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Abstract

In this paper, a novel four-dimensional variable-order fractional chaotic system is pre-
sented through the use of the Liouville-Caputo variable-order fractional derivative to
represent the time-varying memory properties of nonlinear dynamical behaviors. Special
attention will be paid to the chaotic behavior of the proposed system and their chaotic
attractors depending on different memory effects. For calculation of the solutions of such
systems, a numerical approach for the variable-order fractional systems is used, and three
memory functions of the variable order are considered to investigate their effect on the
behavior of the system. The obtained behavior will be analyzed by means of time responses,
phase portraits, bifurcation diagrams, the spectrum of the Lyapunov exponents, and the
Kaplan-Yorke fractal dimension. From the numerical simulations, it is shown that different
fractional orders lead to completely different dynamical regimes and the appearance of
symmetric chaotic attractors with different geometrical and topological structures while
the physical parameters of the system are kept the same. These results highlight the im-
portant role of time-varying memory in controlling and generating chaotic structures in
fractional-order nonlinear systems.

Keywords: fractional variable-order; Chaos; bifurcation; Lyapunov exponents; numerical
methods

MSC: 34A08; 651L.20; 37G35

1. Introduction

Fractional systems are modeled because nonlocal interactions and historical memory
have been incorporated into the nature of differential operators [1-4]. Recently, variable-
order fractional calculus has gained much attention in the analysis of nonlinear dynamical
systems and chaotic phenomena, owing to its ability to capture time-dependent memory
effects. In contrast to the constant-order models, the use of the variable-order models
introduces another parameter that allows for the realistic modeling of dynamical systems
with varying memory properties [5,6].

Because of its capability in the modeling of different natural phenomena, such as
anomalous diffusion and hereditary phenomena, among others, fractional calculus has
been considered a robust tool for modeling dynamical systems behavior [4,7,8]. Though
constant-order fractional models have been found useful in modeling stable hereditary be-
havior, they cannot model the behavior of heterogeneous systems whose memory changes
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over time [9,10]. The great versatility provided by variable-order fractional derivatives
is the reason why there has been great interest in them over the past years in studying
nonstationary and heterogeneous systems. These derivatives have proved to be very useful
in modeling complex dynamics associated with continuously varying internal structure,
variable diffusivity, and time-dependent physical properties. VOFDs can be found in
several fields such as viscoelasticity, control theory, bioengineering, signal processing, heat
transfer, and anomalous transport processes [11,12].

Variable-order fractional (VOF) calculus is a strong and versatile tool for the mathe-
matical modeling of dynamic processes that have time-dependent properties. The variable
order approach makes it possible for the order of derivative to depend on time, space, or
the state of the process under consideration, thus enabling the description of the evolu-
tion of the memory and hereditary properties more precisely than fixed-order derivatives
do. Variable-order models can represent complex dynamic processes that have changing
characteristics as time changes, thereby providing a better approximation to reality [13-15].

Apart from their applicability, variable-order fractional models have recently gained
popularity in the theoretical study of nonlinear dynamical systems. The ability of such
models to provide enhanced insight into the dynamical aspects of the system, such as
stability transition, bifurcation, pattern formation, and chaos, among others, makes the
variable order fractional calculus a useful mathematical method for studying the properties
of fractional differential equations [16-18].

The recent developments in the field of fractional calculus have highlighted the increas-
ing importance of fractional-order and variable-order fractional models in characterizing
and studying the behavior of purpose systems. The use of these mathematical methods
has proved to be especially useful for modeling systems possessing properties such as
nonlocal interactions, hereditary behavior, and time-dependent memory that cannot be
accounted for using classical integer-order methods. Therefore, the application of fractional
and variable-order models has been gaining more and more relevance for the study of the
dynamics of various complex phenomena [19].

Table 1 shows the differences between the presented framework and the relevant
literature. Though the former research has analyzed some aspects of chaotic systems with
fractional order (FO) and variable order (VOF), no framework has been suggested for
analyzing such systems with respect to variable order fractional modeling, chaos analysis
(CH), bifurcation analysis (BF), calculation of Lyapunov exponents (LES), and time series
analysis (TS). The present framework covers all the above aspects in one package. Thus,
the presented work is complete.

The increase in the use of these mathematical models is related to the increased
accuracy of representing dynamic processes, in which the properties change over time.
Specifically, the adaptability of the variable-order approach makes it possible to represent
the changes in the process being studied, its memory properties, and external factors
influencing it.

Moreover, theoretical and computational advancements have greatly broadened the
horizons of fractional and variable-order calculus. Much success has been made in the
area of building effective numerical schemes, creating computational methods for arbitrary
variable-order derivatives, and designing robust analytical approaches for solving fractional
differential equations. As a result, more complex and sophisticated models have become
feasible to study.
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Table 1. Comparison of representative studies and the proposed framework.
References VOF FO CH BF LES TS
[20] X v v X X X
[21] X v v X X X
[22] X v v X v v
[23] v v v X v v
[24] v v v v v v
[25] v v v v v v
This work v v v v v v

Simultaneously, modern control theory has widely adopted fractional and variable-
order approaches to develop new classes of controllers specifically designed for nonlinear
and uncertain dynamic systems. Due to their potential to describe memory-related effects
and complicated interactions within the system, the performance of such areas as system
identification, adaptive control, optimization, signal processing, and fault diagnosis was
greatly enhanced. Therefore, fractional and variable-order calculus continue to evolve as
very effective mathematical apparatuses that provide new viewpoints and solutions to
modern scientific problems [26-28].

The novelty of this article lies in extending a 4D chaotic system to a variable-order
fractional system via the Liouville-Caputo (LC) operator for the efficient representation
of time-varying memory coupling in monotonically increasing, periodic, and decaying
regimes. This variable-order structure leads to the formation of uniquely structured chaotic
attractors in the form of butterflies, multiple-layer ribbons, and diamond-ring shapes. The
chaotic structure is supported with reliable bifurcation analysis and Lyapunov spectra
analysis, which possesses one positive Lyapunov exponent and exceptionally high Kaplan—
Yorke fractal dimension.

Figure 1 shows the complete workflow of the current study. In this way, after designing
the fractional order models of constant and variable orders, the solutions are numerically
obtained by applying the Newton polynomial interpolation. The theoretical study, which
includes equilibrium, stability, and dissipativity analysis, is followed by the dynamical
study using phase portraits, time series, Lyapunov exponents, and bifurcation diagrams.

The main contributions of this research work are listed below:

*  We have been successful in extending the concept of the 4D chaotic system from a
fixed order to a variable order with the help of the LC operator.

¢  They consist of an everlasting butterfly-type inner orbit shell with monotonically
increasing property, a multi-layered ribbon type showing track-splitting phenomenon
with periodic variation, and the diamond-ring type having an infinity symbol (co)
inside it, which shows asymptotic decay.

¢ An effective numerical method is employed in order to effectively capture the cou-
pling of memory-dependent terms over three different operating regions (monotonic,
periodic, and decay).

*  According to the Lyapunov spectrum calculation, the occurrence of the chaos involv-
ing one positive LE is proved. As per comparison, it can be clearly seen that the
proposed system possesses a maximum fractal dimension value (Dxy ~ 3.0009) which
outperforms several other integer-order and fractional-order chaotic systems available
in the recent literature.

*  The concordance of the bifurcation diagram with the Lyapunov exponent spectrum
indicates the rich dynamical behavior of the proposed system.
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The novelty lies not in the formal substitution of the constant value of the fractional-
order parameter « by a time-dependent variable «(f), but in the symmetric investigation of
how monotonically increasing, periodic, and decaying memory functions reshape dynamics
of the same nonlinear system with fixed physical parameters.

4D Variable-Order
Fractional Chaotic System
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Figure 1. Professional workflow diagram of the variable-order fractional system analysis. The color
scheme uses a monochromatic teal palette to distinguish between system initialization (dark teal),
mathematical derivation (medium teal), and computational analysis (pale teal/white).

2. System Definition and Analysis
2.1. 4D Fractional Chaotic System
The fractional-order form of the proposed 4-dimensional chaotic system [29] is ex-
pressed as follows:
Dfuq = uy,
fUp = —uglip — U1 — A1ll,
« 4 @
Dffuz = azu; — asluz| — as,
fuy = —aguy + upug.
where D} denotes the fractional derivative of constant order . The initial condition
vector and parameter values are chosen as (11, up, u3, us) = (0.2,0.3,0.1,0.5) and a; = 0.5,
ap = 09,a3 = 15,a4 = 5.5, a5 = 1.6 , respectively. The parameter values and initial
conditions were selected based on numerical simulations and bifurcation analyses to
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ensure the system exhibits robust chaotic behavior. These choices reliably reproduce the
characteristic strange attractors of the fractional-order system.

2.2. 4D Variable-Order Fractional Chaotic System

To incorporate an evolving memory mechanism, the constant fractional order is
replaced by time-dependent orders «, yielding the following new variable-order chaotic

system:
LCmy&(t
0 Dt( iy = uy,
LCID)D‘(t) _ _ _
0 Wi TUp = —U3Up — U — d1Uyg, @)
Lepat), 4
o D} us = axuy — azlup| —as,
LC(t
0 ]D)t( )M4 = —aqlUy4 + Upus,

where chf(t) denotes e Liouville-Caputo (LC) fractional VOF, , with 0 < a(t) < 1.

Equilibrium Points and Stability Analysis

To determine the equilibrium points of the system, the following algebraic system
must be solved:

up; =0, (3a)

—uguy —up —aquy =0, (3b)
azug —azlup| —as =0, (3c)
—aguy + upuz = 0. (3d)

From Equation (3a), the condition u; = 0 is obtained. Upon substitution of u; = 0
into Equation (3c), the relation —as = 0 is derived. Although Equation (3c), considered in
isolation, azu‘é — az|uy| — as = 0, admits real nonzero roots, none of these roots satisfies
Equation (3a), which rigorously imposes u; = 0 as a necessary condition for any equilib-
rium. Hence, no branch with u, # 0 exists to be examined. This leads to a contradiction
because a5 is a positive constant. It is therefore concluded that the proposed system admits
no equilibrium points. Consequently, conventional local stability analysis based on equi-
librium point linearization and the Matignon criterion cannot be performed. Hence, any
attractor the system exhibits is necessarily a hidden attractor, since its basin of attraction
cannot intersect any neighborhood of an equilibrium point.

3. Computational Numerical Scheme

In this part, numerical schemes used to solve the proposed fractional-order dynamic
model with FO and VFO are given. In this context, the same prediction—correction approach
is used for both schemes where the variable-order scheme extends the constant-order one
by using a time-varying fractional order.

3.1. Preliminaries
Definition 1 ([30]). The LC-FO of « (0 < a < 1) is defined as

1 t d
LCya _ o\
Diy(t) = Ti—a) /0 (t—1) dTy(T) ar, 0<a<l 4)
Definition 2 ([31]). The LC-VFO is defined by

't

1Dy = r(1 —1a(t)) /0

(t—1)" Oy (t)ydr, 0<a(t) <1 (5)

https://doi.org/10.3390/sym18091525


https://doi.org/10.3390/sym18091525

Symmetry 2026, 18, 1525

60f18

The constant order Liouville—Caputo operator considers the same memory effect in the entire period
of the dynamics. On the other hand, the variable order model employs a time-varying order of
differentiation; thus, the memory strength is allowed to change continuously during the simulation
process. This approach makes the variable order operator very convenient for modeling nonlinear
systems with time-varying hereditary properties.

3.2. Variable-Order Numerical Approximation

For the effective numerical simulation of the proposed nonlinear fractional system, the
predictor—corrector method using the Liouville-Caputo fractional derivative is employed.
Numerical realization is based on the methodology introduced in [32,33]. The obtained
approximation takes the form

Uyp1 =Up+

1 n ha(ty,)
Ta(t)) &= a(b)la(ta) 1]

j=0

[G(tj,Uj) Ry j — G(tj-1,Uj1) Tyj].  (6)

where

Ryj=(n+1—))""(n—j+2+a(ty)) — (n—j)*(n—j+2+2a(ty)),
Tpj = (n+1—j)"H — (- ) (0 — j 41+ a(ty)). 7)

Here, G;(t, U) denotes the nonlinear function corresponding to the ith state equation
of the proposed fractional-order dynamical system.

For the proposed four-dimensional nonlinear system, the vector-valued nonlinear
function is defined by

G1 = uy,

Gy = —ugup — uj — ajily,
G = apus — az|uy| —

3 = Ay — az|uz| — as,

Gy = —aguy + upus.

Accordingly, the numerical implementation evaluates the nonlinear vector G(t, U)
at each integration step and substitutes the computed values into the predictor—corrector
formulations given in (6). This recursive procedure generates the numerical trajectories of
the proposed fractional-order systems.

4. Dynamical Analysis

In the next section, the chaotic dynamics of System 2 is described by various ap-
proaches [34,35]. The chaotic dynamics is studied by phase space representation, time
series, Lyapunov exponents and attractors. These techniques demonstrate chaos, quali-
tative change in the behavior of the system and unpredictability of the system dynamics.
The simulations are extended to larger intervals of time (up to t = 100) to allow for the
complete decay of initial transients and the system to settle down in its true asymptotic
regime. Thus, the phase portraits correspond to the fully developed chaotic attractors, not
the short-term transient fluctuations.

4.1. Multi-Case System Analysis

The system described in Equation (2) was numerically solved over the time interval
[0,100]. The resulting phase portraits are shown under two distinct scenarios.
Case 1: In this case, the order «(t) is taken as follows: a(f) = 0.98 + 0.01 tanh(¢). The
above form of the function is chosen to describe the process of smooth and monotonous
change of the fractional order.
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Case 2: For this case, the order function is specified as a(t) = 0.984 + 0.006 cos(7tt/10). This
study uses this example to analyze the system’s sensitivity to oscillations of the derivative
order.

Case 3: For this case, the definition of the order is given by a(t) = 0.98 + 0.01e~'. This type
of setup is chosen to study the effect of a decaying variable order with exponential order
approaching a constant value that eventually reaches a fractional order state.

In order to obtain the unique time-dependent nature of memory in the system, we
consider three different variable-order models for a(t). The first one is the monotonic
increase model Case 1 which represents an accumulating effect of memory resulting in
the expansion of phase space structures, the second one is the periodic model Case 2
which introduces oscillatory effects leading to ring-like attractors, and the third one is the
exponential decrease model Case 3.

Simulation Steps

Set the parameters and initial conditions from Table 2.

Select the time grid t,, = nh with step size h = 0.01.

Choose one of the three variable-fractional-order laws from Table3.
At each time step, evaluate the nonlinear vector terms g1, g2, 3, 84-

SAEE R .

Apply the LC fractional numerical scheme using the two-step Newton’s interpolation
polynomial method to update the state trajectories uy, u2, u3, us.

6.  Repeat the calculations across the three separate memory regimes and evaluate the
resulting chaotic trajectories.

Table 2. Parameters, initial conditions, and variable-order settings for simulations of System 2.

Category Parameters/Settings
Variable-fractional orders a(t) = 0.98 + 0.01 tanh(t) (Case 1)

a(t) = 0.984 + 0.006 cos (%) (Case 2)
a(t) = 0.98 +0.01e~* (Case 3)

System parameters a1 =05,a, =09,a3 =15,a4 =5.5,a5 = 1.6
Step size h =0.01
Initial conditions (u1(0),u2(0), u3(0),us(0)) = (0.2,0.3,0.1,0.5)

Table 3. Cases of the fractional variable order

Case Formula t =100 t = 200 Range
1 0.98 4+ 0.01 tanh(t) 0.99 0.99 [0.98,0.99]
2 0.984 -+ 0.006 cos (%) 0.99 0.99 [0.978,0.99]
3 0.98 +0.01¢~ 0.98 0.98 (0.98,0.99]

4.2. Bifurcation and Lyapunov Exponent

The bifurcation diagram and the corresponding Lyapunov exponent (LE) spectra of
the proposed system in three different scenarios are given in Figures 2—4. As can be seen,
there is a topological change in the dynamics of the system from chaotic dynamics to stable
periodic orbits for larger parameter values. Such changes are strictly tested using the
LE spectra, i.e., the presence of chaos is proven by the positivity of the largest Lyapunov
exponent (LE; > 0), and otherwise, it is equal to zero or less than zero (LE; < 0).

In all three cases where the variable order exists, a favorable chaotic state is observed
with LE; > 0 within the parameter range of a3 € [0, ~ 2.4, while Case 2 exhibits periodic
windows that appear amid its chaotic windows. However, as the value of the parameter
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a3 exceeds approximately 2.4-2.6, the system moves to the periodic orbit through reverse
period doubling.
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Figure 2. Bifurcation diagram and Lyapunov exponent spectrum for Case 1.
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Figure 4. Bifurcation diagram and Lyapunov exponent spectrum for Case 3.

4.3. Lyapunov Exponents

In this part, the convergence of the Lyapunov exponent spectrum in real time for
Cases 1, 2, and 3 is illustrated in Figures 5-7, correspondingly. In spite of initial transient
fluctuations during the first time interval (¢ < 20 s), the trajectories of all exponents tend
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toward stable asymptotic values. Convergence of at least one positive exponent over long
periods of time is proof of the existence of chaotic behavior in the fractional-order system

).
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=
3 LE3
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Figure 5. Lyapunov exponent spectrum over time for Case 1.
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Figure 6. Lyapunov exponent spectrum over time for Case 2.
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Figure 7. Lyapunov exponent spectrum over time for Case 3.

The sensitivity of the VOFC was verified using the calculation of the asymptotic
Lyapunov exponents and Kaplan—Yorke dimensions (Dxy) at two different integration step
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sizes, namely i = 0.01 and & = 0.005. Based on Table 4, it is clear that the system exhibits
chaotic and chaotic behavior regardless of the selected time step.
(Dxy) is defined as '
2521 )\i
Al ”

Dxy =j+ )
where j is the largest integer for which 25:1 A > 0.

More precisely, Cases 1 and 3 show chaotic behavior at a stable state, which features
one positive exponent (LE; > 0) for both values of the step size, fixing the fractal dimension
at approximately Dy ~ 2.45. In Case 2, reducing the value of the step size from i = 0.01
to i = 0.005 changes the value of the second exponent from a slightly negative value to a
positive value (LE; = 0.0120), indicating a high sensitivity to periodic variation, leading to
chaos.

Table 4. The Lyapunov exponents and Kaplan—Yorke dimension (Dxy) across different cases.

Cases h LE1 LE; LE3 LE4 DKY
Case 1 0.01 0.0719 0.0000 —0.1590 —5.9378 2.4523
0.005 0.0809 0.0000 —0.0948 -5.9178 2.8534
Case 2 0.01 0.0649 0.0000 —0.1092 —6.1224 2.5941
0.005 0.0818 0.0000 —0.0763 —6.1048 3.0009
Case 3 0.01 0.0785 0.0000 —0.0766 —6.2825 3.0003
0.005 0.0665 0.0000 —0.0608 —6.2826 3.0009

As shown in Table 4, all cases exhibit a single positive Lyapunov exponent (LE; > 0)
alongside a zero exponent (LE; = 0), confirming standard chaotic dynamics rather than
hyperchaos. The Kaplan—-Yorke dimension (Dxy) remains fractional across all variations of
step size h, further verifying the presence of strange attractors.

The Dky to quantify the complexity and fractal behavior of the chaotic attractors is
based on the Lyapunov exponent (LE) spectra. The dimension is a quantified measure of the
strangeness of the system and hence helps to compare the level of chaos in different systems.
The following table summarizes a comparison of the Kaplan—Yorke fractal dimension, the
number of positive LEs, and the dynamics of different four-dimensional systems, including
the suggested system.

The results suggest that the number of positive Lyapunov exponents—between one
and two—essentially controls the dynamical behavior of each system. Specifically, systems
featuring a single positive LE, such as [36-39], exhibit standard chaotic dynamics. Con-
versely, systems with one positive LE, including [40] and the three cases proposed in this
study, fall into the chaotic category.

The Dky from the point of view of complexity theory acts as a numerical criterion
for estimating the geometric complexity of the attractor. The literature reviewed shows
that the smallest Kaplan—Yorke dimension in [38] is Dxy = 2.0767, whereas the maximum
complexity in the literature considered separately is [39] with Dgy = 2.825.

More importantly, the proposed system exhibits excellent results in terms of complexity
measures since it is better than all literature-based systems with respect to these parameters.
For Case 1, the KY dimension is determined as 2.8534, which means that the complexity
degree is relatively high. What is more important, for Case 2 and Case 3, the KY dimension
is significantly increased to 3.0009. The higher value proves the fact that the chaotic
attractors’ structure is highly complex. Finally, all three cases of the proposed system
exhibit strong chaotic dynamics due to one positive Lyapunov exponent.
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The comparative study of the Lyapunov exponent spectra and Kaplan—Yorke dimen-
sions (Dxy) in Table 4 reveals that the three variable-order memory profiles with hyperbolic
tangent (Case 1), periodic cosine (Case 2), and exponential decay (Case 3) all have positive
maximal Lyapunov exponents (LE; > 0), which confirms the existence of chaos, while
the different memory profiles influence the expansion rates and the fractal dimensions. In
particular, Case 3 shows the largest initial positive exponent (LE; = 0.0785 at h = 0.01),
while Case 2 displays an increased sensitivity to step-size refinement, which results in an
increase in the Kaplan—Yorke dimension (Dxy = 3.0009 at & = 0.005). These quantitative
trends suggest that the variations in the historical memory profile influence mostly the
geometric complexity and the local tightness of the attractors, rather than switching the
underlying chaotic regime.

A comparison between the computed values of the Kaplan—Yorke dimensions and
those for some other four-dimensional chaotic systems, presented in Table 5, reveals
the higher values of dimensions for the proposed cases of variable order (up to 3.0009).
Despite the fact that this quantity stresses the increased complexity of the geometric
configuration and folding of the phase space for the selected memory functions, it is
important to remember that the Kaplan—Yorke dimension is a particular criterion of the
attractor complexity and not a general criterion of system superiority.

Table 5. Kaplan—Yorke fractal dimension of eight chaotic systems.

System Dimension Positive LEs Type Dxy

[36] 4D 1 Chaotic 2.2326
[37] 4D 1 Chaotic 2.5790
[38] 4D 1 Chaotic 2.0767
[40] 4D 2 Hyperchaotic 2.7995
[39] 4D 1 Chaotic 2.825

This study (Case 1) 4D 1 Chaotic 2.8534
This study (Case 2) 4D 1 Chaotic 3.0009
This study (Case 3) 4D 1 Chaotic 3.0009

4.4. Chaos Analysis

The numerical simulations for determining the structural development of the system
were done on two different time scales (t = 100 and ¢t = 200). The 2D and 3D phase
diagrams obtained reveal highly complicated topological structures which indicate the
emergence of new chaotic states arising due to the variable-order fractional dynamics.

Figures 8 and 9 showcase the phase diagrams of the 4D chaotic system. As can be
observed in Figure 8, the traditional integer-order approach with & = 1 yields very dense
and continuous chaotic attractors. However, the application of a fractional order in the
system (¢« = 0.99), as shown in Figure 9, completely changes the topology of the chaotic
system due to the effect of the memory in the system.

¢  Case 1: Monotonic Smooth Transition (Figures 10 and 11)
The orbits of the phase portrait for a(t) = 0.98 4 0.01 tanh(t) show that there is a
butterfly-like attractor with an inner orbit shell. From the orbit distribution at ¢ = 100
(Figure 10) to the orbit distribution at t = 200 (Figure 11), the orbit density fills out
seamlessly without altering the geometric boundary. This stable evolution confirms a
clean, self-sustaining novel chaotic state during smooth order variation.

* Case 2: Periodic Fluctuations (Figures 12 and 13)
The attractor is forced by a(t) = 0.984 + 0.006 cos(7tt/10), and the attractor morphs
into a novel, multi-layered ribbon structure. The explicit comparison between Fig-
ure 12 and Figure 13 shows that the internal track-splitting is varying continuously
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under the periodic variation, but the globally bounded chaotic envelope is perfectly
robust.
e  Case 3: Asymptotic Exponential Decay (Figures 14 and 15)

Under the decaying functional order a(t) = 0.98 + 0.0le™/, the system stabilizes
into an entirely new geometric archetype: a sharp, diamond-ring-shaped outer loop
enclosing an infinity-symbol (c0) core. The exceptional overlap between t = 100
(Figure 14) and t = 200 (Figure 15) shows that once the transient exponential term
decays, the system locks firmly into a stationary, novel fractional chaotic state.

Figure 12. Chaotic dynamics depicted via phase portraits for Case 2 at t = 100.
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Figure 15. Chaotic phase portraits of the system for Case 3 at t = 200.

4.5. Time Series Analysis

In addition to the phase portraits, we study the short-term (¢ € [0,100]) and long-term
(t € [100,200]) temporal evolutions of the state variables (i1, up, u3,us). The time series
plots show very non-periodic, erratic waveforms confirming continuous chaotic oscillations
for all the configurations.

e Casel (Figures 16 and 17)
For the parameter change function «(t) = 0.98 + 0.01 tanh(¢), where the transition
from the transient states at the beginning (Figure 16) to a dense, continuous chaotic
wave train occurs in the [100,200] range (Figure 17). The fact that no amplitude decay
or periodicity is observed confirms this.

e Case?2 (Figures 18 and 19)
The dynamics of the system when driven through the oscillating functiona(t) =
0.984 + 0.006 cos(7tt/10) produces a time series with clear variation in the envelopes
corresponding to the slow periodic drive (Figure 18). On a larger time scale (Figure 19),
these envelopes produce high-frequency bursts with great randomness.

*  Case 3 (Figures 20 and 21)
In the case of the exponentially decaying profile of memory described by the function
a(t) = 0.98 +0.01ef, one can observe the amplitude fluctuations only for + < 50
(Figure 20). When the variable order of the equation comes to its steady state in
the longtime regime (Figure 21), the waveforms become a structurally uniform but
completely chaotic oscillation.
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Figure 16. Time-series evolution of the states for Case 1 at t = 100.
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Figure 17. Time-series evolution of the states for Case 1 at ¢ = 200.
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Figure 18. Time-series evolution of the states for Case 2 at ¢ = 100.
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Figure 19. Time-series evolution of the states for Case 2 at ¢ = 200.
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Figure 20. Time-series evolution of the states for Case 3 at ¢ = 100.
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Figure 21. Time-series evolution of the states for Case 3 at ¢ = 200.

5. Numerical Solutions

In this section, we investigate the influence of different variable-order functions on the
numerical behavior of the proposed fractional system. Tables 6-8 present the numerical
solutions of the proposed variable-order fractional system for the three considered cases.
In all cases, the state variable u; increases monotonically from 0.2 to approximately 0.358,
whereas uj gradually decreases from 0.3 to about 0.047. The variable 13 changes its positive
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value to almost —1.63, whereas u4 quickly falls down to achieve a steady value that is
slightly negative. Despite the fact that the three variable-order functions yield highly
similar trajectories, it becomes apparent that there are slight variations as time passes,
signifying the importance of the order evolution in affecting the transient behavior of the
system.

Table 6. Numerical solution of the proposed variable-order fractional model for Case 1.

Time ui uz us Uy
0.0 0.200000 0.300000 0.200000 0.500000
0.1 0.226421 0.258370 0.008766 0.298951
0.2 0.250989 0.224669 —0.191748 0.170166
0.3 0.272202 0.198087 —0.385395 0.094724
04 0.290781 0.175541 —0.573947 0.049468
0.5 0.307106 0.155178 —0.758317 0.021794
0.6 0.321375 0.135746 —0.939004 0.004679
0.7 0.333655 0.116273 —1.116256 —0.005812
0.8 0.343914 0.095880 —1.290128 —0.011859
0.9 0.352024 0.073656 —1.460505 —0.014608
1.0 0.357758 0.048549 —1.627102 —0.014560

Table 7. Numerical solution of the proposed variable-order fractional model for Case 2.

Time ui U us Uy
0.0 0.200000 0.300000 0.200000 0.500000
0.1 0.225794 0.259259 0.013685 0.302639
0.2 0.250247 0.225550 —0.184947 0.172537
0.3 0.271525 0.198783 —0.378054 0.095483
0.4 0.290243 0.176034 —0.566831 0.049117
0.5 0.306739 0.155480 —0.751908 0.020824
0.6 0.321188 0.135867 —0.933616 0.003432
0.7 0.333643 0.116215 —1.112083 —0.007133
0.8 0.344061 0.095635 —1.287281 —0.013139
0.9 0.352309 0.073202 —1.459031 —0.015786
1.0 0.358149 0.047847 —1.626999 —0.015599

Table 8. Numerical solution of the proposed variable-order fractional model for Case 3.

Time 1 U u3 Uy
0.0 0.200000 0.300000 0.200000 0.500000
0.1 0.225832 0.259205 0.013395 0.302410
0.2 0.250347 0.225425 —0.185834 0.172156
0.3 0.271682 0.198602 —0.379643 0.095135
0.4 0.290441 0.175806 —0.569131 0.048890
0.5 0.306958 0.155207 —0.754872 0.020733
0.6 0.321402 0.135545 —0.937158 0.003459
0.7 0.333826 0.115828 —1.116089 —0.007010
0.8 0.344184 0.095160 —1.291613 —0.012939
0.9 0.352336 0.072601 —1.463535 —0.015513
1.0 0.358040 0.047063 —1.631500 —0.015248

For complete reproducibility, the time-varying fractional order a(t) is calculated
explicitly for each time step t,, and the resulting value is directly used to compute the
predictor—corrector coefficients, which means that the historical memory will be updated
automatically according to the order function.
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The comparative study between the short-time numerical results and the long-time
phase portraits demonstrates an intriguing dynamic property: even though the trajectories
associated with the three different variable order functions are relatively similar within
the first few integration intervals, they eventually separate and form different geometric
attractor shapes in the asymptotic limit. This occurs due to the nonlinear nature and
memory dependence that characterize fractional differential operators. The small deviations
of the past memory function accumulate with time and lead to the separation of the
trajectories in the asymptotic limit, forming different geometric attractors.

6. Conclusions

The present paper examines the dynamics and main features of a new 4D chaotic
system modeled by means of the Liouville-Caputo VOF derivative. With the help of
replacing a fixed-order fractional derivative by a variable-order one, the new model takes
into account memory effects that depend on time. In order to analyze the system behavior,
a numerical method using the VOF derivatives is used for solving it under three different
variable-order functions. Further, a qualitative analysis of the dynamical behavior is
carried out using phase portraits, time series, Lyapunov exponents spectrum, and the
Kaplan—-Yorke fractal dimension. Numerical simulations show the presence of chaos in
the system since there exists at least one positive largest Lyapunov exponent for various
values of variable-order functions. In addition, the Kaplan-Yorke dimension and phase
portraits indicate that the new model has a large geometrical complexity, which allows us
to obtain several chaotic attractors with different topologies. Thus, the results indicate that
variable-order memory has a strong influence on the nonlinear dynamics of the system,
and the Liouville-Caputo variable-order approach can be used as a powerful mathematical
instrument for modeling chaotic processes, especially for engineering systems. Potential
applications include chaos-based secure communication, image encryption, and pseudo-
random number generation.
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