dimensional (2D) homometric structures for each
direction. In that case, the vector system for each of these structures contains all points of the lattice
constant N. In combinatorics (Table 3 [5]), the coordinates of the structure of the complete vector
system of points form a block diagram and (v, k, 4)- difference set, where v = N-, k- is the minimum
number of points with integer coordinates and A- is the multiplicity of points in the vector system.
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When building a complete system of vector points in the two-dimensional lattice and the centered cells
of the lattice, its versions form the basis of the discrete two-dimensional model, and the n-dimensional
packing space is formed N times. The choice of direction in the lattice containing N x N nodes defines
one of the sublattices, and its cell is composed of N lattice nodes.

Enumerating the options of homometric structures with a given number k (kK + 1) = N of vector
system points in the cell of a two-dimensional structure showed that this number coincides with
(N + 1), but only for simple N. A solution of the general problem of enumerating the number of
two-dimensional (2D) and three-dimensional (3D) lattices with N-nodes in the translational lattice was
obtained after the introduction of the concept of packing space (PS) and its formalization.

Report [6] had the goal of using PS for the search, generation and prediction of structures based on
the partition of space into polyominoes. Some practical steps were used to establish the method of
discrete modeling of partitions and packages [7] to predict variations of molecular crystal structure
(see, for example, [8]). The basis of the method was the partition of periodic space into policubes
(3D-polyomino). Figure 1 represents molecules in the form of policubes.

Figure 1. (a) The rod model of molecules; (b) geometrical (spherical) model; and
(¢) discrete model (policube).

Generally, a growing number of publications have been devoted to the problems of the space
partition (see for example [9] or a collection dedicated to M. Gardner [10]). Recent works published in
Symmetry [11] were also concerned with the problems of space partition into polyominoes
and polyiamonds.

The results represented in article [11] show that the interest in partitions is not decreasing and that
many problems have not yet been solved. Research carried out by a group of scientists from Vladimir
State University (VISU, Vladimir, Russia), described elsewhere [7,12], continues. To the best of our
knowledge, this paper represents another way to partition periodic space into 2D-, 3D-polyomino with
the help of final permutation groups never described before.

The presentation of a generalized packaging N x N space containing all two-dimensional lattices of
packing spaces of Nth order was introduced in [12]. Generalized criterion of the space partition into the
polyominoes and policubes based on the Patterson model of structure as a vector system of points with
integer values of the coordinates (in fractions of the cell) has been proposed. Algorithms and programs
of the space partition into the polyominoes (2D), policubes (3D) and prediction of the model and actual
molecular structures were partially presented in [13,14].

These investigations have proceeded in another direction in the description of the mechanism of the
layered growth of real and model crystal structures [15,16].
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The ideas of the approach are based on the research by Conway, Sloane, ef al. [17]. The properties
of the resulting 3D-packaging polyhedron (Figure 2) in a mathematical model of the growing
connection graph of the polyominoes in the partition have been studied and described in [18,19].
Article [20] presented the results of the packing polyhedra calculation of growth in crystal nuclei of
real structures (nanoclusters) of rhombic and monoclinic sulfur. The possibilities of using the
Cambridge Structural Database (CSD) for a great number of nanoclusters of different molecular
compounds were presented in [20]. Anthracene, pentacene, coronene and halite nanoclusters were also
researched. Based on the calculation of nanoclusters, a multicenter computer model of random
nucleation and growth of crystal nuclei in the material has been developed. The output for the
two-phase polycrystalline samples of monoclinic and rhombic sulfur Sg is presented in Figure 3. The

sizes of the nuclei in the figure range from 1 nm to 8 nm.

Figure 2. Formation of a grown polyhedron by tiling of the plane into policubes. The
number of layers n [15] is consistently indicated (n = 5; n = 10; n = 15).

NN
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Figure 3. A multicenter model of the growth of monoclinic and rhombic sulfur Sg
nanoclusters presented in “the Nanoscopic Computer”. Color of the clusters identifies
various moments of the random nucleation of the future crystalline phases.

The concept of n-dimensional packing space was introduced in [21]. In [22], it was proposed to use
a mathematical permutation group for the analysis of the symmetry of the packing space (PS). The
crystallographic symmetry PS?P based on classical symmetry transformations in the Weyl group was
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presented in [23]. Broadened options to use the method for the description of fractal non-periodic
partitions at present were shown in [24].

In this paper, we describe new results of a discrete model of packing space usage for the
visualization of abstract finite groups of substitutions, quaternions, Pauli matrices, Dirac matrices, and
a description of the real two-dimensional layer structure.

2. Basic Concepts and Definitions

In crystallography, figures built on the basis of joining squares are called polyomino, on the basis of
triangles are called “polyiamonds” and on the basis of hexagon are called polyhexes (see for
example, [11]). The shape of the square and cube has been chosen to describe the space partition for
simplicity of algorithms and software partition implementation and continuity of these figures in the
transition from two- to three-dimensional, and then to n-dimensional space [21]. Three-dimensional
analogs of the triangle (tetrahedron) and hexagon (hexagonal bipyramid or prism) do not give
simple partitions.

The figures compiled from the N-unicellular-squares or cubes in E’ so that each square (or cube) is
adjacent to at least one neighbor that has a common side, are called polyominoes [11] (3D-polyomino,
or policube). Figure 6 shows an example of figures “polyomino-cross” with N = 5, which splits the
space, that is, fills it without voids or overlays. It is evident that any N-cellular polyomino can be fully
presented on the plane in the area of the square containing the N x N cells, each of which coincides
with the size of the cells polyomino (Figure 4, where N = 6). Centers N* elementary cell of the square
form N* nodes of the lattice translations of all the space. If the basic directions of space are used to
select the horizontal and vertical lines, the nodes in this basis will have integer values (Figure 4). The
beginning of the reference in the chosen basis accept node is located in the upper left hand corner of
the square. In the general case of not-primitive sublattice, this lattice, which has N nodes, has a
fundamental area of N of the corresponding cells polyomino. The number of N in this case is called the
index of a sublattice or the order. Red (Figure 4) highlights a nodal direction, determined by the
translation of 0 — 8 that will be permutated in the cycles:

(0816 18 26 34)(1 9 17 19 27 35)(2 10 12 20 28 30)(3 11 13 21 29 31)(4 6 14 22 24 32)
(571523 25 33).

This is a permutation of highlights in the lattice of the series of parallel nodal lines (Figure 4). Cell
sublattice defines the coordinates of nodes: (6,0) and (2,1), but the fundamental area of the cell
sublattice contains N = 6 nodes, or 6 cells polyomino. The coordinates of the selected nodes can be
represented in the form of vector-matrix columns:

o]

and all the information about the selected cell sublattice is recorded as follows: PS-P 6 1,, where the
designation PS is a brief record of the “Pack Space”, and P—plane. To partition, the policubes will use
the symbol PS S, where S is the space—"“Space”.
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Figure 4. A series of parallel nodal lines.
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As sublattice in two-dimensional space is determined by two independent directions coming from
the origin, the result was the following theorem:

Theorem 1. A beam translational independent nodal line conducted through the origin and every
node of the square N x N is a subgroup “N*” of the permutations of the order of N°. By forming a
group of some of the directions in the lattice, it is simple, with the help of operations of multiplication,
to find all of the subgroup “N°” and its table Cayley. The result of this calculation for a simple case of
N =4 1is presented in Table 1.

The splitting of the elements of the group on the equivalence classes that are defined as independent

‘N*”, which have the same color, is presented in the

lines, and irreducible representations of the group °
Table 2. The number of directions is 16. The group is divided into 5 subgroups of 4 elements each,
including the identity transformation. In each subgroup, operations are divided into cycles. Each cycle
determines the number of equivalent nodes that form the sublattice translations. The number of cycles
determines the number of independent nodes in the cell of the sublattice, which is the index of
a sublattice.

From the geometry of the nodal lines in the space 4 x 4 (Figure 5) and Table 2, the operations of
g(2), g(8) and g(10) are distinguished by one cell with an index of 8. Simple division of these cells into
two independent parts leaves only two of them (g(10) and g(8)), each of which will be characterized by
dividing the index, equal to 4. The remaining operations are divided into each subgroup to the
equivalent of a pair, the number of which is equal to 5. Thus, the number of independent nodal areas is
7 for lattices with the index N = 4, which coincides with the sum of the divisors of the number 4, as
shown in the simple brute force of previously published works [13].
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g[0]=(0123456789101112131415);
g[11=(5674910118131415121230);
g[2]1=(1011891415121323016745);
g[3]1=(1512131430127456118910);
g[4]=(674510118914 15121323 01);
g[5]1=(1189101512131430127456);
g[6]=(1213141501234567891011);
g[71=(1230567491011813141512);
g[8]=(8910111213141501234567);
g9]=(1314151212305674910118);
[
[
[
[
[
[

_ e e

g[10]=2301674510118914151213);

g[11
g[12
g
g[14
g[15

Table 1. Cayley table for N = 4.
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Figure 5. A series of parallel nodal lines.
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Table 2. The splitting of the elements of the group on the equivalence classes.

g[0]=(01234567891011 1213 1415)=(0) (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15)
g[11=(5674910118131415121230)=(051015)(161112)(27813) (349 14)
g[2]=(1011891415121323016745)=(010)(1 11) (2 8) (3 9) (4 14) (5 15) (6 12) (7 13)
g[3]=(1512131430127456118910)=(015105)(1 12116)(21387) (3 149 4)
g[4]=(6745101189141512132301)=
g[5]1=(1189101512131430127456)=
g[6]=(1213141501234567891011)=
g[7]1=(1230567491011813141512)=(0123)(4567) (8910 11) (12 13 14 15)
g[8]1=(8910111213141501234567)=(08)(19)(210) (3 11) (4 12) (5 13) (6 14) (7 15)
g[9]=(1314151212305674910118)=(013107)(114114)(21585)(31296)
g[10]=(2301674510118914151213)=(02) (1 3)(46) (57) (8 10) (9 11) (12 14) (13 15)
g[11]1=(7456118910151213143012)=(071013)(14 11 14)(25815) (369 12)
g[12]=(1415121323016745101189)=
g[13]=(3012745611891015121314)=(0321)(4765)(811109) (1215 14 13)
g[14]=(4567891011121314150123)=
g[15]=(9101181314151212305674)=

Packing space (PS) or partition space is a lattice in which each node is assigned weight (symbol or
color) so that any set of lattice nodes with the same weight makes the same (up to shift) sublattice of
translations of the original lattice.

The columns of the vectors’ coordinates (based on the original lattice) of one of the sublattice bases
of this lattice form an integral matrix:

where 0 <x; <x1, 0 <x3<x,0=<y;<y»,and z3 > 0.

Matrix Y is a matrix of three-dimensional packing space. The order of packing space coincides with
the index of the sublattice and is the multiplication of the diagonal elements of the packing matrix
N =Xx1y2z3.

For a two-dimensional lattice in the matrix, only numbers xi, x», and y, will remain. The order of the
packing space in this case is N = xy».

For each node of the packing space, we construct a partition of the Dirichlet domains by dividing
the interstitial distances by the median plane, and we obtain a partition of space into minimum areas
that do not contain nodes, except one. These are cubes in three dimensions, and squares in the
two dimensions (Figure 6). In solid state physics, such lattice domains are called Wigner—Seitz cells.
In [25], the question of the structural organization of the complex compound with carbamide on the
basis of the division of space into Dirichlet-polihedras was considered.
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Figure 6. Definition of the packing space. PS P 513.

Let the size of the square coincide with the size of cells that make up the N-minoes of arbitrary
shape. Then, we can address the problem of investing polyomino into the fundamental domain of
two-dimensional packing space. If this can be conducted, the selected polyomino will tile space.

For example, we choose a polyomino of 5 cells in the form of a cross and put its middle cell with
any of the packing spaces of P51, (Figure 7). We assume the following statement (criterion of
partition): if all the cells with the given orientation of the polyomino coincide with cells that have
different weights in the packing space, the chosen polyomino breaks space. This conclusion is general
and answers the question: Which polyomino (policube) or its assembly may become a fundamental
domain of space partition?

Figure 7. PS P51,. One of the cells, corresponding to the range of PS, is selected by
vectors. The criterion of the space partition is tested by the polyomino shape—the “cross”.
The center of the figure coincides with the “weight 3” of PS.
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The formalization of the basic concepts of the n-dimensional packing space discrete model,
policube and the partition criterion are given in [21].

For the space presented in Figure 6, we have x; = 5, x, = 3, and y» = 1. The two-dimensional
packing space, presented in Figure 3, is denoted as P5 1.

The number N of packing spaces with a given order is finite and is determined by formula (1) [7]:

Np (two-dimensional packing space) = Y, d 3 NS (three-dimensional packing space) = Zd12dz (1)
d/N did,|N

For the image splitting, in addition to specifying the packaging space, each cell in the program of
images in succession is encoded with the help of 4 characters: 0, 1, 2, 3. The first character is
associated with the absence of the cells of the borders in the division. The following three are
responsible for the existence of the border only on the left, only from the top and the left and top,
respectively. The boundaries from the bottom and on the right are not taken into account because these
limits are defined as cells, located below and to the right. The encoding of the cell structure, shown in
Figure 7, is recorded as follows: 3 1 3 0 2. On the encoding in the given packing space, all partitioning
is restored. Procedure busting encoding characters and allocation in the division of areas with closed
borders allow one to try all possible variants of partition space sublattice with the index N. The code of
the cell-neighbors is agreed upon so that the program can consistently surround each polyomino in the
division of neighboring and find the structure of the layer-by-layer growth. In the computer
experiment, it was found, and in [18], strictly proved, that in the periodic partitioning the existence of a
polygon growth (or growth of the polyhedron in three-dimensional space) is obligatory. Therefore, all
of the crystals under ideal conditions grow up in the form of polyhedra.

Traditionally, analyzing a particular crystal structure, in accordance with the theorem (Cayley)
about the isomorphism of an arbitrary finite group and the permutation group, for each type of
crystallographic symmetry we can find an alternative compared to the transformation of space and the
subgroup of permutations (Example 1.1 in this article), which is of academic interest. We proceed
differently and apply the subgroup of permutations of the PS elements, and then, we perform the
analysis of the resulting structure. Now, we have the first practical result immediately: If
transformation is applied to the same PS, the resulting structures are geometrically conjugate to the
periods and angles of the lattice in accordance with the concept of PS. This conjugation, in particular,
i1s important for micro- and nano-electronics. Then, as each transformation of substitution can be
represented in the form of cycles, each of them in the PS will match some domain that consists of
equivalent points, and if we assign each set of equivalent points the same color, then we obtain space
partitioned into separate fields. This is the second practical result. Partition models are important in the
analysis of coordination packages in crystal chemistry. For every space partition, we can calculate
packing polyhedron (polygon) of structure growth, the construction of which (by prescription [15,16])
helps us to determine how the number of dots on each layer of the growing shape varies (magic
numbers) and how structural motives are arranged relating to faces (or edges) of the growth shape.
This is the third practical result, which is used to construct models of nanoclusters [20,26].

To achieve these results, we compiled a program for sorting permutations with a given number of
elements N, tiling into separate subgroups and construction of the Cayley table for each subgroup and
presentation of the group operations in the form of cycles. An algorithm and program for each of
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the substitution operations to the packing space and the space partition into the colored areas
were developed.

3. Examples of Permutation Groups on Packing Spaces
3.1. Arbitrary Permutation Groups

As an example, we analyze the structure of the partition on the symmetry plane of P4mm
(Figure 8). If you select symmetrically identical points of the structure and paint them one color (pick
out point of the orbit), and then write the transformation of symmetry group with substitutions
operations, you obtain eight operations, making up a group. A Cayley table of that group is presented
in Table 3. The group also includes the translation operation g(0), leaving all the points in their places.
A column of Table 3, delivered to the right of the Cayley table, presents the elements of points
symmetry determined by the operations g(N), which is written in the corresponding row.

Table 3. Cayley table for the crystallographic group P4mm (Figure 7).

gl0]=(01234567); glo] |gfl] gl2] g3]1 gf4] g[5] g[6] g[7] e
gl1]=(04263715); gltl | ef2] gl3] ¢gf0] gl5] gl6]  gl7] g4l 4
gl2]1=(03216547); gl2] | ef3] g0] g[l] gle]  g[7]  gl4]  gl5] 2
g3]=(06241735); gl31 |efo] gll]  gf2]  gl7] g4l el5] gle]l 4
g[41=(01236745); g4l | el7l g6l gl5] g0l gl3] g2l gll] mh
g5]=(06243517); gl5s1 | g4 g7l g6l g1l gl0] g3] gf2] mdl
g6]=(03214765); glel | el5] g4l g7l gl2]  glll  gl0]  g3]  mv
gl7]1=(04261537); gl71 |gl6l  g[5]1 g4l g1 g2l gl gl0] md2

Another result with the other Cayley table is obtained when the cells belonging to each polyomino
in the structure are painted the same color. In accordance with this approach, Figure 8a shows the
tri-colored structure, and its growth structure is shown in Figure 8.

Figure 8. (a) An example of P42, space partition into the polyomino and (b) the form of
layered structure growth.

(b)
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The corresponding 3-cycle transformation cannot be obtained in the group with the crystallographic
operations presented in Table 3. In the first case (Table 3), we address the crystallographic operating
space. Table 4, in which the color is determined by the structure of the space tiling into the
polyominoes, gives another representation of packing space. In this case, we assume that the space is
the structural space. There is a variant, when these spaces are isomorphic, but it is obvious that the
structural space is more general. Any crystallographic operational space defines a tiling of PS into
polyominoes, but not every tiling is determined by the transformations of the operational space with
the crystallographic symmetry of the plane (or space) group.

Table 4. Cayley table for transformations PS P42, (for Figure 8a).

gl0]=(01234567) g[0] | g[l] 1 g[3] gl4] g5

g6l g[7] g[8] g[9] 8-colored

g[1]1=(02346715) g[l1] | g[2]
gl2]=(03461527) g2] | gl3] 1 gl5]  glo]  gf7
g31=(04612735)  g[3] | g[4] 1 gl6]l g[7] gl8

g[2
g[3] ¢[4] g[5] gl6
gl4
g[5
gl4]=(06123547) g[4] | g[5] g[6] g[7] g[8 ¢g[9
g[7
g[8
g[9
g[0
g[l

g[7] g[8] g[9] g[0] 3-colored
g[8] g[9] ¢g[0] g[l] 4-colored
g[9] g[0] g[l] g[2] 3-colored
g[0] g[1] g[2] g[3] 4-colored
g[1] g[2] ¢g[3] g[4] 7-colored
g[2] g[3] ¢g[4] g[S]  4-colored
g[3] gl4] g[5] g[6] 3-colored
g[4] g[5] g[6] g[7]  4-colored

gl5] gl6] g[7] g[8  3-colored

gl51=(01234765)  g[3] | gl6] 1 gl8 g9 ¢g[0
gl6]=(02346517)  g[6] | g[7] 1 g% gl0] gfl
gl71=(03461725)  g[7] | gl8] 1 gl0] gll] gf2
gl81=(04612537) g[8] | g[9] 1 glll  gl2] g3
gl®1=(06123745) g[9] | gl0] 1 gl2] gl3] g4

In general, the second approach is characterized by non-crystallographic transformations
of permutations.

To demonstrate the proposed method of analysis of any structure, including one with
non-crystallographic symmetry, we consider a specific subgroup of permutations of the twelfth order.
A Cayley table of the group is presented in Table 5.

Table 5. Cayley table for the subgroup of permutations of the twelfth order.

gl0] |gfl] gf2] g3] g4 gl5] g6l g[7]  g[8] g9  g[l0] g[l1]
gl | gf0]  gf3]  gl2]  gl5] g4l g7l g6l g9 gl8]  g[ll]  g[l10]
gl2] |egl4  gf0]  g[5]  gll]  gl3] g[8 g[l0] g6l glll]  g[7]  g[9]
gl3] |el5]  gfll g4l gl0]  gl2] g9 g[ll]  g[7]  g[l10]  gl6]  g[8]
g4l |el2]  gl5] gl0]  g[3]  gll]  g[10] g[8  g[l1] gl6] g9  g[7]
gl5] | el3] g4l elll  gl2]  gl0]  g[l1] g9 g[l0]  g[7]  g[8]  g[6]
glel |el7] g8 g9  g[l0] g[ll] g0] g1l  g2]  gl3] g4l gls]
gl7] | el6]l g el®  glll] g[l0] gfl]  g[0]  g[3]  gl2] g5l gl4]
g[8 | gfl0] gf6]  g[l1] g[7] g9 g2l g4l g0l  gl5] gl gl3]
gl® | efll] gf7]  gfl0] gl6] g[8  g3]1  gl5]  glll g4l glo]  g[2]
gl10] | g[8]  gfl1] gl6] g9  gl7] g4 g2l gl5]  glo] g3l gll]
gll1] | g9  gfi0] g[7] g[8  gl6]  g5]  g3] g4l glll g2l g[0]

Multiplication of permutations allows the group to be split into classes of conjugate elements by
iterating over the operations of multiplication, determining the conjugate elements by the rule:

g()) = gla)gh)g (@), 2 €(0,11)
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As aresult, we have 6 classes taken in braces:

{8(0)}; {2(1), g(2), g(5)}; {2(3), g(d)}; {g(6)}; {g(7), g(8) g(11)}; and {g(9), g(10);.

The operations of substitutions and their cyclic representation, the number of colored areas in the
PS P61, and distribution of the color designated by Latin letters in the layered structure of the packing
space P61, are presented in Table 6.

Table 6. The operations of substitutions and their cyclic representation and the number of
colored areas in the PS P61;.

Operations of Cyclic Number of colored The alternation of layers
substitutions representation areas in the PS P61, (Figure 9)
gl0]=(012345) (O)(DH)B)4)5) 6-colored 1j kI mn (Figure 9a)
g[l]=(014523) (0)(1)(24)35) 4-colored ijij k1 (Figure 9b)
g2]1=(452301) (0H(15H2)(3) 4-colored ijijk1 (Figure 9b)
g[3]=(450123) (042)(153) 2-colored 1jijij (Figure 9c)
gl4]=(234501) (024)(135) 2-colored ijijij (Figure 9c)
g[5]1=(230145) (02)(13)(4)(5) 4-colored ij1j k1 (Figure 9b)
gl6]=(103254) (01)23)(45) 3-colored 11jj k k (Figure 9d)
g[71=(105432) (01)25)(34) 3-colored i1]j k kj (Figure 9¢)
g[8]=(543210) (05)(14)(03) 3-colored 11jk kj (Figure 9e)
g[9]1=(541032) (052143) 1-colored iiiiii(Figure 9f)
g[10]=(325410) (034125) 1-colored iiiiii(Figure 9f)
g[11]=(321054) (03)(12)(45) 3-colored i1jkkj (Figure 9¢)

Below (in Figure 9 for P61;), all independent structures are given. Under each of the colored
variants, there are marked operations of the permutation groups applied to the PS in accordance with
Table 4, which replaces the numbering of figures.

Thus, there are only six independent colored PS P61, in the subgroup of permutations of the 12th
order. Each variant matches its own class of conjugate group elements.

Figure 9. Colored PS P61, obtained by partition of space by a subgroup of permutations
of the 12th permutation order. (a) g(0); (b) g(1) = g(2) = g(5); (¢) g(3) = g(4); (d) g(6);
(e) g(7) = g(8) = g(11); () g(9) = g(10).
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Figure 9. Cont.

(e)

3.2. Quaternion Group D/

If the basis of the complex space are selected vectors:
0=(L,i),1=(-1,-1),2=(@,1),3=(-1,-1),4=(1,-1),5=(-1,1),6=(—1, 1),and 7= (i, —1)

as it is well known in mathematics, they will match the operational set, forming a two-dimensional
representation:

e = (OOREWE®EO@) = (§ 2)i—e=0nE)EED= (7 °)

0 1 0 -1
i=(0213)(4756)=(é _Oi);—i=(0312)(4657)=(_0i ?)
j=(0415)(2637)=(_0i _Oi);—j=(0514)(2736)=(? (‘))
k=(0617)(2534)=(2 _01);—k=(0716)(2435)=(_01 (1))

Expressing the elements of representation set in terms of substitution, we have eight operations:
g0)=1=e=(01234567)=(0)(H(2)BHH()O6)T)
g(1)=71=(23107645)=(0213)(4756)

g(2)=7j=(45671032)=(0415)(2637)

g3)=k=(67542310)=(0617)(2534)

g4)=-1=(10325476)=(01)23)(45)(67)

g(5)=—-1=32016754)=(0312)(4657)

g(6)=—=(54760123)=(0514)(2736)

g(7)=—k=(76453201)=(0716)(2435)

by simply composing permutation matrices, we can construct the following group Cayley table (Table 7).
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Table 7. Cayley table for the quaternion group.

67

0 1 2 3 4 5 6 7
0 0 1 2 3 4 5 6 7
1 1 4 3 6 5 0 7 2
2 2 7 4 1 6 3 0 5
3 3 2 5 4 7 6 1 0
4 4 5 6 7 0 1 2 3
5 5 0 7 2 1 4 3 6
6 6 3 0 5 2 7 4 1
7 7 6 1 0 3 2 5 4

The symbols in the rows and columns of Table 7 for each transformation of the group are replaced

by the number corresponding to this transformation of permutation operation.

We will consider each row of Table 7 as a new operation of substitution. It is easy to verify that the

resulting new operating set will generate a group isomorphic to the quaternion group. Table 8, derived

from elements of rows 5, will have the properties of the original Table 7.

Table 8. Cayley table for the quaternion group.

g[0]=(01234567)
g[11=(27416305)
g2]=(45670123)
g[3]1=(63052741)
g[4]=(76103254)
g[5]1=(14365072)
g[6]=(32547610)
g[7]1=(50721436)

gl0] |gfl] gf2] g[3] gf4] g[5] gf6] g[7]
g1l |el2]  ef3] gl0] g[5]  gl6]l  gl7] g4l
gl2] |el3]  gl0] g1l gl6] g7l g4l gl5]
gl3] |elo]  efl] gf2] e[7] g4l g[5]  gl6]
g4l |el7l  glo]  gl5] gf2]  gll]l g0 g[3]
gl5] | e4l  el7]  elo]  gl3]  gl2]  gll]l  g[0]
glol | el5]  gf4]  g[7]  g[0]  g[3]  gl2]  gll]
gl71 lel6l  el5] el4] ell]  g0] g[3] g2]

We apply the same approach to the resulting Cayley Table 8 again. However, despite the changed

permutation operation workflow, the table view remains the same (Table 9). Therefore, all operating

sets obtained from the original group of quaternions are isomorphic, and any of them can be used to

represent corresponding structures in the packing space.

g[0]=(01234567)
g[1]1=(12305674)
g2]=(23016745)
g[3]=(30127456)
g[4]=(65470321)
g[5]1=(54763210)
g[6]=(47652103)
g[7]=(76541032)

Table 9. Cayley table for the quaternion group.

gl0] |gll] g[2] g[3]1 g4l g[5] gf6] g[7] (OMERB)NHGHOT)
gll] | gl2] g[3]1 g[0] g[5] gl6] g[7] g[4] (0123)(4567)

gl2] |el3] g0l gfl] gl6] g[7] g4l g[5] (02)(13)(46)(57)

gl3] | gl0] g[l] gf2] g[7] gl4] g[5] gl6] (0321)(4765)

g4l |el7] gl6] g[5] gl2] g[l] g[0] g[3] (0426)(1735)

gl5] | gl4] gl7] el6] gl3] gl2] g[1] g[0] (0527)(1436)

glo] | el5] g4l g[7] gl0] g[3] g[2] g[l] (0624)(1537)

gl7] | gl6] g[5] g[4] gll] g[0] g[3] g[2] (0725)(1634).

Obviously, when we visualize the quaternion group, the order of the appropriate packing space

should be a chosen multiple of the order of the permutations subgroup, that is, N = 8k. In this case,

such as in Example 1.1, every cycle in an operation of the permutation subgroup selects in PS identical
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points (elementary squares, cubes), which are assigned a certain color. The whole space is divided into
a number of one-colored, but differing from each other and in general unconnected colored areas, or
into a number of corresponding substitution operation cycles. Thus, cycles determine the internal
symmetry of the colored field.

We demonstrate this approach with examples of the PS P81, partition (Figures 6—13) by the
operations of quaternion permutation group in accordance with Cayley Table 5 and the PS P42,
partition (Figure 14) operations in accordance with Table 10.

Table 10. Cayley table for the quaternion group.

gll] gl2] gl3] gl4] gl5] g[o] gl7]
gl0]=(01234567)  g[0] gll] gl2] gl3] g[4] g[5] g[o] gl7]
gll]l=(16345270)  g[l] gl2] gl3] g[0] g[5] g[6] gl7] gl4]
gl2]=(67452301)  g[2] gl3] gl0] gll] g[6] gl7] gl4] gl5]
gl31=(70523416)  ¢g[3] gl[0] gl1] gl2] gl7] gl4] g[5] gl6]
gl41=(25610743)  g[4] gl7] gl6] gl5] gl2] gll] g[0] gl3]
g[5]1=(54107632)  g[5] gl4] gl7] gl6] gl3] gl2] gll] gl0]
gl6]=(43076125)  g[6] gl5] gl4] gl7] gl0] gl3] gl2] gll]
g[71=32761054)  g[7] glo6] gl5] gl4] gll] g[0] gl3] gl2]

Figure 10. (a) PS 81, operation (01234567); (b) PS 81,, operation (65470321).

() (b)
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Figure 12. (a) PS 81, operation (23016745); (b) PS 81, operation (47652103).

i

Figure 13. (a) PS 81, operation (30127456); (b) PS 81,, operation (76541032).

(@)

(@) (b)

Figure 14. Quaternion group of P42, in the packing space. (a) The equivalent
transformations of the group: (16345270)=32761054)=(54107632)=
(7052341 6); (b) the equivalent transformations of the group (256 1 07 4 3) =
43076125);(c)(67452301).

In packing space, the P81, quaternion group of symmetry is represented by a set of 8§ structures.
Among them, there is one representation of the operation of identical 8-colored transformation
2(0) =(0) (1) (2) 3) (4) (5) (6) (7) (Figure 10a), one 4-colored transformation operation g(1) = (02)
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(13) (46) (57) (Figure 12a) and six two-colored transformation operations, dividing space into three
pairs of equivalent structures. Thus, there are only five independent structures that correspond to the
five classes of quaternions:

Co (Figure 10a) = {g(0)}, C; (Figure 12a) = {g(2)}, C, (Figure 11a, Figure 13a) = {g(1),g(3)}
Cs (Figure 10b, Figure12b) = {g(4),g(6)}, C4 (Figure 11b, Figure 13b) = {g(5),2(7)}

and consequently, the group has five irreducible representations. From a geometrical point of view, the
quaternion group splits PS P81, into heterolayers (see, for example, Figures 7-11) and P42; into
regions in the form of polyomino. There is a “degeneration” of permutation transformations in PS P42;:
(16345270),3276105),(541076324),(7052341 6),which gives the same result. Thus,
the structure of the packing space affects the number of independent partitions.

The transition between structures that are determined by one fixed operation of the permutation
group, belonging to different packing spaces of the same order A, is discrete due to changes in the
angular parameters of the sublattices. More information will be shown below in Example 1.6.
Therefore, we can assume that the lattice is deformed in such a transition, and matrices of packing
space function as a discrete deformation transformation (DDT). The number N of these
transformations is finite and determined by (1).

3.3. Quaternion Group at the Extended Packing Space

Quaternion groups in the packing spaces of higher order can be used. We consider this possibility in
the 16th order PS. We match two (or more) cells of packing space to each number in the record of
quaternion group permutation transformations. As the number of characters that determine the
quaternion group is 8, the order of packing space becomes equal to N = 16. A correspondence table of
old and new characters can be selected on the basis of a simple ordered set of numbers:

0=(0,1); 1=(2,3); 2= (4,5); 3=(6,7); 4 = (8,9); 5 = (10,11); 6 = (12,13); and 7 = (14,15)

The subsequent note of new permutation operations and their cyclic partitions will appear
as follows:

1HO0 1234567891011 12 13 14 15) = (0)(1)(2)(3)@)(5)(6)(7)(8)(9)(10)(1 1)(12)(13)(14)(15);
H(4567230114151213891011)=(0426)(153 7)(8 14 10 12)(9 15 11 13);
JH(8910111213141523016745)=(08210)(193 11)(4 12 6 14)(5 13 7 15);
KH(1213141510118945672301)=(0 122 14)(1 133 15)(4 10 6 8)(5 11 7 9);
~1H(23016745101189 1415 12 13) = (0 2)(1 3)(4 6)(5 7)(8 10)(9 11)(12 14)(13 15);
~H(6745012312131415101189)=(0624)(1 73 5)(8 12 10 14)(9 13 11 15);
—H(1011891415121301234567)=(01028)(1 113 9)(4 146 12)(5 157 13);
~kH(1415121389101167450123)=(014212)(1 153 13)(4 8 6 10)(59 7 11).
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You can check that by simple multiplication of these operations, constructed in such a way that a
new table will be identical to the original Cayley table of the quaternion group; the symmetry groups
of packing spaces of the 8th and 16th order are isomorphic.

To compare colored structures PS P161, and PS P81;, we choose operations iy and i, and then, we
present the results of their application to selected packing spaces (Figure 15).

Figure 15. Compliance of the quaternion symmetry group and dual quaternions in PS:
(a)P81,(23107645);(b)PSP161,(4567230114151213891011).

() (b)

The heterolayers symmetry of selected structures is clear in the figures. This example shows that it
is possible to increase the size of the structure while maintaining symmetry.

3.4. The Pauli Matrices Group

We apply the technique for imaging the symmetry group with the help of packing spaces to Pauli
matrices, which are well known in physics. For this purpose, we will expand their number to the total
subgroup, using the operation of matrices multiplication. The operation of the Pauli matrices
multiplication in quantum mechanics is defined and leads to the commutation relations.

The Pauli matrices group is a subgroup of the order 16:

e=( D@i—e=( Pwia=x=( ;) @
oy=y=01 J)@ia=2=(; °) @o.=—x=

(—01 _01) ®);
-1 0
y

oy=-y= (" D@on=—z= (7 N Doy=0=( °)®
o =yi= (3 0) Oio=yz=(] ) aa,=2v= (2 ) aw;

ou=xz= () ) on=2c= (2 1)y =xz= (3 °)aw;

As a result, we obtain the following Cayley table for the Pauli matrices group (Table 11).
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Table 11. Cayley table for the Pauli matrices group.
gd) | (0] (1] [2] (3] [4 (51 6] [71 (8] [9] ([10] [t1] [12] ([13] [14] [15]
(o] | for 11 2] (31 1[4 (51 [6] [7]1 (8] [9] [10] ([11] [12] ([13] [14] [15]
(11 | (11 o] (51 fel [71 (21 [31 (4] [9] (8] [11] [10] [13] ([12] [15] [14]
(2] | [21 (5] (o] (8] [12] [1]1 [91 [13] (3] [6] [15] [14] [4] [7]1 [11] [10]
(31 | 31 el (91 [o] ([1o] [8] [1I [11] [5] [2] [4] [7] [t4] [15] [12] [13]
(41 | (41 [71 [13] [11] ([o] [12] ([ro] [1] [15] [14] ([e] [3]1 [51 (21 [91 [8]
(51 | [51 (2] [t] [91 (131 [0] [8] [12] [e] [3] [14] [15] [7] [4] [10] [11]
(6] | [e1 (31 (8] [t] [t1] [91 [0l ([10] (2] [5] [7] [4] [15] [14] [13] [12]
(71 | [71 [4] [12] T[10] ([1] [13] ([i1] [O] [14] [15] (3] [6] [2]1 [5]1 [8] [9]
(81 | 81 [91 [e] (21 (151 (31 [51 ([14] (1] [0o] [12] ([13] ([11] ([10] [4] [7]
(o1 | 01 8] (3] [5] [14] [e6] [2] [15] (o] ([1] [13] [12] ([10] ([t1] [7] [4]
(10] | [10] [11] f[15] [71 [3]1 [14] (4] [e] [13] f[12] [1] [0] [8] [91 (2] [5]
(11] | [11] [10] [14] [4] [6] [15] (7] [3] [12] ([13] [0] [1] [91 [8] [5] [2]
(12] | [12] [13] [7] [14] (2] [4] [15] (5] (1ol (i1l [91 [8] [1I [0] [6] [3]
(13] | [13] [12] [4] [is] (51 [7] (141 (2] ([i1] f[1o] [8] [91 [0] [1] 3] [6]
(14] | [14] [15] f[11] ([12] [91 [10] ([13] [8] [4] [71 [21 [51 [e] [3] [1] [O]

We choose to visualize a 4-color transformation g(8) = (8962 153514101213 11104 7)
= (0819) (2653) (4 157 14) (10 12 11 13) in the packing space P82,. The result is presented in Figure 16.

Package code in the program partition into polyomino (at [7]): 3232132310322230.

Figure 16. Partition of PS P82, by element g(8) of the Pauli matrices permutation group.

Layer growth leads to the growth of shape in the form of a parallelogram, which is also

characterized by an element of the Pauli matrices group (Figure 17).

The sequence of growth is demonstrated on the diagram in Figure 18. Numerical information is

placed on the three linear functions, which correspond to the layer-growth studies of partition into

polyomino and other pieces of plane periodic mosaics [16,17].
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Figure 17. The shape of the growth of the partition PS P82, by element of g(8) of the
permutation group of the Pauli matrices.
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Figure 18. Coordination (magic) numbers of layer growth structure.
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3.5. The Dirac Matrices Group

Similarly, we proceed with the Dirac matrices. The number of elements in the full group was found
to be 32 with the Cayley table shown in Table 12.

The packing space P84, 8-color permutation operation g(13) = (0 13 7 14) (1 11 6 12) (2105 9)
(31548) (163023 31)(17 28 18 29) (19 27 20 26) (21 25 22 24) of the Cayley table of the Dirac
matrices gives rise to partition (Figure 19). The growth form of the partition structure is shown in

Figure 20.
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Table 12. Cayley table for the Dirac matrices group.

e vl sl vl w i v e i v v~ v )

—_ —, =

] ]
T T T T A g S S N T e T S T 8S —m F m oo
Al A A a6 A S = = = & = —=—= =X < X - 0 FHA VO -T2
fan] I o TR o o PR o R o R P S R o PO o P RS P P R o M . P R e AR o = =
S e S — — —
S T o oo ondadsrTa"go guwangarad oS <
Al A A A O A~ A = =& A~ == = X - - FHwA - 0o T
faa ) ISR S\ R o Y PR o\ PRSP PR VRN . P P o P s P PR O AR P . PR PR e Pl bl ==
| — e e e e e e e e e e —_ —
Sy T A T TS e N e T S N A A e
Ald o A a6 d—add— 8 = =& - — = X2 = D - A v o o o9
FoL SR S RN o TR o PR X PR o\ o2 P o P o PR o PN . RS P o PR R O &\ S B e e Al = =
x| o ¥ NI o N MmO~ MY N NS o
Al & A& 8 a4 o da& A& < = — = = = = X < D = 0 3F 0> 0
[ ISR SR o\ MU o PR o MO N o AR SN P o R . PR PR c /B o S PR e PR e = el
NN WS o o NN w0 n Y N ST S TSRS
Al A d A d oo AaQ—=——a a0 Q—— = =2 S = =D 22> F 0
(L I P o PO S TR o PR o O S PO o O o R e P PR . PR o PR o R o PO o P e PR e P e oo o o
——_ —_ — — m e —m o — o — —_ — = — — =
Ol T 5 ot oanld " add o N grganw Yo oo sRgFTaR
A A a6 daad—a—-— o0 —&—D X% 4 5 —«— — = =2 =02 030
(X1 I SURE o\ M St N PR o M SN o PR o S e PR o PR PR PR S PR s R S\ Pl o oo oo o
N Ny o0 0o ¥ Mmoo dad 0o pgoro Ay o g e eS
Al A A o daddd— —-—a—aa —X2 DD o= = =200 Y0
(o I P o PR 5\ P o2 PO <2 O o P X P o N o P A e Y S PR A o PR 5 P oo oo o
¥ O %0 o N n 0N wao "~ Qdoaino e ——Ye oo Ssr oo s =
Al & & & o A& & A = = = = & & A A — = D - = = < X2 0 -0y F o0
b IR S T X A PR o PR S R PO . O o P P R P o PR PR . Y o A P oo oo
RN S R N N I = N S v an i vl el en B o B~ BV v B =N~ B SR T
Al =— A A A = =— = A A A >06aS28 oo - R =D = = =
foL 1 o A A S PR o PR o O o P P PR PO P o PO S PR o P St RS2 P o = o oo oo
N T ;n oo =~ =0 w oS nmo o TSR Y oA =500 5 n
Al Q = = A — = 8 60 & A& Q86303020 -~ -2 = X —
to ] RPN S\ PP P o P o R A A PR o PR o O S P o A o P P 5 oo = bl
T e N NS N 0N Y O T ST Y NS 5w
Al = = A = = A a4 6 daaadaandd Yo - Y - S - = =2 2 = %
(1 I P A e PR o PR e R o P PR o R S PR S P S R PR o N o PO\ P a4 oo oo =
Sl adameir T x o Yy NN g RN =Y an 3w
A 4 8 = = = — A &6 nddadadaadoF o 20 - = -« - =2 =D
(] I SURE o PR o P P e P A o P O PO 0 P S P S PR o P PO PR o oo o= =
ol =m0 N N o oo MY N T T — AN oY on o
V= = === aadaadadan6aaaaaae o2 80 - = X% -2 =
bl [P o PR e P PR e R S PR PR o R S PR 4 P S R PR P o Y S P o oD oo = bl
R = N R S A R R = N N S e B Bl e Bl o Bl e B e B P B =N B P s B S )
P T T N T T o T o T S T S T o P 2o T e T s T T o R PO S S ALV A P PR = P S AP S P SO R |
oo oo ago o gan = — oo oo
N S I N N o Y N A N o NS N el <~ I e Bl s i~ B el B~ I =N v B P S R
— == A a0 ~~aada6aon0daa 2o oD SR~ s ===
bl [P R o PR P e R . PR PR PR o PR P o\ Y S P o4 PR o\ Y S PR o o oo o
S0 N a0 oo TNy —60 S e g m o N . S
P T = S T S\ T S T T oS T N T S T N T S TR S TR o RS2 T o R = e - . R AP A P W S cocPR S ) W e S A S
bl o R an O PR o PR oA o R o\ R X P o M o PR & AR St O P o ol oo oo =
i — e e o o — —
Y R R SR =l -~ B v~ B vl B el el el B - S N e N S U N =Y N
P I T T e AN T S = e N PR PR W AL P T T ST S TR S HP S T S S = S e e i S R S S
oo o oo aagaagoody o oo g9
. — — — = e U
e RS-~ N =N T i e~y = e R S e N = I S )
P I T e e A . A o P P~ R O S oA S T S T o T o T T T T N e R o T
hanl] b oo oo FAATIN o R o PR o PR o PO P o P ST PR o PR e R o PR o R R . Pl o
Al o N N Y T N T S gm0 R YT o -9 o~ w0 O«
= = = = 2D = 230 2T A AN A NN = = = A
Olo oD oo o= faa S P o U P o U o T S O o P O o A o A e P e R
I RS R IR = N e W T eyl e B e B~ B e B s B e e B N o o e N e e I o N e S
= = =
- = =2 22X - =g 2 FT2T 02 2dn0aedddAddd=aAa = = —
oo oo o bl Qoo dadddy Qoo
T e T T o nm YN RS oo Y monN o A = m o o ~
= = = =
= = 2= - = =2 32222 0dAafandadada = = = —
oo = oo o= Qo odddady -
Sl W e N Y T T N Yo ey a = oo
P I T e R e e o P - P PR PR SR R ST AT O P P T S S - S T S T S P S IR R R S N S s
oo o oo o A AN 0NN g a
o S N R A VU N e B c i~ v il Bl s B - N e i i o N R S R R S R =)
= @ = =
e T e e T e U JR =N S RN AL PR S S PR £ P s o TP SN R o T S0 S-S O J < TR N o Ry o [ S I =S R 1
ponP anl P R e FaF o\ R PR ot PO S PR PR o Y o P P o PR o RS P o PR o b R o
Sl T mF YT N o NS O e R T D e 0 Ym0 ~ND N —
= = =
PR D m = = = = =2 2223 a0 n6AA—~ = Q& = &
oM el P e R e FuT o M S o PR X P TN S TR o\ Y o Pl o R M S\ PR /R 5 R o
O R R T e o O S nm o A Y aggoan o ~ood—=0n¥Y~Nd o xn =S
= = =
ool P = S R P A R O P R e e T T S TR e T T o = N T TR o T S T S T o T S T < T S W
el oo oo fou P o o PR o P R PR o P PR P o R o PO o P 5 R o o P 3
Sl e D s O N TS s g m Y A oo~ 0nAa TS~ on Y o = % o
= = =
Ll oode T 0 DR s s == == S S S e N S S R S R A S IS
b P P P R PR PR s N S PR PR o PR S P A PR PR o R . PR o PO S TR s HY P o
v v =a i e B~ B B~ IS U > B P~ B U R N S = I R = A N )
= = =
oA T S S = P e P P R P T e T A R i e S T o T o [ R S T S T S T S T S T T S I N T ]
panianib ol b o/ an P o PR o M R o P o R S A PR o A ot S S P o PR o o PR o
o] B era Bl e B s B~ i e el e i e S e B Y N IR = - SR R R S e R N N N = N A o)
o220 - - 22 2R - -~ ad-—-—==adamnndd}qdqaq A
ponPb e b ol b PR o PR S O o P PR e M T AR o N 0 PR A P o R s P S PR o\ MR s\ P o
e I T S T T MmN O T Y o w~Nanldao 2 x o n ST
o LT o T e e T s T < D S =0 R T S oG J=T N SR S N < TR S B N T T S IS
oo oo = b o M P S P P PR i PR R PR SRR AP S PR o R o MY S P o PR oL
DT e O D T R NS N o o ~0n0eNo ey =% n o~
gy o222 =222 A= —=—=>=ad86a0dA0aQA
oo o o = bR PR o PR o R o PR P A e PR PR S PR 5 YA PN ot R o\ Y o P X M o
o] B~ B e Bl o~ el = B B =N U = S I T I R N N = T S R A = Y
o2 d o s 4R 0 - = =2 A, =-d—-~a8aada®6n®6A
el oo o o bR o PR o TR o PR PR o P e PR S P o TR o Y o PR o TR ST . PR o
S T e T R R S o A Y a0 N A en Y NN ® o —
= = =
P I A o T o A e AT e A S T S B e S I S A I S S S I S T N T S T S T
PR PR PR R PR PR P PR s PR PR S R PR S PR o R PR o P o TR o P o Y . Y P aa
=) Il ol e B~ Bl e~ Bl i el S e e R N = R N R A R N N
= = = =
o IR o P A PR I AP P S .- P A M= e S T T A & A A A& A QA A o

LV i}

e e e e e e e el e e e e e e )



Symmetry 2013, 5 75

Figure 19. Tiling PS P84, by permutation operation g (13) (Table 12) of the Dirac

matrices group.

Figure 20. Octagon of the growth structure partition (Figure 19) on the PS P84,.

133.76 153 73"

The numerical sequence of filling the coordination spheres of the growing figure in the PS 84,
depends on the choice of “seed polyomino”, but the limiting form of the growth, which is the choice of
the different growth beginning, is always the same, as presented in [18]. The only linear dependence of
polyominoes quantity in the layer is on the layer number “on average” (Figure 21), which is
uncommon for two-dimensional partitions [16].

In this article, we will not analyze the use of information received on the Pauli and Dirac matrices
and the structure of the groups, although there is a connection of physical theory with the design
obtained by partition of packing spaces. A search for the connection can be conducted in two ways:
First, to identify what group properties determine the structure of the partition, and, second, to
determine if there is a real structure, which is subordinate to discrete representation of these groups.

To answer the arising questions, it is necessary to consider the transition procedure from the real

structure to its discrete model based on permutation operations.
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Figure 21. Coordination (magic) numbers of growth structure (Figure 19).
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3.6. An Example of a Real Structure with Non-Crystallographic Permutation Group Symmetry

For the partition of three-dimensional structures, you can use the methodology for constructing
molecular domains of Voronoi—Dirichlet by means of Fisher and Koch (see for example, reference [25]).
However, as the analysis of three-dimensional partitions of a periodic lattice is hard to perceive, we
choose the real structure of [(C2Hs)'N'],-C404% -2(CoHs)uN + HCOs3 -4(NH;),CO-6H,0 [27], based on
a molecular layer (Figure 22). We use a qualitative approach: select the layer of the two types of
dimer: 2(HCOs3) , 2CO(NH;), and two pairs of water molecules per unit cell, bound by hydrogen
bonds. The result is a three-colored partition “map” into non-overlapping substructures (Figure 22b).

Figure 22. The molecular layer (a) in the structure of the compound
[(CoHs)'N'To:C404% -2(C,Hs)sN + HCO;5 -4(NH,),CO-6H,0, “map” of its partition; (b)
into disjoint regions and (c¢) the discrete layer structure model.

Ty

O
(a)
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Without changing the coordination environment of each region, a polyomino-like presentation of
this structure’s layer (Figure 22c¢) is obtained for the packing space P31 1¢. The sizes of cells are
selected in such way that the order of the cell of packing space is a prime number N = 31. The number
of independent types of lattices in this case is minimal, which is important when iterating the options
in the prediction structures task. The image of the PS P31 structure, rotated to locate the yellow-red
layer consisting of water molecules horizontally, is presented in Figure 23. The form of layered
structure growth is presented in [16].

Figure 23. A discrete model of the structure layer [27] in PS P31 1.

....1II-II

..-=I.-.1llllllll....

In this example, the formed four-colored operation of permutation is written as follows:

G(1)=(1232810115814159186121716222325131927212472620429300)
=(0123282930)(41091516222127)(511182526201913126) (78141723 24).

In this article, we do not give a Cayley matrix of the cyclic group (G (1))”, which has an order
greater than 2". In terms of group properties, it is interesting that when the order of m = p, where p is a
prime number >10, the structure is invariant. Rearrangements occur within the number of cycles, and
we use this fact to calculate the statistical probability and statistical entropy:

Wr=311/6!7!8!10! = 10"%; 6 = InWr = 13In10 = 29.9.

The formula of Boltzmann’s entropy of the structure is S = kInWr = 41.3 x 107> (J/K).

In other orders of m, the number of cycles (color set in the PS P31 1¢ partition) changes, as well as
their structure and entropy.

Keeping the original structure unchanged, that is, without changing the operation G(1), we consider
gradual deformation of the structure when there is a transition from one packing space with N =31k to
another, the number of which, as for the primes, is equal to N + 1 = 32 (Figure 24).

The first and last PS P31 1y and P31 13 are not completely presented in Figure 24. It is easily
observed from the slope of the layers in the partition that the deformation transformations of the lattice
shift result in similar pairs of partitions associated with each other as “left” and “right” forms. These
phase structures are obtained by a mirror image.
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Figure 24. Discrete deformation transformations of the layer structure [27] in the PS P31
1 partition model (in Figure 22). The frames mark “left” and “right” forms of the structure.

4. Brief Summary

1. Discrete modeling of tilings and packages, as well as the introduction of packing space, allow us
to make space partitions into any fragments in a periodic lattice. In this article, we present for the first
time the method of the exhaustive search option sublattices with index N based on the analysis of
irreducible representations of a mathematical group of permutations of the N* elements.

2. The developed partition algorithms and software packages (not covered in this article) make it
possible to partition and predict the structure of molecular compounds using the criterion of partition
presented in this article. The criterion answers the question: What polyomino or policube may be a
fundamental area in a periodic lattice?

3. Application of the layer growth model and growth of the graph in the space partition allows us to
calculate structures of real crystalline nuclei and nanoclusters model. Algorithms and programs for the
calculations in the article are not presented as they were released previously. The results of calculating
the polyhedra growth of structures formed by partitioning of the space with the use of groups of
permutations are considered for the first time in this work, and the figures of growth can be one of the
characteristics of group 4. Application of finite groups of permutations to the packing space determines
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space partition into policubes (polyominoes), and forms a structure. This allows you to expand the
capabilities of the description of symmetry of periodic structures and is not limited to 230 space groups.

5. Any finite groups, expressed through a group of permutations and applied to the packing space,
are structurally visualized.

6. The totality of packaging spaces of the same order N characterizes the discrete deformation
transformation of the corresponding periodic structure.

7. Application of the methodology, based on the PS formalism, will contribute to the transfer to the
numeric “language”, and it is essential that a significant amount of information about the structures
that do work be obtained with computers that operate only with numbers.
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