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Abstract

This study proposes an entropy‑regularized likelihood inference framework for lifetime
distributions under progressive Type‑II censoring. By incorporating Shannon entropy di‑
rectly into the classical likelihood function, the proposed approach aims to alleviate the
information loss caused by censoring and improve the finite‑sample stability of parameter
estimation. Entropy‑regularizedmaximum likelihood estimators (ERMLEs) are developed
for the Exponential, Weibull, Gamma, and Lognormal lifetime distributions. Distribution‑
specific regularization parameters are selected by minimizing the average mean squared
error across a comprehensive Monte Carlo simulation study covering different sample
sizes, censoring rates, and progressive censoring schemes. Estimation performance is
evaluated using bias, mean squared error, and the relative reduction in MSE achieved by
ERMLE. The proposed methodology is further illustrated using two progressively Type‑
II censored real datasets from engineering reliability and biomedical survival analysis.
Model adequacy is assessed through goodness‑of‑fit statisticswith corresponding p‑values,
bootstrap confidence intervals, and graphical comparisons. The simulation results show
that entropy regularization substantially improves estimation accuracy for the Exponen‑
tial, Weibull, and Gamma distributions, particularly under moderate and heavy censor‑
ing, whereas only negligible improvements are observed for the Lognormal distribution.
In the engineering reliability application, the Weibull distribution provides the best over‑
all fit, while the Weibull and Gamma models exhibit the most satisfactory performance
for the bladder cancer remission data. Across both applications, ERMLE yields parame‑
ter estimates and fitted models that are highly consistent with those of the classical MLE
while providing stable estimation under progressive censoring. Overall, the proposed
framework demonstrates that the effectiveness of entropy regularization is distribution‑
dependent rather than universal and provides practical guidance for selecting suitable es‑
timation strategies in reliability and survival analysis.

Keywords: entropy regularization; progressive type‑II censoring; maximum likelihood
estimation; lifetime distributions; reliability analysis; survival analysis

1. Introduction
Lifetime and reliability analysis plays a fundamental role in many areas of engineer‑

ing, industrial quality control, biomedical research, and risk assessment, where under‑
standing the stochastic behavior of failure times is essential for system design and mainte‑
nance planning. In practice, however, complete lifetime observations are rarely available
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because experiments are often terminated prematurely due to time limitations, economic
considerations, or destructive testing. As a result, statistical inference must frequently be
performed using censored lifetime data rather than complete observations.

Among the various censoring mechanisms, progressive Type‑II censoring has re‑
ceived considerable attention because of its flexibility and practical relevance. Unlike con‑
ventional Type‑II censoring, progressive schemes allow surviving experimental units to be
removed at different stages of the life test while the experiment is still in progress. This fea‑
ture enables investigators to reduce experimental costs and duration without completely
sacrificing statistical information. Owing to these advantages, progressive Type‑II censor‑
ing has become one of the standard censoring schemes in reliability engineering, survival
analysis, and industrial life‑testing experiments.

The statistical theory of progressive Type‑II censoring has been extensively developed
during the last three decades. Balakrishnan and Aggarwala [1] provided a comprehensive
treatment of progressive censoring models and their applications, while Balakrishnan and
Sandhu [2] proposed an efficient simulation algorithm for generating progressively Type‑
II censored samples. Subsequently, Balakrishnan et al. [3] investigated the distributional
properties of progressively censored order statistics under the Exponentialmodel, whereas
Ng et al. [4] developed statistical inference procedures for exponentially distributed life‑
times under adaptive progressive Type‑II censoring. These studies established the theoret‑
ical foundation for likelihood‑based inference under progressive censoring and stimulated
extensive research on parametric lifetime models.

Parallel to these developments, information‑theoreticmeasures, particularly Shannon
entropy, have become increasingly important for quantifying uncertainty and information
loss in lifetime analysis. Entropy has been investigated for a wide range of lifetime distri‑
butions under different censoring mechanisms. For example, Gong and Yin [5] studied
entropy inference for the generalized inverse exponential distribution under progressive
Type‑II censoring, Ahmed and Ismail [6] considered entropy estimation for the Lomax
distribution under adaptive progressive censoring, Wang and Gui [7] developed Bayesian
entropy estimation for the Burr Type XII model, and Cho et al. [8], Lee [9], and Hassan
and Zaky [10] investigated entropy estimation for Weibull‑type lifetime models. In addi‑
tion, Kohansal and Rezakhah [11] proposed exponentiality tests based on Rényi entropy,
whereas Alyami [12] compared Bayesian and classical estimation procedures for Tsallis en‑
tropy under censored observations. These studies demonstrate that entropy provides an
effective framework for measuring uncertainty in incomplete lifetime experiments.

Considerable attention has also been devoted to parameter estimation under progres‑
sive censoring. Representative contributions include the work of Pandey [13] on the ex‑
ponentiated exponential distribution, Teimouri [14] on generalized exponential models,
Dutta and Kayal [15] on logistic exponential lifetimes, and Wei [16] on Bayesian infer‑
ence for generalized inverse exponential distributions under hybrid censoring. Further‑
more, several studies have investigated the theoretical relationship between entropy and
likelihood‑based inference [17–20], emphasizing the close connection between information
measures and statistical estimation.

Despite these advances, an important gap remains in the existing literature. Most
entropy‑related studies employ entropy either as a quantity to be estimated or as an aux‑
iliary criterion for model assessment and hypothesis testing. In contrast, relatively little
attention has been devoted to incorporating entropy directly into the likelihood function
as a regularization mechanism for parameter estimation under progressive Type‑II cen‑
soring. More importantly, the existing literature implicitly assumes that entropy regular‑
ization improves estimation in a similar manner across different lifetime models, while
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the possible dependence of regularization performance on the underlying distributional
structure has received almost no theoretical or empirical investigation.

The existing literature reveals a clear progression in the analysis of censored lifetime
data. Classical likelihood‑basedmethods provide awell‑established framework for param‑
eter estimation under progressive censoring; however, their finite‑sample performance
may deteriorate as censoring reduces the amount of directly observed failure information.
Entropy‑based approaches have subsequently extended censored‑data analysis from an
information‑theoretic perspective, but previous studies have predominantly treated en‑
tropy as a quantity to be estimated under different censoring mechanisms, as a basis for
goodness‑of‑fit or distributional assessment, or as an information measure for comparing
experimental and censoring designs. Thus, entropy has generally remained an inferential
target or an evaluation criterion external to the parameter‑estimation objective. Regular‑
ized likelihood methods, on the other hand, offer a mechanism for stabilizing estimation,
but their regularization terms are typically introduced independently of the distributional
uncertainty inherent in the assumed lifetimemodel. These developments reveal a method‑
ological gap between likelihood‑based inference, entropy‑based characterization, and reg‑
ularized estimation under progressive censoring. The present study addresses this gap by
incorporating the Shannon entropy of the assumed lifetime distribution directly into the
progressively censored log‑likelihood as a distribution‑specific regularization term. Con‑
sequently, entropy is not estimated as the primary quantity of interest; rather, it actively
modifies the estimating equations and the local curvature of the likelihood surface through
its gradient and Hessian. This formulation leads to an entropy‑regularized maximum like‑
lihood estimator specifically designed for parameter inference under progressive Type‑II
censoring. To the best of our knowledge, the direct use of distributional Shannon entropy
as an additive likelihood regularizer, together with its theoretical and finite‑sample investi‑
gation across multiple lifetime distributions under progressive Type‑II censoring, has not
been systematically studied in the existing literature.

Motivated by this gap, this study develops an entropy‑regularized likelihood infer‑
ence framework for progressively Type‑II censored lifetime data. The proposedmethodol‑
ogy integrates Shannon entropy into the classical likelihood function to stabilize estimation
under information loss caused by censoring. Rather than restricting the investigation to
a single lifetime distribution, the proposed framework is systematically examined for the
Exponential,Weibull, Gamma, andLognormalmodels through extensiveMonteCarlo sim‑
ulations and two real‑data applications. Particular emphasis is placed on understanding
how the effectiveness of entropy regularization varies across different parametric lifetime
distributions, thereby providing practical guidance onwhen entropy‑based regularization
is expected to improve statistical inference under progressive censoring.

The main contributions of this study can be summarized as follows. First, an entropy‑
regularized likelihood framework is developed for progressively Type‑II censored life‑
time data by directly incorporating Shannon entropy into the likelihood function. Second,
the proposed framework is systematically evaluated across four commonly used lifetime
distributions under a unified simulation design and two real‑data applications. Finally,
the results demonstrate that the effectiveness of entropy regularization is distribution‑
dependent rather than universal, providing practical guidance for the use of entropy‑based
regularization in censored lifetime analysis.

2. Methodology
2.1. Progressive Type‑II Censoring Scheme

Real‑world lifetime data are frequently subject to censoring because complete failure
times cannot always be observed due to economic costs, time limitations, or destructive
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testing conditions. Consequently, statistical inference must often be performed using in‑
complete lifetime observations rather than complete samples. Among the various censor‑
ing mechanisms, progressive Type‑II censoring has become one of the most widely used
schemes in reliability engineering and survival analysis because it provides a flexible bal‑
ance between experimental efficiency and statistical information.

Unlike conventional Type‑I and Type‑II censoring, progressive censoring allows sur‑
viving experimental units to be removed at different stages of the life test while the exper‑
iment is still in progress. This flexibility considerably reduces experimental cost and du‑
ration without completely sacrificing the information contained in the observed failures.
Owing to these practical advantages, progressive censoring has received considerable at‑
tention in both theoretical and applied statistics over the past several decades.

A progressive Type‑II censored experiment can be described as follows. Let m < n
and choose non‑negative integers R1, R2, . . . , Rm satisfying

R1 + R2 + · · ·+ Rm = n − m (1)

Suppose that n identical units are placed on a life test, where the lifetimes are assumed
to be independent and identically distributed random variables with common distribution
function F. At the occurrence of the first observed failure, denoted by x1:m:n, R1 surviving
units are randomly withdrawn from the experiment. Similarly, at the second observed
failure x2:m:n, R2 surviving units are removed, and the process continues until them‑th ob‑
served failure. At the final observed failure xm:m:n, all remaining surviving units are with‑
drawn from the experiment. Consequently, the observed progressively censored sample is

x1:m:n < x2:m:n < · · · < xm:m:n (2)

Progressive Type‑II censoring has been extensively investigated in the literature be‑
cause of its wide applicability in reliability engineering, survival analysis, and industrial
life‑testing experiments [1,21–24]. The progressively censored sample defined above forms
the basis for constructing the likelihood function used throughout this study.

However, progressive censoring inevitably reduces the amount of available failure
information compared with complete lifetime samples. As the censoring level increases,
the likelihood surface may become flatter and parameter estimation may exhibit increased
variability and reduced numerical stability. This information loss provides the primary
motivation for introducing an entropy‑based regularizationmechanism into the likelihood
function. Rather than replacing the classical likelihood framework, the proposed approach
aims to stabilize inference by incorporating an additional information‑theoretic compo‑
nent while preserving the probabilistic structure of the underlying lifetime model. The
construction of the entropy‑regularized likelihood is presented in the next subsection.

2.2. Maximum Likelihood Structure

Let X be a continuous lifetime random variable representing the failure time of an
experimental unit, and assume that X follows a lifetime distribution indexed by the pa‑
rameter vector

θ =
(
θ1, θ2, . . . , θp

)
∈ Θ

where Θ denotes the parameter space and all unknown parameters satisfy the standard
regularity conditions required for likelihood‑based inference.

Suppose that n identical experimental units are placed on a life test and their lifetimes
are independent and identically distributed random variables, X1, X2, . . . , Xn ∼ F(x; θ),
with probability density function f (x; θ), cumulative distribution function F(x; θ), and sur‑
vival function S(x; θ) = 1 − F(x; θ).
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For the observed progressively Type‑II censored sample, the likelihood function
based on censored order statistics is given by

L(θ; x,R) = CR ∏m
i=1 f (xi:m:n; θ)[1 − F(xi:m:n; θ)]Ri (3)

where

CR =
m

∏
i=1

(
n − i + 1 −

i−1

∑
j=1

Rj

)
= n(n − R1 − 1)(n − R1 − R2)− (n − m + 1 −

m−1

∑
j=1

Rj).

Here, CR is the combinatorial order factor induced by the sequential progressive cen‑
soring mechanism. Thus, the likelihood is defined for the ordered progressively Type‑II
censored sample rather than for mmm independent and identically distributed failure ob‑
servations. Although the original lifetimes X1, X2, . . . , Xn are i.i.d., the observed progres‑
sively censored order statistics of a random, X1:m:n, . . . , Xm:m:n are not independent, and
their joint structure is incorporated through the ordered likelihood and the censoring con‑
figuration R.

Taking the natural logarithm of the likelihood function yields the classical log‑
likelihood function

l(θ) = logL(θ)

Classical likelihood inference proceeds by maximizing l(θ) with respect to the un‑
known parameter vector θ. The corresponding score vector is defined as

U(θ) =
∂l(θ)

∂θ

and themaximumlikelihoodestimator is obtained from the solutionof the likelihoodequations

U(θ) = 0

Under standard regularity conditions, the maximum likelihood estimator is asymp‑
totically normal and efficient. Specifically,

√
n
(
θ̂ − θ

) d→ N
(

0, I−1(θ)
)

where I(θ) denotes the Fisher information matrix.
However, under progressive Type‑II censoring, the effective amount of observed in‑

formation decreases as the censoring level increases because only a subset of the original
failure times contributes directly to the likelihood function. Consequently, the likelihood
surface may become flatter, the Fisher information may decrease, and the resulting score
equations may become more sensitive to sampling fluctuations. These effects are partic‑
ularly pronounced under moderate and heavy censoring schemes, where classical max‑
imum likelihood estimation may exhibit increased variance, reduced accuracy, and nu‑
merical instability. This limitation motivates the development of regularized likelihood
formulations capable of incorporating additional information into the estimation process
while preserving the probabilistic structure of the underlying lifetime model.

2.3. Shannon Entropy and Information‑Theoretic Motivation

Information‑theoretic quantities have become increasingly important in modern statis‑
tical inference because they provide quantitative measures of uncertainty beyond the infor‑
mation contained in observed data alone. Among the various entropy measures proposed
in the literature, Shannon entropy occupies a central position owing to its close relationship
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with likelihood theory through the expected log‑density. This connectionmakes Shannon en‑
tropy particularly suitable for likelihood‑based inference, where both quantities are naturally
expressed in terms of the probability density function. The entropy of a random variableX is
a measure of the uncertainty associated with its probability distribution. If X is a continuous
random variable with probability density function f (x; θ), its Shannon differential entropy
is defined as follows [25–27]:

H(θ) = −Eθ [log f (X; θ)] = −
∫
Ӽ

f (x; θ)log f (x; θ)dx (4)

where Ӽ denotes the support of X.
Themain reason for selecting Shannon entropy in this study is its direct andparameter‑

free relationship with the expected log‑density, as given in Equation (4). In contrast, Rényi
and Tsallis entropies introduce an additional entropy‑order parameter, whose specifica‑
tion would create a second tuning dimension alongside the regularization parameter η

and complicate both interpretation and optimization. Fisher information, although fun‑
damental for measuring parameter uncertainty and likelihood curvature, serves a concep‑
tually different role because it is based on derivatives of the log‑likelihood rather than on
the distributional uncertainty represented by the density itself. Shannon entropy therefore
provides a parsimonious regularization measure that is directly linked to the log‑density,
requires no additional entropy‑order parameter, and admits closed‑form expressions for
the lifetime distributions considered in this study. These properties make it particularly
suitable for the proposed likelihood‑regularization framework.

From a statistical perspective, entropy measures the uncertainty associated with the un‑
derlying probability distribution. Larger entropy values correspond to higher uncertainty
and more dispersed probabilistic structures, whereas smaller entropy values indicate more
concentrated distributions. In reliability and survival analysis, entropy has been widely em‑
ployed for uncertainty quantification, goodness‑of‑fit analysis, and information‑based infer‑
ence procedures.

Under progressive Type‑II censoring, the observed likelihood is constructed using
only a subset of the original lifetime information because a proportion of experimental
units is withdrawn before failure. Consequently, the available information about the un‑
derlying lifetime distribution is reduced, and the resulting likelihood surface may become
increasingly sensitive to random sampling variability. From an information‑theoretic
viewpoint, this loss of information motivates the incorporation of an additional quantity
capable of reflecting the intrinsic uncertainty of the assumed lifetime model.

In the proposed framework, Shannon entropy is not introduced as an additional pa‑
rameter to be estimated nor as an alternative goodness‑of‑fit measure. Instead, it is in‑
corporated directly into the likelihood function as an information‑theoretic regularization
term. Consequently, parameter estimation is driven jointly by the observed data through
the likelihood function and by the intrinsic information structure of the assumed proba‑
bility model through Shannon entropy. This formulation aims to improve the stability of
likelihood‑based inference under progressive censoring while preserving the probabilistic
interpretation of the underlying lifetime model.

It should be emphasized that the proposed regularization differs fundamentally from
conventional penalty‑based approaches such as ridge or lasso regularization. Classical
penalties typically shrink the parameter vector toward a predefined target, whereas the
entropy term introduced in this study is determined by the probabilistic structure of
the lifetime distribution itself. Consequently, the proposed regularization is inherently
distribution‑dependent, and its influence is expected to vary according to the analytical
properties of the underlying lifetime model.
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3. Entropy‑Based Likelihood Regularization
3.1. Motivation and Construction of the Regularized Likelihood

Classical likelihood‑based inference constitutes the cornerstone of statistical estima‑
tion for lifetime models and has been extensively employed in reliability theory, survival
analysis, and engineering applications. Under complete observations, maximum likeli‑
hood estimation possesses several desirable asymptotic properties, including consistency,
asymptotic efficiency, and asymptotic normality. However, these properties may deterio‑
rate in finite samples when the available lifetime information is substantially reduced by
progressive Type‑II censoring.

As discussed in the previous sections, progressively censored experiments inevitably
involve information loss because only a subset of the original failure times contributes di‑
rectly to the likelihood function. As the censoring proportion increases, the likelihood sur‑
face may become flatter, the observed Fisher information may decrease, and the resulting
score equations may become increasingly sensitive to sampling variability. Consequently,
classical maximum likelihood estimation may exhibit larger variance, reduced numerical
stability, and increased finite‑sample estimation error.

Motivated by these limitations, we propose an entropy‑based likelihood regulariza‑
tion framework that incorporates Shannon entropy directly into the classical log‑likelihood
function. The main objective is not to modify the probabilistic model itself, but rather to
stabilize the estimation process by introducing an additional information‑theoretic compo‑
nent that reflects the intrinsic uncertainty of the underlying lifetime distribution.

Let
l(θ) = logL(θ) (5)

denote the classical log‑likelihood function corresponding to a progressively Type‑II cen‑
sored sample, where θ is the unknown parameter vector. Furthermore, let

H(θ) = −E[log f (x; θ)] (6)

denote the Shannon entropy associated with the assumed lifetime distribution.
The theoretical motivation for incorporating Shannon entropy into the likelihood can

be established through its direct connection with the expected log‑density. The Shannon
entropy for a parametric lifetime model f (x; θ) is as in Equation (6). Thus, the entropy
term is constructed from the same log‑density that generates the likelihood but represents
a model‑based expectation rather than the realized contribution of the observed sample.
This relationship provides a natural information‑theoretic link between likelihood infer‑
ence and entropy regularization. Under progressive Type‑II censoring, the likelihood is
determined by the observed failures together with the survival contributions of progres‑
sively removed units, and its finite‑sample curvature may be weakened as the amount of
directly observed failure information decreases. Adding ηH(θ) therefore introduces a de‑
terministic, distribution‑specific correction derived from the underlying probabilitymodel
itself. Importantly, this term does not introduce external prior information or impose an
arbitrary shrinkage target; instead, its gradient modifies the score equation and its Hessian
modifies the local curvature of the objective function. Consequently, the proposed crite‑
rion can be interpreted as an information‑regularized M‑estimation objective in which the
empirical information supplied by the progressively censored sample is combined with a
model‑based measure of distributional uncertainty. Since the entropy contribution is of
order O(1), meaning that it remains bounded as the sample size increases, whereas the
log‑likelihood accumulates with the number of observed failures, its influence is primarily
finite‑sample and becomes asymptotically negligible for fixed η. This interpretation is con‑
sistent with the theoretical results in Section 3.4, where the ERMLE is shown to retain the
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consistency and first‑order asymptotic distribution of the classical MLE while modifying
the finite‑sample bias–variance and curvature structure.

The proposed entropy‑regularized log‑likelihood function is defined as

lE(θ) = l(θ) + ηH(θ) (7)

where η ≥ 0 denotes the regularization parameter controlling the contribution of the en‑
tropy component. Unlike conventional penalized likelihood methods, the proposed for‑
mulation does not shrink the parameter vector toward a predetermined target value. In‑
stead, the entropy contribution is determined entirely by the analytical structure of the
assumed lifetime distribution. Consequently, the regularization mechanism is inherently
distribution‑dependent, and its influence on parameter estimation is expected to vary
across different lifetime models.

For fixed η, the proposed formulation is intentionally designed as a finite‑sample reg‑
ularization of the classical likelihood. Dividing Equation (7) by the number of observed
failures m yields

1
m

lE(θ) =
1
m

l(θ) +
η

m
H(θ)

which has exactly the samemaximizer as Equation (7). Thus, on the normalized likelihood
scale, the effective contribution of the entropy term decreases with m. This behavior is in‑
tentional, since the proposed regularization is designed to improve finite‑sample inference
while preserving the first‑order asymptotic properties of the classical MLE.

The additive formulation in Equation (7) is adopted because it preserves the basic
structure of likelihood‑based estimation while allowing the entropy contribution to enter
the objective function in a transparent and analytically tractable manner. In particular, the
additive form yields a regularized score equation in which the classical likelihood score is
modified directly by the entropy gradient, UE(θ) = U(θ) + η∇H(θ), and similarly modi‑
fies the local curvature through the entropy Hessian. This structure facilitates both numer‑
ical optimization and the theoretical analysis of consistency, asymptotic normality, bias,
and variance developed in Section 3.4. Moreover, when η = 0, the formulation reduces
exactly to the classical MLE, providing a natural nested connection between the regular‑
ized and unregularized estimators. Alternative nonlinear or multiplicative combinations
of likelihood and entropy could also be constructed; however, they would generally alter
the scale and geometry of the likelihood objective and make the resulting estimating equa‑
tions and asymptotic interpretation less transparent. Therefore, the additive formulation is
adopted as a parsimonious and theoretically tractable way of incorporating distributional
entropy while retaining the fundamental likelihood structure.

From a statistical perspective, the proposed ERMLE can be viewed as a form of pe‑
nalized likelihood estimation in which the regularization component is determined by the
Shannon entropy of the assumed probability model. Unlike conventional penalized like‑
lihood methods, such as ridge‑ or lasso‑type regularization, the entropy term does not
shrink the parameter vector toward a predetermined value or impose sparsity. Instead, it
modifies the likelihood according to the intrinsic distributional uncertainty of the model.
The criterion also admits a formal connection with Bayesian regularization, since maximiz‑
ing l(θ) + ηH(θ) is algebraically equivalent to maximum a posteriori estimation under a
formal parameter weighting proportional to exp{ηH(θ)}. However, no prior distribution
or external prior information is specified in the proposed framework; the entropy term is
entirely determined by the assumed lifetime distribution and is used as a frequentist reg‑
ularization component. Therefore, ERMLE is most naturally interpreted as a distribution‑
driven penalized likelihood estimator rather than a Bayesian estimator.
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Accordingly, the proposed framework should not be viewed as a replacement for
conventional likelihood theory but rather as an information‑theoretic extension of it. The
classical likelihood remains the primary source of sample information, while Shannon en‑
tropy provides a model‑derived regularization component whose finite‑sample influence
is controlled by η. This construction preserves the classical MLE as the special case η = 0
and, as established in Section 3.4, retains its first‑order asymptotic properties for fixed η.
Thus, the proposed methodology extends the likelihood framework while maintaining a
direct theoretical connection with conventional maximum likelihood inference.

3.2. Properties of the Entropy‑Regularized Likelihood

Differentiating the entropy‑regularized log‑likelihood function with respect to the pa‑
rameter vector θ yields the modified score equations

UE(θ) =
∂lE(θ)

∂θ
= U(θ) + η

∂H(θ)

∂θ
(8)

where
U(θ) =

∂l(θ)
∂θ

denotes the classical score vector.
Equation (8) shows that the proposed estimator preserves the original likelihood struc‑

ture while introducing an additional information‑theoretic correction through the entropy
gradient. Consequently, parameter estimation is simultaneously influenced by the ob‑
served sample information and the intrinsic uncertainty associated with the assumed life‑
time distribution.

The entropy‑regularizedmaximum likelihood estimator (ERMLE) is obtained by solv‑
ing the modified score equations

UE(θ) = 0

Since the entropy function depends explicitly on the underlying probability distri‑
bution, the analytical form of the modified score equations varies across lifetime models.
Consequently, although the regularization framework remains identical, its statistical in‑
fluence on parameter estimation is expected to differ according to the structural character‑
istics of the assumed distribution.

Furthermore, differentiating Equation (9) once more yields the regularized Hes‑
sian matrix

JE(θ) =
∂2lE(θ)

∂θ∂θT = J(θ) + η
∂2H(θ)

∂θ∂θT (9)

where J(θ) denotes the Hessian matrix of the classical log‑likelihood function.
Equation (8) indicates that entropy regularization modifies not only the score equa‑

tions but also the local curvature of the likelihood surface. Therefore, the optimization
process is influenced by both the observed information contained in the censored sample
and the information‑theoretic structure represented by the entropy term. The regularized
observed information matrix is defined as

IE(θ) = −JE(θ).

Proposition 1. Let
IE(θ) = −∇2

θlE(θ) = I(θ)− η∇2
θH(θ)

where  I(θ) = −∇2
θl(θ) denotes the classical observed information matrix and  H(θ)  is the Shan‑

non entropy of the assumed lifetime distribution.
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Assume that there exists a compact neighbourhood    of the ERMLE such that  I(θ)  is positive
definite for every  θ ∈   . Furthermore, suppose that

η∥∇2
θH(θ)∥2 < λmin{I(θ)},

where∥.∥2 denotes the spectral norm and λmin{.} denotes the smallest eigenvalue.
Then

vT IE(θ)v > 0, ∀v ̸= 0, θ ∈

Consequently, the entropy‑regularized log‑likelihood  lE(θ)  is strictly concave on    , and every
stationary point contained in    is the unique local maximizer.

Proof.  For any nonzero vector v,

vT IE(θ)v = vT I(θ)v− ηvT∇2
θH(θ)v

Since I(θ) is positive definite,

vT I(θ)v ≥ λmin{I(θ)}∥v∥2

Moreover, by the definition of the spectral norm,∣∣∣vT∇2
θH(θ)v

∣∣∣ ≤ ∥∇2
θH(θ)∥2∥v∥

2

Therefore,
vT IE(θ)v ≥ λmin{I(θ)} − η∥∇2

θH(θ)∥2∥v∥
2,

which is strictly positive under the stated condition. Hence, IE(θ) is positive definite
throughout . Since

∇2
θlE(θ) = −IE(θ)

the entropy‑regularized log‑likelihood is strictly concave on . Consequently, every station‑
ary point in this neighbourhood is a unique local maximizer. □

Furthermore, Proposition 1 provides a sufficient theoretical upper bound for the reg‑
ularization parameter through the condition

η <
λmin{I(θ)}
∥∇2

θH(θ)∥2
,

which guarantees the local positive definiteness of the entropy‑regularized observed infor‑
mation matrix. Although this bound is generally parameter‑dependent, it indicates that
excessively large values of η may cause the entropy contribution to dominate the likelihood
information, leading to increased estimation bias and numerical instability. Consequently,
the candidate values of η were restricted to a finite grid covering moderate regularization
levels, and the final value was selected using the AMSE criterion.

Remark 1. Proposition 1 provides a sufficient, but not necessary, condition for the local positive
definiteness of the entropy‑regularized observed information matrix. Accordingly, the proposed
framework does not require the entropy‑regularized log‑likelihood to be globally concave over the
entire parameter space. Instead, the proposition guarantees local strict concavity and local unique‑
ness of the stationary point within a compact neighbourhood of the ERMLE.
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Furthermore, for any fixed regularization parameter η, the entropy contribution re‑
mains of order O(1), whereas the observed information increases with the number of ob‑
served failures. Consequently, the proposed entropy regularization primarily affects finite‑
sample estimation while preserving the first‑order asymptotic behavior of the classical
maximum likelihood estimator established in Section 3.4.

Remark 2. The proposed entropy‑regularized likelihood framework constitutes a direct extension of
the classical maximum likelihood method. In particular, when the regularization parameter satisfies
 η = 0, the entropy‑regularized maximum likelihood estimator coincides exactly with the classical
maximum likelihood estimator.

3.3. Selection of the Regularization Parameter

The performance of the proposed entropy‑regularized maximum likelihood estima‑
tor depends critically on the choice of the regularization parameter η, which determines
the relative contribution of the entropy term to the classical likelihood function. When
η = 0, the proposed estimator reduces to the classical maximum likelihood estimator,
whereas larger values of η impose stronger entropy‑based regularization. Consequently,
the selection of η involves a trade‑off between variance reduction and the additional bias
introduced by the regularization term.

Rather than selecting a different regularization parameter for each individual simula‑
tion scenario, a single distribution‑specific value is determined by minimizing the average
mean squared error (MSE) over all simulation settings. This strategy provides a stable, re‑
producible, and practically applicable selection rule while avoiding scenario‑specific tun‑
ing. Specifically, the optimal regularization parameter is defined as

η∗ = argmin
η∈Ω

MSE(η)

where

MSE(η) =
1
S

S

∑
i=1

MSEi(η),

S denotes the total number of simulation scenarios, and Ω represents the candidate
set of regularization parameters.

In this study, the candidate set was chosen as

Ω = {0, 0.2, 0.5, 1, 1.5, 2, 3, 5}

which spans the range from the classicalmaximum likelihood estimator η = 0 to increasingly
stronger levels of entropy regularization. This grid was selected to investigate both mild and
relatively strong regularization effects while maintaining computational efficiency.

For each candidate value of η, Monte Carlo simulations were performed under all
combinations of sample size, censoring rate, and censoring scheme. The average MSE
obtained across these scenarios was then computed, and the value producing the smallest
average MSE was selected as the optimal regularization parameter for the corresponding
lifetime distribution.

Since the primary objective of this study is parameter estimation, the regularization
parameter is selected in the parameter space rather than on the survival or hazard‑function
space. For a given simulation scenario s = (n, m,R, θ0), let XR = (X1:m:n, . . . , Xm:m:n) de‑
note the progressively Type‑II censored sample generated under the true parameter vec‑
tor θ0 and censoring scheme R = (R1, R2, . . . , Rm). The ERMLE obtained for a candidate
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regularization parameter η is denoted by θ̂η(XR). The parameter‑based quadratic loss is
defined as

d
(
θ̂η , θ0

)
= ∥θ̂η − θ0∥

2
=

p

∑
j=1

(θ̂η,j − θ0,j)
2
,

where p denotes the number of unknown parameters. Accordingly, for scenario s, the
population objective functional is

Js(η) = E(θ0,R)
[
d
(
θ̂η , θ0

)]
,

where the expectation is takenwith respect to the joint sampling distribution of the progres‑
sively Type‑II censored order statistics induced by θ0 and the censoring scheme R. Thus,
for a p parameter model, Js(η) is equivalent to the sum of the parameter‑specific MSEs.
For example, for the Lognormal model,

Js(η) = MSE
(
µ̂η

)
+ MSE

(
σ̂η

)
In the Monte Carlo experiment with B replications, this quantity is estimated by

Ĵs(η) =
1
B ∑B

b=1 ∑p
j=1 (θ̂

(b)
η,j − θ0,j)

2

Finally, to obtain a single distribution‑specific regularization parameter, the scenario‑
specific MSE values are averaged over all S combinations of sample size, censoring rate,
and progressive censoring scheme:

AMSE(η) =
1
S

S

∑
s=1

Ĵs(η),

and the optimal regularization parameter is defined as

η∗ = argmin
η∈Ω

AMSE(η)

The resulting AMSE values for all candidate regularization parameters are reported
in Table 1.

Table 1. Average Mean Squared Error for Different Candidate Values of the Regularization Parameter.

Distribution η Average MSE Distribution η Average MSE

Exponential

0.0 0.047807

Weibull

0.0 0.170915
0.2 0.045808 0.2 0.158287
0.5 0.043777 0.5 0.160664
1.0 0.039729 1.0 0.143665
1.5 0.041163 1.5 0.137710
2.0 0.040124 2.0 0.130977
3.0 0.041944 3.0 0.522634
5.0 0.060867 5.0 20.924189

Gamma

0.0 0.565046

Lognormal

0.0 0.054103
0.2 0.584311 0.2 0.053342
0.5 0.517828 0.5 0.054635
1.0 0.517848 1.0 5.676060
1.5 0.470885 1.5 11.198901
2.0 0.493310 2.0 24.314393
3.0 0.703514 3.0 41.093460
5.0 76.085514 5.0 90.896935

Table 1 summarizes the average MSE values obtained for different candidate regu‑
larization parameters. For each lifetime distribution, the parameter value yielding the
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smallest average MSE was selected as the optimal regularization parameter and used in
all subsequent simulation studies.

Figure 1 shows the variation in the average MSE with respect to the regularization
parameter for each lifetime distribution. The minimum point of each curve determines
the distribution‑specific optimal regularization parameter used in the subsequent simula‑
tion study.

Figure 1. Selection of the optimal regularization parameter based on the averagemean squared error.

As the regularization parameter increases, the entropy gradient may gradually domi‑
nate the likelihood score, leading to excessive regularization and increased estimation bias.
This behavior is reflected by the sharp increase in theAMSEvalues observed for sufficiently
large values of η in some lifetime distributions (e.g., Weibull and Gamma). Therefore, the
proposed AMSE‑based selection procedure naturally excludes excessively large regular‑
ization parameters and identifies a finite‑sample compromise between bias reduction and
variance stabilization.

The regularization parameter is selected using the AMSE criterion because the pri‑
mary objective of the proposed framework is accurate parameter estimation rather than
model selection or prediction. Since AMSE jointly reflects estimation bias and variance, it
provides a direct measure of estimation accuracy. In contrast, information criteria such as
AIC or BIC are primarily intended for comparing competing statistical models, whereas
cross‑validation is prediction‑oriented. Because the present study considers a fixed para‑
metricmodel and seeks an optimal regularization level for parameter estimation, anAMSE‑
based criterion provides a more natural and interpretable selection procedure.

3.4. Theoretical Properties of the ERMLE

Let lm(θ) denote the classical log‑likelihood function based on a progressively Type‑
II censored sample with m observed failures, and let H(θ) be the Shannon entropy of the
assumed lifetime distribution. The entropy‑regularized log‑likelihood is defined by

lE(θ) = lm(θ) + ηH(θ),

where η ≥ 0 0 is the regularization parameter. The corresponding score function is

UE(θ) =
∂lE(θ)

∂θ
= U(θ) + ηH′(θ)
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where
U(θ) =

∂lm(θ)
∂θ

Thus, the entropy‑regularized maximum likelihood estimator is obtained as the solu‑
tion of

UE
(
θ̂ERMLE

)
= 0

This formulation shows that the proposed estimator modifies the classical likelihood
equation by adding a deterministic entropy‑gradient term. The following results summa‑
rize the large‑sample and finite‑sample behavior of the proposed estimator.

Theorem 1. Assume that the standard regularity conditions for likelihood‑based inference under
progressive Type‑II censoring hold, and suppose that  H(θ)  is continuously differentiable in a
neighbourhood of the true parameter value  θ0. If   η  is fixed, then

θ̂ERMLE
p→ θ0

Proof.  Consider the normalized regularized score evaluated at θ0:

1
m

UE(θ0) =
1
m

U(θ0) +
η

m
H′(θ0)

Under the standard regularity conditions for progressively censored likelihoods,

1
m

U(θ0)
p→ 0

Since H′(θ0) does not depend on m, and η is fixed,

η

m
H′(θ0)

p→ 0

Therefore,
1
m

UE(θ0)
p→ 0

Moreover,
1
m

lE(θ) =
1
m

lm(θ) +
η

m
H(θ)

and the second termvanishes uniformly on compact subsets of the parameter space. Hence,
the normalized entropy‑regularized likelihood has the same limiting objective function as
the classical likelihood. By the standard consistency argument for likelihood‑type estima‑
tors, the maximizer of lE(θ) converges in probability to θ0. This completes the proof. □

Theorem 2. Under the assumptions of Theorem 1, and assuming that the classical Fisher informa‑
tion matrix

Ic(θ0) = − lim
m→∞

1
m

∂2lm(θ0)

∂θ∂θT

is positive definite, the ERMLE satisfies

√
m
(
θ̂ERMLE − θ0

) d→ N
(

0, I−1
c (θ0)

)

Proof.  Using a Taylor expansion of UE
(
θ̂ERMLE

)
around θ0, we obtain

0 = UE
(
θ̂ERMLE

)
= UE(θ0) + JE(θ

∗)
(
θ̂ERMLE − θ0

)
,
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where θ∗ lies between θ̂ERMLE and θ0, and

JE(θ) =
∂2lE(θ)

∂θ∂θT

Thus,
√

m
(
θ̂ERMLE − θ0

)
= −

[
1
m

JE(θ
∗)

]−1 1√
m

UE(θ0)

Now,
1√
m

UE(θ0) =
1√
m

U(θ0) +
η√
m

H′(θ0)

The second term converges to zero because η is fixed. By the central limit theorem for
progressively censored likelihood scores,

1√
m

U(θ0)
d→ N(0, Ic(θ0))

Hence,
1√
m

UE(θ0)
d→ N(0, Ic(θ0))

Moreover,
1
m

JE(θ
∗) =

1
m

J(θ∗) +
η

m
H′′ (θ∗)

Since η is fixed,
η

m
H′′ (θ∗) → 0

and therefore
1
m

JE(θ
∗)

p→ −Ic(θ0)

□

Proposition 2. Suppose that  H(θ)  is twice continuously differentiable. Since

lE(θ) = lm(θ) + ηH(θ),

the Hessian matrix of the entropy‑regularized log‑likelihood is

JE(θ) = J(θ) + ηH′′ (θ),

where

J(θ) =
∂2lm(θ)
∂θ∂θT

Consequently, the corresponding modified observed Fisher information matrix is

Ic,E(θ) = −JE(θ) = Ic(θ)− ηH′′ (θ)

where
Ic(θ) = −J(θ)

This result shows that entropy regularization changes the local curvature of the likelihood
surface through the Hessian matrix of the entropy function. Therefore, the finite‑sample effect of
ERMLE depends on both the likelihood curvature and the analytical structure of  H(θ).
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Proposition 3. For fixed  η > 0 , the ERMLE has the following first‑order finite‑sample bias
approximation:

Bias(θ̂ERMLE) ≈
η

m
A−1

E (θ0)H′(θ0)

where
AE(θ0) = Ic(θ0)−

η

m
H′′ (θ0)

Thus,
Bias(θ̂ERMLE) = O

(
m−1

)
Derivation 1. Using the first‑order Taylor expansion of the regularized score,

0 ≈ UE(θ0) + JE(θ0)
(
θ̂ERMLE − θ0

)
Hence,

θ̂ERMLE − θ0 ≈ −J−1
E (θ0)UE(θ0)

Since
E[U(θ0)] = 0

and
UE(θ0) = U(θ0) + ηH′(θ0)

we have
E[UE(θ0)] = ηH′(θ0)

Moreover, defining
AE(θ0) = Ic(θ0)−

η

m
H′′ (θ0)

gives
JE(θ0) ≈ −m

[
Ic(θ0)−

η

m
H′′ (θ0)

]
= −mAE(θ0)

and hence
J−1
E (θ0) ≈

1
m

A−1
E (θ0).

Therefore,
Bias(θ̂ERMLE) =

η

m
A−1

E (θ0)H′(θ0)

This shows that entropy regularization may introduce a small finite‑sample bias, but this bias
vanishes asymptotically.

Proposition 4. The finite‑sample mean squared error of the ERMLE can be approximated by

MSE(θ̂ERMLE) ≈ Var(θ̂ERMLE) + Bias(θ̂ERMLE)Bias(θ̂ERMLE)
T

Using the first‑order approximations above,

Var(θ̂ERMLE) ≈
1
m

A−1
E (θ0)Ic(θ0)A−1

E (θ0)

and

Bias(θ̂ERMLE)Bias(θ̂ERMLE)
T ≈ η2

m2 A−1
E (θ0)H′(θ0)H′(θ0)A−1

E (θ0)

Therefore,

MSE(θ̂ERMLE) ≈
1
m

A−1
E (θ0)Ic(θ0)A−1

E (θ0) +
η2

m2 A−1
E (θ0)H′(θ0)H′(θ0)A−1

E (θ0)
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This decomposition shows that entropy regularization affects estimation performance through
two competing mechanisms. The first term represents the variance component, which depends on
the modified curvature matrix  AE(θ0)  . The second term represents the squared bias introduced
by the entropy gradient. Therefore, ERMLE improves upon the classical MLE when the reduction
in variance dominates the additional squared bias caused by the entropy term.

Remark 3. The above results clarify why entropy regularization is mainly a finite‑sample improve‑
ment mechanism. For fixed  η , the entropy term becomes asymptotically negligible after normaliza‑
tion by m, so the ERMLE shares the same asymptotic distribution as the classical MLE. However,
in finite samples, especially under progressive Type‑II censoring where the effective information
may be reduced, the entropy term can alter the likelihood curvature and the bias–variance balance.
This explains why the simulation results show improvements under moderate and heavy censor‑
ing, while the magnitude of improvement depends on the underlying lifetime distribution and the
selected regularization level.

4. Simulation Study
4.1. Simulation Design

A comprehensive Monte Carlo simulation study was conducted to evaluate the finite‑
sample performance of the proposed entropy‑regularized maximum likelihood estimator
under progressive Type‑II censoring. The simulation design was constructed to systemati‑
cally investigate the combined effects of sample size, censoring severity, censoring scheme,
and entropy regularization on parameter estimation across different lifetime distributions.

Three sample sizes, n = 30, 50, and 100, were considered to represent small, moderate,
and relatively large experiments commonly encountered in reliability studies. For each
sample size, three numbers of observed failures were selected, namely m = (24,18,12) for
n = 30, m = (40,30,20) for n = 50, and m = (80,60,40) for n = 100. These settings correspond
approximately to censoring rates of 20%, 40%, and 60%, respectively.

The simulation design was applied identically to all lifetime distributions considered
in this study. Distribution‑specific parameter settings are introduced separately in the cor‑
responding subsections to facilitate a fair comparison of the proposedmethodology across
different probabilistic models.

Estimation performance was evaluated using Bias, Mean Squared Error (MSE), and
Root Mean Squared Error (RMSE). For one‑parameter lifetime distributions, additional
summary measures, including the Average Estimate (AE) and the percentage reduction in
MSE relative to the classical maximum likelihood estimator, are also reported. For two‑
parameter distributions, the simulation results are presented in a compact form using Bias
and MSE for each parameter in order to avoid unnecessary table expansion, since AE can
be directly obtained from the reported Bias and the true parameter value, while RMSE is
simply the square root of MSE.

To investigate the influence of different censoring mechanisms, three progressive
Type‑II censoring schemes were considered for every (n,m) combination: Early, Uniform,
and Late censoring. In the Early scheme, all removable units were withdrawn immedi‑
ately after the first observed failure. In the Late scheme, all removals were postponed until
the last observed failure. In the Uniform scheme, the withdrawn units were distributed as
evenly as possible throughout the experiment. The corresponding progressive censoring
vectors used in the simulation study are summarized in Table 2.
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Table 2. Progressive Type‑II censoring schemes considered in the simulation study.

Scheme Definition

Scheme I (Early) Removals are concentrated at the beginning of
the experiment.

Scheme II (Uniform) Removals are distributed as evenly as possible
throughout the experiment.

Scheme III (Late) Removals are concentrated toward the end of
the experiment.

Finally, the primary objective of the simulation study is to identify the most effective
degree of entropy regularization under different progressive censoring conditions. There‑
fore, the main simulation tables summarize, for each scenario, the regularization level
yielding the minimumMSE, thereby highlighting the best‑performing entropy regulariza‑
tion for each combination of sample size, censoring severity, and censoring scheme.

Three representative progressive Type‑II censoring schemes were employed through‑
out the simulation study. These schemes were selected to represent different patterns of in‑
formation loss under progressive censoringwhile satisfying the constraint∑m

i=1 Ri = n − m.

4.2. Finite‑Sample Performance of the Proposed Estimator

The finite‑sample performance of the proposed entropy‑regularized maximum like‑
lihood estimator was evaluated by comparing it with the classical maximum likelihood
estimator under the simulation scenarios described in the previous subsection. For each
lifetime distribution, parameter estimates were obtained using both estimation methods,
and their statistical performance was assessed over 10,000 Monte Carlo replications.

The comparison was carried out using the Average Estimate (AE), Bias, Variance,
Mean Squared Error (MSE), and Root Mean Squared Error (RMSE). These measures pro‑
vide complementary information regarding estimation accuracy, variability, and overall
efficiency. In particular, MSE and RMSE jointly reflect the combined effects of bias and
variance and therefore serve as the primary criteria for evaluating the finite‑sample perfor‑
mance of the competing estimators.

To quantify the practical benefit of entropy regularization, the percentage reduction
in MSE relative to the classical maximum likelihood estimator was additionally calculated.
Positive values indicate that the proposed estimator achieves lower estimation error than
the classical MLE, whereas negative values indicate that entropy regularization is not ad‑
vantageous under the corresponding experimental setting.

The simulation results are presented separately for each lifetime distribution in order
to facilitate a detailed comparison of the estimation behavior under different distributional
structures. Particular emphasis is placed on investigating how the effectiveness of entropy
regularization changes with the sample size, censoring level, and regularization parameter.

The Exponential, Weibull, Gamma, and Lognormal distributions were selected because
they represent four of the most widely used parametric lifetime models in reliability and
survival analysis. These distributions cover a broad range of hazard rate behaviors and
distributional characteristics. The Exponential distribution serves as the simplest constant‑
hazard benchmark, the Weibull distribution accommodates increasing, decreasing, and con‑
stant hazard rates, the Gamma distribution provides additional flexibility for modeling het‑
erogeneous lifetime data, and the Lognormal distribution represents log‑location‑scale life‑
timemodels commonly encountered in biomedical and engineering applications. Evaluating
the proposed entropy‑regularized likelihood framework across these complementarymodels
enables a comprehensive assessment of its robustness under different probabilistic structures
and censoring conditions.
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4.3. Entropy‑Regularized Inference for the Exponential Distribution

To illustrate the proposed entropy‑regularized likelihood framework, we first con‑
sider the Exponential distribution, which represents one of the most fundamental lifetime
models in reliability and survival analysis. Owing to its simple analytical structure, the
Exponential distribution provides a convenient benchmark for demonstrating the effect
of entropy regularization on likelihood‑based inference. Let X be a lifetime random vari‑
able following an Exponential distribution with rate parameter λ ≥ 0. The corresponding
probability density function and survival function are given by

f (x; λ) = λe−λx, x > 0

and
S(x; λ) = e−λx

Under a progressive Type‑II censoring scheme, the likelihood function is

L( λ) = C λm exp[−λ
m

∑
i=1

(Ri + 1)xi]

where C denotes the combinatorial constant associated with the censoring scheme. For
notational convenience, define

Tc =
m

∑
i=1

(Ri + 1)xi

Ignoring the terms that do not depend on λ, the corresponding log‑likelihood function
becomes

l(λ) = mlogλ − λTc

Differentiating with respect to λ gives the classical score equation

U(λ) =
m
λ
− Tc,

from which the classical maximum likelihood estimator is obtained as

λ̂MLE =
m
Tc

For the Exponential distribution, the Shannon entropy is

H(λ) = 1 − logλ

Substituting this expression into Equation (8) yields

lE(λ) = mlogλ − λTc + η(1 − logλ)

is obtained from Equation (7).
After collecting the logarithmic terms, the entropy‑regularized log‑likelihood func‑

tion becomes
lE(λ) = (m − η)logλ − λTc + η

Differentiating the entropy‑regularized log‑likelihoodwith respect to λ gives themod‑
ified score function

UE(λ) =
∂lE(λ)

∂λ
=

m − η

λ
− Tc
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The entropy‑regularized estimator is obtained by solving

UE(λ) = 0

which leads to the explicit estimator

λ̂ERMLE =
m − η

Tc

It is immediately seen that
λ̂ERMLE = λ̂MLE

when η = 0. Therefore, the proposed estimator constitutes a direct extension of the classi‑
cal maximum likelihood estimator, with the entropy component acting as a regularization
mechanism whose strength is controlled by the parameter η.

Remark 4. For the Exponential distribution, the entropy‑regularized estimator admits a closed‑
form expression. This analytical solution provides valuable insight into the effect of entropy regu‑
larization and serves as a benchmark for the more complex lifetime distributions considered in the
following sections, where numerical optimization is generally required.

Exponential Distribution Simulation Results

A Monte Carlo simulation study was conducted to evaluate the finite‑sample perfor‑
mance of the proposed entropy‑regularized estimator for the Exponential distribution un‑
der progressive Type‑II censoring. The simulation design described in Section 4.1 was
adopted without modification. The true parameter value was fixed at λ = 1. Following the
distribution‑specific regularization parameter selection procedure described in Section 3.3,
the optimal regularization parameter was determined as η∗ = 1 by minimizing the aver‑
age Total MSE over all simulation scenarios. This single optimal value was subsequently
employed throughout all Exponential distribution simulations. The estimation results ob‑
tained under different sample sizes, censoring rates, and progressive censoring schemes
are summarized in Table 3.

Table 3. Simulation Results for the Exponential Distribution Using the Selected Regularization Pa‑
rameter (η∗ = 1).

MLE ERMLE
Improvement (%)

n m CR Scheme AE Bias MSE AE Bias MSE

30

12 0.60
I 1.0878 0.0878 0.1168 0.9875 −0.0125 0.0862 26.22
II 1.0741 0.0741 0.1122 1.0069 0.0069 0.0930 17.11
III 1.0987 0.0987 0.1340 1.0006 0.0006 0.0991 26.05

18 0.40
I 1.0747 0.0747 0.0915 0.9935 −0.0065 0.0563 38.44
II 1.0229 0.0229 0.0611 1.0301 0.0301 0.0682 −11.68
III 1.0478 0.0478 0.0598 0.9796 −0.0204 0.0549 8.09

24 0.20
I 1.0412 0.0412 0.0544 1.0037 0.0037 0.0434 20.28
II 1.0388 0.0388 0.0467 1.0150 0.0150 0.0437 6.54
III 1.0413 0.0413 0.0440 0.9927 −0.0073 0.0405 7.85

50

20 0.60
I 1.0483 0.0483 0.0628 0.9914 −0.0086 0.0541 13.77
II 1.0472 0.0472 0.0648 1.0050 0.0050 0.0471 27.44
III 1.0500 0.0500 0.0683 0.9848 −0.0152 0.0430 37.03

30 0.40
I 1.0393 0.0393 0.0380 0.9980 −0.0020 0.0377 0.70
II 1.0383 0.0383 0.0403 1.0015 0.0015 0.0320 20.66
III 1.0267 0.0267 0.0342 0.9926 −0.0074 0.0353 −3.24

40 0.20
I 1.0275 0.0275 0.0293 0.9941 −0.0059 0.0253 13.85
II 1.0278 0.0278 0.0286 0.9868 −0.0132 0.0230 19.67
III 1.0312 0.0312 0.0258 1.0013 0.0013 0.0256 0.88
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Table 3. Cont.

MLE ERMLE
Improvement (%)

n m CR Scheme AE Bias MSE AE Bias MSE

100

40 0.60
I 1.0246 0.0246 0.0273 0.9976 −0.0024 0.0267 2.38
II 1.0354 0.0354 0.0305 1.0053 0.0053 0.0251 17.55
III 1.0038 0.0038 0.0254 0.9938 −0.0062 0.0240 5.51

60 0.40
I 1.0265 0.0265 0.0186 0.9992 −0.0008 0.0156 16.05
II 1.0184 0.0184 0.0191 0.9987 −0.0013 0.0171 10.61
III 1.0294 0.0294 0.0189 1.0084 0.0084 0.0183 3.43

80 0.20
I 0.9991 −0.0009 0.0122 1.0040 0.0040 0.0128 −4.61
II 1.0096 0.0096 0.0127 1.0000 0.0000 0.0154 3.69
III 1.0108 0.0108 0.0133 1.0011 0.0011 0.0930 6.42

Table 3 summarizes the average mean squared error (MSE) obtained for different can‑
didate values of the regularization parameter under the Exponential distribution. The re‑
sults show that the average MSE decreases steadily as the regularization parameter in‑
creases from η = 0 to η = 1, indicating that moderate entropy regularization substantially
improves the estimation accuracy comparedwith the classicalmaximum likelihood estima‑
tor. The minimum average MSE is attained at η = 1, after which the average MSE begins
to increase, suggesting that excessive regularization introduces additional estimation error.
Therefore, η = 1was selected as the optimal distribution‑specific regularization parameter
and was adopted in all subsequent simulation studies for the Exponential distribution.

4.4. Entropy‑Regularized Inference for the Weibull Distribution

Assume that the lifetime random variable X follows the Weibull distribution with
shape parameter β > 0 and scale parameter θ > 0. The corresponding density and survival
functions are given by

f (x; β, θ) =
β

θ

( x
θ

)β−1
exp
[
−
( x

θ

)β
]

, x > 0

and
S(x; β, θ) = exp

[
−
( x

θ

)β
]

Under a progressive Type‑II censoring scheme, the likelihood function becomes

L(β, θ) = C
(

β

θβ

)m m

∏
i=1

xβ−1
i exp

[
−

m

∑
i=1

(Ri + 1)
( xi

θ

)β
]

Define
TW =

m

∑
i=1

(Ri + 1)xi
β

Using this notation
m

∑
i=1

(Ri + 1)
( xi

θ

)β
=

TW

θβ

Therefore, ignoring the terms that do not depend on the unknown parameters, the
classical log‑likelihood function becomes

l(β, θ) = mlogβ − mβlogθ + (β − 1)
m

∑
i=1

logxi −
TW

θβ

https://doi.org/10.3390/sym18081366

https://doi.org/10.3390/sym18081366


Symmetry 2026, 18, 1366 22 of 34

The corresponding Shannon entropy of the Weibull distribution is given by

H(β, θ) = 1 + γ

(
1 − 1

β

)
+ log

(
θ

β

)
where γ denotes the Euler–Mascheroni constant.

Using the proposed entropy‑based regularization framework,

lE(β, θ) = l(β, θ) + ηH(β, θ)

lE(β, θ) = mlogβ − mβlogθ + (β − 1)∑m
i=1 logxi −

TW

θβ
+

[
1 + γ

(
1 − 1

β

)
+ log

(
θ

β

)]
The entropy‑regularized score equations are obtained from

∂lE(β, θ)

∂β
= 0

and
∂lE(β, θ)

∂θ
= 0

From the score equation with respect to θ, the entropy‑regularized estimator of the
scale parameter is obtained as

θ̂ERMLE =

[
βTW

mβ − η

]1/β

Unlike the Exponential case, the entropy‑regularized estimator of the shape parame‑
ter β does not admit a closed‑form expression and therefore must be obtained numerically
using iterative optimization techniques.

Weibull Distribution Simulation Results

A Monte Carlo simulation study was conducted to evaluate the finite‑sample perfor‑
mance of the proposed entropy‑regularized estimator for the Weibull distribution under
progressive Type‑II censoring. The simulation design described in Section 4.1was adopted
without modification. The true parameter values were fixed at β = 2 and θ = 1. Fol‑
lowing the distribution‑specific regularization parameter selection procedure described in
Section 3.3, the optimal regularization parameter was determined as η∗ = 2 by minimiz‑
ing the average Total MSE over all simulation scenarios. This single optimal value was
subsequently employed throughout all Weibull distribution simulations. The estimation
results obtained under different sample sizes, censoring rates, and progressive censoring
schemes are summarized in Table 4.

Table 4 shows that the proposed ERMLE consistently reduces the overall estimation
error relative to the classical MLE. The improvement is more pronounced under heavier cen‑
soring and smaller sample sizes, reaching approximately 28% in themost favorable scenario.

Although the bias of the Weibull shape parameter changes from positive under the
MLE to slightly negative under the ERMLE in some scenarios, particularly at CR = 0.20,
this sign reversal does not imply a change in the estimated failure‑rate regime. The true
shape parameter used in the simulation is β = 2, and even the largest negative ERMLE bias
observed in Table 4 is only−0.0784, corresponding to an average estimate of approximately
1.9216, which remains well above the critical value β = 1. Therefore, the increasing‑hazard
interpretation of the simulated Weibull model is preserved. Nevertheless, when the true
shape parameter is close to unity, regularization‑induced bias could potentially affect the
classification of the failure‑rate regime and should therefore be interpreted with caution.
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Moreover, the effect of the bias change on Weibull lifetime quantiles is not uniform across
quantile levels. Since tp = θ[− log(1 − p)]1/β, its sensitivity to the shape parameter is

∂tp

∂β
= −

tp

β2 log[− log(1 − p)]

Table 4. Simulation Results for theWeibull DistributionUsing the Selected Regularization Parameter
(η∗ = 2).

MLE ERMLE
Imp. (%)

n m CR Scheme Bias (β) MSE (β) Bias (θ) MSE (θ) Bias (β) MSE (β) Bias (θ) MSE (θ)

30

12 0.60
I 0.1288 0.1518 −0.0037 0.0109 0.0699 0.1272 0.0127 0.0111 14.99
II 0.1486 0.1703 −0.0009 0.0090 0.0729 0.1384 0.0177 0.0096 17.48
III 0.1397 0.1645 −0.0104 0.0105 0.0435 0.1294 0.0110 0.0111 19.70

18 0.40
I 0.1319 0.1816 −0.0154 0.0129 0.0538 0.1473 0.0081 0.0128 17.68
II 0.1669 0.2184 −0.0122 0.0150 0.0434 0.1666 0.0221 0.0169 21.40
III 0.2231 0.3037 −0.0161 0.0168 0.0363 0.2116 0.0313 0.0212 27.35

24 0.20
I 0.1883 0.2548 −0.0171 0.0199 0.0712 0.1896 0.0226 0.0212 23.25
II 0.2394 0.3741 −0.0314 0.0211 −0.0072 0.2576 0.0556 0.0321 26.70
III 0.3342 0.6162 −0.0450 0.0296 −0.0784 0.3794 0.1199 0.0847 28.14

50

20 0.60
I 0.0775 0.0720 −0.0028 0.0068 0.0445 0.0641 0.0067 0.0068 9.95
II 0.0567 0.0751 −0.0045 0.0064 0.0156 0.0677 0.0067 0.0065 8.98
III 0.0769 0.0981 −0.0008 0.0061 0.0224 0.0860 0.0118 0.0063 11.36

30 0.40
I 0.0612 0.0856 −0.0046 0.0094 0.0186 0.0764 0.0093 0.0095 9.55
II 0.0865 0.1032 −0.0111 0.0083 0.0177 0.0885 0.0084 0.0087 12.83
III 0.0951 0.1405 −0.0125 0.0091 −0.0084 0.1176 0.0147 0.0102 14.53

40 0.20
I 0.0804 0.1362 −0.0162 0.0126 0.0181 0.1172 0.0065 0.0125 12.84
II 0.1835 0.2206 −0.0242 0.0134 0.0459 0.1656 0.0202 0.0157 22.51
III 0.1778 0.2615 −0.0233 0.0203 −0.0461 0.1943 0.0568 0.0325 19.54

100

40 0.60
I 0.0302 0.0298 −0.0004 0.0034 0.0145 0.0282 0.0044 0.0034 4.66
II 0.0424 0.0358 −0.0017 0.0032 0.0226 0.0335 0.0037 0.0032 5.87
III 0.0436 0.0446 −0.0042 0.0033 0.0171 0.0414 0.0018 0.0034 6.60

60 0.40
I 0.0497 0.0478 0.0002 0.0045 0.0288 0.0445 0.0067 0.0045 6.40
II 0.0307 0.0416 −0.0022 0.0042 −0.0015 0.0390 0.0073 0.0044 5.31
III 0.0553 0.0589 −0.0054 0.0045 0.0052 0.0528 0.0074 0.0047 9.18

80 0.20
I 0.0219 0.0546 −0.0100 0.0072 −0.0077 0.0513 0.0006 0.0071 5.53
II 0.0871 0.0782 −0.0134 0.0081 0.0238 0.0670 0.0073 0.0086 12.45
III 0.0875 0.1120 −0.0093 0.0096 −0.0177 0.0958 0.0263 0.0119 11.46

Hence, holding θ fixed, a downward shift in β tends to decrease lifetime quantiles cor‑
responding to p < 1 − e−1 ≈ 0.632, whereas it tends to increase quantiles corresponding
to p > 1 − e−1. Since ∂tp

∂θ =
tp
θ > 0, the actual quantile effect depends jointly on the biases

of both β and θ. Therefore, the observed sign reversal in the bias of β does not by itself
imply a systematic distortion of the lifetime quantiles.

4.5. Entropy‑Regularized Inference for the Gamma Distribution

Assume that X follows a Gamma distribution with shape parameter α > 0 and scale
parameter θ > 0. The probability density and survival functions are respectively given by

f (x; α, θ) =
xα−1e

−x
θ

Г(α)θα
, x > 0

and

S(x; α, θ) =
Г
(
α, x

θ

)
Г(α)

where Г
(
α, x

θ

)
denotes the upper incomplete gamma function.
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Under progressive Type‑II censoring, the likelihood contribution is constructed from
the density of the observed failures and the survival function of the censored removals.
Hence, the log‑likelihood can be written as

l(α, θ) =
m

∑
i=1

log f (xi; α, θ) +
m

∑
i=1

RilogS(xi; α, θ) + logC

where C is the combinatorial constant associated with the censoring scheme.
The Shannon entropy of the Gamma distribution is

H(α, θ) = α + logθ + logГ(α) + (1 − α)φ(α)

where φ(α) denotes digamma function.
Accordingly, the entropy‑regularized log‑likelihood function is obtained as

lE(α, θ) = l(α, θ) + η[α + logθ + logГ(α) + (1 − α)φ(α)]

Since the resulting score equations involve the digamma function, the incomplete
gamma function, and nonlinear interactions between α and θ, closed‑form solutions are
not available. Therefore, the entropy‑regularized estimates (α̂ERMLE, θ̂ERMLE) are obtained
numerically using constrained optimization under α > 0 and θ > 0.

Gamma Distribution Simulation Results

A Monte Carlo simulation study was conducted to evaluate the finite‑sample perfor‑
mance of the proposed entropy‑regularized estimator for the Gamma distribution under
progressive Type‑II censoring. The simulation design described in Section 4.1was adopted
without modification. The true parameter values were fixed at α = 2 and θ = 1, represent‑
ing a moderately skewed lifetime distribution commonly used in simulation studies. Fol‑
lowing the distribution‑specific regularization parameter selection procedure described in
Section 3.3, the optimal regularization parameter was determined as η∗ = 1.5 by mini‑
mizing the average Total MSE over all simulation scenarios. This single optimal value was
subsequently used throughout all Gamma distribution simulations. The corresponding es‑
timation results under different sample sizes, censoring rates, and progressive censoring
schemes are presented in Table 5.

Table 5 shows that the proposed ERMLE generally produces smaller MSE values than
the classical MLE across most simulation scenarios. The improvement is particularly no‑
ticeable under moderate to heavy censoring and smaller sample sizes.

Table 5. SimulationResults for theGammaDistributionUsing the SelectedRegularization Parameter
(η∗ = 1.5).

MLE ERMLE
Imp. (%)

n m CR Scheme Bias (α) MSE (α) Bias θ MSE θ Bias (α) MSE (α) Bias θ MSE θ

30

12 0.60
I 0.2974 0.5939 −0.0581 0.0957 0.2176 0.4951 0.0051 0.1057 12.87
II 0.2446 0.4933 −0.0336 0.0963 0.1539 0.4039 0.0396 0.1126 12.39
III 0.2381 0.4600 −0.0364 0.0944 0.1357 0.3683 0.0437 0.1124 13.30

18 0.40
I 0.2510 0.5327 −0.0303 0.1121 0.1522 0.4276 0.0581 0.1379 12.30
II 0.3384 0.8584 −0.0485 0.1422 0.1917 0.6584 0.0663 0.1857 15.64
III 0.3994 1.0421 −0.0701 0.1391 0.2108 0.7593 0.0658 0.1871 19.88

24 0.20
I 0.3223 0.7375 −0.0487 0.1453 0.1746 0.5472 0.0879 0.2016 15.18
II 0.5447 1.8728 −0.0948 0.1959 0.2666 1.3900 0.1216 0.3292 16.89
III 0.5979 1.9123 −0.0479 0.3607 0.2112 1.1301 0.2888 0.9042 10.50
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Table 5. Cont.

MLE ERMLE
Imp. (%)

n m CR Scheme Bias (α) MSE (α) Bias θ MSE θ Bias (α) MSE (α) Bias θ MSE θ

50

20 0.60
I 0.0988 0.1994 −0.0105 0.0514 0.0583 0.1797 0.0280 0.0563 5.90
II 0.1427 0.2589 −0.0251 0.0609 0.0926 0.2293 0.0176 0.0663 7.57
III 0.1411 0.2758 −0.0122 0.0735 0.0839 0.2422 0.0354 0.0823 7.10

30 0.40
I 0.1135 0.2536 −0.0103 0.0663 0.0608 0.2236 0.0413 0.0755 6.50
II 0.1714 0.2588 −0.0354 0.0712 0.0929 0.2150 0.0302 0.0819 10.03
III 0.1700 0.3742 −0.0073 0.1012 0.0712 0.3099 0.0748 0.1267 8.16

40 0.20
I 0.1751 0.3990 −0.0316 0.0957 0.0969 0.3353 0.0453 0.1146 9.06
II 0.2931 0.5833 −0.0636 0.1329 0.1456 0.4425 0.0574 0.1753 13.74
III 0.3364 0.7114 −0.0443 0.1899 0.1326 0.5038 0.1253 0.2968 11.18

100

40 0.60
I 0.0514 0.0958 0.0004 0.0287 0.0321 0.0909 0.0194 0.0303 2.65
II 0.1014 0.0971 −0.0380 0.0261 0.0773 0.0895 −0.0175 0.0261 6.17
III 0.0344 0.0875 −0.0002 0.0287 0.0081 0.0829 0.0232 0.0307 2.24

60 0.40
I 0.1144 0.1553 −0.0246 0.0386 0.0881 0.1436 −0.0001 0.0400 5.31
II 0.0697 0.1313 −0.0096 0.0436 0.0333 0.1211 0.0228 0.0473 3.72
III 0.0814 0.1432 −0.0109 0.0467 0.0349 0.1297 0.0281 0.0515 4.58

80 0.20
I 0.1003 0.1700 −0.0152 0.0485 0.0634 0.1541 0.0218 0.0528 5.31
II 0.1265 0.1864 −0.0262 0.0605 0.0602 0.1609 0.0320 0.0696 6.64
III 0.1273 0.2136 −0.0091 0.0956 0.0366 0.1797 0.0705 0.1201 3.04

4.6. Entropy‑Regularized Inference for the Lognormal Distribution

Assume that X follows a Lognormal distribution with shape parameter µ ∈ R and
scale parameter σ > 0. The probability density and survival functions are given by

f (x; µ, σ) =
1

xσ
√

2π
exp

[
−(logx − µ)2

2σ2

]
, x > 0

and
S(x; µ, σ) = 1 − Φ

(
logx − µ

σ

)
where Φ(.) denotes the standard normal distribution function.

Under progressive Type‑II censoring, the log‑likelihood function is expressed as

l(µ, σ) =
m

∑
i=1

log f (xi; µ, σ) +
m

∑
i=1

RilogS(xi; µ, σ) + logC

where C denotes the combinatorial constant associated with the censoring scheme.
The Shannon entropy of the Lognormal distribution is

H(µ, σ) = µ +
1
2
+ log

(
σ
√

2π
)

Accordingly, the entropy‑regularized log‑likelihood function is defined as

lE(µ, σ) = l(µ, σ) + η [µ +
1
2
+ log

(
σ
√

2π
)
]

Since the resulting score equations are nonlinear and do not admit closed‑form solu‑
tions, the entropy‑regularized estimates (µ̂ERMLE, σ̂ERMLE) are obtained numerically using
constrained optimization.

Lognormal Distribution Simulation Results

A Monte Carlo simulation study was conducted to evaluate the finite‑sample perfor‑
mance of the proposed entropy‑regularized estimator for the Lognormal distribution un‑
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der progressive Type‑II censoring. The simulation design described in Section 4.1 was
adopted without modification. The true parameter values were fixed at µ = 0 and σ = 1.
Following the distribution‑specific regularization parameter selection procedure described
in Section 3.3, the optimal regularization parameter was determined as η∗ = 0.2 by min‑
imizing the average Total MSE over all simulation scenarios. This single optimal value
was subsequently employed throughout all Lognormal distribution simulations. The es‑
timation results obtained under different sample sizes, censoring rates, and progressive
censoring schemes are summarized in Table 6.

Table 6. Simulation Results for the Lognormal Distribution Using the Selected Regularization Pa‑
rameter (η∗ = 0.2).

MLE ERMLE
Imp. (%)

n m CR Scheme Bias (µ) MSE (µ) Bias (σ) MSE (σ) Bias (µ) MSE (µ) Bias (σ) MSE (σ)

30

12 0.60
I −0.0095 0.0376 −0.0277 0.0211 −0.0014 0.0375 −0.0236 0.0211 0.17
II 0.0109 0.0346 −0.0282 0.0214 0.0188 0.0349 −0.0235 0.0214 −0.54
III −0.0064 0.0374 −0.0283 0.0230 0.0012 0.0374 −0.0231 0.0230 −0.13

18 0.40
I −0.0287 0.0557 −0.0374 0.0229 −0.0179 0.0555 −0.0320 0.0228 0.49
II −0.0324 0.0425 −0.0407 0.0283 −0.0220 0.0423 −0.0333 0.0283 0.32
III −0.0043 0.0364 −0.0458 0.0363 0.0062 0.0367 −0.0371 0.0364 −0.60

24 0.20
I 0.0000 0.0760 −0.0345 0.0340 0.0169 0.0771 −0.0261 0.0342 −1.17
II −0.0308 0.0664 −0.0469 0.0452 −0.0131 0.0675 −0.0336 0.0458 −1.50
III −0.0673 0.0648 −0.0964 0.0568 −0.0490 0.0647 −0.0802 0.0563 0.44

50

20 0.60
I −0.0062 0.0236 −0.0060 0.0124 −0.0011 0.0236 −0.0035 0.0124 −0.01
II 0.0001 0.0235 −0.0193 0.0130 0.0048 0.0235 −0.0165 0.0130 −0.09
III −0.0030 0.0203 −0.0265 0.0147 0.0016 0.0203 −0.0234 0.0147 0.06

30 0.40
I 0.0035 0.0326 −0.0265 0.0147 0.0101 0.0328 −0.0233 0.0146 −0.24
II −0.0112 0.0287 −0.0304 0.0182 −0.0048 0.0287 −0.0260 0.0182 0.06
III −0.0123 0.0289 −0.0202 0.0208 −0.0058 0.0290 −0.0148 0.0209 −0.36

40 0.20
I −0.0157 0.0467 −0.0303 0.0205 −0.0057 0.0467 −0.0255 0.0204 0.00
II −0.0236 0.0401 −0.0397 0.0261 −0.0131 0.0402 −0.0318 0.0261 −0.20
III −0.0322 0.0398 −0.0408 0.0305 −0.0204 0.0399 −0.0305 0.0307 −0.34

100

40 0.60
I 0.0016 0.0148 −0.0009 0.0061 0.0042 0.0149 0.0004 0.0061 −0.16
II −0.0078 0.0101 −0.0105 0.0058 −0.0054 0.0101 −0.0091 0.0058 0.24
III 0.0077 0.0101 −0.0125 0.0066 0.0100 0.0102 −0.0109 0.0066 −0.21

60 0.40
I 0.0005 0.0176 −0.0123 0.0073 0.0038 0.0176 −0.0107 0.0073 −0.01
II −0.0086 0.0135 −0.0092 0.0081 −0.0053 0.0135 −0.0070 0.0081 −0.03
III −0.0083 0.0111 −0.0147 0.0110 −0.0051 0.0111 −0.0120 0.0110 0.02

80 0.20
I −0.0134 0.0220 −0.0120 0.0102 −0.0083 0.0220 −0.0096 0.0102 0.19
II −0.0085 0.0203 −0.0127 0.0135 −0.0031 0.0203 −0.0087 0.0135 −0.42
III −0.0148 0.0208 −0.0255 0.0173 −0.0088 0.0209 −0.0204 0.0173 −0.21

Table 6 shows that entropy regularization provides virtually no improvement for the
Lognormal distribution. This behavior can be understood from the differential structure
of the Lognormal entropy. Since

H(µ, σ) = µ +
1
2
+ log

(
σ
√

2π
)

,

its gradient and Hessian are

∇H(µ, σ) =

(
1

1/σ

)
, ∇2H(µ, σ) =

(
0 0
0 −1/σ2

)

Accordingly, the entropy‑regularized score vector is

UE(µ, σ) = U(µ, σ) + η

(
1

1/σ

)
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Thus, entropy regularization shifts the score equations of both parameters, including
an additive perturbation of η in the µ‑equation. However, the entropy Hessian contains
neither curvature in the µ‑direction nor a µ − σ cross‑curvature term. Writing the classical
observed information matrix as

I(µ,) =

(
Iµµ Iµσ

Iµσ Iσσ

)

the entropy‑regularized observed information matrix becomes

IE(µ, σ) = I(µ, σ)− η∇2H(µ, σ) =

(
Iµµ Iµσ

Iµσ Iσσ +
η

σ2

)

Hence, the regularization leaves both Iµµ and the cross‑information term Iµσ un‑
changed and directly modifies only the curvature associated with σ. The eigenvalues of
IE(µ, σ) are

λ± =
1
2

[
Iµµ + Iσσ +

η

σ2 ±
√(

Iµµ − Iσσ −
η

σ2

)2
+ 4I2

µσ

]
.

This spectral representation shows that entropy regularization does not provide a
direct curvature adjustment in the location direction; rather, it modifies the information
geometry through the scale direction while leaving the original likelihood‑induced cross‑
dependence unchanged. Therefore, the two estimation equations are not generally fully
decoupled but the entropy contribution itself introduces no additional cross‑coupling be‑
tween µ and σ. In the present simulation setting, where (µ, σ) = (0, 1), the entropy gradi‑
ent reduces to (1, 1)T , consistentwith the perturbation structure noted above. The resulting
combination of a score shift in µ and a curvature modification only in the σ‑direction ex‑
plains why ERMLE yields only negligible netMSE improvement for the Lognormal model.

4.7. Overall Performance of the Proposed Estimator

To provide an overall assessment of the proposed entropy‑regularized estimation ap‑
proach, the simulation results obtained for all lifetime distributions and progressive Type‑
II censoring scenarios are summarized in Figure 2. Rather than presenting the individual
censoring schemes separately, the reported values represent the average relative reduction
in MSE across the Early, Uniform, and Late censoring schemes using the best‑performing
regularization parameter identified for each simulation scenario. This summary visual‑
ization facilitates a direct comparison of the overall effectiveness of the proposed method
across different sample sizes, censoring levels, and lifetime distributions.

Figure 2. Average relativeMSE reduction (%) achieved by ERMLE under different progressive Type‑
II censoring scenarios.
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Figure 2 provides an overall summary of the simulation results by presenting the av‑
erage relative reduction inMSE achieved by the entropy‑regularizedmaximum likelihood
estimator (ERMLE) across the Early, Uniform, and Late progressive censoring schemes.
Overall, the greatest improvements are observed under heavier censoring CR = 0.6 and
smaller sample sizes n = 30, where information loss is most pronounced. As the sample
size increases, the relative benefit of entropy regularization gradually decreases, although
ERMLE continues to provide competitive performance in most scenarios. Among the four
lifetime distributions, the Gamma distribution exhibits the largest average improvements,
followed by the Weibull and Exponential distributions. In contrast, the Lognormal distri‑
bution shows almost no systematic improvement, with averageMSE reductions remaining
close to zero across all simulation settings. This behavior is consistent with the theoretical
results developed in Section 3, where the entropy function of the Lognormal distribution
was shown to possess negligible curvature with respect to the location parameter, limiting
the effectiveness of entropy regularization. Overall, these findings demonstrate that the
benefit of entropy regularization depends strongly on the underlying lifetime distribution
and ismost pronounced in challenging estimation settings characterized by limited sample
information and heavier censoring.

5. Real Data Analysis
To demonstrate the practical applicability of the proposed entropy‑regularized likeli‑

hood estimator, two real lifetime datasets representing different application areas are ana‑
lyzed in this section. For each dataset, the proposed ERMLE is comparedwith the classical
maximum likelihood estimator under the corresponding lifetime distribution.

Unlike the simulation study, where the performance of different regularization levels
was systematically evaluated, the real‑data analyses employ the distribution‑specific opti‑
mal regularization parameters determined in Section 3.3. Specifically, the optimal value of
the regularization parameter was obtained by minimizing the average Total MSE over all
simulation scenarios for each lifetime distribution. Accordingly, the Exponential, Weibull,
Gamma, and Lognormal models were fitted using their corresponding optimal regular‑
ization parameters η = 1, 2, 1.5, 0.20, respectively. This strategy ensures methodologi‑
cal consistency between the simulation experiments and the real‑data applications while
avoiding arbitrary selection of the regularization parameter.

5.1. Real Data Analysis 1 (Engineering Reliability Dataset)

The first application considers the well‑known deep‑groove ball bearing failure‑time
dataset reported by Lieblein and Zelen [28], which has been widely used as a benchmark
in engineering reliability studies. The dataset consists of 23 complete lifetime observations
(measured in millions of revolutions). To emulate practical reliability experiments with
incomplete observations, a progressive Type‑II censoring scheme with n = 23, m = 15, and
CR = 0.3478 was imposed using the censoring configuration R = (0,0,1,0,0,1,0,1,0,1,0,1,0,1,2).
The proposed ERMLE and the classical MLE were then applied under the Exponential,
Weibull, Gamma, and Lognormal models using the distribution‑specific optimal regular‑
ization parameters described in Section 5.

Table 7 shows that the Weibull distribution provides the best overall representation
of the engineering reliability data under both the MLE and ERMLE according to all three
goodness‑of‑fit criteria. The corresponding p‑values for the Weibull, Gamma, and Lognor‑
mal models exceed the 5% significance level, indicating that these distributions cannot be
rejected as plausible lifetime models for the censored bearing data, whereas the Exponential
model is rejected by all three tests. This result suggests that the bearing failure process cannot
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be adequately described by a constant hazard‑rate assumption and instead requires a more
flexible lifetime model capable of accommodating age‑dependent failure behaviour.

Table 7. Goodness‑of‑Fit Statistics for MLE and ERMLE under Progressive Type‑II Censoring.

Distribution
MLE ERMLE

KS AD CvM KS AD CvM

Exponential 0.4239
(0.0091)

2.9922
(0.0282)

0.5819
(0.0235)

0.4488
(0.0047)

3.1940
(0.0224)

0.6363
(0.0169)

Weibull 0.2820
(0.1840)

1.7158
(0.1330)

0.3171
(0.1204)

0.2975
(0.1406)

1.7778
(0.1228)

0.3390
(0.1045)

Gamma 0.3025
(0.1284)

1.6372
(0.1473)

0.2926
(0.1414)

0.3268
(0.0812)

1.8395
(0.1135)

0.3446
(0.1008)

Lognormal 0.3204
(0.0919)

1.6745
(0.1403)

0.2952
(0.1391)

0.3242
(0.0854)

1.7096
(0.1341)

0.3041
(0.1311)

Although entropy regularization produces only small changes in the goodness‑of‑
fit statistics, this is consistent with the objective of the proposed methodology. The pro‑
posed ERMLE is designed to improve the stability of parameter estimation under progres‑
sive Type‑II censoring while preserving the underlying probabilistic structure of the fitted
model. Consequently, the almost identical goodness‑of‑fit results demonstrate that en‑
tropy regularization does not distort the fitted lifetime distribution but instead provides
a regularized estimation procedure that retains essentially the same agreement with the
observed failure data.

From a reliability perspective, this finding is particularly important because engineer‑
ing decisions such as reliability assessment, maintenance scheduling, warranty analysis,
and remaining useful life prediction depend primarily on accurate parameter estimation
rather than on marginal changes in goodness‑of‑fit statistics. Therefore, the proposed
ERMLE offers a practical advantage by stabilizing the estimation process while maintain‑
ing the reliability characteristics of the fitted lifetime model.

Table 8 shows that the bootstrap estimates obtained from the ERMLE remain very
close to those produced by the classical MLE for all four lifetime distributions. However,
the principal contribution of the proposed method is not to substantially alter the point
estimates, but rather to provide a more stable estimation procedure under progressive
Type‑II censoring. The bootstrap standard errors and the corresponding 95% confidence
intervals indicate that entropy regularization preserves the overall estimation precision
while avoiding noticeable deterioration in estimator variability.

Table 8. Bootstrap‑Based Parameter Estimates and 95% Confidence Intervals for MLE and ERMLE
under Progressive Type‑II Censoring.

Distribution Parameter
MLE ERMLE

Estimate Boot SE 95% CI Estimate Boot SE 95% CI

Exponential λ 0.0125 0.0049 (0.0100, 0.0292) 0.0116 0.0041 (0.0088, 0.0234)

Weibull
β 3.6266 1.2432 (3.0475, 7.8059) 3.3139 0.9738 (2.4456, 6.3240)

θ 63.9548 4.1408 (50.9310,
66.522) 64.9894 4.4892 (50.3925,

67.719)

Gamma
α 7.0984 5.8183 (5.3228,

25.9240) 6.3963 5.0741 (3.9861,
21.5735)

θ 8.4019 2.3762 (1.9256,
10.8896) 9.5212 3.0874 (2.5207,

14.4796)

Lognormal µ 4.0341 0.0893 (3.7790, 4.1294) 4.0370 0.0970 (3.7566, 4.1339)
σ 0.4251 0.0703 (0.2109, 0.4769) 0.4286 0.0744 (0.2186, 0.5035)

From a practical reliability standpoint, these results imply that the proposed ERMLE
can be employed without sacrificing the interpretability of the estimated lifetimemodel. The
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resulting parameter estimates lead to essentially the same reliability characteristics as the
classical MLE while benefiting from the increased numerical stability demonstrated in the
simulation study. Consequently, the real‑data analysis confirms that the proposed entropy
regularization constitutes a robust alternative for parameter estimation in progressively cen‑
sored reliability experiments, particularly in situations where numerical instability or limited
failure information may adversely affect conventional likelihood‑based estimation.

Figure 3 compares the empirical Kaplan–Meier survival curveswith the survival func‑
tions estimated by the classical MLE and the proposed ERMLE under the four candidate
lifetime distributions. Overall, both estimation methods provide very similar fitted sur‑
vival curves, indicating that entropy regularization preserves the overall distributional fit
while stabilizing parameter estimation.

Figure 3. Survival curve comparison for the engineering reliability dataset.

Among the candidate models, the Weibull distribution exhibits the closest agreement
with the empirical survival curve over the entire time range, which is consistent with the
goodness‑of‑fit statistics reported in Table 7. The Exponential model shows the largest
deviation from the empirical curve, whereas the Gamma and Lognormal distributions
provide intermediate levels of agreement. The differences between the MLE and ERMLE
curves are generally small, reflecting that the proposed entropy regularization modifies
the parameter estimates only moderately while maintaining an adequate representation
of the observed lifetime behavior.

5.2. Real Data Analysis 2 (Bladder Cancer Remission Dataset)

The second application considers the bladder cancer remission dataset, consisting of
128 remission times [29]. This dataset is a commonly used benchmark in medical survival
analysis and provides a suitable setting for evaluating the proposed ERMLE in biomedical
lifetime data. To mimic incomplete observations under a progressive Type‑II censoring
mechanism, a censoring scheme with n = 128, m = 80, and CR = 0.375 was imposed. A
uniform progressive censoring scheme was used, where the remaining n – m = 48 units
were progressively removed across the observed failure times. The Exponential, Weibull,
Gamma, and Lognormal models were fitted using the distribution‑specific optimal regu‑
larization parameters determined in Section 3.3.

Table 9 shows that the Weibull and Gamma distributions provide the best overall
representation of the bladder cancer remission data under both the MLE and ERMLE, as
reflected by their comparatively smaller goodness‑of‑fit statistics. Nevertheless, the corre‑
sponding p‑values indicate that all four candidate distributions are rejected at the 5% sig‑
nificance level. This suggests that the remission‑time data exhibit a level of heterogeneity
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that cannot be fully captured by any of the simple parametric lifetime models considered
here. Despite this limitation, the Weibull and Gamma distributions remain the most ap‑
propriate approximating models among the candidates and therefore provide the most
reliable basis for subsequent statistical inference.

Table 9. Goodness‑of‑Fit Statistics for MLE and ERMLE under Progressive Type‑II Censoring.

Distribution
MLE ERMLE

KS (p) AD (p) CvM (p) KS (p) AD (p) CvM (p)

Exponential 0.2942
(<0.0001)

7.1327
(0.0003)

1.2807
(0.0005)

0.2987
(<0.0001)

7.3604
(0.0002)

1.3351
(0.0004)

Weibull 0.1776
(0.0129)

5.7509
(0.0013)

0.9445
(0.0032)

0.1846
(0.0086)

5.9906
(0.0010)

0.9984
(0.0024)

Gamma 0.2171
(0.0011)

5.7342
(0.0013)

0.9391
(0.0033)

0.2227
(0.0007)

6.0144
(0.0010)

1.0013
(0.0023)

Lognormal 0.2832
(<0.0001)

7.1152
(0.0003)

1.2051
(0.0008)

0.2844
(<0.0001)

7.1772
(0.0003)

1.2196
(0.0007)

Entropy regularization produces only marginal changes in the goodness‑of‑fit statis‑
tics and their associated p‑values, indicating that the proposed regularization does not
materially alter the fitted lifetime distributions. Instead, its principal contribution lies in
stabilizing parameter estimation while preserving essentially the same level of agreement
between the fitted models and the observed remission data.

From a survival‑analysis perspective, these findings imply that the proposed ERMLE
can be employed without compromising the clinical interpretation of the fitted lifetime
model. In particular, estimates of remission‑time distributions, survival probabilities, and
other reliability‑related characteristics remain practically unchanged, while the regular‑
ized estimation procedure offers improved numerical robustness under progressively cen‑
sored observations.

Table 10 demonstrates that the bootstrap parameter estimates obtained from the
ERMLE are highly consistent with those produced by the classical MLE across all four life‑
time distributions. The bootstrap standard errors and the corresponding 95% confidence
intervals are also very similar, confirming that entropy regularization preserves the overall
estimation precision while maintaining stable parameter estimates.

Table 10. Bootstrap‑Based Parameter Estimates and 95% Confidence Intervals for MLE and ERMLE
under Progressive Type‑II Censoring.

Distribution Parameter
MLE ERMLE

Estimate Boot SE 95% CI Estimate Boot SE 95% CI

Exponential λ 0.1543 0.0288 (0.1855, 0.2960) 0.1524 0.0270 (0.1849, 0.2874)

Weibull
β 1.8081 0.2739 (2.0169, 3.0817) 1.7845 0.2546 (1.9606, 2.9301)
θ 5.8596 0.2823 (4.0472, 5.1297) 5.9109 0.3040 (4.0143, 5.1571)

Gamma
α 2.1134 0.5735 (2.3678, 4.4805) 2.0853 0.5866 (2.3675, 4.6567)
θ 2.6163 0.2510 (0.8916, 1.8394) 2.6790 0.2570 (0.8524, 1.8316)

Lognormal µ 1.5300 0.0880 (1.0646, 1.4040) 1.5322 0.0899 (1.0781, 1.4310)
σ 0.9432 0.0640 (0.5666, 0.8223) 0.9448 0.0634 (0.5867, 0.8305)

From a practical standpoint, these results indicate that the proposed regularization
framework can be incorporated into censored survival analyses without altering the in‑
terpretation of the estimated lifetime distributions. Rather than changing the underlying
survival characteristics, entropy regularization provides a more stable estimation proce‑
dure while retaining essentially the same clinical conclusions regarding remission‑time be‑
haviour. Together with the simulation results, the real‑data application demonstrates that
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the proposed ERMLE constitutes a reliable and practically applicable alternative to the clas‑
sical maximum likelihood estimator for progressively censored biomedical lifetime data.

Figure 4 compares the empirical survival and distribution functions with the fitted
MLE and ERMLE curves under the four candidate lifetime distributions. The Weibull
and Gamma models show the closest agreement with both the Kaplan–Meier survival
estimates and the empirical distribution function, confirming the goodness‑of‑fit results
reported in Table 9.

Figure 4. Survival curve comparison for the bladder cancer remission data.

The Exponential distribution exhibits the largest discrepancies, whereas the Lognor‑
mal model provides an intermediate fit. The MLE and ERMLE curves are nearly indis‑
tinguishable across all distributions, indicating that entropy regularization preserves the
overall model fit while providing a more stable estimation framework.

6. Conclusions
This study developed an entropy‑regularized likelihood inference framework for lifetime

distributions under progressive Type‑II censoring by incorporating Shannon entropy directly
into the classical likelihood function. Unlike conventional penalty‑based regularization meth‑
ods, the proposed approach exploits the intrinsic information structure of the assumed lifetime
distribution, resulting in a distribution‑dependent regularization mechanism.

A comprehensive Monte Carlo simulation study demonstrated that the effectiveness
of entropy regularization depends strongly on the underlying lifetime model. The largest
improvements were obtained for the Gamma distribution, followed by the Weibull and
Exponential distributions, particularly under moderate and heavy censoring and small
sample sizes where information loss is most severe. In contrast, the Lognormal distribu‑
tion exhibited almost no systematic improvement. This behavior is fully consistent with
the theoretical results presented in this study, showing that the entropy function of the
Lognormal model contributes only limited additional curvature to the likelihood surface.
Consequently, the reduction in estimator variance is largely offset by the additional bias
introduced through regularization, resulting in only negligible changes in overall estima‑
tion accuracy.

Rather than adopting a common regularization level for all models, distribution‑
specific regularization parameters were selected byminimizing the average mean squared
error across all simulation scenarios. This strategy provides a practical and reproducible
procedure for selecting the regularization parameter while ensuring methodological con‑
sistency between the simulation study and the real‑data analyses.

The proposed methodology was further evaluated using two progressively Type‑II
censored real datasets from engineering reliability and biomedical survival analysis. The
engineering reliability application showed that the Weibull distribution provided the best
overall fit, whereas the Weibull and Gamma models yielded the most satisfactory per‑
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formance for the bladder cancer remission data. Across both applications, the entropy‑
regularized estimator produced parameter estimates, bootstrap confidence intervals, and
fitted survival curves that were highly consistent with those obtained by the classical maxi‑
mum likelihood estimator. The goodness‑of‑fit statistics and their corresponding p‑values
further demonstrated that entropy regularization preserves the probabilistic structure of
the fitted lifetime models while providing a stable estimation framework under progres‑
sive censoring.

Overall, the results indicate that entropy regularization should not be regarded as a
universally superior alternative to classical maximum likelihood estimation. Instead, its
effectiveness depends jointly on the characteristics of the underlying lifetime distribution
and the degree of information loss induced by censoring. Therefore, the proposed ERMLE
should be viewed as a practical extension of the classical likelihood framework that is par‑
ticularly beneficial for finite‑sample problems involving moderate or heavy progressive
censoring, where estimation stability is oftenmore important thanmarginal improvements
in model fit.

Future research may extend the proposed framework to multi‑parameter lifetime
models, accelerated life testing, competing risks, hybrid censoring schemes, Bayesian en‑
tropy regularization, andhigh‑dimensional reliability problems. The proposed information‑
theoretic perspective also provides a promising basis for developing adaptive regulariza‑
tion procedures in which the regularization parameter is selected automatically according
to the characteristics of the observed data.
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