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Abstract

High penetrations of wind and photovoltaic generation create simultaneous challenges
for battery energy storage system (BESS) planning in distribution networks, including dif-
ferences in nodal regulation value, power-energy configuration, and day-ahead operation
under forecast uncertainty. This study develops a sequential planning-to-operation work-
flow comprising candidate-bus generation, siting and sizing within the candidate set, and
finite-scenario day-ahead scheduling for a fixed configuration. First, nodal net-injection sen-
sitivities, Jacobian-assisted pre-screening, and deterministic topology/support safeguards
are used to generate the main candidate set, and alternating-current (AC) finite-difference
refinement is performed only for the sensitivity-led fast set; in the IEEE-33 system, this
refinement reduces the number of AC power-flow calls from 65 for full-node analysis to 17.
Next, Sensitivity-Guided Envelope-Based Nonanticipative Adjustable Recourse Optimal
Power Flow (SG-ENAR-OPF) is solved separately for each bus in the main candidate set;
the BESS location and power/energy capacities are jointly determined subject to the P-Q
LinDistFlow model, BESS duration constraints, a shared affine response, and finite-scenario
constraints. The full-node audit serves only as an independent paper-level validation bench-
mark and is not part of the deployable workflow. After the configuration is fixed, interval
forecasts for load, photovoltaic (PV) output, and wind-turbine (WT) output at q05/q50/q95

are used to construct 25 static load-renewable disturbance points and seven temporal stress
paths, over which a shared finite-scenario day-ahead policy is optimized. The IEEE-33
MAIN case selects Bus 30, with BESS capacities of approximately 10.66 MW/10.66 MWh.
Using scaled public time-series data, the final policy is replayed over 46 consecutive 24 h
execution windows, comprising 1104 h actual trajectories; under the 0.002 MW/MWh
storage-engineering criterion, all 46/46 windows pass storage engineering validation, and
energy continuity is maintained across all 45/45 interday boundaries. Further nonlinear
AC post-validation converges at all 1104/1104 operating points, of which 1058/1104 satisfy
the complete voltage and branch-capacity constraints. Supplementary results for IEEE-69
show that the workflow can be executed on a second radial test feeder. However, the
conclusions are strictly limited to the tested feeders, finite scenarios, scaled public-data
settings, and stated engineering tolerances and do not constitute a formal guarantee over a
continuous uncertainty domain or of general cross-system applicability.

Keywords: battery energy storage system; siting and sizing; sensitivity analysis;
robust optimal power flow; scenario-based day-ahead scheduling; interval forecasting;
scenario-based uncertainty
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1. Introduction
As energy systems continue to decarbonize and distributed energy resources develop

rapidly, the penetration of wind and photovoltaic generation in distribution networks
is increasing [1]. The superposition of renewable-generation fluctuations and load vari-
ations is shifting distribution networks from conventional unidirectional, deterministic
operation toward active operation with bidirectional power flows and multiperiod un-
certainty, potentially causing voltage violations, branch congestion, increased network
losses, and renewable-energy curtailment [2]. Against this background, enhancing the
ability of distribution networks to regulate renewable fluctuations and forecast deviations
has become important for maintaining secure operation and improving renewable-energy
utilization [3].

A battery energy storage system (BESS) provides both rapid power regulation and
intertemporal energy-shifting capabilities and can be used for peak shaving and valley
filling, voltage support, power-flow regulation, and improved renewable-energy utiliza-
tion [4]. However, the effectiveness of storage depends not only on its capacity but also
on its connection location, network structure, and operating strategy [5]. The connection
location determines the range over which the BESS affects nodal voltages and branch
flows, the power capacity governs instantaneous regulation capability, and the energy
capacity determines the duration of sustained support. Meanwhile, day-ahead scheduling
must address forecast errors in load, photovoltaic generation, and wind generation [6].
Consequently, storage planning and operation are not independent; together, they involve
bus screening, siting and sizing, and scheduling under uncertainty.

With high renewable penetration, radial topology, electrical distance, and the locations
of loads and renewable resources cause the same power adjustment to produce markedly
different voltage, network-loss, and branch-flow responses at different buses [7]. This
network locational heterogeneity is addressed through nodal sensitivity analysis and the
subsequent optimal power flow (OPF) model. Day-ahead uncertainty, by contrast, is repre-
sented using system-level load and renewable forecasts: finite scenarios are constructed in
a two-dimensional standardized load-renewable disturbance plane, and temporal stress
paths describe the cumulative effects of different disturbance magnitudes, durations, and
occurrence sequences on the state of charge (SOC) [8]. Thus, this study treats network
locational heterogeneity and the temporal evolution of disturbances separately rather than
grouping them under physical spatial uncertainty.

1.1. Literature Review

Existing studies have first focused on energy-storage siting and sizing. Mathematical
programming, intelligent optimization, and hybrid algorithms have been used to jointly
determine storage locations and capacities while considering investment cost, electricity-
purchase cost, network losses, voltage deviation, and renewable-energy curtailment [9].
Das et al. [10] optimized the locations and capacities of distributed storage in the IEEE-
33-bus distribution network with high wind and photovoltaic penetration, effectively
reducing voltage deviations, line loading, and power losses. Wichitkrailat et al. [11] used
the crayfish optimization algorithm to determine the locations and capacities of multiple
BESS units, thereby improving voltage levels and reducing peak load and system losses.
However, including all candidate buses, capacity variables, and multiscenario constraints
simultaneously can substantially increase problem size and solution time.

To improve the siting-and-sizing process, Li et al. [12] developed a bilevel joint plan-
ning model for distributed generation and storage, in which the upper level determines
locations and capacities and the lower level optimizes the storage operating strategy,
thereby reducing planning deviations caused by renewable-energy uncertainty. Mum-
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tahina et al. [13] adopted a two-stage method: a storage configuration is first obtained
through mixed-integer linear programming (MILP), after which the mountain-gazelle
optimization algorithm evaluates its voltage-regulation and loss-reduction performance.
Liu et al. [14] partitioned clusters according to network structure, load characteristics, and
electrical coupling and combined hybrid particle swarm optimization with power-flow
calculations to coordinate photovoltaic generation and storage. Al-Mahammedi et al. [15]
further compared several load models and metaheuristic algorithms, confirming that ap-
propriate storage configuration improves voltage stability and reduces active-power losses.
These studies improved the configuration process through hierarchical planning, hybrid
solution methods, and network partitioning, but did not clearly distinguish the functions
of physically informed candidate-bus screening and formal siting-and-sizing optimization.

Robust optimization and flexibility constraints have been applied to power-system op-
eration and energy-storage planning to address renewable-energy uncertainty and system
flexibility. In a representative study of adaptive robust optimization, Bertsimas et al. [16]
represented nodal net-injection deviations using a deterministic uncertainty set, balancing
system security and operating economics without requiring a probability distribution in
advance. Jing et al. [17] introduced system-flexibility constraints into storage siting and
sizing while considering storage investment, network losses, electricity purchases, photo-
voltaic curtailment, and scheduling costs. Such methods improve the ability of a solution
to accommodate uncertainty, but their effectiveness still depends on the construction of
uncertainty sets or operating scenarios; a small number of representative scenarios may not
adequately reflect combinations of multisource disturbances and their sustained effects [18].

Probabilistic and interval forecasts provide predictive distributions, quantiles, and
lower and upper bounds, thereby supplying a data basis for constructing day-ahead un-
certainty scenarios [19]. Telle et al. [20] developed a probabilistic net-load forecasting
framework for distributed integrated renewable-energy systems; Dumas et al. [21] used
normalizing flows to generate multistep probabilistic scenarios for wind power, photo-
voltaic generation, and load; Ma et al. [22] coordinated photovoltaic inverters and storage
according to photovoltaic forecast-error scenarios to provide voltage control under un-
certainty. Van der Meer et al. [23] noted that no single probabilistic forecasting model is
optimal under all application conditions.

Recent studies have further advanced BESS planning and uncertainty-aware operation
from several perspectives. Li et al. [24] combined voltage-sensitivity-based clustering and
partitioning with multilevel optimization to improve the siting and sizing of distributed
storage. Xu et al. [25] developed a robust configuration model for distributed modular
storage using a correlation-aware polyhedral uncertainty set and a coordinated voltage-
control design. From an operational perspective, Zhao et al. [26] proposed a multistage
robust BESS scheduling method based on uncertainty-set decomposition and adaptive
rolling decisions, whereas Yu et al. [27] explicitly modeled the dynamic spatiotemporal
correlation of renewable-energy uncertainty within a distributionally robust scheduling
framework. Hosseini et al. [28] further considered BESS siting, sizing, multistage operation,
and network reconfiguration in a unified optimization model. These studies indicate
that sensitivity-based planning, robust uncertainty modeling, adaptive scheduling, and
planning-operation coordination are themselves relatively mature research directions. BESS
planning can also be classified as centralized or distributed according to configuration
form and as short-duration or longer-duration according to rated duration. The former
emphasizes unified siting and sizing and system-level operation, whereas the latter places
greater emphasis on multibus coordination or intertemporal energy support. This study
focuses on centralized single-BESS planning and jointly considers power and energy
capacities through explicit duration constraints.
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In addition, for distribution systems with high penetrations of inverter-based resources
(IBRs), frequency-domain stability caused by converter-network interaction warrants atten-
tion alongside steady-state voltage deviation, network losses, and branch-flow metrics. Xu
et al. [29] proposed the frequency-spectra impedance margin ratio (fIMR), which constructs
a unified stability-margin metric from impedance spectra. It can evaluate the relative stabil-
ity margins of different point of interconnection (POI) locations and identify potentially
weak locations, providing another quantitative tool for impedance-stability analysis in
systems with high IBR penetration. This frequency-domain impedance criterion addresses
a different physical dimension from the steady-state voltage/loss/branch-flow sensitivity
metrics used in this study and is therefore complementary. The present study remains lim-
ited to BESS candidate-bus screening, siting and sizing, and steady-state network feasibility
in day-ahead operation; it does not explicitly incorporate the impedance-based small-signal
stability margin into the proposed formulation. Further coupling frequency-domain sta-
bility metrics such as fIMR with candidate-bus evaluation and the planning model is a
worthwhile direction for future research.

Substantial progress has been made separately in sensitivity analysis, BESS planning,
scheduling under uncertainty, and operational validation. This study further examines how
these stages connect within a unified workflow. Specifically, sensitivity analysis is used only
to reduce the candidate-bus range; the final BESS location and capacity are still determined
by the OPF model, and a full-node audit tests whether candidate screening retains the
preferred buses. During day-ahead operation, system-level load, photovoltaic (PV), and
wind-turbine (WT) interval forecasts are used to construct a two-dimensional standardized
disturbance space in which finite combination scenarios are generated. Temporal stress
paths then describe the cumulative effects of disturbance duration and occurrence sequence
on SOC. This disturbance space is only a mathematical coordinate representation for the
scheduling policy; it does not correspond to node-level or multisite geographic forecast
errors. The resulting affine scheduling policy is frozen for execution on actual trajectories:
BESS active power is not re-optimized, and subsequent network audits evaluate operating
feasibility and performance.

1.2. Aim of the Work

For centralized single-BESS planning and day-ahead operation under uncertainty, this
study develops a sequential planning-to-operation workflow comprising candidate-bus
generation, siting and sizing within the candidate set, finite-scenario day-ahead scheduling
for a fixed configuration, and actual fixed-policy validation. The contribution is not the
isolated introduction of a new sensitivity analysis, affine policy, or finite-scenario technique,
but the explicit assignment of decision responsibilities to each stage and the connection of
candidate reduction, unified planning, shared-policy scheduling, and post hoc validation of
a frozen policy into an auditable sequential process. The main contributions are as follows.

1. A sensitivity-guided candidate-bus generation method with clearly defined re-
sponsibilities is proposed. Multimetric nodal sensitivities identify system-level regulation
buses and buses that support the target weak area, while Jacobian-assisted pre-screening
reduces the number of buses requiring nodal alternating-current (AC) finite-difference
refinement. Structurally safeguarded candidate buses are then added using measurable
indicators, including feeder depth, downstream load, target-area support, and the relief of
branch/renewable-integration stress. All candidate-generation rules are fixed before OPF
is solved; sensitivity analysis performs only candidate prioritization and candidate-space
reduction, and does not directly determine the final BESS installation location.

2. A candidate-set BESS siting-and-sizing procedure with technical duration con-
straints is established. For each retained candidate bus, Sensitivity-Guided Envelope-Based
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Nonanticipative Adjustable Recourse Optimal Power Flow (SG-ENAR-OPF) is solved, and
power-energy duration constraints restrict the BESS power and energy capacities to a prede-
fined technically feasible domain. The final BESS location and capacities are determined by
the unified candidate-wise optimization results rather than directly by sensitivity rankings.
The full-node audit serves only as a paper-level benchmark, used to determine whether
candidate-space reduction omits a preferred location found by the complete bus search; it
is not a necessary step in the deployable workflow.

3. An interval-forecast-driven finite-scenario shared-policy scheduling method is
proposed. Load, PV, and WT q05/q50/q95 interval forecasts are mapped into a two-
dimensional standardized load-renewable disturbance space, from which 25 static distur-
bance points are generated. Seven temporal stress paths are further introduced to represent
the effects of disturbance duration, occurrence sequence, and switching pattern on SOC ac-
cumulation. All modeled scenarios share the same day-ahead baseline plan, affine-response
coefficients, and operating-mode variables, forming a finite-scenario nonanticipative shared
policy. The robustness claim is strictly limited to the modeled finite scenario set and is not
extended to a formal feasibility guarantee over a continuous uncertainty domain.

4. A validation procedure combining actual trajectory and nonlinear AC validation
for a frozen day-ahead policy is established. Once set, the day-ahead policy remains fixed;
actual load, PV, and WT trajectories are used only for post hoc execution. BESS active
power is not re-optimized, and the final charging/discharging commands are not subjected
to clipping, projection, or corrective re-optimization. Storage-engineering residual checks
and a nonlinear AC power-flow audit then independently provide execution evidence for
the fixed policy on the tested actual trajectories. The IEEE-33 system is used for the primary
rolling-window validation; the IEEE-69 system serves as a second radial test feeder for sup-
plementary examination of execution performance under changes in network size, topology,
and renewable-resource locations, without claiming general cross-system applicability.

2. Materials and Methods
2.1. Problem Analysis and Overall Framework

To balance candidate-bus screening efficiency, storage-configuration precision, and the
validation of fixed-policy day-ahead operation, the overall workflow is divided into three
sequential stages: candidate-bus generation, siting and sizing within the candidate set, and
day-ahead scenario-based scheduling for a fixed configuration. The full-node audit is not
part of the operational workflow; it serves only as an independent validation benchmark
for evaluating the effectiveness of candidate-space reduction.

Figure 1 presents the overall workflow. Stage I uses nodal net-injection sensitivities and
Jacobian-assisted pre-screening to identify buses with high regulation value and applies
predefined candidate-generation rules to form the main candidate set. Stage II solves
the Sensitivity-Guided Envelope-Based Nonanticipative Adjustable Recourse Optimal
Power Flow (SG-ENAR-OPF) sequentially only for buses in the main candidate set and
determines the BESS location and capacities using uniform evaluation rules. Stage III
fixes the selected BESS configuration, constructs finite day-ahead scenarios from interval
forecasts, and optimizes an affine scheduling policy, followed by post hoc validation using
actual trajectories and the network model. To examine whether candidate-space reduction
omits preferred buses, the same SG-ENAR-OPF is additionally solved for all eligible
nonslack buses to conduct a one-time full-node audit. This audit neither participates in
candidate-set construction nor constitutes a necessary step in practical application.
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Figure 1. Overall framework of sensitivity-guided BESS siting and sizing and uncertainty-aware
day-ahead scheduling.

2.2. Sensitivity-Guided Generation of BESS Candidate Buses

Energy storage, distributed photovoltaic generation, wind power, and inverter reactive-
power support can all affect distribution-network operation by changing active or reactive
net injections at buses. Although these flexibility resources differ in physical characteristics
and operating constraints, their local regulation effects can be represented uniformly as
changes in nodal net injections. Accordingly, nodal net-injection sensitivities are used to
identify candidate buses with high regulation value, providing a reduced candidate space
for subsequent BESS siting and sizing.

2.2.1. AC Finite-Difference Sensitivity Based on Nodal Net-Injection Perturbations

Let the set of distribution-network buses be N = {1, 2, · · · , N}, the set of branches
be E , and the set of slack buses be Nslack. Define the set of all eligible nonslack installation
buses as Nelig = N\Nslack, hereafter referred to as the eligible/installable bus set, and
denote the target weak-voltage area by Ntar ⊆ N . The set Ntar can be determined from
low-voltage buses under the base case or a typical heavy-load case, or it can be specified
directly according to engineering mitigation needs. This area is used to evaluate local
voltage-support capability, whereas the improvement in the minimum system-wide voltage
is represented by a separate metric.

Let the AC power-flow solution process be represented by the nonlinear mapping
x = ϕ(p, q), where p and q are the nodal net active- and reactive-power injection vectors,
respectively, and x contains operating states such as bus voltages, branch flows, and system
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losses. The base operating point is x0 = ϕ(p0, q0). For any i ∈ Nelig, apply an active-power
net-injection perturbation ∆P or a reactive-power net-injection perturbation ∆Q. For any
operating metric y, its finite-difference sensitivity to active-power injection at bus i is:

∂y
∂Pi

≈ y(p0 + ∆Pei, q0)− y(p0, q0)

∆P
(1)

and the corresponding reactive-power sensitivity is

∂y
∂Qi

≈ y(p0, q0 + ∆Qei)− y(p0, q0)

∆Q
(2)

where ei is the unit vector whose ith element equals 1. Let the number of buses in the
eligible/installable bus set be Nc =

∣∣∣Nelig

∣∣∣. A complete active- and reactive-power finite-
difference analysis therefore requires 2Nc + 1 power-flow calculations: 1 base power flow
and 2Nc nodal-perturbation power flows.

Forward finite differences are used to calculate nodal sensitivities, balancing compu-
tational efficiency and ranking requirements during candidate-bus screening. Compared
with central finite differences, forward finite differences require only one-sided pertur-
bation power-flow calculations and therefore avoid the additional reverse-perturbation
calculations. Because the sensitivity analysis compares the relative regulation capabilities
of different buses rather than obtaining high-precision gradients for continuous optimiza-
tion, this method is adequate for candidate generation. Section 3.3.3 further compares the
ranking consistency of forward and central finite differences at different perturbation step
sizes to examine the effects of the finite-difference form and perturbation magnitude.

To evaluate nodal regulation value comprehensively, four metrics are constructed:
improvement in the minimum voltage, reduction in system active-power losses, relief of
the maximum branch flow, and voltage support in the target area. Taking an active-power
perturbation as an example, the four metrics for candidate bus i are defined as follows:

aP
1,i =

∂Vmin

∂Pi
(3)

aP
2,i = −∂Ploss

∂Pi
(4)

aP
3,i = −∂Smax

∂Pi
(5)

aP
4,i =

1
|Ntar| ∑

j∈Ntar

∂Vj

∂Pi
(6)

where Vmin is the minimum system-wide voltage, Ploss is the system active-power loss, Smax

is the maximum branch apparent power, and Ntar is the target weak-voltage area. Because
lower network losses and maximum branch flows are preferred, the signs of the correspond-
ing sensitivities are reversed so that a larger value indicates greater nodal regulation value
for every metric. The reactive-power metrics aQ

1,i =
∂Vmin
∂Qi

, aQ
2,i = − ∂Ploss

∂Qi
, aQ

3,i = − ∂Smax
∂Qi

, and

aQ
4,i =

1
|Ntar|

∑
j∈Ntar

∂Vj

∂Qi
are calculated analogously. To eliminate dimensional differences,

each metric is normalized using min–max normalization:

âP
m,i =

aP
m,i − min

j∈Nelig
aP

m,j

max[ max
j∈Nelig

aP
m,j − min

j∈Nelig
aP

m,j, εnorm]
(7)
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âQ
m,i =

aQ
m,i − min

j∈Nelig
aQ

m,j

max[ max
j∈Nelig

aQ
m,j − min

j∈Nelig
aQ

m,j, εnorm]
(8)

where m ∈ {1, 2, 3, 4} is the sensitivity-metric index, j ∈ Nelig denotes the eligi-

ble/installable buses used to determine the normalization extrema, âP
m,i and âQ

m,i are the mth
normalized active- and reactive-power sensitivity metrics, respectively, and εnorm = 10−12

is a numerical floor that prevents degeneration of the normalization denominator. If the
max–min range of a metric over the candidate buses is zero, all of its normalized values
are set to zero. If the range is smaller than εnorm, εnorm is used as the denominator floor,
preventing differences near numerical precision from being amplified into substantial
ranking differences.

Because Vmin = min
j∈N

∣∣Vj
∣∣ and Smax = max

l∈E
|Sl | are determined by the minimum system-

wide voltage and the maximum branch apparent power, respectively, the corresponding
limiting bus or branch may change with the operating point and perturbation. Accordingly,
the finite-difference calculation records both the extrema and the limiting buses/branches
under the base and perturbed conditions. If the limiting element changes, the case is
marked as an extremum switch and the corresponding result is treated as a potentially
nonsmooth response. If extrema are tied within numerical precision, the associated buses
or branches are jointly treated as the limiting set.

The metrics Vmin and Smax are retained rather than replaced by soft-min, soft-max, or
other smooth aggregate surrogate because they directly represent the weakest voltage and
the most heavily loaded branch and therefore have clear network-security interpretations.
Section 3.3.3 further examines their stability across operating points, perturbation step
sizes, and finite-difference forms.

On this basis, the composite active- and reactive-power scores of candidate bus i are

defined as ScoreP
i =

4
∑

m=1
ωm âP

m,i and ScoreQ
i =

4
∑

m=1
ωm âQ

m,i, respectively, where the weights

satisfy ωm ≥ 0 and
4
∑

m=1
ωm = 1 and represent the relative engineering preference between

system-wide mitigation and support for the target weak area.
The default weight vector is [0.35, 0.25, 0.20, 0.20], corresponding to minimum-voltage

improvement, network-loss reduction, branch-flow relief, and target-area voltage support,
respectively. These weights represent the relative preferences among evaluation metrics
during candidate screening; their effects are examined in Section 3.3.2 using multiple fixed
and random weight vectors.

Nodal finite-difference sensitivities may also depend on the operating point and pertur-
bation step size. The main screening setup uses the IEEE-33 base operating condition with
∆P = 0.01 MW and ∆Q = 0.01 MVAr. Section 3.3.3 further examines result stability across
operating conditions, perturbation step sizes, and forward/central finite differences while
recording switches in the limiting bus or branch associated with each extremum metric.

2.2.2. Jacobian-Assisted Two-Stage Fast Candidate Screening

To reduce repeated power-flow calculations for finite differences over all candidates,
the AC power-flow equations are linearized to first order near the base operating point:

∆x = J−1
red ∆s (9)

where J−1
red is the reduced Jacobian matrix, ∆s is the nodal power-perturbation vector, and

∆x is the vector of voltage-angle and voltage-magnitude changes. The Jacobian describes
changes in system states caused by nodal-injection perturbations rather than changes in
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evaluation metrics directly. The voltage-magnitude and angle states are then updated using
∆x, and the effect of a perturbation on voltage, network losses, branch flows, and other
metrics can be approximated through the first-order expansion of operating metric I(x):

∆I ≈ ∂I
∂x

∆x (10)

For the voltage metric, I(x) corresponds to the nodal-voltage state; for the network-
loss metric, I(x) corresponds to the total active-power loss calculated from nodal voltages
and angles; and for the branch-flow metric, I(x) corresponds to the maximum branch
apparent power calculated from the power-flow equations.

Using this linear mapping, the system-level active-power candidate set Cp,k, system-
level reactive-power candidate set CQ,k, target-area active-power support candidate set
C tar

P,kt
, and target-area reactive-power support candidate set C tar

Q,kt
are constructed separately,

and their union forms the fast pre-screening set:

N f ast = Cp,k ∪ CQ,k ∪ C tar
P,kt

∪ C tar
Q,kt

(11)

where k is the truncation depth for the system-level P/Q fast composite scores and kt is the
independent truncation depth for the target-area P/Q support rankings. The IEEE-33 main
workflow uses k = 8 and kt = 3. The resulting fast set is:

N f ast = {18, 17, 33, 32, 31, 16, 15, 14} (12)

k = 8 is the minimum truncation depth that simultaneously retains the high-ranking
system-level P/Q buses and the four types of key buses under the tested settings, whereas
kt = 3 retains the main support buses for the target weak area. N f ast determines only
which buses require the costly nodal AC finite-difference evaluation and is not equivalent
to the final Ncand.

Active- and reactive-power AC finite-difference checks are performed for the buses
in N f ast. The resulting number of AC power-flow calls is NFD

PF = 1 + 2
∣∣∣N f ast

∣∣∣, where
1 denotes the shared base AC power flow. Relative to complete P/Q finite differences for
all Nc candidate buses, the reduction in computational effort is:

ηFD = 1 −
2
∣∣∣N f ast

∣∣∣+ 1

2Nc + 1
(13)

For the IEEE-33 system, a complete 32-bus analysis requires 65 AC power-flow cal-
culations, whereas k = 8 requires only 17, reducing finite-difference power-flow calls by
73.85%. The Jacobian stage provides low-cost pre-screening, and N f ast determines only
which buses require AC finite-difference checking; it is not equivalent to the final main
candidate set. Neither stage directly determines the final BESS location. Section 2.2.3
further adds candidate buses using predefined topology and support indicators and then
applies the subsequent SG-ENAR-OPF evaluation uniformly to all retained buses.

2.2.3. Construction of the Main Candidate Set

To reduce the risk that a single Top-K sensitivity cutoff omits buses at different network
locations, the main candidate set combines buses with high system-level sensitivities, buses
supporting the target weak area, mid-feeder buffer buses, and upstream buffer buses for
the target weak area:

Ncand = Nsys ∪Ntar ∪Nmid ∪N f ront (14)
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The four bus categories are selected in a fixed order with mutually exclusive member-
ship: once a bus enters an earlier category, it is not selected again in a later category. The
corresponding truncation depths are denoted by Ksys, Ktar, Kmid, and K f ront, respectively.
For the IEEE-33 case, they are set to 5, 3, 5, and 2, respectively, and all are fixed before the
subsequent OPF solution.

Here, Nsys retains the top Ksys buses in the system-level composite sensitivity rankings
from Sections 2.2.1 and 2.2.2, whereas Ntar retains the top Ktar buses ranked by support
capability for the target weak-voltage area. For candidate buses not yet selected, the
following mid-feeder buffer score is further constructed:

Gmid
i = 0.25Rdepth

i + 0.25Rload
i + 0.25Rbr

i + 0.25Rcross
i (15)

where Rdepth
i represents the mid-feeder location characteristic, Rload

i the downstream load
level, Rbr

i the branch-relief capability, and Rcross
i the cross-area support capability; all are

normalized in advance to [0, 1].
(1) Mid-feeder location score:
First, for bus i, the cumulative impedance Zpath

i = ∑
e∈Pi

√
r2

e + x2
e is calculated along

the unique radial path from the slack bus, where Pi is the set of branches on the path from

bus i to the slack bus. The feeder electrical depth δ
depth
i =

Zpath
i

max
j∈N

Zpath
j

is then obtained by

normalization, on the basis of which the mid-feeder location function is defined:

R̃depth
i = exp

−(
δ

depth
i i − 0.52

0.18
)

2 (16)

where δ
depth
i ∈ [0, 1] is the cumulative impedance along the unique radial path from the

slack bus to bus i. Min–max normalization of R̃depth
i yields the final Rdepth

i = Norm(R̃depth
i ),

which describes the feeder-location characteristic of a bus. Buses with an electrical depth
close to 0.52 receive higher scores, and the score decreases as a bus approaches either the
feeder head or end.

(2) Downstream-load score:
Let Di be the set of downstream buses rooted at bus i. First, the 24 h baseline active

loads at all buses are summed to obtain P0
L,j = ∑

t
P0

L,j,t. The downstream load covered by

bus i is Ldown
i = ∑

j∈Di

P0
L,j, its share of the network-wide baseline load is R̃load

i =
Ldown

i
∑

j∈N
P0

L,j
, and

normalization gives Rload
i = Norm

(
R̃load

i

)
.

(3) Upstream branch-stress relief score:
For each branch e, the maximum and mean absolute active-power flows under the

scenarios are first calculated:
Pabs

e,max = max
s,t

|Ps
e,t| (17)

Pabs
e,ave =

1
|Ω|∑s

1
T ∑

t
|Ps

e,t| (18)

The branch-stress indicator B̃e = 0.55Pabs
e,max + 0.45Pabs

e,avg is then constructed and

min–max normalized to obtain the branch-stress score Be = Norm
(

B̃e

)
. Because a power

injection at bus i primarily affects the branches on its path to the slack bus, the branch-
stress scores along this path are summed to obtain R̃br

i = ∑
e∈Pi

Be, which is normalized

as Rbr
i = Norm

(
R̃br

i

)
. A larger value indicates that bus i is downstream of more highly
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stressed upstream branches and that regulating its injection has greater potential to relieve
those branches.

(4) Cross-area support score for the target area:
Using LinDistFlow sensitivities, the mean voltage responses in the target weak-voltage

area to active- and reactive-power injections at bus i are first calculated and normalized:

RP,tar
i = Norm

[
1

|Ntar| ∑
j∈Ntar

SV,P(j, i)

]
(19)

RQ,tar
i = Norm

[
1

|Ntar| ∑
j∈Ntar

SV,Q(j, i)

]
(20)

The cross-area support score in the mid-feeder buffer metric is defined as:

Rcross
i = Norm

(
0.50RP,tar

i + 0.50RQ,tar
i

)
(21)

The four metrics describe feeder location, downstream load scale, upstream branch
stress, and target-area support capability. Because they retain complementary network
information of different types, they are combined with equal weights. After excluding
buses already included in Nsys and Ntar, buses are ranked in descending order of Gmid

i ,
and the top Kmid form Nmid .

To further retain buses with a buffering role on the upstream radial paths of the target
weak area, the union of all unique paths from target-area buses to the slack bus is first
determined. The slack bus, target-area buses, and previously selected buses are excluded.
The following upstream-buffer score is constructed for the remaining buses:

G f ront
i = 0.40Rpos

i + 0.25Rtar
i + 0.25Rren

i + 0.10Rload
i (22)

(5) Target-area upstream-path location score:
Let the union of all unique paths from the target area to the slack bus be Ptar = ∪

j∈Ntar
Pj.

For buses on these paths but outside the target area, the normalized electrical-depth interval

0.55 ≤ δ
depth
i ≤ 0.93 is used to construct the location score R̃pos

i =
δ

depth
i −0.55
0.93−0.55 . For buses

outside this interval, R̃pos
i = 0, and final normalization yields Rpos

i = Norm(R̃pos
i ). Thus,

within the predefined upstream-path interval, buses closer to the target area receive higher
location scores.

(6) Composite target-area support score:
The composite target-area support score is Rtar

i = 0.40RP,tar
i + 0.60RQ,tar

i . Compared
with Rcross

i , the target-area support evaluation for upstream-buffer buses places greater
emphasis on reactive-power voltage support.

(7) Renewable-energy branch-stress relief score:
For high-renewable, RES, or low-net-load scenarios, the mean absolute active-

power flow of each branch is calculated to form the renewable-energy branch stress

B̃ren
e = ∑

s∈Ωren

1
T ∑

t
|Ps

e,t|, which is normalized to obtain Bren
e = Norm(B̃ren

e ). The renewable-

stress relief indicator of bus i is obtained by summing the relevant branch stresses along its
upstream path to give R̃ren

i = ∑
e∈Pi

Bren
e , which is further normalized as Rren

i = Norm(R̃ren
i ).

This indicator measures the potential of a bus to relieve upstream branch stress under high
renewable output.

The upstream-buffer category is intended mainly to retain buses with a buffering
role on the upstream paths of the target area; the location score is therefore assigned a
relatively high weight. Target-area support and renewable-stress relief represent voltage-
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support and power-flow-relief capabilities, respectively, while downstream load scale is
an auxiliary indicator. Buses are ranked in descending order of G f ront

i , and the top K f ront

form N f ront. All candidate-generation metrics above are calculated from network topology,
bus and branch parameters, baseline loads, predefined operating scenarios, and sensitivity
information available before OPF solution. They do not use subsequent SG-ENAR-OPF
results or full-node audit results.

For the IEEE-33 case, these rules produce, in sequence:

Nsys = {18, 17, 16, 15, 14} (23)

Ntar = {33, 32, 31} (24)

Nmid = {12, 30, 11, 13, 10} (25)

N f ront = {29, 28} (26)

Ncand = {18, 17, 16, 15, 14, 33, 32, 31, 12, 30, 11, 13, 10, 29, 28} (27)

The first 8 buses are from the sensitivity-based pre-screening set in Section 2.2.2 and
have undergone AC finite-difference checking; the remaining 7 buses are added by the
topology and support rules above. All candidate buses are ultimately evaluated using
the same SG-ENAR-OPF. Thus, screening and supplementation only reduce the search
space and do not directly determine the final BESS installation location. The full-node audit
serves as an independent paper-level validation benchmark, as detailed in Section 2.4.1.

2.3. Sensitivity-Guided Envelope-Based Nonanticipative Adjustable Recourse Optimal Power Flow
(SG-ENAR-OPF) Siting and Sizing Model

This study uses the Sensitivity-Guided Envelope-Based Nonanticipative Adjustable
Recourse Optimal Power Flow (SG-ENAR-OPF) for BESS siting and sizing. In its name,
Sensitivity-Guided indicates that the candidate buses are determined by Section 2.2 before
OPF is solved; Envelope-Based indicates that operating constraints are imposed simultane-
ously on a predefined finite scenario set; Nonanticipative Adjustable Recourse indicates
that the scenarios share a day-ahead baseline plan and affine-response coefficients and
produce corresponding operating responses to disturbances. The network is represented
by a multiperiod P–Q LinDistFlow MILP suitable for radial distribution networks.

For subsequent model description, Table 1 summarizes the main sets, indices, capacity
variables, affine-policy variables, network operating variables, and auxiliary variables.
Unless otherwise specified, s denotes a finite scenario, t denotes a scheduling period, and b
denotes the BESS connection bus fixed in advance for a single candidate-bus optimization.

Table 1. Compact nomenclature for the SG-ENAR-OPF formulation.

Symbol Definition Unit/Type

N , E , T Bus, branch, and scheduling-period sets set
Ω, Ωsize, ΩDA Generic, sizing, and day-ahead finite scenario sets set

Nelig Eligible/installable nonslack bus set before candidate screening set
Ncand Screened main BESS candidate-bus set determined before OPF set

b Fixed BESS installation bus in one candidate-wise MILP bus index
s, t, i, (i, j) Scenario, time, bus, and branch indices index
ξs

L,t, ξs
R,t Standardized load and aggregate renewable policy coordinates dimensionless

ρs
L,t System-level load multiplier mapped from ξs

L,t dimensionless
Pcap, Ecap BESS rated power and energy capacity MW, MWh

Einit Initial BESS stored energy MWh
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Table 1. Cont.

Symbol Definition Unit/Type

P0
ch,t, P0

dis,t Shared day-ahead baseline charging/discharging powers MW
βσ,V ,t Shared affine response coefficient MW

Ps
ch,t, Ps

dis,t, Ps
bat,t Scenario charging, discharging, and net BESS active power MW

Qs
bat,t BESS reactive-power injection MVAr

Es
t , us

t Stored energy and charge/discharge mode MWh, binary
Ps

ij,t, Qs
ij,t Active/reactive branch power flow MW, MVAr

vs
i,t Squared voltage magnitude p.u.2

Ps
G,t, Qs

G,t Active/reactive exchange with upstream grid MW, MVAr

Pava,s
g,t , Ps

g,t, Qs
g,t

Resource-level available, dispatched active, and reactive power of
g ∈ {PV, WT} MW, MW, MVAr

g, ig
Renewable-resource index and its fixed connection bus,

g ∈ {PV, WT} index, bus index

Ps
g,i,t, Qs

g,i,t
Node-level active/reactive injections mapped from renewable

resource g MW, MVAr

Ps
shed,i,t, Qs

shed,i,t Active/reactive load-loss variables MW, MVAr
Sbase System apparent-power base MVA
ds

i,t Absolute squared-voltage-deviation auxiliary variable p.u.2

ζs
t Absolute BESS response-power auxiliary variable MW

zβ
σ,V ,t

Absolute-value auxiliary variable for affine coefficient MW
πs Deterministic objective weight of scenario s dimensionless

ηch, ηdis Charging/discharging efficiencies dimensionless
εrank Numerical floor for RobustScore metric-range normalization dimensionless

τmin, τmax Lower/upper rated-duration bounds h
∆t Scheduling time step h

2.3.1. Sets, Variables, and Uncertainty Description

Let the time set be T = {1, 2, · · · , T}, the main BESS candidate-bus set be Ncand, the
finite scenario set used in the siting-and-sizing stage be Ωsize, and the day-ahead scheduling
scenario set after the BESS configuration is fixed be ΩDA. When a constraint applies to both
stages, Ω denotes the finite scenario set used in the corresponding stage.

For each candidate bus b ∈ Ncand, a separate multiscenario MILP is formulated to
jointly determine the BESS power capacity Pcap, energy capacity Ecap, baseline charg-
ing/discharging schedule, and affine-response coefficients. Candidate bus b is a fixed
parameter within each MILP, and all candidate buses are solved using the same model and
parameter system.

Two standardized disturbance variables describe the inputs to the BESS policy:

ξs
t =

[
ξs

L,t, ξs
R,t

]
, s ∈ Ω, t ∈ T (28)

where ξs
L,t is the shared load-disturbance coordinate and ξs

R,t is the aggregate renewable-
disturbance coordinate. On the load side, standardized disturbance coordinate ξs

L,t is first
converted through the quantile mapping defined in Section 2.5.1 into the corresponding
system-level load multiplier ρs

L,t, which is then applied uniformly to the baseline load at
each bus. Because active and reactive loads vary with the same system-level load multiplier:

Ps
L,i,t = P0

L,i ρs
L,t (29)

Qs
L,i,t = Q0

L,i ρs
L,t (30)

Consequently, active and reactive loads have the same relative disturbance and are
both driven by ξL after mapping through ρs

L,t. This treatment preserves each bus’s base-
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line power factor while avoiding the introduction of fully collinear independent load-
disturbance coordinates.

PV and WT retain separate available active-power outputs, utilized powers, and
reactive-power variables in the network model; disturbance information is conveyed
through the aggregate renewable coordinate ξR only at the BESS affine-policy interface.
Therefore, ξR does not indicate that PV and WT are physically merged. The corresponding
interval-forecast mapping and aggregation are described in Section 2.5.1.

For any scenario s and period t, the BESS charging and discharging powers are
generated by the shared baseline schedule and affine coefficients:

Ps
ch,t = P0

ch,t + βch,L,tξ
s
L,t + βch,R,tξ

s
R,t (31)

Ps
dis,t = P0

dis,t + βdis,L,tξ
s
L,t + βdis,R,tξ

s
R,t (32)

where P0
ch,t and P0

dis,t are the day-ahead baseline charging and discharging schedules; βch,L,t

and βdis,L,t are the charging- and discharging-power response coefficients for the load
disturbance, respectively; and βch,R,t and βdis,R,t are the corresponding response coefficients
for the renewable disturbance. The baseline and scenario-dependent BESS net active
powers are defined, respectively, as:

P0
bat,t = P0

dis,t − P0
ch,t (33)

Ps
bat,t = Ps

dis,t − Ps
ch,t (34)

where Ps
bat,t > 0 indicates BESS discharge to the distribution network and Ps

bat,t < 0
indicates BESS charging from the distribution network. The affine-response coefficients
satisfy the prescribed bounds:

−βσ,V ,t ≤ βσ,V ,t ≤ βσ,V ,t, σ ∈ {ch, dis}, V ∈ {L, R} (35)

where βσ,V ,t = Pcap is the permitted upper bound of the corresponding affine-response
coefficient. Thus, −Pcap ≤ βσ,V ,t ≤ Pcap. This constraint limits the response gain per unit
standardized disturbance and keeps the scale of the affine policy consistent with the BESS
power capacity.

This parameterization makes all scenarios share the same day-ahead baseline schedule
and affine-response coefficients, with corresponding operating responses produced only
through (ξL, ξR), thereby forming a nonanticipative adjustable-recourse policy. Robust
feasibility here refers only to the simultaneous satisfaction of constraints over the specified
finite scenario set; it is not extended to a formal feasibility guarantee for unmodeled
trajectories over a continuous disturbance domain.

2.3.2. BESS and Distribution-Network Operating Constraints

For any scenario s ∈ Ω and period t ∈ T , the BESS power capacity Pcap, energy
capacity Ecap, and initial stored energy Einit satisfy the capacity and SOC constraints. All
scenarios share the same initial stored energy:

SOCmin
opt Ecap ≤ Einit ≤ SOCmax

opt Ecap (36)

where Es
1 = Einit and ∀s ∈ Ω. The BESS power and energy capacities satisfy, respectively:

0 ≤ Pcap ≤ Pcap (37)

0 ≤ Ecap ≤ Ecap (38)
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where Pcap and Ecap are the maximum permitted power and energy capacities, respectively.
To prevent independent optimization of power and energy capacities from producing
a technically unreasonable, extremely short-duration configuration, the following rated-
duration constraint is further imposed:

τminPcap ≤ Ecap ≤ τmaxPcap (39)

where τmin and τmax are the minimum and maximum permitted rated durations, respectively.
The main case uses 1–4 h, and the technical sensitivity case uses 2–4 h, corresponding to rated
power-energy ranges of approximately 0.25C–1C and 0.25C–0.5C for Pcap/Ecap, respectively.

For each scenario, the BESS charging and discharging powers satisfy

0 ≤ Ps
ch,t ≤ Pcap (40)

0 ≤ Ps
dis,t ≤ Pcap (41)

The stored-energy state evolves recursively as follows:

Es
t+1 = Es

t + ηchPs
ch,t∆t − 1

ηdis
Ps

dis,t∆t (42)

where ηch and ηdis are the charging and discharging efficiencies, respectively, and ∆t is the
interval between adjacent scheduling periods. The stored-energy state in every scenario
and period satisfies:

SOCmin
opt Ecap ≤ Es

t ≤ SOCmax
opt Ecap (43)

The physical BESS SOC range is 0.10–0.90, whereas day-ahead optimization uses
the tightened range 0.12–0.88; thus, 0.12Ecap ≤ Es

t ≤ 0.88Ecap is used in day-ahead
optimization, while actual-trajectory validation continues to use the physical bounds
0.10Ecap ≤ Eact

t ≤ 0.90Ecap to determine whether the physical SOC is violated. Under
the single-day closure formulation, every modeled scenario also satisfies the terminal
stored-energy closure constraint Es

T+1 = Einit, ∀s ∈ Ω. This constraint provides terminal
energy closure for the single-day day-ahead model. Continuous multiday rolling validation
does not reinitialize the storage state in each window; instead, the actual terminal stored
energy from the preceding day is passed to the next day under the interday state protocol
described in Section 2.5.3.

To enforce mutually exclusive charging and discharging, the binary operating-state
variable us

t is introduced. When us
t = 1, the storage unit can only charge; when us

t = 0, it
can only discharge. The charging and discharging powers satisfy:

0 ≤ Ps
ch,t ≤ Pcapus

t (44)

0 ≤ Ps
dis,t ≤ Pcap

(1 − us
t) (45)

Ps
ch,t + Ps

dis,t ≤ Pcap (46)

The final inequality tightens the continuous relaxation of the MILP without changing
its integer-feasible set. Day-ahead scheduling with a fixed BESS configuration also requires
different scenarios to share the operating mode in each period, as detailed in Section 2.5.2.
The distribution network is represented by the P-Q LinDistFlow model suitable for radial
structures. Let i0 be the unique point of connection to the upstream grid, namely the
slack/substation bus; for the IEEE-33 system in this study, i0 = 1. To express nodal power
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balance uniformly for the slack and nonslack buses, define δi,i0 : when i = i0, δi,i0 = 1, and
when i ̸= i0, δi,i0 = 0. For any bus i ∈ N , the active-power balance is:

∑
k:(k,i)∈E

Ps
ki,t − ∑

j:(i,j)∈E
Ps

ij,t + δi,i0 Ps
G,t + Ps

PV,i,t + Ps
WT,i,t + Ps

bat,i,t + Ps
shed,i,t = Ps

L,i,t (47)

The reactive-power balance is:

∑
k:(k,i)∈E

Qs
ki,t − ∑

j:(i,j)∈E
Qs

ij,t + δi,i0 Qs
G,t + Qs

PV,i,t + Qs
WT,i,t + Qs

bat,i,t + Qs
shed,i,t = Qs

L,i,t (48)

where Ps
G,t and Qs

G,t are the active- and reactive-power exchanges with the upstream grid
at the slack/substation bus, respectively. For renewable resources, let g ∈ {PV, WT}, and
let ig denote the fixed connection bus of resource g. Resource-level variables Ps

g,t and Qs
g,t

represent the utilized active power and reactive-power output of resource g in scenario s
and period t, respectively. Their nodal injections are mapped through the fixed connection
locations as:

Ps
g,i,t =

{
Ps

g,t, i = ig

0, i ̸= ig
(49)

Qs
g,i,t =

{
Qs

g,t, i = ig

0, i ̸= ig
(50)

Therefore, Ps
PV,i,t, Qs

PV,i,t, Ps
WT,i,t, and Qs

WT,i,t in Equations (47) and (48) are all nodal
injections mapped from the corresponding resource-level variables rather than additional
independent renewable-energy decision variables. Ps

bat,i,t and Qs
bat,i,t are the storage active-

and reactive-power injections, and Ps
shed,i,t and Qs

shed,i,t are the active- and reactive-load
shedding variables.

In the current single-BESS model, only the fixed candidate bus b has a storage injection
Ps

bat,b,t = Ps
dis,t − Ps

ch,t, whereas when i ̸= b, Ps
bat,i,t = 0 and Qs

bat,i,t = 0.

Define the squared voltage magnitude at a bus as vs
i,t =

∣∣∣Vs
i,t|

2 . When branch resistance
and reactance are expressed in p.u. and branch active power Ps

ij,t and reactive power Qs
ij,t

are expressed in MW and MVAr, the voltage drop across branch (i, j) is written as:

vs
j,t = vs

i,t − 2(rij
Ps

ij,t

Sbase
+ xij

Qs
ij,t

Sbase
) (51)

where rij and xij are the resistance and reactance of branch (i, j), respectively. The corre-

sponding nodal-voltage constraint is (Vmin)
2 ≤ vs

i,t ≤ (Vmax)2. With Vmin = 0.90 p.u. and
Vmax = 1.10 p.u. used in this study, the squared-voltage range in the optimization model is
0.81 ≤ vs

i,t ≤ 1.21. The nodal-voltage magnitudes reported in Section 3 are recovered from∣∣∣Vs
i,t

∣∣∣= √
vs

i,t rather than interpreting v directly as a voltage magnitude.

To preserve the MILP structure, component-wise limits are imposed separately on
branch active- and reactive-power flows during optimization:

−Pij ≤ Ps
ij,t ≤ Pij (52)

−Qij ≤ Qs
ij,t ≤ Qij (53)

The rectangular feasible region above is not mathematically equivalent to the physical
branch apparent-power constraint (Ps

ij,t)
2 + (Qs

ij,t)
2 ≤ (Srated

ij )
2
. When Pij = Qij = Srated

ij ,
the rectangle is an outer relaxation of the circular MVA feasible region rather than a
conservative inner approximation; the apparent power permitted at a rectangle corner can
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reach
√

2Srated
ij . Consequently, the component-wise branch limits are not described as an

exact or conservative apparent-power constraint.
Consistent with the branch constraints, active-power exchange with the upstream

grid satisfies 0 ≤ Ps
G,t ≤ PG, whereas reactive-power exchange can vary bidirectionally

according to −QG ≤ Qs
G,t ≤ QG. Thus, the model does not permit active-power sales to the

upstream grid through PG < 0, and the day-ahead price signal applies only to active-power
purchases. The specific exchange limits and price parameters are given in Section 3.1.

For PV and WT, the available active power satisfies:

0 ≤ Ps
PV,t ≤ Pava,s

PV,t (54)

0 ≤ Ps
WT,t ≤ Pava,s

WT,t (55)

The corresponding renewable-energy curtailments are defined, respectively, as:

Pcurt,s
PV,t = Ps

PV,t − Ps
PV,t (56)

Pcurt,s
WT,t = Ps

WT,t − Ps
WT,t (57)

The load-shedding variables satisfy:

0 ≤ Ps
shed,i,t ≤ Ps

L,i,t, ∀i ∈ N , t ∈ T , s ∈ Ω (58)

0 ≤ Qs
shed,i,t ≤ Qs

L,i,t, ∀i ∈ N , t ∈ T , s ∈ Ω (59)

With high penalty coefficients, these variables serve only as feasibility relaxations
under extreme conditions.

PV, WT, and BESS inverters can all provide reactive-power support. To retain the MILP
structure, linear P-Q capability bounds determined by rated active power and minimum
power factor are used.

For g ∈ {PV, WT}, the active-power output satisfies:

0 ≤ Ps
g,t ≤ Pava,s

g,t ≤ Prated
g (60)

whereas the reactive-power output satisfies −Qg ≤ Qs
g,t ≤ Qg, where

Qg = tan
[

arccos
(

p f min
g

)]
Prated

g , with an equivalent rated apparent power of Seq
g =

Prated
g

p f min
g

.

For the BESS, the reactive-power output satisfies:

−Qbat ≤ Qs
bat,t ≤ Qbat (61)

Qbat = Pcap tan
[
arccos

(
p f min

bat

)]
(62)

The corresponding equivalent Seq
bat = Pcap

p f min
bat

, and p f min
PV = p f min

WT = p f min
bat = 0.95 is

used uniformly in this study. These linear rectangular P-Q bounds can include corner
regions outside the circular inverter-capability constraint P2 + Q2 ≤ S2; they are therefore
an engineering approximation used to preserve the MILP structure and are not equivalent
to the complete inverter-capability curve.

Finally, the BESS, distribution-network, renewable-energy, and grid-exchange con-
straints above are imposed simultaneously for every scenario in the finite scenario set. Let
y denote the optimization decision vector for the corresponding stage; the constraints can
then be written uniformly as gs(y) ≤ 0, hs(y) = 0, ∀s ∈ Ω. Accordingly, finite-scenario
robust feasibility means that the same policy simultaneously satisfies the stated physical
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and network constraints over the specified finite scenario set. Scenario weights enter only
the objective function, as defined in Section 2.3.3.

2.3.3. Objective Function and Comprehensive Candidate-Bus Evaluation

For a given BESS connection bus b, SG-ENAR-OPF uses a composite engineering ob-
jective comprising network operation, renewable-energy utilization, storage configuration,
and response-policy terms:

minJb = Cgrid + Ccurt + Cshed + Cvdev + Csize + Cthrough + Crec + Cβ (63)

where Cgrid = ∑
s∈Ω

πs ∑
t∈T

cG,tPs
G,t∆t is the grid-purchase-related term and cG,t is the grid-

purchase coefficient in period t. Ccurt = ∑
s∈Ω

πs ∑
t∈T

ccurt(Pcurt,s
PV,t + Pcurt,s

WT,t )∆t is the renewable-

energy curtailment penalty, and ccurt is its coefficient.
Cshed = ∑

s∈Ω
∑

t∈T
∑

i∈N
πs(cP

shedPs
shed,i,t + cQ

shedQs
shed,i,t)∆t is the load-shedding penalty; cshed

P and

cshed
Q are both set substantially higher than regular operating terms so that load shedding

serves only as a feasibility slack under extreme conditions.
Voltage deviation is linearized using the auxiliary variable ds

i,t, which satisfies
ds

i,t ≥ vs
i,t − 1 and ds

i,t ≥ 1 − vs
i,t, ds

i,t ≥ 0. The corresponding voltage-deviation penalty is

Cvdev = cv ∑
s∈Ω

πs ∑
t∈T

∑
i∈N

ds
i,t. Thus, when cv > 0, ds

i,t =
∣∣∣vs

i,t − 1
∣∣∣. Because vs

i,t = |Vs
i,t|2 , this

term actually penalizes
∣∣∣|Vs

i,t|2 − 1
∣∣∣ rather than the voltage-magnitude deviation

∣∣∣∣∣∣Vs
i,t

∣∣∣−1
∣∣∣.

Voltage deviation in the subsequent AC power-flow validation is calculated directly from
voltage magnitudes.

The BESS capacity-size regularization term is defined as:

Csize = cPPcap + cEEcap (64)

To suppress unnecessary BESS charging/discharging throughput, define:

Cthrough = cthrough ∑
s∈Ω

πs ∑
t∈T

(
Ps

ch,t + Ps
dis,t

)
∆t (65)

Cthrough constrains unnecessary charging/discharging energy exchange during op-
eration and is not interpreted as a battery degradation or life-loss model. To measure
the magnitude of each scenario’s response relative to the day-ahead baseline sched-
ule, the nonnegative auxiliary variable ζs

t is introduced and satisfies ζs
t ≥ Ps

bat,t − P0
bat,t,

ζs
t ≥ −

(
Ps

bat,t − P0
bat,t

)
, and ζs

t ≥ 0. The corresponding response power is:

Crec = crec ∑
s∈Ω

πs ∑
t∈T

ζs
t ∆t (66)

When crec > 0, ζs
t =

∣∣∣Ps
bat,t − P0

bat,t

∣∣∣; therefore, Crec directly measures the magnitude of
the scenario response relative to the shared baseline schedule.

The affine-coefficient regularization term is defined as:

Cβ = cβ ∑
t
(
∣∣βch,L,t

∣∣+ ∣∣βch,R,t
∣∣+ ∣∣βdis,L,t

∣∣+ ∣∣βdis,R,t
∣∣) (67)

To preserve the MILP form, a nonnegative auxiliary variable zβ
σ,V ,t is introduced for

each shared affine-response coefficient and satisfies zβ
σ,V ,t ≥ βσ,V ,t, zβ

σ,V ,t ≥ −βσ,V ,tz
β
σ,V ,t ≥ 0,
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where σ ∈ {ch, dis} and V ∈ {L, R}. The affine-coefficient regularization term is then
defined as:

Cβ = cβ ∑
t∈T

∑
σ∈{ch,dis}

∑
V∈{L,R}

zβ
σ,V ,t (68)

When cβ > 0, zβ
σ,V ,t =

∣∣∣βσ,V ,t

∣∣∣, with absolute values linearized using nonnegative
auxiliary variables. This term suppresses excessively large affine-response gains and
provides L1-type regularization for the four sets of shared affine-response coefficients.

Cthrough, Crec, and Cβ act on total storage charging/discharging throughput, the magni-
tude of scenario responses relative to the baseline schedule, and the scale of affine-response
coefficients, respectively; the three terms therefore regulate different quantities.

The objective above is a composite engineering objective whose terms have different
physical dimensions. In Csize, the capacity coefficients cp and cE balance configuration size
and operating performance, while Cthrough suppresses unnecessary energy throughput; they
are not equivalent to actual capital cost and battery degradation cost, respectively. Therefore,
Jb is not interpreted as lifecycle economic cost in a unified monetary unit. The coefficients,
units, and engineering meanings of the objective terms are provided in Section 3.1, while
actual equipment investment and annualized ownership cost are evaluated separately in a
subsequent post hoc economic audit.

For the finite scenario set Ωsize used in the siting-and-sizing stage, if the original
nonnegative weights produced during scenario construction are π̃size

s , they are normalized
uniformly as:

πsize
s =

π̃size
s

∑
q∈Ωsize

π̃size
q

(69)

so that πsize
s ≥ 0 and ∑

s∈Ωsize

πsize
s = 1. Day-ahead scheduling with a fixed BESS configura-

tion uses the 32 finite scenarios defined in Section 2.5. The central scenario (ξL, ξR) = (0, 0)
has weight πDA

center = 0.25, while the other 24 noncentral disturbance-space scenarios share
a total weight of 0.50. Thus:

πDA
s =

0.50
24

= 0.0208333, s ∈ Ωgrid\center (70)

The 7 temporal stress paths share a total weight of 0.25; therefore, the weight of each
path is:

πDA
s =

0.25
7

= 0.0357143, s ∈ Ωpath (71)

Scenario weights only adjust the relative contributions of different scenarios to the
composite engineering objective and are not interpreted as probabilities estimated from
historical frequencies. Finite-scenario robust feasibility results from the simultaneous
satisfaction of operating constraints by all modeled scenarios in Section 2.3.2, rather than
from the scenario weights themselves.

For candidate bus b, let the optimal SG-ENAR-OPF objective value be J∗b = min
yb∈Xb

Jb,

where Xb denotes the feasible region associated with candidate bus b, jointly defined by the
BESS capacities, shared affine policy, network flows, stored-energy states, reactive-power
variables, auxiliary variables, and binary operating variables. J∗b evaluates the internal
optimization objective for a given connection bus. To further compare the configura-
tion scale, operating performance, and network-security characteristics of different buses,
8 evaluation metrics are extracted from the optimization results for each candidate bus:

mb = [mb,1, · · · , mb,8] (72)
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The 8 metrics are GridEnergy, Curtailment, VoltageDeviation, WorstVoltage, Recourse-
Power, LoadLoss, StoragePower, and StorageEnergy, in that order. WorstVoltage is treated
as a benefit-type metric, whereas the remaining metrics are treated as cost-type metrics.

To prevent the normalization scale of RobustScore from changing with the set of buses
being compared, for each test feeder and technical duration case, define N f ull = Nelig as
the complete installable-bus set used in the full-node audit. The common normalization
bounds for the ℓth metric are determined uniformly over this set:

mmin
ℓ = min

b∈N f ull
mb,ℓ (73)

mmax
ℓ = max

b∈N f ull
mb,ℓ (74)

To prevent numerical amplification when a metric has a very small value range, define
the RobustScore normalization tolerance εrank = 10−2. When mmax

ℓ − mmin
ℓ ≤ εrank, the ℓth

metric is regarded as having no effective discriminatory power over the current candidate
set and its normalized contribution is set to zero; otherwise, it is normalized using the
corresponding min–max rule.

For a cost-type metric, define:

m̂b,ℓ =
mb,ℓ − mmin

ℓ

mmax
ℓ − mmin

ℓ

(75)

For the benefit-type metric WorstVoltage, define:

m̂b,ℓ =
mmax

ℓ − mb,ℓ

mmax
ℓ − mmin

ℓ

(76)

On the basis of uniform normalization, define:

RobustScoreb =
8

∑
ℓ=1

λℓm̂b,ℓ (77)

where λℓ ≥ 0 and
8
∑
ℓ=1

λℓ = 1. The units and weights ultimately used in this study are:

λ = [0.1818, 0.1818, 0.2273, 0.1364, 0.1364, 0.04545, 0.04545, 0.04545] (78)

corresponding to GridEnergy, Curtailment, VoltageDeviation, WorstVoltage, Recourse-
Power, LoadLoss, StoragePower, and StorageEnergy, respectively.

VoltageDeviation is assigned a relatively high weight to emphasize distribution-
network voltage quality; GridEnergy and Curtailment represent system power demand
and renewable-energy utilization; WorstVoltage and RecoursePower represent the security
boundary and disturbance-response magnitude, respectively; and the other three met-
rics supplement the evaluation of load reliability and storage-configuration scale. These
unit-sum weights represent only the engineering evaluation preferences adopted in this
study and are not unique or universally optimal evaluation coefficients. Their sensitivity is
further examined in Section 3.3.5.

Finally, the preferred bus within the main candidate set is defined as:

b∗ = arg min
b∈Ncand

RobustScoreb (79)
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where J∗b is the optimal value of the internal SG-ENAR-OPF composite engineering objective
at a given bus, whereas RobustScoreb is used for composite comparison among candidate
buses; the two quantities therefore serve different levels of evaluation.

The preferred bus in this study is the best audited bus under the specified model,
common normalization scale, and explicit evaluation weights; it is not interpreted as a
universal global optimum independent of model settings and evaluation preferences.

2.4. Solution, Audit, and Fixed-Policy Validation
2.4.1. Candidate-Set Solution and Independent Full-Node Benchmark

After the main candidate set is obtained in Section 2.2, every bus in the set is solved
candidate-wise using the same SG-ENAR-OPF model and uniform solver settings. For each
fixed candidate bus b ∈ Ncand, the multiscenario MILP defined in Section 2.3 is solved in-
dependently to obtain the corresponding BESS power capacity, energy capacity, day-ahead
baseline schedule, shared affine-response coefficients, and candidate-evaluation metrics.

To improve MILP numerical stability and solution efficiency, the model uses the valid
inequalities in Section 2.3.2 to tighten the continuous relaxation and sets upper bounds on
capacity variables from known physical ranges. The charging/discharging mode logic does
not use an artificially enlarged uniform Big-M constant; instead, BESS power capacity Pcap

directly provides a tight power upper bound, whose maximum effective value is further
limited by Pcap ≤ Pcap. The MIP gap, integer-feasibility tolerance, and time limit for each
candidate solve are given in Section 3.1.

After all candidate buses are solved, they are ranked uniformly using the common
normalization scale and RobustScore defined in Section 2.3.3, and the preferred bus is
selected within the main candidate set. A one-time full-node audit is additionally conducted
as an independent test of whether candidate-space reduction omits high-ranking buses.
Using Section 2.2.1, all eligible/installable buses, namely N f ull = Nelig = N\Nslack, are
included; every bus in b ∈ N f ull is solved and ranked independently using exactly the
same SG-ENAR-OPF model, solver settings, common normalization scale, and composite
evaluation weights as the main candidate set. Let the top-K set in the complete-bus
ranking be:

N ( f ull)
K = TopK(RobustScore,N f ull) (80)

The coverage of the complete-bus top K by the main candidate set is then defined as:

CRK =

∣∣∣N ( f ull)
K ∩Ncand

∣∣∣
K

(81)

where CR1 = 1 indicates that the main candidate set retains the best audited location in the
complete-bus analysis under the current model, common normalization scale, and explicit
evaluation weights.

The full-node audit is used only to evaluate result retention after candidate-space
reduction. It neither participates in constructing the main candidate set nor feeds back to
modify candidate buses. The audit is therefore an independent validation benchmark for
this paper rather than a necessary step in the practical candidate-screening workflow.

2.4.2. Out-of-Sample Fixed-Policy Validation and AC Power-Flow Validation

After siting and sizing, denote the fixed policy by F f ix = (b∗, Pcap∗, Ecap∗, Einit∗, Π∗),
where Π∗ contains the optimized baseline charging/discharging schedule and shared
affine-response coefficients. During post hoc validation, this fixed policy generates BESS
operating commands, and the stored-energy state is propagated using the energy-state
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equation in Section 2.3.2. The mapping of actual disturbances to the fixed policy is described
in Section 2.5.3.

For any validation scenario s, storage-constraint residuals during fixed-policy execu-
tion are first defined. The maximum power-limit violation is:

∆Ps
viol = max

t


max(0,−Ps

ch,t),
max(0,−Ps

dis,t),
max(0, Ps

ch,t − Pcap),
max(0, Ps

dis,t − Pcap)

 (82)

This metric checks both the nonnegative lower bounds and rated upper bounds of
charging and discharging power. The maximum stored-energy limit violation is defined as:

∆Es
viol = max

t

{
max(0, SOCmin

phy Ecap − Es
t ), max(0, Es

t − SOCmax
phy Ecap)

}
(83)

The physical BESS SOC bounds are used in post hoc actual-operation validation. For
validation cases requiring single-day terminal energy closure, the terminal stored-energy
deviation is defined as:

∆Es
end =

∣∣∣Es
T+1 − Einit

∣∣∣ (84)

The simultaneous charging/discharging residual is defined as:

∆CDs = max
t

min(Ps
ch,t, Ps

dis,t) (85)

where ∆Ps
viol , ∆Es

viol , ∆Es
end, and ∆CDs are the maximum power-limit violation, maximum

stored-energy limit violation, terminal stored-energy deviation, and maximum simultane-
ous charging/discharging residual, respectively. The corresponding engineering-feasibility
tolerances are given in Section 3.1. Note that ∆Es

end is used for validation cases requiring
single-day terminal closure. In carryover-fixed continuous multiday validation, the inter-
day storage state is not required to return to the same initial value every day; it is evaluated
according to the state-carryover rule and interday continuity error defined in Section 2.5.3.

Because the main optimization model uses the LinDistFlow approximation, fixed
operating points are further subjected to independent network checks using nonlinear
AC power flow. For any validation scenario s and period t, nodal loads, nodal renewable
outputs mapped through fixed connection locations, BESS injections, and load shedding
are converted into equivalent nodal active and reactive loads in the AC power-flow model:

PAC
D,i,t = Ps

L,i,t − Ps
PV,i,t − Ps

WT,i,t − Ps
bat,i,t − Ps

shed,i,t (86)

QAC
D,i,t = Qs

L,i,t − Qs
PV,i,t − Qs

WT,i,t − Qs
bat,i,t − Qs

shed,i,t (87)

Substituting these nodal injections into the standard nonlinear AC power-flow model
gives the following nodal active- and reactive-power balances:

Pi = Vi ∑
j∈N

Vj(Gij cos θij + Bij sin θij) (88)

Qi = Vi ∑
j∈N

Vj(Gij sin θij − Bij cos θij) (89)

where Pi and Qi are the net active- and reactive-power injections at bus i, respectively;
Gij and Bij are the conductance and susceptance of element (i, j) of the nodal admittance
matrix, respectively; and Vi = |Vi|ejθi , θij = θi − θj, where j =

√
−1 is the imaginary unit.
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Each validation operating point is mapped to MATPOWER 8.0, and runpf is called to
execute a Newton–Raphson AC power flow. The power-mismatch termination tolerance
is set to 10−8 p.u., and the maximum number of Newton iterations is 10. In the IEEE-33
system, Bus 1 is the reference/slack bus. Network topology and transformer/tap settings
remain fixed throughout the AC checks; no network reconfiguration or tap optimization
is performed. This study sets pf.enforce_q_lims = 0; therefore, the AC power-flow stage
does not redispatch the reactive-power outputs of PV, WT, or BESS but retains the active-
and reactive-power injections associated with the fixed policy. The slack bus supplies the
remaining system power imbalance according to the standard AC power-flow definition.

For branch (i, j), the apparent powers at both ends are calculated from the from-end
and to-end powers obtained by the AC power flow, and the larger value is used:

SAC,s
ij,t = max

{√
(Pfr,s

ij,t )
2
+ (Qfr,s

ij,t )
2
,

√
(Pto,s

ij,t )
2
+ (Qto,s

ij,t )
2
}

(90)

If the effective rating of the branch is Srated
ij , the branch-feasible condition is

SAC,s
ij,t ≤ Srated

ij . Section 3.1 specifies branch ratings and the default used when an effec-
tive rating is unavailable. The relationship between the component-wise P-Q box and
the circular MVA constraint in Section 2.3.2 is not repeated here; the AC check directly
compares the actual apparent power at both branch ends with the physical rating. As
specified above, RATE_A is used when a valid value is available; otherwise, the default
rating is 10 MVA.

For a given fixed policy, define the AC-feasibility indicator in scenario s and period
t as:

ΦAC(s, t) =


1,

AC power f low converges

Vmin ≤
∣∣∣Vs

i,t

∣∣∣≤ Vmax, ∀i ∈ N
SAC,s

ij,t ≤ Srated
ij , ∀(i, j) ∈ E

0, otherwise

(91)

Thus, an operating point is classified as AC feasible only if the AC power flow con-
verges and all nodal-voltage magnitude and branch-rating constraints are satisfied. If
the AC power flow does not converge, ΦAC(s, t) = 0 is set directly. The corresponding
AC-feasibility rate is defined as:

FRAC =
1

|Ωval |T ∑
s∈Ωval

∑
t∈T

ΦAC(s, t) (92)

where Ωval denotes the corresponding set of post hoc validation samples.
AC nodal-voltage and branch-rating feasibility are determined directly using the

physical bounds above, without additional engineering tolerances. In Section 3.1, the
0.002 MW/MWh threshold is used only for power-limit violations, energy-limit violations,
terminal-energy deviations, and charging/discharging overlap residuals in the BESS fixed-
policy replay; it is not used to relax AC voltage or branch-rating feasibility.

If a fixed-policy operating point fails the nonlinear AC check, the failure is recorded
directly; the BESS location, capacities, and prescribed operating injections are not modified
during the AC audit. Nonlinear AC power flow therefore serves as an independent post
hoc network audit of the LinDistFlow planning and scheduling results, rather than as a
feedback stage that corrects the original optimization results.
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2.5. Interval-Forecast-Driven Scenario-Based Robust Day-Ahead Scheduling

The preceding siting-and-sizing stage determines the BESS connection location and its
power and energy capacities. After the BESS configuration is fixed, the day-ahead operating
stage constructs finite uncertainty scenarios using load, PV, and WT interval forecasts and
re-optimizes the day-ahead baseline schedule and shared affine-response coefficients under
the specified network model and BESS capacity constraints. This stage does not change the
BESS location or capacities; its purpose is to obtain a shared day-ahead operating policy for
subsequent validation on actual trajectories under forecast uncertainty.

Load and renewable quantile forecasts are first mapped into a two-dimensional stan-
dardized disturbance space, on which 25 static disturbance combinations are constructed.
Temporal stress paths then incorporate disturbance duration, occurrence sequence, and
switching pattern. Actual trajectories are used for post hoc execution validation after the
day-ahead policy is frozen, as described in Section 2.5.3.

2.5.1. Mapping Interval Forecasts to a Standardized Disturbance Space

A lightweight quantile temporal convolutional network (Quantile-TCN) is used to
generate conditional quantile forecasts separately for system load, PV, and onshore wind.
Independent models are built for the three forecast targets, using the same data-processing
procedure and network architecture. Each sample uses the preceding 168 h of historical
information to predict q05

t , q50
t , and q95

t for the next period, where q05–q95 form the nominal
90% prediction interval and q50 gives the predictive median.

The Quantile-TCN uses three 64-channel temporal convolutional layers, a kernel
size of 3, dropout of 0.10, and training with the pinball loss. The output layer constructs
nonnegative lower and upper interval widths around q50, thereby ensuring q05

t ≤ q50
t ≤ q95

t .
The model inputs include historical load actuals, available load forecasts, solar actuals,

onshore wind, total wind, offshore wind, and day-ahead prices, together with sine/cosine
cyclical features for hour of day, month, and day of year.

The 8760 UTC hours in 2019 are divided chronologically into 70% training, 15% valida-
tion, and 15% test subsets without random shuffling on the original time axis. Standardiza-
tion statistics for continuous features are computed only from the training subset and then
fixed for the validation and test subsets. The validation subset is used for validation-loss
evaluation, early stopping, and best-model selection, whereas the test subset is not used
for parameter training or model selection. Because every test sample requires 168 h of
historical input, the final dataset contains 1146 consecutive out-of-sample test forecasts.

To incorporate forecast intervals for different physical quantities into a unified day-
ahead policy, the load, PV, and WT quantile forecasts are mapped separately to standardized
disturbance coordinates. For any forecast variable χ ∈ {L, PV, WT}, define the standard-
ized disturbance coordinate ξχ,t ∈ [−1, 1] such that:

ξχ,t = −1 ⇔ xt = q05
χ,t

ξχ,t = 0 ⇔ xt = q50
χ,t

ξχ,t = +1 ⇔ xt = q95
χ,t

(93)

For a given standardized coordinate ξχ,t, the corresponding physical forecast value is
obtained through a piecewise-linear mapping centered on q50:

x̂t(ξχ,t) =

q50
χ,t + ξχ,t

(
q95

χ,t − q50
χ,t

)
, 0 ≤ ξχ,t ≤ 1

q50
χ,t + ξχ,t

(
q50

χ,t − q05
χ,t

)
, −1 ≤ ξχ,t < 0

(94)
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This mapping separately retains the different interval widths on the q05–q50 and q50–q95

sides and therefore does not require the prediction interval to have the same physical scale
on both sides of the median.

(1) Load-disturbance coordinate:
The day-ahead policy uses a shared load coordinate ξL,t ∈ [−1, 1] to describe the

position of system-level load relative to the predictive median. For the load side, ρ05
L,t,

ρ50
L,t, and ρ95

L,t are the system-load forecast multipliers in period t corresponding to q05, q50,
and q95, respectively. The standardized load-disturbance coordinate ξs

L,t is mapped to the
system-level load multiplier through q05–q50–q95 piecewise-linear interpolation:

ρs
L,t =

ρ50
L,t + ξs

L,t

(
ρ95

L,t − ρ50
L,t

)
, ξs

L,t ≥ 0

ρ50
L,t + ξs

L,t

(
ρ50

L,t − ρ05
L,t

)
, ξs

L,t < 0
(95)

Thus, when ξs
L,t = −1, ρs

L,t = ρ05
L,t; when ξs

L,t = 0, ρs
L,t = ρ50

L,t; and when ξs
L,t = 1,

ρs
L,t = ρ95

L,t. The resulting system-level load multiplier is then applied uniformly to the
baseline active and reactive loads at every bus: PL,i,t = P0

L,i ρL,t and QL,i,t = Q0
L,i ρL,t .

Consequently, ξs
L,t is only a standardized policy-disturbance coordinate, whereas ρs

L,t is the
system-level load multiplier that actually enters the distribution-network load model. The
current model does not define separate, fully collinear active-load and reactive-load policy-
disturbance coordinates. Instead, the single coordinate ξs

L,t, after mapping through ρs
L,t,

simultaneously drives the nodal P/Q load changes while preserving each bus’s baseline
power-factor relationship.

(2) Renewable-disturbance coordinate:
The physical forecasts and network injections of PV and WT remain separate, but the

BESS affine policy uses the shared renewable-policy coordinate ξR,t ∈ [−1, 1]. During day-
ahead scenario construction, the same ξR,t is applied separately to the respective PV and
WT quantile forecast intervals. For g ∈ {PV, WT}, the available output under a scenario is
defined as:

Pava
g,t (ξR,t) =

q50
g,t + ξR,t

(
q95

g,t − q50
g,t

)
, 0 ≤ ξR,t ≤ 1

q50
g,t + ξR,t

(
q50

g,t − q05
g,t

)
, −1 ≤ ξR,t < 0

(96)

Thus, ξR = +1 indicates that PV and WT are each on their respective q95 side, ξR = 0
indicates that they are each on their respective q50 side, and ξR = −1 indicates that they
are each on their respective q05 side. It is important that ξR is only the shared renewable-
disturbance coordinate at the BESS policy layer. PV and WT retain separate Pava

PV,t and Pava
WT,t,

respectively, and enter network power balance at their own connection buses; they are not
combined into one renewable unit in the physical network model.

On this basis, the day-ahead affine policy uses the two-dimensional standardized

disturbance vector ξt =

[
ξL,t

ξR,t

]
∈ [−1, 1]2. Define the discrete level set for a single coordi-

nate as Ξ = {−1,−0.5, 0, 0.5, 1} and the two-dimensional static disturbance scenario set as
Ωgrid = Ξ × Ξ, yielding

∣∣∣Ωgrid

∣∣∣ = 5 × 5 = 25 finite disturbance combinations.
For example, (ξL, ξR) = (+1,−1) represents high load and low renewable output,

(ξL, ξR) = (−1,+1) represents low load and high renewable output, and (ξL, ξR) = (0, 0)
represents the predictive-median state. The remaining grid points supplement different
directions and intermediate magnitudes of load-renewable deviations. If (ξL, ξR) ∈ Ωgrid,
then (−ξL,−ξR) ∈ Ωgrid. The grid therefore has a centrally paired geometric organization
in the standardized disturbance-coordinate plane. This symmetry describes only the
geometric organization of the selected discrete disturbance coordinates. Because the q05–q50
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and q50–q95 interval widths can differ for load, PV, and WT, the corresponding physical
predictive distributions are not required to be statistically symmetric.

The disturbance space in this study is the mathematical policy-coordinate space formed
by the shared load coordinate ξL and aggregate renewable policy coordinate ξR, rather
than physical geographic space in the distribution network. The current model uses a
system-level load multiplier and single-site PV/WT resources at fixed connection locations;
it therefore does not explicitly describe spatially heterogeneous forecast errors or their
statistical correlations among load buses or multiple renewable sites. The 25-point grid
constructs finite combinations of load-renewable disturbance directions; time-dependent
scenario construction is defined further in Section 2.5.2.

2.5.2. Temporal-Path Envelope and Terminal-SOC Safeguard

The 25 disturbance-space grid scenarios in Section 2.5.1 cover different disturbance
directions in the two-dimensional load-renewable policy space, but ξL and ξR remain
constant throughout the scheduling horizon in every static scenario. Because the BESS
energy state evolves recursively across periods, disturbance duration, occurrence sequence,
and switching pattern can produce different SOC accumulation even when instantaneous
magnitudes are identical. Therefore, on the basis of the static disturbance grid Ωgrid, a
temporal stress path set Ωpath = {w1, w2, · · · , w7} is further constructed to provide finite
stress testing of intertemporal energy accumulation.

Define the high-net-load state as (ξL, ξR) = (+1,−1) and the high-renewable state as
(ξL, ξR) = (−1,+1). The 7 baseline paths are listed in Table 2.

Table 2. Seven types of temporal stress-path scenarios.

Path Path Type ξL ξR Primary Function

w1
High-net-load path

during load-peak periods

Set to +1 in the six
periods with the highest

forecast-load q50;
0 otherwise

Set to −1 in the
corresponding six

periods; 0 otherwise

Evaluate discharge and SOC
drop under sustained

high-load,
low-renewable-energy

conditions

w2

High-renewable path
during renewable-peak

periods

Set to −1 in the six
periods with the highest

forecast PV + WT q50;
0 otherwise

Set to +1 in the
corresponding six

periods; 0 otherwise

Evaluate charge and SOC
rise under sustained

high-renewable-energy,
low-load conditions

w3

High net load followed by
high renewable

generation

+1 in the first 12 h and
−1 in the last 12 h

−1 in the first 12 h and
+1 in the last 12 h

Evaluate sequence effects
under conditions of

discharge followed by charge

w4

High renewable
generation followed by

high net load

−1 in the first 12 h and
+1 in the last 12 h

+1 in the first 12 h and
−1 in the last 12 h

Compare with w3 to analyze
the impact of different

disturbance sequences on
SOC accumulation

w5

Transition from high net
load to high renewable

generation

Linearly decreases from
+1 to −1

Linearly increases from
−1 to +1

Evaluate energy response
under continuous state

transitions

w6

Transition from high
renewable generation to

high net load

Linearly increases from
−1 to +1

Linearly decreases from
+1 to −1

Evaluate energy response
under continuous reverse

transitions
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Table 2. Cont.

Path Path Type ξL ξR Primary Function

w7

Hourly alternation
between high net load

and high renewable
generation

+1 in odd periods and
−1 in even periods

−1 in odd periods and
+1 in even periods

Evaluate characteristics of
high-frequency switching

between positive and
negative disturbances and

energy cancellation

The linear transitions in paths w5 and w6 are further defined as:

ξ
(5)
L,t = 1 − 2

t − 1
T − 1

, ξ
(5)
R,t = −1 + 2

t − 1
T − 1

(97)

ξ
(6)
L,t = −1 + 2

t − 1
T − 1

, ξ
(6)
R,t = 1 − 2

t − 1
T − 1

(98)

Paths w3 and w4 contain the same two extreme states but reverse their occurrence
order and therefore explicitly test the dependence of SOC recursion on disturbance timing.
w5 and w6 describe continuous transitions between the two extreme states, whereas w7 ex-
amines charging/discharging responses to rapid switching between positive and negative
disturbances. These temporal paths do not add a new uncertainty dimension; they operate
within the two-dimensional policy space (ξL, ξR) defined in Section 2.5.1.

They introduce temporal structure into that space. The final finite day-ahead scenario
set is defined as:

ΩDA = Ωgrid ∪ Ωpath (99)

where
∣∣∣Ωgrid

∣∣∣ = 25 and
∣∣∣Ωpath

∣∣∣ = 7. The 25 static disturbance-space scenarios mainly sup-
plement combinations of different load-renewable disturbance directions and magnitudes,
whereas the 7 temporal stress paths further represent the effects of disturbance persistence,
occurrence sequence, continuous transition, and frequent switching on the intertemporal
BESS energy state.

To preserve the nonanticipativity of the day-ahead policy, all scenarios share the same
baseline day-ahead charging/discharging schedule and affine-response coefficients. The
charging/discharging operating mode is also shared across scenarios within each period
and can be expressed as:

us
t = uDA

t , ∀s ∈ ΩDA (100)

Different scenarios can therefore produce different BESS power responses and SOC
trajectories, but an independent day-ahead operating policy cannot be reselected separately
for any individual scenario.

(1) Tightened SOC interval and terminal-energy response:
To retain an energy margin before post hoc fixed-policy execution, day-ahead opti-

mization uses an SOC interval strictly inside the physical SOC range:

SOCmin
phy < SOCmin

opt < SOCmax
opt < SOCmax

phy (101)

In the final model, day-ahead optimization and physical validation use SOC ranges of
0.12–0.88 and 0.10–0.90, respectively; the parameter settings are summarized in Section 3.1.
These two SOC levels are also used uniformly in the final scenario-construction ablation.
Further, using the shared affine policy in Section 2.3.1 and the stored-energy recursion in
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Section 2.3.2, define the response coefficients of the terminal-energy change to the shared
load and renewable disturbances in period t:

κL,t = ∆t(ηchβch,L,t −
βdis,L,t

ηdis
) (102)

κR,t = ∆t(ηchβch,R,t −
βdis,R,t

ηdis
) (103)

For any temporal disturbance trajectory, its terminal-energy response relative to the

baseline schedule can be written as ∆ET =
T
∑

t=1
κL,tξL,t+

T
∑

t=1
κR,tξR,t. Because the policy

coordinates satisfy |ξL,t| ≤ 1 and |ξR,t| ≤ 1, it follows that |∆ET | ≤
T
∑

t=1
(|κL,t|+ |κR,t|). This

relationship shows that even when different temporal paths are formed from the same
two-dimensional disturbance bounds, their durations and temporal structures produce
different cumulative energy responses through SOC recursion. Beyond the static 25-point
disturbance space, temporal stress paths are therefore added.

To limit this terminal-energy response in the linear model, introduce the nonnegative
auxiliary variables zE

L,t ≥ κL,t, zE
L,t ≥ −κL,t, zE

R,t ≥ κR,t, and zE
R,t ≥ −κR,t, such that

zE
L,t ≥ |κL,t| and zE

R,t ≥ |κR,t|. The final temporal-path formulation enables the terminal-
energy safeguard:

T

∑
t=1

(zE
L,t + zE

R,t) ≤ εE (104)

where this study uses εE = 10−6 MWh. This constraint suppresses excessive terminal-
energy drift of the shared affine policy under bounded temporal disturbances and, together
with the temporal stress paths, forms the intertemporal energy safeguard in the final
day-ahead model. The final ablation study also keeps the same SOC ranges in all three
configurations and enables the terminal-energy guard only in the complete 25-point grid + 7
temporal paths configuration.

The daily-closed and carryover-fixed multiday operating protocols are not repeated
here. The single-day state constraint for the former is defined in Section 2.3.2, while the
interday carryover rule for actual terminal energy under the latter is described uniformly
in Section 2.5.3.

(2) Scope of finite-scenario robustness:
The scenario-based robust scheduling in this study requires the same day-ahead

baseline schedule, shared affine-response coefficients, and operating modes to satisfy the
operating constraints of every modeled scenario simultaneously, namely:

gs(y) ≤ 0, hs(y) = 0, ∀s ∈ ΩDA (105)

Accordingly, the BESS power, SOC, terminal energy, nodal power balance, voltage,
and branch operating constraints are imposed separately on all 32 scenarios. The scenario
weights defined in Section 2.3.3, πs, only adjust the relative contribution of each scenario to
the composite engineering objective and do not alter the requirement that every scenario
satisfy the operating constraints. In other words, robustness here results from joint feasibil-
ity over the modeled finite scenario set, rather than from scenario probability weights or a
worst-case objective.

It must also be made clear that ΩDA is only a finite discrete representation of the
continuous standardized disturbance space and possible temporal trajectories. This study
does not formulate an max(ξ ∈ U)-type continuous-domain worst-case robust counterpart,
nor does it use adversarial separation or column-and-constraint generation to verify every
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unsampled disturbance. Therefore, satisfaction of the constraints by ∀s ∈ ΩDA does
not imply a formal feasibility guarantee for ∀(ξL, ξR) ∈ [−1, 1]2 or for all possible 24 h
disturbance sequences. The term ‘robust’ in this study is strictly limited to joint constraint
satisfaction over the predefined finite scenario set.

Finally, the 7 temporal stress paths above are predefined engineering stress templates
rather than probabilistic scenarios fitted directly from historical forecast-error trajectories.
The 6 h peak duration, 12/12 h segmentation, full-horizon linear transition, and 1 h alterna-
tion frequency are engineering-interpretable but not theoretically unique design parameters.
To evaluate dependence on these manual parameters, Section 3.3.8 further varies peak du-
ration, segment location, alternation frequency, number of paths, and transition shape in a
path-design sensitivity analysis. Following this logic, the revised Section 3 reports variants
including PEAK_H4/H8, SPLIT_H8/H16, ALT_2H, COUNT_3/5, and RAMP_12H.

2.5.3. Actual Fixed-Policy and Multiday Rolling Validation

After day-ahead scheduling, the BESS location and capacities and the resulting baseline
charging/discharging schedule and shared affine-response coefficients are fixed. Actual
observations do not participate in day-ahead scenario construction or policy optimization
and are used only for fixed-policy execution replay after the policy has been determined. To
map actual load, PV, and WT observations to the two-dimensional policy interface defined
in Section 2.3.1, the quantile mapping in Section 2.5.1 is first used to calculate the raw
standardized deviation of each physical quantity.

For χ ∈ {L, PV, WT}, denote the actual observation by xact
χ,t . Its raw standardized

disturbance coordinate is defined as:

ξraw
χ,t =


xact

χ,t−q50
χ,t

q95
χ,t−q50

χ,t+εξ
, xact

χ,t ≥ q50
χ,t

xact
χ,t−q50

χ,t

q50
χ,t−q05

χ,t+εξ
, xact

χ,t ≤ q50
χ,t

(106)

Thus, when the actual value lies inside the prediction interval, ξraw
χ,t ∈ [−1, 1], whereas

when it exceeds q95 or falls below q05,
∣∣∣ξraw

χ,t

∣∣∣> 1 . The raw coordinate only represents the
degree to which an actual observation departs from the prediction interval and is used for
out-of-interval disturbance diagnostics in Section 3.3.7. For PV and WT, over periods in
which both raw coordinates are finite, the following is the capacity-weighted aggregate
renewable raw diagnostic coordinate:

ξ
(raw,agg)
R,t =

Prated
PV ξraw

PV,t + Prated
WT ξraw

WT,t

Prated
PV + Prated

WT
, t ∈ T valid

raw (107)

where T valid
raw =

{
t : ξraw

PV,tandξraw
WT,tare both f inite

}
. This ξ

(raw,agg)
R,t is used only for post hoc

raw-coordinate distribution diagnostics and is not an input to the frozen affine policy. For
degenerate periods in which the prediction-interval width is near zero, a small numerical
floor εξ = 10−8 is introduced to prevent denominator degeneration.

In particular, nighttime PV can exhibit q05
PV,t ≈ q50

PV,t ≈ q95
PV,t ≈ 0. When the corre-

sponding quantile-interval width does not exceed εξ , an amplified standardized deviation is
not calculated from the near-zero width; instead, the PV policy coordinate for that period is
set to the neutral value ξPV,t = 0. This treatment affects only the numerical mapping of the
policy input and does not change the actual physical PV output. A PV raw coordinate that
cannot be stably defined is excluded only from the raw-coordinate distribution statistics.

(1) Bounded policy coordinates:
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Because the day-ahead affine rule is constructed and constrained over the policy
domain [−1, 1]2, actual execution does not extrapolate the unbounded ξraw directly through
the affine policy. Instead, the policy-input coordinates are first saturated:

ξχ,t = sat
(

ξraw
χ,t ,−1, 1

)
= min

{
1, max

(
−1, ξraw

χ,t

)}
(108)

For load, ξact
L,t = ξL,t. It is important that this saturation occurs only for the BESS affine-

policy input coordinate. If actual load exceeds q95 or falls below q05, the true physical load
still enters subsequent network validation as the actual observation and is not truncated to
the prediction interval.

(2) Actual PV/WT coordinates and the aggregate renewable policy coordinate:
The physical outputs of PV and WT are modeled separately in the day-ahead model,

whereas the BESS policy interface uses the shared renewable coordinate ξR. During ac-
tual execution, ξraw

PV,t and ξraw
WT,t are therefore calculated separately, yielding the following

bounded coordinates:
ξPV,t = sat(ξraw

PV,t,−1, 1) (109)

ξWT,t = sat(ξraw
WT,t,−1, 1) (110)

The actual aggregate renewable policy coordinate is then constructed using the rated
active-power capacities of PV and WT:

ξact
R,t =

[
Prated

PV ξPV,t + Prated
WT ξWT,t

Prated
PV + Prated

WT

]
∈ [−1, 1] (111)

This capacity-weighted mapping allows actual PV and WT forecast errors to have
opposite directions: if one is above its median and the other below, their standardized
responses partially cancel in the aggregate policy coordinate. This aggregation is a policy-
dimension-reduction treatment and does not imply that a single ξR retains every indepen-
dent joint PV-WT error combination. The corresponding limitation is discussed further in
the Discussion section.

(3) Execution of the frozen affine policy:
After the actual policy coordinates are obtained, (ξact

L,t , ξact
R,t) is substituted into the

shared affine policy already determined by the day-ahead problem. The actual charging
and discharging commands are, respectively:

Pact
ch,t = P0

ch,t + βch,L,tξ
act
L,t + βch,R,tξ

act
R,t (112)

Pact
dis,t = P0

dis,t + βdis,L,tξ
act
L,t + βdis,R,tξ

act
R,t (113)

The corresponding net BESS active-power injection is Pact
bat,t = Pact

dis,t − Pact
ch,t, and the

actual stored energy is propagated hourly using the same physical state equation:

Eact
t+1 = Eact

t + ηchPact
ch,t∆t −

Pact
dis,t

ηdis
∆t (114)

The policy coordinate is bounded; the final BESS command is not. During actual
validation, Pact

ch,t and Pact
dis,t are not re-optimized and are not subjected to clipping, projection,

or other post hoc correction. Consequently, if the frozen affine policy produces negative
charging/discharging power, power exceeding Pcap, an SOC violation, a terminal-energy
deviation, or simultaneous charging and discharging, the issue is retained as an actual
fixed-policy execution residual and evaluated using ∆Pviol , ∆Eviol , ∆Eend, and ∆CD as
defined in Section 2.4.2.
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Meanwhile, the actual physical load, PV, and WT retain their observed values and
enter the network-operation and nonlinear AC audits defined in Section 2.4.2 together with
the fixed BESS injection. Physical disturbances outside the prediction intervals are therefore
not removed from the validation data.

(4) Multiday rolling execution replay:
To avoid evaluating fixed-policy execution performance from a single day alone, a

multiday rolling execution replay is conducted on chronologically ordered test-period
data. Each rolling window contains 48 h of data, comprising an initial 24 h = actual
execution horizon, followed by a 24 h = planning look-ahead horizon. Adjacent windows
advance in 24 h steps. Thus, adjacent 48 h planning horizons overlap by 24 h, whereas
their actual execution horizons do not overlap. The 46 consecutive rolling windows yield
46 × 24 = 1104 consecutive, nonrepeated actual execution hours. The 46 windows are
therefore not interpreted as 46 statistically independent samples but as a continuous energy-
management-system execution replay over one time series.

Each window follows the sequence of forecast/scenario construction, day-ahead
optimization, policy freezing, actual replay, and storage/network validation. Within the
actual execution horizon, observations are used only for post hoc validation after the
day-ahead policy has been determined; they do not participate in retraining the day-ahead
problem or feeding scenario corrections back into it.

(5) Daily-closed and carryover-fixed state protocols:
For interday SOC coupling, two validation protocols are distinguished: daily-closed

and carryover-fixed.
In the daily-closed formulation, the initial stored energy Einit of each day-ahead prob-

lem is determined within the range defined in Section 2.3.2, namely the optimization SOC
range, and satisfies single-day terminal closure Es

T+1 = Einit, s ∈ ΩDA in the modeled
scenarios. This formulation is used for single-day day-ahead scheduling and the cor-
responding fixed-policy validation, but each rolling day can independently establish its
day-ahead initial state; therefore, the preceding day’s actual terminal energy is not explicitly
passed forward.

Under the carryover-fixed protocol, interday SOC coupling is retained explicitly by
applying a continuous multiday carryover-fixed validation to the final configuration. Day
1 uses the initial energy Einit

1,1 determined by its day-ahead problem. Starting from day 2,
the terminal energy at the end of the preceding day’s actual execution is fixed, without
modification, as the initial state for the next day’s day-ahead problem:

Einit
d+1,1 = Eact

d,T+1, d = 1, . . . , D − 1 (115)

Given this inherited state, for day d + 1 the day-ahead problem is re-solved to obtain
the new baseline schedule and affine-response coefficients for that day. The day-ahead
policy is then frozen again, and the day’s actual trajectory is used for fixed-policy replay.
Accordingly, carryover-fixed does not simply concatenate 46 independent daily-closed
frozen policies; it proceeds as Eact

d,T+1 → Einit
d+1,1 → re-solve day-ahead → freeze new policy

→ actual replay.
The interday state transfer itself applies no SOC clipping; Eact

d,T+1 is not artificially
projected back to a predefined initial SOC but is used directly as the fixed initial state of the
next day’s day-ahead problem. The actual fixed-policy execution stage likewise applies
no clipping, projection, or secondary optimization to the BESS charging/discharging
commands.

The interday continuity error between adjacent days is defined as
∆Ebdry,d =

∣∣∣Einit
d+1,1 − Eact

d,T+1

∣∣∣, with ∆Ebdry,d = 0 under ideal continuity. This metric eval-
uates whether SOC-boundary transfer is continuous under the carryover-fixed protocol;
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actual results are reported in Section 3.3.11. Finally, carryover-fixed validation shows
that the fixed-policy execution can operate with explicit interday SOC transfer over the
tested consecutive windows, but it does not establish a theoretical guarantee of recursive-
feasibility for arbitrary indefinite actual-disturbance sequences.

3. Results
3.1. Test System and Unified Parameter Settings
3.1.1. Test System and Basic Settings

Validation is performed primarily on the IEEE-33-bus radial distribution system,
which contains 32 analyzable buses excluding the slack bus. Based on the low-voltage
characteristics at the feeder end under the base operating condition, Buses 31, 32, and 33
are designated as the target weak-voltage area. PV is connected at Bus 18 and WT at Bus 25;
therefore, the fixed renewable connection buses defined in Section 2.3.2 are iPV = 18 and
iWT = 25, respectively. The rated active-power capacities of PV and WT are 2.5 MW and
2.0 MW, respectively. The system-level load multiplier is mapped to the network according
to each bus’s share of baseline load, and the PV and WT forecast profiles are multiplied by
their installed capacities to obtain available output.

The main candidate-screening procedure uses the original IEEE-33 base operating
condition as the reference point and applies net-injection perturbations of ∆P = 0.01 MW
and ∆Q = 0.01 MVAr separately at each candidate bus. AC finite differences are used to
calculate nodal sensitivities for minimum voltage, system active-power loss, maximum
branch apparent power, and target-area voltage support. This reference setting is used
only to obtain the main candidate-screening result; its dependence on operating condition,
perturbation magnitude, and finite-difference form is audited separately in Section 3.3.3.

To examine the stability of sensitivity rankings with respect to operating condition
and finite-difference setting, five representative operating points are selected from the
46 official rolling windows, which contain 1104 actual execution points: median actual,
peak load, high PV, high wind, and minimum grid import. A synthetic reverse-flow
stress point is also added. At every operating point, three perturbation magnitudes, 0.005,
0.010, and 0.020 MW/MVAr, are applied, and both forward and central finite differences
are calculated.

An AC power-flow scan of all 1104 actual time points found no actual reverse-flow
state with slack active power below zero. Therefore, the reverse-flow case is not selected
directly from an actual sample; instead, starting from the minimum-import actual point,
renewable penetration is increased to construct a synthetic stress case for sensitivity-stability
testing. This operating condition is used only in Section 3.3.3 for the sensitivity stress audit
and is not treated as an actual operating sample.

Figure 2 shows the IEEE-33 system topology, main candidate-bus categories, and the
PV, WT, and final BESS connection locations. The modified feeder used here retains the
original MATPOWER network topology and electrical parameters; renewable connection lo-
cations and storage-related configurations are introduced as additional simulation settings.

All experiments are conducted using an Intel Core i5-14600K, 32 GB RAM, Windows
11, and MATLAB R2023a environment. In the siting-and-sizing stage, MATLAB intlinprog
solves the candidate-wise MILP; in day-ahead scheduling with a fixed configuration,
YALMIP invokes CPLEX 12.0. Table 3 lists the uniform siting-and-sizing solver settings
used for every candidate bus:
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Figure 2. Topology, candidate-bus classification, and PV–wind–BESS integration locations in the
IEEE-33-bus distribution system.

Table 3. Candidate-wise planning and solver settings.

Item Setting

Main candidate number 15
Planning solver MATLAB intlinprog

Relative MIP gap 10−4

Absolute MIP gap 10−6

Integer tolerance 10−6

Time limit per candidate 600 s

The MIP gap for day-ahead scheduling is set to 10−3, the maximum solution time for
a single rolling window is 1800 s, and the maximum solution time for actual fixed-policy
validation is 600 s. Apart from these settings, CPLEX’s internal FeasibilityTol, OptimalityTol,
and IntFeasTol retain their default values.

3.1.2. BESS, Scenario, and Validation Parameters

The day-ahead scheduling time step is ∆t = 1 h, and both BESS charging and dis-
charging efficiencies are set to ηch = ηdis = 0.95. In the final duration-aware siting-and-
sizing model, the upper bounds on BESS power and energy capacities are respectively
Pcap

= 20 MW, Ecap
= 80 MWh. To examine the effect of the rated-duration constraint on

the configuration result, two technical cases are specified:

MAIN : 1 h ≤ Ecap

Pcap ≤ 4 h (116)

STRICT : 2 h ≤ Ecap

Pcap ≤ 4 h (117)

The two cases differ only in the minimum permitted rated duration; their final siting-
and-sizing results are compared in Section 3.3.5. Day-ahead scheduling with a fixed BESS
configuration uses the tightened SOC range 0.12 ≤ SOCopt ≤ 0.88, whereas post hoc actual
fixed-policy validation evaluates stored-energy feasibility using the physical SOC range
0.10 ≤ SOCphy ≤ 0.90. The daily-closed and carryover-fixed state protocols are defined in
Section 2.5.3 and are not repeated here.

The minimum power factors of PV, WT, and the BESS inverter are all set to
p f min

PV = p f min
WT = p f min

bat = 0.95. In the IEEE-33 system, the rated active-power capac-
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ities of PV and WT are 2.5 MW and 2.0 MW, respectively. According to Section 2.3.2, using
the PF-derived capability approximation, their reactive-power limits are:

QPV = 2.5 tan[arccos(0.95)] = 0.8217 MVAr (118)

QWT = 2.0 tan[arccos(0.95)] = 0.6574 MVAr (119)

The corresponding equivalent nameplate apparent-power ratings are, respectively:

Seq
PV =

2.5
0.95

= 2.6316 MVA (120)

Seq
WT =

2.0
0.95

= 2.1053 MVA (121)

The BESS reactive-power limit and equivalent apparent-power rating are calculated
from the optimized Pcap using the same relationship. The final MAIN and STRICT values
are reported in Section 3.3.5. This section lists only the parameter settings and does not
repeat the geometric difference between the linear P-Q capability approximation and the
circular inverter capability described in Section 2.3.2.

The physical nodal-voltage magnitude range is 0.90 ≤
∣∣∣vs

i,t

∣∣∣ ≤ 1.10 p.u., whereas

the LinDistFlow optimization model uses the squared-voltage state vs
i,t =

∣∣∣Vs
i,t|

2 ; thus, the
squared-voltage state in LinDistFlow satisfies 0.81 ≤ vs

i,t ≤ 1.21. Subsequent nonlinear

AC validation directly uses voltage magnitude
∣∣∣Vs

i,t

∣∣∣ and checks the physical voltage
bounds of 0.90–1.10 p.u. In the siting-and-sizing stage, the active- and reactive-power
component limits of every branch are respectively

∣∣∣Ps
ij,t

∣∣∣ ≤ 30 MW,
∣∣∣Qs

ij,t

∣∣∣ ≤ 30 MVAr;

the corresponding upstream-grid exchange ranges are 0 ≤ Ps
G,t ≤ 30 MW and

∣∣∣Qs
G,t

∣∣∣≤ 30
MVAr, whereas in day-ahead scheduling with a fixed configuration, the upstream-grid
exchange ranges are tightened to 0 ≤ Ps

G,t ≤ 20 MW and
∣∣∣Qs

G,t

∣∣∣≤ 20 MVAr. In addition,
the system base capacity used by the LinDistFlow model is Sbase = 10 MVA, consistent
with the MATPOWER baseMVA setting of the IEEE-33 case33bw test system.

For branch ratings, when the original MATPOWER feeder data provide a valid
RATE_A, that value is used; branches without a valid rating use Srated

ij = 10 MVA uniformly.
The distinction between branch component-wise P–Q bounds and the physical MVA con-
straint is explained in Section 2.3.2, and apparent-power evaluation in the nonlinear AC
check is described in Section 2.4.2, with only the specific parameters retained here.

The day-ahead policy-disturbance coordinates satisfy ξL, ξR ∈ [−1, 1], and the static
disturbance grid uses {−1,−0.5, 0, 0.5, 1}2. The final day-ahead model uses the scenarios
defined in Section 2.5: 25 static disturbance-space scenarios and seven temporal stress
paths. The terminal-energy safeguard is set to εE = 10−6 MWh. Objective-aggregation
weights for all scenarios are defined in Section 2.3.3; therefore, the specific allocation of 0.25,
0.50/24, and 0.25/7 is not repeated here. For fixed-policy storage replay, the engineering-
feasibility thresholds are ε

eng
P = 0.002 MW and ε

eng
E = 0.002 MWh. These thresholds are

used to determine engineering feasibility for the power-limit violation, stored-energy limit
violation, terminal-energy deviation, and charging/discharging overlap residual defined
in Section 2.4.2; they are not used to relax AC nodal-voltage or branch-rating constraints.

3.1.3. Solution and Objective-Function Settings

Both the siting-and-sizing and day-ahead scheduling stages use the Section 2.3.3-
defined composite engineering objective. Because the physical quantities in the objective
terms include energy, power, squared-voltage deviation, affine-response magnitude, and
BESS power/energy capacities, their coefficients do not share a common monetary unit. For

https://doi.org/10.3390/sym18091487

https://doi.org/10.3390/sym18091487


Symmetry 2026, 18, 1487 35 of 66

reproducibility, Table 4 summarizes the numerical coefficient, weighted physical quantity,
unit, and engineering role of each objective term.

Table 4. Engineering objective coefficients for the siting-and-sizing and day-ahead scheduling stages.

Stage Objective Term Coefficient/
Setting Weighted Quantity Quantity

Unit
Coefficient

Unit/Scaling Role Engineering Interpretation

Siting/sizing

Grid-purchase-
related term 1.0 Grid-import energy MWh o.u./MWh

Controls the contribution of
upstream-grid import in the

engineering objective

Renewable-
curtailment penalty 300 Curtailed renewable

energy MWh o.u./MWh Discourages renewable
curtailment

Load-shedding
penalty 107 Active/reactive load

shedding MWh/MVArh o.u./MWh;
o.u./MVArh

High feasibility penalty
used only under extreme

conditions

Voltage-deviation
penalty 100 Aggregated

∣∣∣vs
i,t − 1

∣∣∣ p.u.2
o.u./p.u.2; scales
voltage-quality

contribution

Penalizes deviation from
nominal voltage state

BESS-throughput
regularization 1.0 Charge/discharge

energy throughput MWh o.u./MWh Suppresses unnecessary
energy cycling

Recourse
regularization 20

Time-integrated
absolute BESS response

deviation
MWh o.u./MWh

Suppresses excessive
scenario-dependent

response

Affine-coefficient
regularization 0.10 |βσ,V ,t| MW

o.u./MW; scales
affine-response

magnitude

Limits excessive
affine-response gain

Power-capacity
regularization 100 Pcap MW o.u./MW Controls BESS power-size

contribution

Energy-capacity
regularization 20 Ecap MWh o.u./MWh Controls BESS energy-size

contribution

Day-ahead

Grid-purchase term price profile,
scale 1.0 Grid-import energy MWh dataset-native price

unit/MWh
Uses the day-ahead

electricity-price signal

Renewable-
curtailment penalty 100 Curtailed renewable

energy MWh o.u./MWh Discourages renewable
curtailment

Active-load-
shedding penalty 105 Active-load shedding MWh o.u./MWh Emergency active-power

feasibility penalty

Reactive-load-
shedding penalty

0.1 × active
penalty Reactive-load shedding MVArh o.u./MVArh Emergency reactive-power

feasibility penalty

Voltage-deviation
penalty 10 Aggregated

∣∣∣vs
i,t − 1

∣∣∣ p.u.2
o.u./p.u.2; scales
voltage-quality

contribution

Maintains voltage quality
under uncertain operation

BESS-throughput
regularization 0.05 Charge/discharge

energy throughput MWh o.u./MWh Mildly suppresses
unnecessary throughput

In Table 4, o.u. denotes objective unit and is used only to describe the numerical
scaling among different physical quantities in the composite scalarization; it does not
correspond to a monetary unit such as USD or EUR. The day-ahead grid-purchase term
uses the dataset-provided day-ahead import-price profile, scaling factor of 1.0. Because the
model imposes PG ≥ 0, active-power export is excluded, and there is no feed-in tariff or
export-revenue term.

It should be emphasized that 100Pcap and 20Ecap in the capacity term are engineer-
ing capacity regularization coefficients rather than actual $/MW or $/MWh investment
costs; BESS-throughput is a term that only suppresses operating throughput and does not
constitute a battery degradation, capacity-fade, or replacement-cost model. Actual BESS
capital cost and annualized ownership cost are evaluated separately through the post hoc
economic audit in Section 3.3.13 and do not participate in SG-ENAR-OPF siting, sizing, or
candidate ranking.
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3.2. Experimental Design and Validation Logic

The experiments follow the methodological workflow proposed in Section 2. First,
under the base operating condition of the IEEE-33-bus system, candidate generation is con-
ducted, and SG-ENAR-OPF is solved within the resulting main candidate set to determine
the BESS installation location and capacities.

The BESS configuration is then fixed, and a day-ahead operating policy is generated
under the Section 2.5-defined finite-scenario scheduling framework. The policy contains
a baseline schedule and shared affine-response coefficients and is subjected to post hoc
execution validation on the actual trajectory.

The following experiments are designed to evaluate the proposed method comprehensively:
(1) Candidate-generation validation: The sensitivity-guided candidate set is compared

with the full-node audit and other candidate-selection benchmarks to evaluate result
retention after candidate-space reduction.

(2) BESS planning validation: Changes in storage configuration under different dura-
tion constraints and evaluation settings are analyzed, and the stability of the final BESS
location and capacity selection is tested.

(3) Finite-scenario scheduling validation: The execution performance of the fixed day-
ahead policy under different uncertainty disturbances is evaluated through finite-scenario
ablation, temporal stress-path comparison, and actual rolling replay.

(4) Second-feeder supplementary validation: The complete workflow is repeated on
the IEEE-69-bus radial feeder, and an independent economic audit is conducted to evaluate
execution performance under network changes and the economic scale of the configuration.

3.3. Experimental Results and Analysis
3.3.1. Full-Node Sensitivity Analysis and Main-Candidate Construction

To validate the Section 2.2-defined sensitivity-guided candidate generation method,
nodal sensitivity analysis is first conducted for the IEEE-33-bus system under the base oper-
ating condition. Comparing nodal rankings under different sensitivity metrics reveals how
system-level regulation capability, target-area support capability, and network-structure
factors affect candidate-bus identification. Table 5 lists the main high-ranking buses under
different sensitivity metrics and their coverage by the main candidate set.

Table 5. Full-node sensitivity rankings and coverage by the main candidate set.

Ranking Type Top 6 Buses Best Bus and Value Top 6 Coverage Top 10 Coverage Uncovered Top 10 Buses

Comprehensive P-side
sensitivity Buses 18, 17, 16, 15, 14, 13 Bus 18: 0.8722 100% 100% None

Comprehensive Q-side
sensitivity Buses 18, 17, 33, 32, 31, 16 Bus 18: 0.7809 100% 100% None

Target-area P support Buses 33, 32, 31, 30, 29, 28 Bus 33: 0.04543 100% 80% Buses 27 and 26
Target-area Q support Buses 33, 32, 31, 30, 29, 28 Bus 33: 0.03563 100% 80% Buses 27 and 26

Table 5 shows that different sensitivity metrics favor different buses. The system-
level composite sensitivity mainly identifies buses with potential for system-wide voltage
improvement and loss reduction, whereas target-area sensitivity is more concentrated in
the weak-voltage area near Bus 31, Bus 32, and Bus 33. Because a single metric reflects only
one aspect of network operation, a multi-role candidate generation strategy is used to form
the final candidate set. The final main candidate set contains 15 buses:

Ncand = {18, 17, 16, 15, 14, 33, 32, 31, 12, 30, 11, 13, 10, 29, 28} (122)

Of these, eight buses are sensitivity-led candidates and seven are deterministic safe-
guard candidates. The former use Jacobian-assisted pre-screening to reduce the number of
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buses requiring AC finite-difference refinement, while the latter supplement buses with
potential value in feeder structure, weak-area support, and network-stress relief. It is
important that the candidate generation stage only reduces the search range for subsequent
SG-ENAR-OPF solution and does not directly determine the final BESS installation location.
All candidate buses are optimized using the same siting-and-sizing model, and the final
BESS configuration is determined by the SG-ENAR-OPF defined in Section 2.3.

To further evaluate retention after candidate-set reduction, the proposed method is
compared with direct full-node search, minimum-voltage sensitivity Top 15, loss sensitivity
Top 15, and the electrical-distance-based heuristic. Each method generates its candidate set
independently, without adjustment using the final planning results.

Table 6 shows that the different candidate-selection rules have distinctly different
bus-retention characteristics. The minimum-voltage sensitivity Top 15 retains system-level
voltage-related buses relatively well, but its target-area Top 5 coverage is low and, in
the full-node planning benchmark, it does not include the final preferred bus Bus 30. In
contrast, the loss-sensitivity Top 15 performs strongly under the current base operating
point and completely covers the final planning Top 5, indicating that a single metric can
still yield an effective candidate set under particular operating conditions. This study
therefore does not claim that the proposed method is strictly superior to every other rule in
all single-metric comparisons.

The electrical-distance-based heuristic further illustrates the bias of a single topology
rule. Electrical-near-target covers target-area buses relatively well but lacks system-level
regulation capability, whereas electrical-far-slack retains some system-level sensitivity
buses but provides insufficient target-area support. In comparison, the main candidate set
simultaneously maintains complete coverage of the system-level P/Q composite-sensitivity
Top 5 and the target-area P/Q Top 5 and, in the full-node planning benchmark, retains the
final Top 5 buses.

Regarding computational burden, because all baselines are post-processed from the
same full-node sensitivity matrix or fixed topology information, their wall-clock time is not
compared as an independent end-to-end runtime. Instead, AC power-flow call count and
candidate-set size are used as the primary computational indicators. The measured time
for the complete 32-bus AC-FD reference sensitivity calculation is approximately 2.408 s,
and the total time including construction and comparison of all equal-budget baselines in
the benchmark suite is approximately 2.830 s.

In terms of computational scale, the proposed method performs AC finite-difference
refinement only for eight sensitivity-led core buses and adds seven buses requiring no
additional AC-FD calculations, namely the deterministic safeguard buses. Consequently,
the number of nodal AC-FD calls decreases from a complete 32-bus analysis with 65 calls
to 17, a reduction of 73.85%. Because the other baselines are post-processed from the same
full-node sensitivity matrix, AC power-flow call count and candidate-set size are used as
the main computational-burden indicators rather than separating shared post-processing
time into independent wall-clock comparisons.
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Table 6. Comparison of the proposed candidate-generation method with conventional sensitivity and topology-based screening baselines in the IEEE-33 system.

Method Candidate-
Bus Set

Number
of Candi-

dates

Nodal
AC-FD Call

Count

Reduction
Relative to
Complete

AC-FD

Retention of the
Best Buses Under

the Four
Sensitivity
Categories

P Top 5
Cover-

age

Q Top 5
Cover-

age

Target-P
Top 5
Cover-

age

Target-Q
Top 5
Cover-

age

Retention of Final
Full-Node

Planning Top 1
(Bus 30)

Final
Planning

Top 5
Coverage

Stability
Across

Operating
Points

Direct full-node
benchmark

Buses 2, 3, 4,
5, 6, 7, 8, 9,

10, 11, 12, 13,
14, 15, 16, 17,
18, 19, 20, 21,
22, 23, 24, 25,
26, 27, 28, 29,
30, 31, 32, 33

32 65 0% Yes 1.00 1.00 1.00 1.00 Yes 1.00 Reference

Minimum-
voltage-

sensitivity Top 15

18, 17, 16, 15,
14, 13, 12, 11,
10, 9, 8, 7, 33,

32, 31

15 65 0% Yes 1.00 1.00 0.60 0.60 No 0.40 Not audited
separately

Loss-sensitivity
Top 15

33, 32, 31, 18,
17, 16, 15, 30,
14, 13, 29, 12,

11, 10, 28

15 65 0% Yes 1.00 1.00 1.00 1.00 Yes 1.00 Not audited
separately

Electrical-near-
target heuristic

31, 32, 33, 30,
29, 28, 27, 26 8 0 100% No 0.00 0.60 1.00 1.00 Yes 1.00 Not audited

separately

Electrical-far-
slack heuristic

18, 17, 16, 15,
14, 13, 33, 32 8 0 100% Yes 1.00 0.80 0.40 0.40 No 0.20 Not audited

separately

Proposed main
candidate set

18, 17, 16, 15,
14, 33, 32, 31,
12, 30, 11, 13,

10, 29, 28

15 17 73.85% Yes 1.00 1.00 1.00 1.00 Yes 1.00 14/14 Top 5
coverage
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3.3.2. Sensitivity-Screening Stability Under Weight, Operating-Point, and
Finite-Difference Variations

To evaluate the stability of sensitivity-guided candidate generation under different
evaluation preferences, operating conditions, and finite-difference settings, a robustness
audit of ranking stability is further conducted. This section examines the ability of the can-
didate set to retain high-sensitivity buses; it does not require a single base-point sensitivity
ranking to remain identical under every operating condition.

First, for weight selection during candidate-screening, six fixed alternative weight
vectors are specified in addition to the default weights, including equal weights, single-
metric-priority settings, and target-area-enhanced settings. The resulting bus rankings on
the P/Q side for the Top 5 are shown in Table 7.

Table 7. Bus-ranking results under fixed-weight schemes.

Weight Scheme ω1 ω2 ω3 ω4 P-Side Top 5 Q-Side Top 5

Default weights 0.35 0.25 0.20 0.20 18, 17, 16, 15, 14 18, 17, 33, 32, 31
Equal weights 0.25 0.25 0.25 0.25 18, 17, 16, 15, 14 33, 32, 31, 18, 17

Voltage priority 0.55 0.15 0.15 0.15 18, 17, 16, 15, 14 18, 17, 16, 15, 14
Loss priority 0.15 0.55 0.15 0.15 18, 17, 16, 15, 14 33, 32, 31, 30, 18

Branch-flow priority 0.15 0.15 0.55 0.15 18, 17, 16, 15, 14 33, 32, 31, 30, 18
Target-area priority 0.15 0.15 0.15 0.55 33, 32, 31, 30, 18 33, 32, 31, 30, 29
Strong target-area

priority 0.10 0.10 0.10 0.70 33, 32, 31, 30, 29 33, 32, 31, 30, 29

As shown in Table 7, weight changes mainly affect the ranking relationship between
system-level regulation buses and target-area support buses. For the P-side metrics, the
regions near Bus 18, Bus 17, Bus 16, Bus 15, and Bus 14 remain highly ranked under most
weight combinations. When the target-area weight is increased, the ranking gradually
shifts toward the regions near Bus 33, Bus 32, Bus 31, Bus 30, and Bus 29. The Q-side
ranking is more sensitive to weight changes but remains concentrated primarily in the two
key groups of system-level and target-area buses.

To further reduce dependence on fixed weight combinations, 1000 random nonnega-
tive normalized weight vectors are generated with the fixed random seed 20260714, and the
frequencies with which each bus enters the Top 1, Top 3, Top 5, and Top 10 are calculated.

As shown in Table 8, key buses continue to have high occurrence frequencies under
random weights. For example, the frequencies with which Bus 18 enters the Top 1, Top 5,
and Top 10 on the P side are 0.743, 0.973, and 1.000, respectively; the frequencies with which
Bus 33 enters the Top 1 and Top 5 on the Q side are 0.640 and 0.882, respectively. These
results indicate that the key buses identified by front-end sensitivity screening do not arise
solely from the default weights but remain stable over a broad range of metric preferences.
The coverage of high-ranking buses under random weights by the main candidate set is
further evaluated.

Table 8. Stability of sensitivity-screening buses under random four-index weights.

Type Bus Top 1 Frequency Top 3 Frequency Top 5 Frequency Top 10 Frequency

P-side system-level bus Bus 18 0.743 0.793 0.973 1.000
P-side system-level bus Bus 17 0 0.733 0.915 1.000
P-side target-area bus Bus 33 0.257 0.376 0.496 0.988
Q-side target-area bus Bus 33 0.640 0.795 0.882 0.997
Q-side target-area bus Bus 32 0 0.666 0.832 0.989

Q-side system-level bus Bus 18 0.360 0.427 0.703 1.000
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The results in Table 9 show that, for the main candidate set on both the P/Q sides,
the Top 1 through Top 5 buses achieve 100% coverage, while the average Top 10 coverage
rates reach 99.88% and 99.96%, respectively. Therefore, the proposed candidate generation
method retains key buses under different sensitivity-evaluation preferences.

Table 9. Main-candidate coverage under random four-index sensitivity weights.

Type Top-K Fraction for Which All Top-K Buses Are in the Main Candidate Set Average Coverage

P side Top 1 1.000 1.000
P side Top 3 1.000 1.000
P side Top 5 1.000 1.000
P side Top 10 0.988 0.9988
Q side Top 1 1.000 1.000
Q side Top 3 1.000 1.000
Q side Top 5 1.000 1.000
Q side Top 10 0.996 0.9996

It should be noted that the preceding experiments assess, in the candidate-screening
stage, the effects of the four sensitivity-metric weights ω1–ω4 and are not equivalent to the
sensitivity analysis of the RobustScore weights λ1–λ8 in the final BESS-siting stage. The
former determine the candidate space, whereas the latter affect the final planning ranking
within that space; their roles are distinct.

3.3.3. Robustness Audit of Sensitivity-Based Candidate Screening

Although the sensitivity-guided candidate-generation method is constructed from a
reference operating state, changes in operating states and numerical settings may occur
during actual distribution-system operation. Therefore, this section further analyzes the
stability of the sensitivity-screening process with respect to changes in operating point,
finite-difference form, and perturbation magnitude.

It should be emphasized that this section does not require the bus-sensitivity rankings
to remain completely identical under different operating conditions. Instead, it verifies
whether the pregenerated candidate set consistently retains key buses with regulation value
under different operating states and numerical settings.

(1) Effect of operating-state changes on sensitivity ranking:
The effect of operating-state changes on the bus-sensitivity ranking is first analyzed.

Seven representative operating states are selected: the original base state (Original base),
actual median state (Median actual), peak-load state (Peak load), high-photovoltaic state
(High PV), high-wind state (High wind), minimum-import state (Minimum import), and
synthetic reverse-flow stress state (Synthetic reverse-flow).

With the default sensitivity weights and the 0.010 MW/MVAr forward finite difference
setting retained, the sensitivity rankings under different operating points are compared,
and the results are presented in Table 10.

As shown in Table 10, the sensitivity ranking exhibits a degree of operating-state
dependence. Under the original base, actual median, peak-load, high-wind, and minimum-
import states, the P-side Top 1 bus remains Bus 18, and the key high-ranking buses are
still concentrated mainly in the original critical areas. Under the high-photovoltaic-output
state, however, the change in renewable-energy output modifies the system power-flow
distribution, and the P- and Q-side Top 1 buses both shift to Bus 33, indicating that
bus-sensitivity rankings can be affected by changes in operating state. Accordingly, the
sensitivity ranking obtained at the base operating point is not interpreted as a fixed bus-
priority order that holds under all operating conditions. The focus is instead on whether
the candidate set covers buses with high regulation value under different operating states.
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Table 10. Operating-point dependence of sensitivity ranking.

Operating Point P-Side Top 1 Q-Side Top 1 P-Side Rank
Correlation

Q-Side Rank
Correlation Remark

Original base Bus 18 Bus 18 1.0000 0.99963 Reference
Median actual Bus 18 Bus 18 1.0000 0.99963 Stable

Peak load Bus 18 Bus 18 1.0000 1.0000 Stable
High PV Bus 33 Bus 33 1.0000 1.0000 Ranking rotation

High wind Bus 18 Bus 18 1.0000 1.0000 Stable
Minimum import Bus 18 Bus 18 1.0000 0.99963 Stable

Synthetic reverse-flow Bus 18 Bus 18 1.0000 1.0000 Stable

To further examine the potential nonsmoothness of the extremum-based metrics Vmin

and Smax, the limiting-bus and limiting-branch identities are also recorded under each
representative operating point. The results show that the active-extremum identity changes
with the operating condition: the minimum-voltage limiting bus shifts from Bus 18 under
the base condition to Bus 33 under the high-PV condition, and the maximum-apparent-
flow branch shifts from Branch 1 (1–2) under most operating states to Branch 24 (24–25)
under the synthetic reverse-flow stress condition. These observations indicate that the
extremum identity does not remain fixed across operating states. Therefore, the sensitivities
corresponding to Vmin and Smax are not interpreted as globally smooth derivatives over the
entire operating domain.

(2) Consistency analysis of forward and central finite differences:
Because the four sensitivity metrics used in this study are calculated through AC finite

differences, the effect of different difference forms on bus ranking is further examined. With
the perturbation magnitudes fixed at ∆P = 0.010 MW and ∆Q = 0.010 MVAr, the rankings
obtained using forward finite difference and central finite difference are compared.

As shown in Table 11, forward and central finite differences yield highly consistent
sensitivity rankings. Under all tested operating states, the Top 1 buses obtained using the
two difference forms are identical. The minimum rank-correlation coefficient is 0.99963,
and the minimum Top 5 overlap is 0.80, indicating that forward finite differences closely
approximate the ranking obtained by central finite differences over the tested range while
avoiding the calculation of reverse perturbations. Therefore, the forward finite difference
used in this study provides a suitable balance between computational efficiency and
numerical reliability for candidate-bus screening.

Table 11. Forward and central finite-difference comparison.

Operating Condition Direction Delta (MW/MVAr) Top 1 Match Top 5 Overlap Rank Correlation

Original base P 0.010 1 1.00 1.00000
Original base Q 0.010 1 0.80 0.99963
Median actual P 0.010 1 1.00 1.00000
Median actual Q 0.010 1 0.80 0.99963

High PV P 0.010 1 1.00 1.00000
High PV Q 0.010 1 1.00 1.00000

Synthetic reverse-flow P 0.010 1 1.00 1.00000
Synthetic reverse-flow Q 0.010 1 1.00 1.00000

(3) Analysis of the effect of the finite-difference perturbation magnitude:
The effect of changes in the finite-difference perturbation magnitude on sensitivity-

ranking stability is further analyzed. Perturbation magnitudes of ∆P, ∆Q = 0.005
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MW/MVAr, ∆P, ∆Q = 0.010 MW/MVAr, and ∆P, ∆Q = 0.020 MW/MVAr are tested,
and changes in the bus rankings under different settings are quantified.

As shown in Table 12, changes in the finite-difference step over the perturbation range
of 0.005–0.020 MW/MVAr do not materially affect sensitivity-ranking stability. Across the
P/Q rankings for all 14 operating-state cases, no change in the Top 1 bus is observed, and
all rank-correlation coefficients remain above 0.99963. Thus, within the tested range, the
selected finite-difference perturbation scale does not materially affect identification of the
key buses.

Table 12. Sensitivity ranking robustness under different finite-difference step sizes.

Perturbation
Step ∆P, ∆Q
(MW/MVAr)

Number of
Tested

Conditions

Top 1 Mismatch
Count

Minimum Rank
Correlation

Minimum Top 5
Overlap

Overall
Assessment

0.005 14 0 1.00000 1.00 Stable
0.010 14 0 1.00000 1.00 Reference setting
0.020 14 0 0.99963 0.80 Stable

In addition, whether the local finite-difference calculation triggers limiting-element
switching is examined for different perturbation magnitudes. Over the tested perturbation
range of 0.005, 0.010, and 0.020 MW/MVAr, no perturbation-induced switching of the
limiting bus or limiting branch is recorded. Thus, within the present test range, the local
AC finite-difference ranking is not materially affected by active-extremum switching. This
conclusion is limited to the operating points and perturbation range tested in this study and
does not constitute a guarantee that these extremum-based metrics are globally smooth.

In summary, although the sensitivity-guided candidate-screening results are affected
by changes in operating state and evaluation-parameter preferences, their primary purpose
is not to guarantee that a single sensitivity ranking remains identical under all conditions,
but to retain coverage of key buses under different operating states and numerical set-
tings. The preceding ranking-stability audit shows that the generated candidate set can
accommodate changes in operating point and finite-difference settings within the tested
ranges, thereby providing a reliable candidate space for subsequent SG-ENAR-OPF opti-
mization. The final BESS siting and sizing results are determined jointly by the subsequent
optimization model rather than directly by a single sensitivity ranking.

3.3.4. Jacobian-Assisted AC Finite-Difference Refinement

To determine an appropriate scale for the Jacobian-assisted AC finite-difference re-
finement, the effects of different system-level sample sizes on k, computational cost, and
key-bus coverage are analyzed. The target-area refinement depth kt = 3 is fixed to avoid
missing local support buses near the undervoltage-sensitive region because of insuffi-
cient system-level sampling. Therefore, the analysis focuses on selecting the system-level
refinement k, rather than redesigning the target-area refinement rule.

As shown in Table 13, as k increases, the number of AC power-flow evaluations
increases linearly, while key-operating-bus coverage gradually improves. When k = 3
or k = 5, the computational cost remains low, but insufficient sampling may prevent
high-value buses from entering the candidate set.
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Table 13. AC finite-difference cost and critical-bus coverage of Jacobian-assisted refinement under
different truncation depths.

k
AC-FD
Refined
Buses

AC PF Runs
for FD

Refinement

Reduction
vs. Full
AC-FD

Hit All Four Key
Sensitivity
Categories

P Top 5
Coverage

Q Top 5
Coverage

Target P
Top 5

Coverage

Target Q
Top 5

Coverage

3 5 11 83.08% Yes 0.40 1.00 0.60 0.60
5 6 13 80.00% Yes 0.60 1.00 0.60 0.60
8 8 17 73.85% Yes 1.00 1.00 0.60 0.60

10 10 21 67.69% Yes 1.00 1.00 0.80 0.80
15 15 31 52.31% Yes 1.00 1.00 1.00 1.00
20 20 41 36.92% Yes 1.00 1.00 1.00 1.00

When k increases to eight, only 17 AC power-flow evaluations are required. At this
setting, all four key sensitivity categories are represented, the system-level P- and Q-side
Top 5 coverage both reach 1.00, and the target-area P- and Q-side Top 5 coverage both
reach 0.60. Compared with AC finite-difference evaluation of all 32 nonslack buses, which
requires 65 evaluations, the computational burden is reduced by 73.85%.

When k is further increased to 10, 15, or 20, the computational cost continues to rise,
while the additional improvement occurs mainly in target-area Top 5 coverage, which
increases from 0.60 at k = 8 to 0.80 at k = 10 and 1.00 at k ≥ 15. Because the target-
area refinement depth kt = 3 is handled independently to retain the main local support
buses, k = 8 is adopted as a balance between AC finite-difference cost, complete system-
level P/Q Top 5 retention, and representation of the four key sensitivity categories. At
this setting, N f ast = {18, 17, 33, 32, 31, 16, 15, 14}. Figure 3 further illustrates the tradeoff
between computational cost and coverage under different k.

Figure 3. AC finite-difference power-flow cost and critical-bus coverage of Jacobian-assisted refine-
ment under different truncation depths.

3.3.5. Main-Candidate OPF Siting and Sizing and Full-Node Audit

To further examine the effect of candidate-space compression on the final BESS-
planning results, the eligible-bus space is subjected to a full-node audit, and the effects of
different duration constraints and RobustScore evaluation preferences on the final plan-
ning results are analyzed. It should be emphasized that sensitivity screening is used to
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construct a representative candidate space, whereas the final BESS bus is determined
comprehensively by the SG-ENAR-OPF optimization model. Accordingly, the analysis
focuses on whether the candidate set retains the high-value buses identified in the final
planning results.

(1) Final BESS configurations under different duration constraints:
First, a complete search is performed over the eligible bus set under the MAIN and

STRICT duration-constraint settings. The final BESS siting and sizing results are presented
in Table 14.

Table 14. Final duration-aware BESS configurations for the IEEE-33-bus system.

Case Duration Range Selected Bus Pcap/MW Ecap/MWh Ecap/Pcap/h

MAIN 1–4 h Bus 30 10.6613 10.6613 1.000
STRICT 2–4 h Bus 30 10.5782 21.1565 2.000

As shown in Table 14, the final siting result is Bus 30 under both the MAIN and STRICT
duration constraints, indicating that this bus has high composite planning value under
different energy-duration requirements. At the same time, the STRICT constraint mainly
increases the energy-capacity requirement, whereas the power-rating change is small, con-
sistent with the effect of a longer duration constraint on the energy-allocation requirement.

(2) Analysis of composite metrics for the top candidate buses in the full-node audit:
To further explain the final bus selection, the original engineering metrics of the Top5

buses in the full-node audit—Bus 30, Bus 28, Bus 29, Bus 31, and Bus 32—are compiled
in Table 15, which presents, under the MAIN and STRICT duration constraints, the eight
ranking metrics for each candidate bus.

Table 15. Raw values of all eight ranking indices for the top five IEEE-33 buses in the final full-node audit.

Case Rank Bus
Weighted
Grid En-

ergy/MWh

Weighted
Curtail-

ment/MWh

Weighted
Voltage-Deviation

Index

Worst
Minimum

Voltage/p.u.

Weighted
Recourse-

Power Index

Weighted
Load

Loss/MWh
Pcap/MW Ecap/MWh

MAIN 1 30 74.069068 0 14.737337 0.966169 0 0 10.661342 10.661342
MAIN 2 28 74.199935 0 8.352843 0.978355 0 0 14.120905 14.120905
MAIN 3 29 74.119007 0 13.321051 0.968826 0 0 11.360688 11.360688
MAIN 4 31 74.035416 0 18.255520 0.963251 0 0 9.819268 9.819268
MAIN 5 32 74.035466 0 18.969279 0.963230 0 0 9.804441 9.804441

STRICT 1 30 74.069643 0 14.843782 0.965909 0 0 10.578232 21.156463
STRICT 2 28 74.195013 0 8.511993 0.977991 0 0 13.999700 27.999400
STRICT 3 29 74.116292 0 13.403021 0.968727 0 0 11.298370 22.596740
STRICT 4 31 74.037006 0 18.380100 0.963169 0 0 9.725349 19.450698
STRICT 5 32 74.032823 0 19.129773 0.962911 0 0 9.682118 19.364236

As shown in Table 15, Bus 30 ranks first under both the MAIN and STRICT constraints.
It should be noted, however, that Bus 30 is not superior in every individual metric. For
example, Bus 28 has a weighted voltage deviation of 8.352843 and a minimum voltage of
0.978355 p.u., both better than those of Bus 30, indicating stronger local voltage-support
capability. However, Bus 28 requires a BESS rated at 14.120905 MW/14.120905 MWh,
whereas Bus 30 requires 10.661342 MW/10.661342 MWh; Bus 28’s power and energy
capacities are therefore approximately 24.50% larger. Bus 28’s weighted losses are also
slightly higher than those of Bus 30. In contrast, although Bus 31 and Bus 32 require smaller
storage capacities than Bus 30, their weighted voltage deviations increase to 18.255520
and 18.969279, respectively, with corresponding reductions in minimum voltage. Thus, no
single bus is superior across all engineering metrics.
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Accordingly, the final ranking is not determined by a single voltage metric but is
obtained through a composite tradeoff among voltage improvement, network losses, and
the required storage scale.

(3) Sensitivity analysis of RobustScore evaluation preferences:
Because the final bus ranking is determined jointly by eight engineering metrics,

the effect of different evaluation preferences on the RobustScore ranking is further an-
alyzed. The weight-sensitivity experiment follows Section 2.3.3 and uses the full-node
common-normalization basis to ensure that all metrics for the same bus set use the same
normalization scale under different evaluation preferences. To ensure reproducibility, ran-
dom weight sampling uses the fixed random seed 20260815 to generate 5000 nonnegative
weights whose sum is 1. The following weight-change schemes are considered: equal-
weight, random weight sampling, exact-zero drop-one, and one-at-a-time (OAT). The
results are presented in Table 16.

Table 16. Sensitivity of the final RobustScore ranking to the eight evaluation weights.

Case
Adopted

Bus
Equal-Weight

Top 1

Adopted-Bus Rank
Under Equal

Weights

Random
Top 1

Random
Top 3

Random
Top 5

Mean
Rank

IEEE-33 MAIN Bus 30 Bus 13 14 0.1124 0.3668 0.4502 13.0826
IEEE-33 STRICT Bus 30 Bus 4 14 0.1110 0.3416 0.4286 13.7342
IEEE-69 MAIN Bus 19 Bus 3 37 0.0566 0.0846 0.1274 28.2434

IEEE-69 STRICT Bus 18 Bus 3 38 0.0218 0.0728 0.1232 29.9120

Table 16 summarizes the adopted-bus rankings under different weight settings for the
final planning cases. The results indicate that the RobustScore ranking is clearly dependent
on the evaluation preference. For IEEE-33 MAIN, Bus 30 ranks first under the preset weights
used in this study; across 5000 random-weight samples, however, its Top 1, Top 3, and
Top 5 frequencies are 0.1124, 0.3668, and 0.4502, respectively, and its mean rank is 13.0826.
Under completely equal weights, Bus 13 becomes the Top 1 bus, whereas Bus 30 falls to
14th. IEEE-33 STRICT exhibits a similar trend, with Bus 4 becoming the Top 1 bus under
equal weights.

The exact-zero drop-one and one-at-a-time (OAT) weight-perturbation results further
illustrate the effects of individual metrics on the final ranking. When any one engineering
metric is completely removed, the adopted bus remains Top 1 under some, but not all,
perturbations. When each weight is multiplied by 0.5 or 1.5 and then renormalized,
the adopted buses in the four cases remain Top 1 under 10, 10, nine, and eight of the
16 perturbations, respectively.

These perturbation experiments indicate that RobustScore is not a fixed physical rank-
ing independent of evaluation preferences; rather, it is a composite evaluation tool that
explicitly reflects the decision-maker’s tradeoffs among multiple engineering objectives.
Therefore, the final BESS-siting results should be interpreted under clearly specified engi-
neering objectives and weight settings and should not be treated as a unique optimum that
remains invariant over all possible weight combinations.

3.3.6. Nonlinear AC Post-Validation of the Final Fixed Policies

To assess the actual operating safety of the pre-dispatch policy under a nonlinear
power-flow model rather than only under LinDistFlow, AC post-validation is further con-
ducted. Specifically, the IEEE-33 MAIN case, its Bus 30 BESS configuration, and 46 complete
dispatch periods are considered. The fixed BESS charging/discharging injections at the
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1104 actual execution-time points are mapped to the MATPOWER AC nonlinear model,
and nonlinear AC power-flow validation is then performed directly.

It should be emphasized that the AC post-validation stage does not re-optimize the
dispatch, does not clip the active/reactive BESS outputs, and directly uses the fixed-policy
injection determined in the preceding stage. Therefore, this process evaluates the actual
performance of the pre-dispatch policy on the tested actual operating trajectories rather
than an outcome corrected after re-optimization.

For a fair comparison, the same Bus 30 BESS configuration is also evaluated. The q50

forecast median and deterministic dispatch are used to construct the baseline. The two
policies use the same BESS installation location, capacity, and AC operating conditions and
differ only in their treatment of uncertainty in the preceding stage.

As shown in Table 17, across the 1104 actual operating points, both fixed policies
achieve 100% AC power-flow convergence, and all operating points satisfy the branch-flow
constraints. Their maximum branch-loading ratios are 0.843779 and 0.835306, respectively,
both below the rated limit of 1.0, and no branch overload occurs. In terms of voltage
constraints, both policies still have operating points with low-voltage violations, but the
uncertainty-aware policy performs slightly better. It has 1058/1104 AC-feasible operating
points, corresponding to 95.833%, compared with q50 baseline at 1057/1104 and 95.743%.
The infeasible points under both policies arise from voltage deviations rather than branch-
flow limits. The minimum voltage under the uncertainty-aware policy is 0.867314 p.u.,
compared with q50 baseline at 0.865004 p.u., and the corresponding maximum voltage
violation decreases from 0.034996 p.u. to 0.032686 p.u.

Table 17. Nonlinear AC post-validation of the q50 baseline and uncertainty-aware fixed policy under
the final IEEE-33 MAIN Bus 30 BESS configuration.

Index Uncertainty-Aware
Policy Robust Policy

AC power-flow convergence 1104/1104 1104/1104
AC feasible operating points 1057/1104 1058/1104

AC feasibility rate 95.743% 95.833%
Worst minimum voltage/p.u. 0.865004 0.867314
Worst maximum voltage/p.u. 1.034448 1.033676

Maximum voltage violation/p.u. 0.034996 0.032686
Maximum AC branch loading/p.u. of rating 0.843779 0.835306

Branch-feasible operating points 1104/1104 1104/1104
Maximum branch overload/p.u. 0 0
Mean AC voltage deviation/p.u. 0.015945 0.015877

Total AC active-loss energy/MWh 451.002698 444.960142
Active load shedding/MWh 0 0

Reactive load shedding/MVArh 0.683825 0
Renewable curtailment/MWh 0.554326 0

Common actual composite objective 3322.156435 3172.520630

A further comparison of the engineering metrics under the common actual trajectories
shows that the uncertainty-aware policy provides better overall operating performance.
Its cumulative AC active-power loss is 444.960142 MWh, compared with q50 baseline
at 451.002698 MWh, a reduction of approximately 1.34%. Under the same engineering-
evaluation basis, the common actual composite objective decreases from 3322.156435 to
3172.520630, a reduction of approximately 4.50%. In addition, the uncertainty-aware
policy incurs no active/reactive load shedding or renewable-energy curtailment over all
1104 validation periods, whereas the q50 baseline incurs 0.683825 MVArh of reactive load
shedding and 0.554326 MWh of renewable-energy curtailment.
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AC post-validation further shows that day-ahead feasibility in the LinDistFlow model
is not equivalent to hourly feasibility in the nonlinear AC network. Although the day-
ahead policy remains feasible under the LinDistFlow constraints, after mapping to the
MATPOWER AC model, low-voltage deviations caused by linear-network approximation
errors remain in some periods. Accordingly, AC power-flow calculation is treated as an
independent nonlinear-network audit to identify the applicability boundary between the
linear optimization model and the actual AC network. Meanwhile, the baseline comparison
in this section uses the same Bus 30 BESS location and capacity and compares only the
q50 deterministic policy with the uncertainty-aware shared policy, to isolate the effects of
uncertainty treatment and policy design on actual operation. Therefore, in Table 17, the
common actual composite objective, AC active-loss energy, renewable curtailment, and
load-shedding differences should all be interpreted as operating-performance differences
under fixed hardware conditions, rather than the overall investment return of installing
a BESS relative to having no BESS or using other lower-cost regulation resources. This
study does not place OLTC/tap adjustment, independent VAR compensation, targeted
curtailment-only control, or smaller-BESS re-optimization within a unified lifecycle-cost
framework. It therefore does not claim that the current BESS configuration has a general
cost-benefit advantage over all alternatives; the approximate hardware-investment scale is
discussed separately in Section 3.3.13 within the post hoc ownership-cost audit.

Overall, the AC post-validation results indicate that, with the BESS configuration fixed,
the uncertainty-aware policy operating trends consistent with the day-ahead optimization
results in the nonlinear network and achieves lower network losses, fewer constraint
violations, and better overall operating performance than the q50 baseline. At the same
time, this validation clearly identifies the applicability boundary between the linear network
approximation and the actual AC network, providing a basis for future research on AC-
aware closed-loop correction strategies.

3.3.7. Interval-Forecast Coverage and Standardized-Disturbance Diagnostics

To examine the relationship between the prediction intervals used in Section 2.5 and
actual operating deviations, prediction-interval coverage and standardized-disturbance
diagnostics are conducted over 46 rolling windows comprising 1104 nonoverlapping actual
execution hours. All day-ahead disturbance-space scenarios and temporal stress paths for
the corresponding test-period are constructed solely from the q05/q50/q95 forecasts; the
actual observations are not used in scenario construction or day-ahead policy optimization
and are used only for post hoc statistics and fixed-policy validation after the policy is frozen.
Therefore, this section evaluates chronological out-of-sample performance over the forecast
test period and does not interpret this sequence as an independent later-period holdout.

First, the proportions of the actual load, PV, WT, and their combined quantities that
fall within the q05–q95 prediction intervals are calculated. PV–wind joint means that PV
and WT are both within their respective prediction intervals at the same time, whereas
All-component joint means that load, PV, and WT are all within their respective intervals
simultaneously. The results are presented in Table 18.

Table 18 reports the empirical coverage of the actual trajectories relative to the q05–q95

prediction intervals. It should first be clarified that the q05–q95 values used in this study
are the lower and upper quantile boundaries output by Quantile-TCN. Their purpose is to
construct the day-ahead uncertainty description and scheduling scenarios, not to presume
that the test-period actual samples must achieve an empirical hit rate of 90%. Therefore,
the overall coverage reported in the table measures the actual agreement between the
prediction intervals and the actual operating trajectories and should not be interpreted
directly as “forecast accuracy.”
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Table 18. Prediction-interval coverage statistics for actual trajectories.

Index Covered Points Out-of-Interval
Points Overall Coverage Worst Window Worst-Window

Coverage

Load 928 176 84.06% WIN_003 50.00%
PV 909 195 82.34% WIN_018 50.00%
WT 846 258 76.63% WIN_004 50.00%

Net load 1026 78 92.93% WIN_042 70.83%
PV–wind joint 708 396 64.13% WIN_009 37.50%

All-component joint 604 500 54.71% WIN_003 29.17%

For the individual variables, the empirical coverage rates of Load, PV, and WT are
84.06%, 82.34%, and 76.63%, respectively, all below the nominal 90% interval level, with
the largest deviation observed for WT. Further inspection shows that, for Load and PV,
the miscoverage occurs mainly when the actual value exceeds q95, i.e., as an upper-tail
exceedance, whereas for WT it occurs mainly when the actual value falls below q05, i.e.,
as a lower-tail exceedance, indicating that interval mismatch has different directions for
different forecast variables. By contrast, Net load coverage reaches 92.93%, exceeding the
nominal 90% interval level. This indicates a degree of cancellation after load and renewable
forecast errors are aggregated through power balance, so the final net-load trajectory agrees
with its prediction interval more closely than do the individual components. Because
BESS dispatch responds directly to the system’s net power imbalance, this result is more
representative of the combined disturbance faced in actual dispatch than the marginal
coverage of any single source. It should be emphasized that the test-period actual results
are not used for post hoc recalibration, nor are these coverage statistics used to modify the
q05/q50/q95 forecast boundaries retrospectively. Accordingly, the q05–q95 intervals serve
as finite-scenario construction empirical forecast inputs and are not treated as providing a
finite-sample coverage guarantee for a calibrated uncertainty set.

PV–wind joint and All-component joint have coverage rates of 64.13% and 54.71%,
respectively. Here, joint coverage requires multiple components to fall within their respec-
tive prediction intervals simultaneously, a criterion substantially stricter than univariate
marginal coverage. It therefore cannot be compared directly with an individual q05–q95

interval, whose nominal level is 90%. The reduction in joint coverage instead indicates that
relying only on marginal quantile intervals is insufficient to fully characterize joint real-
izations of multisource forecast errors. This motivates the use of multiscenario scheduling
and subsequent actual fixed-policy validation in this study.

Table 18 also reports worst-window coverage to examine performance in locally
difficult periods rather than only on average. In the worst windows, the coverage rates
of Load, PV, and WT all decrease to 50%, while All-component joint reaches a minimum
of 29.17%. These extreme windows are not representative of the typical level across
all 46 rolling windows; they deliberately expose the operating segments with the most
pronounced mismatch between the prediction intervals and actual trajectories, thereby
providing stricter stress cases for subsequent fixed-policy validation. In other words, low-
coverage windows are retained rather than excluded to improve the statistics, and the
dispatch policy continues to be tested on these difficult samples.

To further quantify the magnitude by which actual values deviate from the prediction
intervals, Table 19 presents the distributions of the unclipped standardized-disturbance
coordinates and actual policy inputs. Here, ξraw is used only to diagnose interval ex-
ceedances; the coordinates actually supplied to the frozen affine policy are limited to
[−1, 1] in accordance with Section 2.5.3.
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Table 19. Distribution of standardized actual-disturbance magnitudes.

Disturbance Coordinate N P50 of |ξ| P90 of |ξ| P95 of |ξ| P99 of |ξ| Maximum |ξ| Fraction with
|ξ|>1

Load, ξraw
L 1104 0.4213 1.2066 1.5149 2.3010 4.6391 15.94%

PV, ξraw
PV 1047 0.0000 1.1548 1.5634 2.4481 6.6949 13.18%

WT, ξraw
WT 1104 0.5448 1.6314 2.0801 3.0431 6.7175 23.37%

Renewable aggregate, raw
diagnostic coordinate 1047 0.3151 0.9440 1.2324 1.7140 4.4021 8.60%

Renewable aggregate,
bounded policy input 1104 0.2739 0.7727 0.9340 1.0000 1.0000 0

Table 19 further quantifies the positions of the actual trajectories relative to the pre-
diction intervals in terms of standardized-disturbance magnitude. For Load, PV, and WT,
15.94%, 13.18%, and 23.37% of valid samples, respectively, satisfy |ξraw| > 1, indicating
that some actual realization values do exceed the day-ahead disturbance range defined
by q05–q95. Exceedance of ξraw does not indicate failure of the dispatch policy itself; it
identifies the intensity of actual disturbances outside the prediction interval and provides
the subsequent fixed-policy replay with additional out-of-interval stress tests.

It is worth noting that the capacity-weighted renewable aggregate raw diagnostic
coordinate ξ

(raw,agg)
R,t is calculated only for periods in which both PV and WT raw coordi-

nates are finite, yielding a valid-sample count of 1047; by contrast, after component-level
regularization and saturation, the resulting bounded renewable policy input ξact

R,t covers all

1104 actual execution hours. Among valid raw samples, only 8.60% satisfy
∣∣∣ξ(raw,agg)

R,t

∣∣∣ > 1,
which is substantially lower than the individual exceedance rates of PV and WT, and
its P90 decreases to 0.9440. This indicates that, at the aggregated renewable-power level
corresponding to the actual BESS response, errors from different renewable sources par-
tially cancel, so the combined disturbance faced by the policy is less extreme than that
indicated when PV or WT are examined separately. This observation is consistent with
the 92.93% net-load coverage reported in Table 18: local departures of individual-source
prediction intervals do not propagate proportionally into dispatch deviations at the system
net-power level.

On the other hand, the bounded policy coordinate actually supplied to the frozen
affine policy always satisfies |ξ|≤ 1 , and its P99 and maximum value are both 1.0. This
bound results from the policy-input mapping defined in Section 2.5.3. Its purpose is not
to modify the actual physical trajectories but to ensure that the fixed affine control law is
always invoked within its predefined input domain. The actual load, PV, and WT values
still enter network operation and post-validation without modification; thus, this treatment
does not artificially improve operating feasibility by clipping the physical data.

Taken together, Tables 18 and 19 show that the q05–q95 prediction intervals do not
completely envelop all actual realizations, but still provide a reference range with a clear
quantile interpretation for day-ahead uncertainty modeling. At the same time, net-load
and aggregated-renewable coordinates exhibit substantially closer agreement than the
individual-source components. More importantly, actual samples outside the intervals
are not excluded but are retained for subsequent fixed-policy validation. Accordingly, the
role of the prediction-interval coverage statistics in this study is not to demonstrate “90%
forecast accuracy,” but to identify the gap between the day-ahead uncertainty description
and actual operating disturbances and to examine the practical applicability of the proposed
policy in the presence of that gap.

Further examination of all 46 d and 1104 h of actual trajectories for the final IEEE-33
MAIN configuration at Bus 30 (10.6613 MW/10.6613 MWh) shows that no BESS power
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clipping, projection, or re-optimization is used during frozen-policy execution and that all
46 windows pass the storage engineering-feasibility check. The maximum charging and
discharging powers are 3.8903 MW and 4.7820 MW, only 36.49% and 44.85% of rated power,
respectively; the continuous SOC range is 0.119999889–0.880000100, always within the
physical bounds of 0.10–0.90. Thus, even though some raw standardized deviations clearly
exceed the q05–q95 interval, no negative charging/discharging power or power-capacity
exceedance caused by out-of-interval disturbances is observed in the tested 1104 h actual
trajectories. This conclusion constitutes only post hoc validation evidence for the current
actual trajectory bank and does not imply a continuous-domain feasibility guarantee for
arbitrary out-of-interval disturbances.

3.3.8. Sensitivity to Temporal-Path Design

To examine whether the seven temporal stress paths depend strongly on specific artifi-
cial duration and path-shape settings, a path-design sensitivity audit is further conducted
for the final dispatch model. Three representative windows with different forecast charac-
teristics are selected: WIN008 represents typical operating conditions, WIN019 corresponds
to forecast peak-load conditions, and WIN024 corresponds to high forecast renewable
output. In addition to the seven-path design defined in Section 2.5, BASELINE7, eight vari-
ants are constructed: PEAK_H4, PEAK_H8, SPLIT_H8, SPLIT_H16, ALT_2H, COUNT_3,
COUNT_5, and RAMP_12H. These variants perturb the duration of peak stress, sequential
switching position, alternating period, number of paths, and ramp shape, respectively.
Except for the temporal-path design, all model parameters and operating constraints are
unchanged. Day-ahead dispatch is re-solved for each path design over the three representa-
tive windows, followed by fixed-policy replay for the corresponding windows, to evaluate
both changes in objective and engineering replay performance.

Table 20 shows that the final policy is generally weakly sensitive to the specific path
parameters among the tested temporal-path variants. When the peak duration, alternating
period, or ramp form is changed, the maximum change in objective does not exceed 0.112%,
and the average change does not exceed 0.041%. When the 12/12 h sequential switching
pattern is changed to 8/16 h or 16/8 h, the change in objective is only on the order of 10−7%,
indicating that this switching-position change has almost no visible effect on the final result.
The engineering replay pass rate is 100% for all variants, showing that these path-design
changes do not impair engineering replay performance over the tested windows.

Table 20. Sensitivity of the final policy to alternative temporal-path designs.

Variant Path-Design Modification Relative
to BASELINE7 Path Count Max. Absolute

Objective Change/%
Mean Absolute

Objective Change/%
Engineering Replay

Pass Rate

BASELINE7 6 h peak stress; 12/12 h split; 24 h
linear transition; 1 h alternation 7 0 0 100%

PEAK_H4 Peak duration: 6 h → 4 h 7 0.111990 0.040193 100%
PEAK_H8 Peak duration: 6 h → 8 h 7 0.034941 0.014299 100%

SPLIT_H8 Order-switch point: 12 h → 8 h;
8/16 h split 7 3.78 × 10−7 1.33 × 10−7 100%

SPLIT_H16 Order-switch point: 12 h → 16 h;
16/8 h split 7 3.17 × 10−7 1.17 × 10−7 100%

ALT_2H Alternation interval: 1 h → 2 h 7 0.041456 0.015510 100%
COUNT_3 Retain paths 1, 2, and 7 only 3 0.411482 0.155640 100%
COUNT_5 Retain paths 1, 2, 3, 4, and 7 5 0.069225 0.028476 100%

RAMP_12H 6 h plateau + 12 h ramp + 6 h
opposite plateau 7 0.038224 0.016706 100%

Reducing the number of temporal paths has a more pronounced effect than changing
path-shape parameters. When only three paths are retained, the maximum and average
changes in objective increase to 0.411482% and 0.155640%, respectively, the largest among
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all tests. When five paths are retained, the two values decrease to 0.069225% and 0.028476%.
This indicates that adding temporal paths improves coverage of different intraday error-
evolution patterns, but the marginal effect decreases markedly when the number increases
from five to the baseline seven. Therefore, BASELINE7 is not the only feasible path design,
but a relatively conservative setting adopted to balance scenario-coverage completeness
and computational scale.

Overall, over the ranges of path duration, switching position, alternating period, ramp
form, and number of paths tested in this study, the change in the final policy objective
remains below 0.5%, and all schemes pass the engineering replay. These results indicate
that the principal conclusions of this study are not incidentally driven by one specific set of
temporal-path parameters. At the same time, the relatively larger change for COUNT_3
also shows that temporal coverage itself remains important, so path design should not be
regarded as a completely irrelevant modeling factor.

3.3.9. Ablation of Disturbance-Space and Temporal-Path Scenario Construction

To further examine the effects of disturbance-space coverage and temporal-path pro-
tection on the final dispatch policy, under the final IEEE-33 MAIN Bus 30 configuration, a
controlled ablation is conducted. Three representative windows with different operating
characteristics are again selected, while the BESS configuration, network model, objective
function, SOC ranges, solver settings, and actual-validation protocol are held fixed. The
three cases progressively modify the uncertainty-support structure; the final 25-point-grid
+ seven-temporal-path formulation additionally activates the terminal-energy safeguard
associated with the temporal-path design, whereas the three-scenario and 25-point static-
grid formulations do not. Three schemes are compared sequentially: three representative
scenario points only, a 25-point disturbance-space grid, and a 25-point disturbance-space
grid supplemented with seven temporal stress paths and the corresponding terminal-
energy safeguard. For each scheme, day-ahead dispatch is re-solved for the corresponding
windows, and the resulting policy is frozen and subjected to fixed-policy validation on the
actual trajectory from the same window, allowing day-ahead optimization performance
and post hoc fixed-policy execution performance to be evaluated separately.

All three ablation cases use normalized weights within their respective scenario set,
but their per-scenario weights differ because their scenario structures differ. The three-
scenario case contains the q50 center, high-net-load, and high-renewable representative
scenarios, with weights of 0.50, 0.25, and 0.25, respectively. In the 25-point static-grid case,
the center has a weight of 0.30, while the remaining 24 non-center points jointly receive 0.70,
or 0.0291667 each. The final 25-point grid + seven temporal paths case uses the weights
defined in Section 2.3.3: the center receives 0.25, the remaining 24 grid points jointly receive
0.50, and the seven temporal paths jointly receive 0.25. These weights are used only for
composite objective aggregation.

Table 21 shows that the day-ahead optimization results themselves change only slightly
as scenario coverage increases. The mean composite objective values for the three schemes
are similar, the worst modeled minimum voltage is 0.9000 p.u. in all cases, and neither
weighted grid energy nor curtailment deteriorates materially. Meanwhile, as the number of
scenarios increases from three to 25 and 32, the mean solution time increases from 0.739 s to
6.350 s and 11.404 s, respectively, reflecting the additional computational burden of a more
complete uncertainty description. Based only on the day-ahead objective and modeled
constraint results, the differences among the three scenario construction schemes are not
substantial. Therefore, the day-ahead optimal value alone is insufficient to assess their
effectiveness in actual operation.
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Table 21. Day-ahead optimization results of the final Bus 30 scenario-construction ablation over three
representative windows.

Method Scenarios Mean Composite
Objective

Mean
Runtime/s

Worst Modeled
Minimum

Voltage/p.u.

Mean Weighted Grid
Energy/MWh

Mean Weighted
Curtailment/MWh

Three-scenario
representative points 3 2740.5824 0.739 0.9000 79.4005 0

25-point
disturbance-space grid 25 2740.9992 6.350 0.9000 79.4348 5.52 × 10−5

Disturbance-space grid
+ temporal paths 32 2744.2327 11.404 0.9000 79.4215 0.005567

Each day-ahead policy is then frozen and, on the corresponding actual trajectory,
subjected to engineering replay; the results are presented in Table 22.

Table 22 reveals differences that are substantially more pronounced than those in
the day-ahead results. It should first be clarified that the power/energy violations in the
table are the amounts by which the frozen policy output exceeds the corresponding BESS
constraint bounds, not the BESS nameplate power or energy capacity itself; their values
can therefore exceed Pcap or Ecap. With the Bus 30 10.6613 MW/10.6613 MWh hardware
configuration fixed, when only three representative scenario points are used, none of the
three windows passes the engineering replay. The results include 18.5454 MW for the
worst lower-bound power violation, 5.6642 MW for the worst upper-limit power violation,
6.6629 MWh for the worst energy violation, 9.0650 MWh for the worst terminal-energy
deviation, and 13.6418 MW for the worst charging/discharging overlap, accompanied by
reactive load shedding and renewable-energy curtailment. These large residuals are not
caused directly by |ξ|> 1 with unbounded affine extrapolation, because the final policy
coordinates are restricted to [−1, 1]. More precisely, the sparse three-scenario support
does not sufficiently constrain the response of the shared affine policy to the actual time-
varying disturbance sequence. Thus, although a small set of representative scenarios can
yield a day-ahead objective close to that obtained with a more complete scenario set, it is
insufficient to ensure engineering executability of the frozen policy in actual replay.

Table 22. Actual fixed-policy validation of the final Bus 30 scenario-construction ablation over three
representative windows.

Method

Worst
Lower-Bound
Power Viola-

tion/MW

Worst
Upper-Limit

Ex-
ceedance/MW

Worst Energy
Viola-

tion/MWh

Worst
Terminal-

Energy
Devia-

tion/MWh

Worst C/D
Overlap/MW

Actual
Voltage

Range/p.u.

Reactive
Shed-

ding/MVArh

Curtailment/
MWh

Engineering
Pass

Three-
scenario

representative
points

18.5454 5.6642 6.6629 9.0650 13.6418 0.9000–1.0357 0.036218 0.192688 0/3

25-point
disturbance-
space grid

0 0 0.033414 0.500163 0 0.9000–1.0348 0.006635 0 0/3

Disturbance-
space grid +

temporal
paths

4.84 × 10−7 0 0 9.31 × 10−7 1.63 × 10−6 0.901523–1.034429 0 0 3/3

After expansion to the 25-point disturbance-space grid, disturbance-magnitude cov-
erage improves substantially: lower- and upper-bound power violations and charg-
ing/discharging overlap all decrease to 0, and curtailment also decreases to 0. However,
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there remains a maximum 0.033414 MWh energy violation, a 0.500163 MWh terminal-
energy deviation, and 0.006635 MVArh reactive shedding; consequently, none of the three
windows passes the complete engineering criteria. This result indicates that increasing
static disturbance-space sampling provides better coverage of disturbance magnitudes but
does not automatically capture the sensitivity of temporally coupled states such as SOC to
the order and duration of error evolution.

After the 25-point grid is supplemented with seven temporal stress paths, all three
representative windows pass the fixed-policy engineering validation. The energy violation
decreases to 0, the terminal-energy deviation is only 9.31 × 10−7 MWh, and the lower-
bound power violation and C/D overlap retain only numerical residuals on the order of
10−6. No load shedding or renewable-energy curtailment occurs, and the actual voltage
remains within 0.901523–1.034429 p.u. Thus, the primary contribution of the temporal
stress paths is not a material improvement in the day-ahead objective, but the addition
of intraday temporal stresses that cannot be represented by the static disturbance-space
grid, enabling the frozen policy to maintain engineering consistency of the storage state
and network operation during actual replay.

In summary, this ablation shows that the three types of scenario construction differ
only slightly in their day-ahead optimization metrics but differ substantially in fixed-
policy execution performance on the tested actual trajectories. The sparse three-point
scenario support does not sufficiently constrain the response of the shared affine policy
to actual time-varying disturbances. Expansion to the 25-point grid markedly improves
static disturbance-space coverage, but still does not sufficiently constrain the response of
intertemporal states such as SOC and terminal energy to error duration and order. After
the seven temporal stress paths and their associated terminal-energy safeguard are added
in the final formulation, all three representative windows pass the complete engineering
validation. Therefore, the comparison indicates that the static disturbance-space grid and
the combined temporal-path/terminal-energy protection play complementary roles in
the tested fixed-policy execution results. Because the final ablation step introduces both
temporal stress paths and the associated terminal-energy safeguard, the present experiment
does not isolate their individual causal contributions.

3.3.10. Actual Fixed-Policy Operation on a Representative Day

The first rolling window (WIN001) is selected for the representative-day visualization
to illustrate the execution of the frozen day-ahead policy on an actual trajectory. This
window serves only as a temporal-visualization example and is not subjected to additional
screening for typicality or favorability. Figures 4–6 sequentially present the system net-load
prediction interval and actual trajectory, the BESS charging/discharging power response,
and the corresponding SOC evolution.

Figure 4. System net-load forecast envelope and actual trajectory on a representative day.
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Figure 5. BESS charging/discharging power under the actual trajectory on a representative day.

Figure 4 presents, for WIN001, the system net-load forecast median, q05–q95 prediction
interval, and actual net-load trajectory. The blue solid line represents the actual net load, the
orange solid line represents the forecast median net load, and the blue shading represents
the q05–q95 forecast interval. A red circle marks an illustrative out-of-interval point to
illustrate that an actual realization can fall outside the day-ahead prediction interval.

Figure 6. SOC trajectory under the actual trajectory on a representative day.

It should be emphasized that an actual trajectory outside the q05–q95 interval does not
imply that the actual physical input is clipped back to the prediction interval. In accordance
with Section 2.5.3, the fixed-policy execution rules retain the actual physical load and
renewable outputs without modification for subsequent network validation; only the policy
coordinates used to invoke the frozen affine BESS policy are restricted to the predefined
[−1, 1] range.

Figure 5 presents, on the same representative day, the BESS hourly power response
produced by the frozen day-ahead policy. In WIN001, at approximately 2 h and 4 h, the
charging powers reach approximately 2.46 MW and 3.46 MW, respectively. The BESS then
switches to discharging during the higher-net-load period, with the main discharge interval
occurring from 16–18 h and, at approximately 17 h, reaching approximately 3.28 MW.
In Figure 4, the net-load trajectory changes consistently with this temporal response,
demonstrating the actual response of the frozen policy to the actual operating conditions.

Figure 6 presents the result corresponding to Figure 5, namely the SOC trajectory.
For WIN001, the initial SOC is 0.16923, and its terminal SOC is 0.12000. As charging
proceeds during the first half of the day, SOC gradually increases from its initial value and,
at approximately 6–7 h, approaches the tightened upper SOC bound. It then decreases
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during the middle and latter portions of the day under discharging and reaches 0.12000 at
the end of the day.

Throughout the 24 h period, SOC remains within the tightened bounds 0.12–0.88 used
in day-ahead optimization and also within the physical limits 0.10–0.90. The red dashed
lines indicate the physical SOC limits, and the gray dashed lines indicate the tightened SOC
bounds. The result shows that, on this representative actual trajectory, the frozen day-ahead
policy maintains the BESS energy state within the prescribed engineering bounds without
post hoc re-optimization.

Figures 4–6 jointly show that operating feasibility is not obtained by hourly re-
optimization. Instead, when actual net load deviates from the forecast median, the frozen
BESS policy shifts charging and discharging over time while maintaining the SOC con-
straints. This representative-day result provides an intuitive temporal example for the
subsequent multiwindow statistical validation, but reflects only the typical behavior of one
operating day. Overall engineering feasibility should still be assessed using the fixed-policy
validation results for all rolling windows.

3.3.11. Multiday Rolling-Window Actual Validation

To evaluate the fixed-policy execution performance of the final BESS configuration over
the tested continuous multiday sequence, for the IEEE-33 MAIN scheme, 46 consecutive
rolling windows are subjected to carryover-fixed validation. Throughout the validation,
Bus 30 and its final capacity configuration of 10.6613 MW/10.6613 MWh remain fixed; the
site is not changed, the capacity is not expanded, and the rating is not adjusted for interday
operation. The first window uses the prescribed initial energy of 1.804214 MWh. Thereafter,
the BESS energy at the end of the actual execution of each window is used as the initial
state of the next, forming 45 continuous interday state boundaries. Day-ahead optimization
and the corresponding actual fixed-policy replay are completed for each window.

Table 23 shows that all 46 day-ahead optimization problems and 46 actual validations
are completed successfully, with both BESS and network engineering-feasibility rates
reaching 100%. More importantly, the state boundaries of all 45 adjacent windows are
continuous, and the maximum interday continuity error is 0 MWh, indicating that the
carryover-fixed protocol maintains interday state transfer without resetting SOC. Over
the entire 46 d period, the actual SOC range is 0.1199999–0.8800001 p.u., differing from
the 0.12–0.88 tightened bounds used in optimization only by numerical deviations on the
order of 10−7, and always remaining within the physical bounds of 0.10–0.90. The final
cumulative energy drift over 46 d is only 7.67 × 10−7 MWh, and no systematic accumulation
of SOC drift caused by continuous rolling execution is observed.

In Table 23, the exact-zero numerical diagnostic should be clearly distinguished from
engineering feasibility. As an auxiliary numerical diagnostic, if the relevant residuals are
checked point by point to determine whether they are exactly 0 at the output precision of the
solver, 43/46 windows satisfy the exact-zero condition, while the remaining three windows
have only extremely small nonzero numerical residuals. This exact-zero diagnostic is used
only to show the actual scale of the numerical residuals and is not an engineering-feasibility
criterion. To quantify their scale further, Table 24 reports the most adverse constraint
residuals and interday-continuity results over all 46 windows.

As shown in Table 24, all residuals that prevent the exact-zero numerical diag-
nostic from reaching 46/46 are on the order of 10−6 or smaller. The maximum BESS
power violation is only 7.8930 × 10−7 MW, the maximum terminal-energy deviation is
1.7193 × 10−6 MWh, and the maximum simultaneous charging/discharging residual is
6.4661 × 10−7 MW; both the energy-limit violation and interday continuity error are 0.
Thus, these three windows reflect numerical residuals at the scale of floating-point com-
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putation and solver tolerances rather than engineering infeasibility of power, energy, or
interday states. Under the unified engineering-feasibility criteria adopted in this study, all
46 windows pass both BESS and network validation.

Table 23. Overall validation results over 46 rolling windows.

Category Index Result

Fixed configuration BESS installation bus Bus 30
Pcap/Ecap 10.6613 MW/10.6613 MWh

Rolling protocol
Continuous windows 46

Interday state boundaries 45
Day-1 initial energy 1.804214 MWh

Solution stability

Day-ahead problems completed 46/46
Actual validations completed 46/46
BESS engineering feasibility 46/46

Network engineering feasibility 46/46
Strict numerical BESS feasibility 43/46 (93.478%)

SOC continuity

Boundary continuity 45/45
Maximum boundary continuity error 0 MWh

Minimum actual SOC 0.1199999 p.u.
Maximum actual SOC 0.8800001 p.u.
Final 46 d energy drift 7.67 × 10−7 MWh

Operating objective Mean day-ahead composite objective 3143.168368 o.u.
Sum over 46 windows 144,585.744934 o.u.

Capacity implication Additional capacity introduced for carryover validation None

Table 24. Constraint-residual and interday-continuity audit under carryover-fixed rolling validation.

Index Worst Value Engineering Interpretation

Maximum BESS power violation 7.8930 × 10−7 MW Pass
Maximum BESS energy-limit violation 0 MWh Pass
Maximum terminal-energy deviation 1.7193 × 10−6 MWh Pass

Maximum simultaneous charge/discharge residual 6.4661 × 10−7 MW Pass
Maximum interday continuity error 0 MWh Pass

Boundary continuity pass rate 45/45 100%
Storage engineering pass rate 46/46 100%

Network engineering pass rate 46/46 100%

In addition, the entire carryover-fixed validation uses the originally determined Bus
30 capacity configuration, without any additional BESS power or energy capacity to accom-
modate continuous multiday operation. This shows that the preceding single-day siting
and sizing result can be applied to the tested 46 d continuous actual operating sequence
without post hoc capacity expansion during interday execution. The mean day-ahead
composite objective is 3143.168368 o.u., and the cumulative value over 46 windows is
144,585.744934 o.u. These values characterize the unified engineering evaluation during
continuous operation rather than lifecycle economic cost.

In summary, the 46-window carryover-fixed validation shows that the final Bus 30 con-
figuration maintains complete interday SOC continuity and an engineering-feasibility rate
of 100% with capacity fixed, without cumulative energy drift or additional capacity require-
ments caused by continuous rolling execution. This result is multiday post hoc validation
evidence for the tested 46 d actual trajectory bank and should not be extended to imply an
infinite-horizon feasibility guarantee for arbitrary long-term disturbance sequences.
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3.3.12. Supplementary Validation on the IEEE-69-Bus Test Feeder

To further examine the execution of the revised method on a second radial test feeder,
supplementary validation is conducted on the IEEE-69-bus system. Bus 1 is the slack bus,
and PV and WT are connected to Bus 65 and Bus 64, respectively, i.e., iPV = 65 and iWT = 64,
with installed capacities of 2.5 MW and 2.0 MW. Compared with the IEEE-33 system, this
experiment changes the network scale, radial topology, and renewable-energy connection
locations, while retaining the same system-level forecast inputs, scenario-construction
method, and overall planning and rolling-validation procedure. Accordingly, the results in
this section provide supplementary feasibility evidence on a second test feeder and are not
interpreted as generalized cross-system evidence across different load levels, renewable
penetration levels, or uncertainty distributions.

After adding duration-aware constraints, for the IEEE-69 system, planning opti-
mization is repeated over all 68 eligible installation buses. The MAIN scheme uses
a 1–4 h duration constraint and ultimately selects Bus 19, yielding Pcap = 7.4552 MW
and Ecap = 7.4552 MWh, corresponding to a rated duration of 1 h. The STRICT scheme
uses a 2–4 h constraint and ultimately selects Bus 18, yielding Pcap = 7.6984 MW and
Ecap = 15.3968 MWh, corresponding to a rated duration of 2 h. The original Bus 68
10 MW/0.4496 MWh result is no longer treated as a valid configuration under the revised
model. To check whether the final configuration is constrained by an artificial capacity
upper bound, the power and energy upper bounds in the capacity audit are further relaxed
from Pcap ≤ 20 MW, Ecap ≤ 80 MWh to Pcap ≤ 30 MW, Ecap ≤ 120 MWh.

Across 136 planning problems comprising 68 eligible installation buses and two
duration cases, the maximum power and energy capacities among the relaxed-bound
solutions are both 15.428 MW for MAIN; the corresponding maxima for STRICT are
14.009 MW and 28.017 MWh. All relaxed-bound solutions remain strictly below the original
upper bounds of 20 MW/80 MWh. Therefore, the original capacity limits are not binding
constraints on the revised IEEE-69 planning results. This audit only shows that the capacity
upper bounds do not truncate the optimum within the relaxed search space; it does not
imply that all original operating metrics are identical under different upper-bound settings.

Table 25 shows that, in the IEEE-69 system, the MAIN and STRICT schemes select Bus
19 and Bus 18, respectively, indicating that a stricter duration requirement not only increases
the energy-capacity requirement but may also change the preferred installation location.
The final MAIN configuration is 7.4552 MW/7.4552 MWh, corresponding to a 1 h duration,
whereas the STRICT configuration is 7.6984 MW/15.3968 MWh, corresponding to a 2 h
duration, consistent with its stricter energy-duration constraint. After the capacity-search
upper bounds are further relaxed, the allowable maximum powers for MAIN and STRICT
increase to 15.428 MW and 14.009 MW, respectively, while the allowable maximum energies
increase to 15.428 MWh and 28.017 MWh, all substantially exceeding the final planned
capacities. Thus, the current selected configurations do not result from truncation by the
original capacity upper bounds and remain in the interior feasible region after the search
space is relaxed.

Table 25. Duration-aware BESS planning and relaxed-capacity-bound audit for the IEEE-69-bus system.

Case Duration Range Selected Bus Pcap/MW Ecap/MWh Relaxed Max P/MW Relaxed Max E/MW

MAIN 1–4 h Bus 19 7.4552 7.4552 15.428 15.428
STRICT 2–4 h Bus 18 7.6984 15.3968 14.009 28.017

On this basis, for both final IEEE-69 configurations, complete 46-window carryover
rolling validation is conducted, and the results are presented in Table 26.
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Table 26. Final rolling operating validation on the IEEE-69-bus test feeder.

Index MAIN STRICT

Selected bus Bus 19 Bus 18
Pcap/MW 7.4552 7.6984

Ecap/MWh 7.4552 15.3968
Completed windows 46/46 46/46
Carryover boundaries 45/45 45/45

Storage engineering feasibility 46/46 46/46
Network engineering feasibility 45/46 45/46

Active-load shedding/MWh 0 0
Reactive-load shedding/MVArh 0.010201 0.010201
Renewable curtailment/MWh 0 0

Failed network window WIN034 WIN034

Table 26 shows that all 46 day-ahead and actual rolling windows are completed for
both configurations, all 45 interday carryover boundaries are continuous, and storage
engineering feasibility reaches 46/46 in both cases. This indicates that the final BESS
configurations maintain complete interday storage-state continuity in the 69-bus system,
without engineering failure of BESS power or energy caused by the larger network scale.

On the network side, 45/46 windows pass the complete engineering-feasibility check,
with MAIN and STRICT both having their only network-failure window at WIN034.
Neither case involves active-load shedding or renewable curtailment, and only 0.010201
MVArh of cumulative reactive-load shedding occurs. Because the failures are concentrated
in the same WIN034 window and the two different BESS configurations behave consistently,
this result is more likely to reflect local reactive-power support stress in the network
operating state corresponding to WIN034 than a failure unique to one siting scheme. This
should, however, be interpreted as an experimental observation rather than a rigorous
causal demonstration of the failure mechanism.

Overall, the IEEE-69 results show that the proposed sequential workflow can complete
duration-aware siting and sizing and continuous rolling execution on a larger feeder, and
that the final capacity is not artificially limited by preset capacity bounds. At the same
time, the 45/46 network engineering feasibility indicates high but not absolute network
feasibility on this system. The local reactive-power issue in WIN034 further shows that
extreme operating points in a larger network may still require more refined AC-aware
reactive-power support or network-correction mechanisms.

3.3.13. Post Hoc Annualized BESS Ownership-Cost Audit

The preceding SG-ENAR-OPF uses a composite engineering objective, whose capacity
regularization term provides a numerical tradeoff in technical planning and is not equiva-
lent to a complete lifecycle monetary cost. To further quantify the realistic investment scale
of the final BESS configurations, an independent post hoc annualized ownership-cost audit
is conducted for the MAIN and STRICT configurations of IEEE-33 and IEEE-69. This audit
only converts the determined technical configurations into economic values and does not
participate in re-optimizing the BESS location or capacity.

Let the unit BESS power cost and unit energy cost be cinv
p and cinv

E , respectively. When
Pcap is expressed in MW and Ecap in MWh, while the cost parameters are expressed in
USD/kW and USD/kWh, the initial investment cost is:

CCAPEX = 103(cinv
p Pcap + cinv

E Ecap) (123)
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This study uses cinv
p = 597 USD/kW, cinv

E = 192 USD/kWh, a discount rate of
rdisc = 7%, and an economic lifetime of Nli f e = 15 years. The capital-recovery factor is:

CRF =
rdisc(1 + rdisc)

Nli f e

(1 + rdisc)
Nli f e − 1

(124)

This corresponds to CRF ≈ 0.10979. Fixed operation and maintenance expenses are
calculated as 2.5% of the initial CAPEX per year and are set to CVOM in the present audit.
The annualized ownership cost is therefore:

Cann
own = CRF · CCAPEX + 0.025CCAPEX + CVOM (125)

Table 27 shows that a stricter minimum-duration requirement materially increases
annualized ownership cost. For IEEE-33, the STRICT scheme relative to MAIN increases
this cost by 23.365%; for IEEE-69, the corresponding increase is 28.391%. In both systems,
this increase results mainly from the larger energy capacity, whereas the change in power
capacity is relatively small, indicating that the duration requirement changes not only the
technical configuration but also the corresponding scale of capital investment. This result
explains the economic implications of the technical selection and does not reinterpret the
current SG-ENAR-OPF as a lifecycle economic-optimization model.

Table 27. Post hoc annualized ownership-cost audit of the final BESS configurations.

System Case Bus P/MW E/MWh Initial CAPEX/Million 2019 USD Annual Ownership/Million 2019
USD·y−1

IEEE-33 MAIN 30 10.6613 10.6613 8.4118 1.1339
IEEE-33 STRICT 30 10.5782 21.1565 10.377 1.3988
IEEE-69 MAIN 19 7.4552 7.4552 5.8821 0.79288
IEEE-69 STRICT 18 7.6984 15.3968 7.5521 1.0180

To further characterize the cycling exposure of the final BESS during actual operation,
the charged and discharged energy of the IEEE-33 MAIN scheme is quantified over 46 d of
1104 h fixed-policy execution. The cumulative gross throughput is defined as:

Egross = ∑
t
(Pact

ch,t + Pact
dis,t)∆t (126)

The number of equivalent full cycles is defined as:

NEFC =
Egross

2Ecap (127)

Over the 46 d validation period, cumulative charging energy is 392.216 MWh, cu-
mulative discharging energy is 353.975 MWh, and total throughput is 746.192 MWh,
corresponding to 34.995 EFCs and a mean daily EFC of 0.761. Relative to rated energy
capacity, the actual maximum charging and discharging C-rates are, respectively:

Cpeak
ch = Ppeak

ch /Ecap = 3.8903/10.6613 ≈ 0.3649C (128)

Cpeak
dis = Ppeak

dis /Ecap = 4.7820/10.6613 ≈ 0.4485C (129)

Thus, for MAIN, although the 1–4 h technical band permits a power-to-energy ratio of
up to approximately 1C in rated terms, the peak charging and discharging rates during the
tested actual fixed-policy operation are substantially below this upper limit. The preceding
throughput and EFC values describe only operating cycling exposure and are not used to
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infer cell-level degradation, capacity fade, battery life, or replacement cost; these factors are
not explicitly included in the current planning model.

4. Discussion
4.1. Functional Distinction Between Sensitivity Screening and BESS Siting

Bus sensitivity reflects the marginal network response to a unit active- or reactive-
power net injection near the base operating point. It is suitable for identifying buses
with potential value for voltage support, loss reduction, and power-flow relief, but can-
not be equated directly with the composite configuration value of a BESS under multi-
period, multiscenario conditions. Final siting is also affected jointly by technical duration,
power/energy-capacity requirements, responses to uncertain scenarios, and network con-
straints. Differences between the sensitivity ranking and the final composite OPF ranking
are therefore reasonable.

The revised full-node audit uses common normalization bounds over all buses to
evaluate the main candidate-set and full-node results on a consistent basis. Under the eight
preset evaluation weights used in this study, for IEEE-33 MAIN and STRICT, the full-node
Top5 buses are Bus 30, Bus 28, Bus 29, Bus 31, and Bus 32, all of which are retained in
the main candidate set. This indicates that sensitivity-guided screening compresses the
subsequent search space under the current evaluation settings while retaining high-ranking
planning buses.

However, RobustScore does not have a unique ranking independent of the evaluation
weights. Analyses using 5000 random weight sets, equal weights, drop-one, and one-at-
a-time all show that the final ranking changes markedly with multi-criteria preferences.
Therefore, Bus 30 as the “best audited bus” means only that it ranks first under the current
model, common full-node normalization bounds, and explicit weight settings, not that it
is a universally globally optimal location under all evaluation preferences. The primary
role of sensitivity analysis is thus to reduce the scope of rigorous optimization at low
cost, whereas the full-node audit serves as a one-time benchmark for verifying whether
candidate compression omits high-value buses.

4.2. Coupling Among BESS Location, Capacity, and Network Performance

The BESS connection location, power capacity, energy capacity, and technical du-
ration are strongly coupled; sizing therefore cannot be discussed independently of the
network location and technical feasible region. The original independent P/E formu-
lation, in the IEEE-69 system, produced an extremely short-duration configuration of
10 MW/0.4496 MWh, approximately 0.045 h. After adding explicit duration constraints
of 1–4 h and 2–4 h and repeating the full-node planning, both the preferred locations and
capacity compositions change in IEEE-33 and IEEE-69. This shows that rated duration is
not a post hoc interpretation parameter, but a technical assumption that directly changes
the planning feasible region and capacity structure.

IEEE-33 shows that both MAIN and STRICT select Bus 30, but when the minimum
duration increases from 1 h to 2 h, the principal change is an increase in energy capacity. In
IEEE-69, under MAIN the preferred location is Bus 19, whereas under STRICT it is Bus 18.
This further indicates that location and capacity are not separable but adjust jointly with
the duration requirement.

It should be distinguished that the planning objective used in this study is an engineer-
ing scalarization of network safety, operating performance, response intensity, and capacity
scale, rather than lifecycle economic optimization in a common monetary unit. Therefore,
the capacity-size regularization coefficients in Equation (64) cannot be interpreted directly
as capital cost. The newly added annualized ownership-cost audit only quantifies the
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investment scale of the final technical configurations. Under STRICT relative to MAIN,
the results for IEEE-33 and IEEE-69 show that annualized ownership cost increases by
approximately 23.37% and 28.39%, respectively. If different capital-cost, degradation, and
replacement assumptions are to be considered, the lifecycle economic objective must be
reconstructed and the problem re-optimized.

4.3. Symmetry and Asymmetry in Disturbance-Space and Temporal-Path Construction

Static scenarios on the two-dimensional load–renewable disturbance plane use paired
opposite policy coordinates to prevent the day-ahead policy from responding only to a
single direction, such as high net load or high renewable output. Here, central symmetry
is a geometric property of the standardized-disturbance coordinates and does not imply
spatial symmetry in the physical locations of the distribution network or in multisite
forecast errors. The temporal stress paths further introduce SOC-path differences caused
by disturbance duration, occurrence order, and switching pattern.

The ablation experiment shows that, within the tested range, multidirectional
disturbance-space scenarios reduce instantaneous charging/discharging-power and
operating-mode violations, while adding temporal paths and a terminal-energy constraint
further reduces intertemporal energy violations and terminal deviations. The two types
of scenarios therefore play complementary roles in covering disturbance magnitude and
temporal evolution. This result does not imply that a nodal or multisite spatial uncertainty
model has been established, nor can the 25 static points and seven paths be interpreted as
complete coverage of the continuous disturbance domain and all time series.

The further path-design sensitivity audit examines changes in peak duration, segment
length, alternating frequency, ramp form, and number of paths. All 1242 cross-window
replay runs remain engineering-feasible, with a maximum change in objective of 0.411482%.
Thus, the current seven-path design exhibits low engineering sensitivity among the tested fi-
nite variants, but its specific durations and shapes are not theoretically unique. In particular,
when the number of paths is reduced to three, the objective changes most, indicating that the
coverage of the temporal scenario set still affects the day-ahead policy. The current results
cannot be interpreted as a complete reconstruction of actual forecast-error trajectories.

4.4. Fixed-Policy Execution Evidence and Validation Scope

Actual validation keeps the day-ahead BESS policy parameters fixed, and the active-
power dispatch is not re-optimized. For an actual physical trajectory outside the prediction
interval, the standardized policy input is mapped according to the bounded day-ahead
disturbance domain, whereas the BESS charging/discharging commands produced by
the frozen policy are not subjected to clipping or projection. In addition to daily vali-
dation, IEEE-33 is subjected to a 46 d interday SOC continuity test to examine interday
storage-state continuity of the final technical configuration over the tested continuous
operating sequence.

The current 46-window actual validation is entirely within the chronological forecast
test segment and, relative to forecast-model training and validation, constitutes out-of-
sample evaluation. However, the available DK1 2019 dataset does not provide an inde-
pendent subsequent period after 12/31, so this sequence is not interpreted as a genuine
fresh post-period holdout. More rigorous subsequent validation should use genuinely
future-period data after the model, interval-calibration rules, and scenario-construction
parameters have all been frozen.

IEEE-69 provides supplementary validation as a second radial test feeder. After
duration-aware replanning and a capacity-boundary audit, its final configurations are
no longer directly restricted by the original 20 MW/80 MWh capacity upper bounds.

https://doi.org/10.3390/sym18091487

https://doi.org/10.3390/sym18091487


Symmetry 2026, 18, 1487 62 of 66

BESS engineering feasibility is 46/46 and network engineering feasibility is 45/46 for both
technical-duration schemes. Thus, this result provides supplementary evidence of method
execution on a second test feeder under the common uncertainty-input protocol, but is
insufficient to demonstrate generalized cross-system applicability across different load
levels, renewable penetration levels, and uncertainty distributions.

Regarding the prediction intervals, without post hoc coverage recalibration, this study
uses q05–q95 nominal 90% conditional quantile intervals. In the final test samples, the empir-
ical coverage rates for Load, PV, and WT are 84.06%, 82.34%, and 76.63%, respectively. For
Load/PV, the tail-specific results show predominantly upper-tail undercoverage, whereas
WT exhibits predominantly lower-tail undercoverage. Therefore, the prediction interval
cannot be interpreted as an uncertainty set with a 90% finite-sample coverage guarantee.
Independent actual fixed-policy validation is used to examine operating performance in
the presence of this forecast error, but operating validation cannot substitute for calibration
of the probabilistic forecasts themselves. On an independent calibration set, future work
could use conformal calibration or quantile recalibration to improve interval reliability,
followed by reevaluation on truly future data not used in calibration.

4.5. Modeling Limitations and Future Extensions

From the perspective of uncertainty modeling, this study uses 25 static scenarios
and seven temporal stress paths to form a finite scenario set that covers multidirectional
disturbances and selected typical temporal-accumulation patterns. However, neither a
max–min robust counterpart nor a separation procedure over a continuous uncertainty
set is formulated. Accordingly, finite-scenario feasibility cannot be interpreted as a formal
robustness guarantee for all disturbance trajectories. The actual rolling validation, temporal-
path sensitivity, and other stress tests provide only empirical support under the current
data and finite disturbance set.

From the perspective of BESS physical modeling, the revised model describes engi-
neering constraints at the system/battery-pack level through rated duration/C-rate, SOC,
charging/discharging power bounds, efficiency, and inverter reactive-power capability, and
quantifies cycling exposure through throughput and EFC. It does not, however, explicitly
consider cell current, voltage, temperature, electrochemical degradation, capacity fade, or
replacement cost. Accordingly, the composite objective at the planning stage remains an
engineering scalarization, while annualized ownership cost is only a post hoc economic
audit. More complete lifecycle economic optimization would require explicit degradation
and replacement mechanisms.

Another limitation arises from aggregation of the renewable policy dimensions. PV
and WT outputs are retained separately in the physical network model and actual val-
idation, whereas the BESS affine policy uses a capacity-weighted aggregate renewable
coordinate to control the policy dimension and finite-scenario MILP size. This represen-
tation captures the net effect of PV/WT forecast errors on BESS control requirements but
cannot uniquely retain all independent PV–WT combinations, especially errors in oppo-
site directions. In the actual data, approximately 51.91% of valid PV/WT standardized
errors have opposite signs, further demonstrating that a single renewable policy coordinate
cannot be interpreted as a complete multisource joint uncertainty model. Independent
PV/WT targeted stress tests provide only limited supplementary evidence and cannot
replace explicit multidimensional dependence modeling.

In addition, the current uncertainty representation remains low-dimensional and
aggregated: load is mapped to all buses using a common system-level multiplier, and PV
and WT correspond to fixed connection points. It therefore does not characterize spatially
heterogeneous forecast errors and their dependence structure across multiple buses and
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renewable sites. The numerical experiments are based on the standard radial IEEE-33 and
IEEE-69 test feeders, with test inputs constructed from public time-series data and preset
renewable connection locations, rated capacities, and scaling rules; some operating states,
such as synthetic reverse-flow, are used only for the robustness audit. Accordingly, the
conclusions are limited to the tested feeders, input construction, and parameter settings
and are not extrapolated as proof of general applicability to actual distribution networks or
other network types. Future work may introduce independent PV/WT policy coordinates,
data-driven joint scenario generation, or correlated/distributionally robust uncertainty
models, together with actual multisite feeder data and longer-term validation, to investigate
more complete multisource joint errors and cross-system applicability.

5. Conclusions
For the problems of identifying bus regulation value, BESS siting and sizing, and day-

ahead operation under forecast uncertainty in distribution networks with high wind and
photovoltaic penetration, this study develops a sequential planning-to-operation workflow
comprising “sensitivity screening—SG-ENAR-OPF siting and sizing—interval-forecast-
driven finite-scenario scheduling—actual fixed-policy validation.” The day-ahead stage
uses 25 static disturbance combinations and seven temporal stress paths, with a shared
affine policy to respond to the modeled disturbances nonanticipatively. The robustness
claim is limited to joint constraint satisfaction over the constructed finite scenario set. The
rolling-window results provide separate fixed-policy validation evidence on the tested
actual trajectories under the stated engineering tolerances; neither result constitutes a formal
guarantee for arbitrary disturbance trajectories over a continuous uncertainty domain. The
principal conclusions are as follows:

1. Sensitivity screening substantially compresses the subsequent planning search space
while retaining key high-value buses.

Bus net-injection sensitivity distinguishes system-level regulation buses from support
buses in target weak-voltage areas. When the system-level truncation depth is k = 8,
Jacobian-assisted AC finite-difference refinement requires eight buses to undergo nodal
P/Q perturbation, whereas a complete 32-bus analysis requires 65 AC power-flow calls
in this substage; the refinement requires 17, a reduction of 73.85%, while fully retain-
ing the system’s composite P/Q Top5 buses. On this basis, predefined topology/stress
safeguards add seven buses to form a 15-bus main candidate set, without increasing
nodal AC finite-difference runs; all 15 candidate buses are then evaluated using the same
SG-ENAR-OPF formulation.

2. Technical-duration constraints directly affect the BESS capacity structure and may
change the final siting result.

In the IEEE-33 system, both the 1–4 h MAIN and 2–4 h STRICT schemes select Bus
30, with capacities of 10.6613 MW/10.6613 MWh and 10.5782 MW/21.1565 MWh, respec-
tively. Under the eight evaluation weights and common full-node normalization bounds
adopted in this study, the full-node Top 5 buses for both schemes are Bus 30, Bus 28, Bus 29,
Bus 31, and Bus 32, all of which are retained in the main candidate set. Further analyses
using random weights, equal weights, and individual-metric perturbations show that
the RobustScore ranking clearly depends on the evaluation preference. Bus 30 should
therefore be understood as the best audited bus under the current model, technical assump-
tions, and explicit weight settings, not as a universally optimal location independent of
evaluation preferences.

3. Disturbance-space scenarios and temporal stress paths supplement information on
disturbance magnitude and temporal evolution, respectively.
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Paired static scenarios in the two-dimensional load–renewable disturbance plane
cover opposite disturbance directions, while temporal stress paths and the terminal-energy
safeguard further characterize the cumulative SOC effects of duration, occurrence order,
and switching pattern. The ablation results show that increasing static disturbance-space
coverage materially improves instantaneous power response, but the principal energy and
terminal-state violations are removed only after temporal paths are added. In the sensitivity
audit of path count, peak duration, switching time, alternating frequency, and transition
shape, 27 frozen policies over 46 actual windows remain within the engineering-feasibility
tolerances in all 1242 cross-window replay runs, and the maximum absolute change in
objective is only 0.411482%. Thus, the current seven-path design exhibits low engineering
sensitivity over the tested variants, but its role should be understood as finite temporal
stress testing rather than complete reconstruction of actual forecast-error trajectories. The
two-dimensional disturbance space in this study is likewise a BESS policy-coordinate space,
not a nodal or multisite physical-spatial uncertainty model.

4. Multiday actual validation and validation on a second test feeder provide fixed-
policy execution evidence for the final configurations under the tested settings while
identifying the applicability boundaries of the model.

The IEEE-33 MAIN configuration achieves 46/46 BESS and LinDistFlow network
engineering feasibility over the 46 d, 1104 h carryover-fixed rolling validation, with conti-
nuity across all 45 interday state boundaries and no additional BESS capacity. Independent
nonlinear AC post-validation further shows that the fixed uncertainty-aware policy has
lower network losses, fewer constraint violations, and a better composite operating metric
than the q50 baseline, but its AC voltage-feasibility rate is 95.833%, demonstrating that
LinDistFlow feasibility cannot be equated directly with complete nonlinear AC feasibility.
Under the 1–4 h and 2–4 h schemes, the IEEE-69 system selects Bus 19 and Bus 18, respec-
tively; both configurations achieve 46/46 BESS engineering feasibility and 45/46 network
engineering feasibility. These results provide supplementary evidence of method execution
under different network scales, radial topologies, and renewable connection locations,
but are insufficient to demonstrate general cross-system applicability across different load
levels, renewable penetration levels, and uncertainty distributions.
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