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Abstract

In this paper, we introduce the Appell-Hermite-Fibonacci polynomials within the frame-
work of Fibonomial calculus, combining the Appell structure with a Hermite-type defor-
mation governed by Fibonacci coefficients. The family is defined through an appropriate
F-exponential generating function, from which its principal properties naturally follow.
Explicit representations, including convolution identities and series expansions, are es-
tablished. A determinantal formulation preserving the lower-Hessenberg structure of
Fibonacci-Appell systems is obtained, together with a matrix realization linked to a gener-
alized Fibonacci—Pascal matrix. The operational framework yields lowering and raising
relations, a second-order F-differential equation, and a Rodrigues-type representation.
Under suitable conditions, orthogonality properties are also derived. The results place this
hybrid family within a coherent extension of Appell theory in the Fibonacci setting.

Keywords: Appell-Hermite-Fibonacci polynomials; orthogonality; fibonomial calculus;
determinant representation; rodrigues formula; F-differential equations
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1. Introduction

R) Check for updates Fibonacci polynomials extend the classical Fibonacci numbers into a polynomial set-

ting, preserving their recursive structure while enriching their analytical behavior. They
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properties make them useful in solving difference equations and modeling growth pro-
cesses. Moreover, they provide a natural bridge between discrete sequences and continuous
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for every integer n > 0. Each term is obtained by adding the two preceding ones, and through-
out this work n will denote a nonnegative integer unless explicitly stated otherwise.

In analogy with the classical factorial n!, E. Krot [1] introduced the F-factorial (also
known as the Fibonomial factorial) by replacing consecutive integers with Fibonacci num-
bers. For n > 1, it is defined by

Fu! = FuFy 1Fun---F, Fl!=1. )

This modified factorial replaces n! in generating functions and expansions within the
F-framework.
Based on these factorials, the F-binomial (Fibonomial) coefficients are defined for

n\  Fl
(k)p T R ©

To complete the definition at the boundaries, one sets

(g)F =1, (Z)F =0 forn<k. 4)

Here and throughout the paper, the parameters n,k, and j are integers satisfying the

integers n and k with n > k > 1 by

indicated index conditions.
These F-binomial coefficients mirror many of the classical binomial identities. In par-
ticular, they satisfy the symmetry relation

(8= (2, ®
(:).0).= ). 6=, ©

whenever the indices are admissible.

and the product formula

An F-analogue of the binomial theorem also holds. For variables u and v, we have

(u+po)t = i (Z) Pukv”*k. (7)

k=0

Here the notation + is a formal symbol defined by this expansion: the expression (u +r v)"
is by definition the right-hand side above, governed by F-binomial coefficients rather than
ordinary binomial coefficients. In all contexts where the argument of a polynomial is
written y 4 w, it denotes the formal substitution that activates this Fibonacci-binomial
expansion; the underlying arithmetic of the real arguments y and w is ordinary addition.

Replacing n! by F,! in the classical exponential series leads to the F-exponential
function [6,7]:

)= 1 = ®)

This function plays the same structural role in F-calculus as the usual exponential does in
classical analysis.
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Remark 1 (No addition formula). Unlike the classical exponential, the F-exponential does not
satisfy an addition formula: in general,

er(x)er(y) # er(x +y).

The discrepancy first appears in the xy term. In particular, the factorization ep(uA + @A?) =
er(uA) ep(9A?) does not hold. Throughout this paper, all convolution identities are derived
from the F-Cauchy product (Equations (14) and (15)) applied directly to the generating function,
without invoking any multiplicative splitting of er.

We also introduce the F-derivative operator D%, defined on suitable functions by

Dy = £ W(l;)_— ﬁf) ;ﬁw, ©)
where
o 1EVE g 1VS (10)
This operator is linear; in particular,
Di(af(w)) = aDE(f (). (11)

Remark 2. The F-derivative D? does not satisfy the classical Leibniz product rule D(fg) =
D(f)g + f D(g) in general. Instead, it satisfies the F-product rule:

DE(f(1)g (1)) = Dp(f (1)) glapt) + f(Bp) D (g(p)),

where o and B are the golden-ratio constants in (11). This follows directly from the definition (11) by

expanding f(ap)g(ap) — f(Bu)g(Bu). The proofs in the present paper rely only on the linearity
of D;_f and its action on the F-exponential; no classical Leibniz rule is invoked.

An associated F-integral operator is defined for appropriate functions in [8] by

/Olf()\)dp)\—(a—ﬁ)iai;f(lxﬁil). (12)

i=0
As a basic evaluation identity, for every integer n > 0, one has

1
/ AdeA = 1 (13)
0 Fyiq

The convolution property for F-exponential generating functions takes the following
form. If {R, } and {b,,} are sequences, then

o An [ee] /\n (o) /\n
Rug bue | = Y cnpys (14)
(;0 ”Fn!><2 "Fn!> n;O "F,!

n=0

where
" n
6= (1) Rebis 15)
k=0 F

One of the significant polynomial sequences is of Appell sequences. These polynomial
sequences occupy a distinguished position due to their refined algebraic structure and
wide applicability [9,10]. These sequences arise naturally in operational calculus, symbolic
computation, and various approximation procedures. One of their most attractive features

https://doi.org/10.3390/sym18081342


https://doi.org/10.3390/sym18081342

Symmetry 2026, 18, 1342

40f 15

is their invariance under umbral composition, under which they form an abelian group
structure. This intrinsic stability gives them both theoretical elegance and computational
flexibility. A detailed survey covering the classical origins and modern developments of
Appell-type polynomials was presented by Bucchianico and Loeb [11], highlighting their
continuing relevance across diverse areas of mathematics.

The origin of Appell polynomials dates back to the work of P. E. Appell in 1880 [10].
The sequence, typically written as {R (#) } nen,., is characterized by a simple yet powerful
differentiation rule: each polynomial differentiates to a constant multiple of the previous
one, namely

d
@RH(V) =nRy—1 (“Ll), neN. (16)
Equivalently, this family can be defined through an exponential generating function of the

form .
ad A
R = X Ralo) (17)
n=

where R(A) is a convergent power series with a nonvanishing constant term. From this
relation one obtains the binomial-type expansion

" (n
Rao) = Y- () Racar, (18)
k=0
together with
[ee] /\n
RO = ¥ R Ro#0, (19)
n=0 :

From a more general perspective, a polynomial sequence R, () is said to be an Appell
sequence associated with a function g(A) if its generating function admits the reciprocal
form [9]

LT i Rn(y))\—n, (20)
where
o0 )\Tl
g(A) = rggnm, go # 0. (21)

A direct comparison of (17) and (20) shows that
(22)

Recently, another the higher-order Hermite (or Gould-Hopper) polynomials, some-
times referred to in the context of Kampé de Fériet, have been defined by [12]:

n

i GRu(p, @)

n=0

= R(A) exp (w\ + (pAZ), (23)

n!

where R(A) is given by (19). These polynomials satisfy the heat-type equation

aago{«;Rn(mv)} - ;;{GRn(#,qv)}, GRu(1,0) = Ru(p). (24)

Because of their structured and flexible nature, these families arise naturally in com-
binatorics, approximation theory, and mathematical physics. A classical representative
is the Hermite polynomial family [13], which plays a key role in quantum mechanics,
particularly in modeling harmonic oscillators and Gaussian-type phenomena. Various
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structural aspects of such special and hybrid polynomials—including the monomiality
principle, differential equations, fractional operators, and degenerate forms—have been
explored in the recent literature; see for instance [14-35].

Very recently, the Appell-Fibonacci polynomials [36], denoted by Rf (1), have gained
attention due to their rich algebraic structure and strong connection with F-calculus. These
polynomials unify the classical Appell theory with Fibonomial analysis and play an impor-
tant role in combinatorics, operational calculus, and special function.

The Appell-Fibonacci polynomials Rf () are defined by the generating function

Rr(A)ep(pA) = Z RE(u (25)
where the determining function is given by

Z Rn o Ro#0. (26)

Motivated by the rich structure of the Appell-Fibonacci polynomials R} (x) and
inspired by the classical Hermite polynomial family, we introduce a new hybrid class called
the Appell-Hermite Fibonacci polynomials, denoted by ull (1, @). This family unifies the
F-Appell framework with the Hermite type extension involving the parameter ¢.

Definition 1. The Appell-Hermite Fibonacci polynomials Z/{,LF] (u, @) are defined by the generating
function

)\71
Re(A)er (uA +r @A?) = Z U () o (27)
n=0
where R (A) is given by (26).
Remark 3. Ifwe choose the parameter ¢ = —5 m the generating relation (27) and take Rp(A) =1,
the generating function becomes
3 [F/p A"
er(uh)er(=24%) = 1 #" (0 5. 28)

The polynomials HL P ]( ) obtained in this way may be regarded as the probabilists’” Her-

mite-Fibonacci polynomials. This form mirrors the classical probabilistic Hermite generating
function while replacing the usual exponential structure by the Fibonacci exponential. Conse-
quently, the resulting sequence preserves the probabilistic Hermite behavior but within the Fi-
bonacci—factorial framework.

Remark 4. If instead we set ¢ = —1 in (27) together with the choice Rp(A) = 1, then the
generating relation reduces to

e}

er(ph)er (%) = T H ) 2 9)

n !
The corresponding polynomials ’H,[f"ﬂ (u) represent a Fibonacci analogue of the physicists’ Hermite
polynomials. In this setting, the quadratic deformation governed by A? reproduces the structural
form of the classical physicists” Hermite generating function, while the Fibonacci factorials provide a
discrete extension of the usual polynomial sequence.
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Remark 5. If we choose the determining function as Rp(A) = 1, then the generating relation (27)
reduces to

[e9) )\n
er (kA +r92?) = 1 G (1 9) £ (30)
n=0 n:

In this case, the Appell structure disappears and the family reduces to the F-Hermite polynomials.
Thus, the proposed class naturally extends the pure Hermite—Fibonacci framework.

Remark 6. If we set y = 0 in (27), the generating function becomes

Re(Ner (p12) = Zu % (31)

This yields a Hermite-type Fibonacci family modulated by the determining function Rr(A). Hence,
the dependence on y vanishes and only the higher-order deformation governed by ¢ remains.

Remark 7. If we take ¢ = 0 in (27), we obtain

Re(A)er () = ZM[F (10 7= L REWEy (32)

which coincides with the generating function of the Appell-Fibonacci polynomials. Therefore,

Ul (,0) = RE(w). (33)

This confirms that the Appell-Fibonacci polynomials appear as a special case of the Appell-Hermite
Fibonacci family.

The novelty of the present article lies in the systematic construction of the Appell-
Hermite-Fibonacci polynomials, a unified hybrid class that harmoniously combines the
Appell differential structure with the higher-order generalization of the classical Her-
mite polynomials, together with the combinatorial richness of Fibonacci-type coefficients.
By incorporating Fibonomial elements into the Appell-Hermite framework, the study
develops a new family that simultaneously preserves the characteristic derivative-lowering
property of Appell sequences and the operational hierarchy inherent in Gould-Hopper
systems. The proposed generating function formulation serves as a central structural
tool, enabling the derivation of explicit representations, recurrence relations, operational
identities, determinantal expressions, and associated polynomial matrix forms. In this way,
the paper establishes a natural bridge between continuous operator theory and discrete
Fibonacci combinatorics, thereby extending existing polynomial theories within a coherent
and unified framework.

From a structural perspective, the article follows a logical and progressive develop-
ment. It begins with the necessary background and motivation, leading to the definition of
the new polynomial family through an appropriate generating function. The subsequent
sections are devoted to the derivation of the fundamental analytical properties, including
series representations, recurrence relations, operational formulas, and differential identi-
ties that confirm the Appell-type nature of the system. The study then advances toward
algebraic characterizations via determinant and matrix representations, revealing deeper
structural insights and connections with generalized Fibo—Pascal-type matrices. Finally,
the generating framework is extended to bilinear and bilateral forms, from which several
special cases and reductions naturally emerge. This organized progression ensures clarity,
mathematical rigor, and conceptual completeness, positioning the proposed polynomials as
a meaningful contribution to the theory of generalized and hybrid special function systems.
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2. Appell-Hermite-Fibonacci Polynomials

Theorem 1 (Triple-series representation). Let ull (u, @) be defined by the generating function
(27). Then the following explicit representation holds:

’R/ @ ‘un m—2s
U (1, 9) = Eo! Rm@ y
" mZO sz Fm!FS!Fn—m72S! ( )
Proof. Starting from (30) and recalling the F-exponential expansion
1’l

er(PA +p gA?) = Z G (u, (35)

we substitute into the left—-hand side of (27) to obtain

00 A ® yn/\n o) S/\ZS 0 )Ln
) Rue =Y uf )ET- (36)
m=0 mFm' n=0 Fy! s=0 n=0 Ey!
Using the identity [29]
© oo o (3]
Y. ) B(mmn)=Y Y B(mn—2m), (37)
n=0m=0 n=0m=0
and (36), we get
("3 m] R @ ‘un m— 25/\71 0 An

o n
;/; E Z Fm'Fs'Fn m— Zs

0m=0 s=0

=L (38)

n=0

n
Finally, comparing the coefficients of % on both sides gives (34), and the proof is com-
!

plete. O

Theorem 2. Let Z/{,LF] (u, @) be defined by the generating function (27). Then the following explicit
representation holds:

Wing) = Y L RE L (39)
moA 5 B! B! ‘

Proof. We derive this from the triple-series representation (Theorem 2.1). Starting from
(34), we group the summation by the index s:

/2] E,!
¢’ o Rmi'
Z m%O Fu! FF!
m+r=n—2s

Extracting the common factor from the inner sum:

—2
Z Fa! Rt = Fy! = Fin—2s! R ‘uanSfm
" R = . ‘
1r=0 Fn! B E! F, 25! F! =0 Fu' Fy_os_ !
m-+r=n—2s

The inner sum is precisely Y. % (" 25) R "~ 2™, which equals RY_,.(u) by the defini-
tion of the Appell-Fibonacci polynomlals (see (25) and the F-Cauchy product). Substituting
back and relabelling s = k gives (39). O
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Theorem 3. Let L{,LF] (i, @) be defined by the generating function (27). Then the following explicit

representation holds:
n

Ui 9) = Y- (Z)}jzn_kgE”oqu- (40)

k=0

Proof. Substituting (26) and (30) into the product form of the generating function, we write

o [F /\n
ZRnF,ZQk (n9) Zoun we
n=

Applying F-convolution, with replacement of n — n — k, we obtain

00 n o )\71

L3 (1) Rtz = Sl
Equating coefficients of glves (40). O
Theorem 4. The Appell-Hermite—Fibonacci polynomials satisfy

D} (Ui (1, 9)) = BU, (1, ). (41)

Proof. Using the corrected convolution representation (Theorem 2.2 given by (39)), we
write

[]( ) L%J FE,! RP ( ) . -
S k=0 F, ! F! n—2k\H)P"-

Applying the F-derivative operator with respect to y to both sides of (42), we obtain

2 g

D (Ui (n,9)) = L Tk!,@"D” (Rh-2w)). (43)

Since the Appell-Fibonacci polynomials satisfy

D (RE (1) = EaRE_1 (1), (44)
substituting (44) into (43), we obtain

i (IF) R k

DU, , = RE . 45

Fud ) k;o E B 2R (19 (45)

Since F, o/ Fy_ox! = 1/F,_ok_1!'and F,!/F,_ox_1! = F; - anl!/F(n71)72k!/ we obtain

(1l L(n—zl)/ZJ Fo1!  oF k
D ( (‘u/ q))) - Fn £ Fn 1 Zk' Fk' n—l—Zk(l’l)q) . (46)
-0 —_1—2k: If!

[F]

Recognizing the last sum as U/, ', (1, ¢) via (39), we obtain

D (Ui (1, 9)) = Fldi, (1, ), 47)

which is the desired result (41). [
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Theorem 5. For every non-negative integer n, the Appell-Hermite—Fibonacci polynomials satisfy

LF 1 F F
/0 Ui, @) = — (U,L]l( @) —U10,9)). (48)
Proof. Using the F-derivative property given by (11), it follows that

DY (U] (1 9)) = Furith (1, ), (49)

so that .
Ui (n, 9) = Fi =D (U (e 9). (50)

Integrating both sides from 0 to 1 with respect to the F-integral gives

1
[F] _ ! #(ylF)
/0 U™ (@) = /0 D (Uy'h1 (1 9) ) e (51)

Using the fundamental theorem of F-calculus (see [8], Theorem 2.4, which states that
for a function f satisfying D} (g(y)) = f(1) one has fol f(u)deu = g(1) — g(0)),

/ Ui (o, @) = (Uﬂl( 0) = U} 0,9)), (52)
which completes the proof. [

3. Determinantal Structure and Algebraic Properties

In this section, we derive a determinantal representation for the Appell-Hermite—
Fibonacci polynomials. This formulation reveals that the family preserves the lower-
Hessenberg structure inherent in the Fibonacci-Appell polynomial sequence generated
by RF(A). Moreover, the Hermite deformation enters in a controlled algebraic manner
through a finite Fibonacci-binomial convolution.

Theorem 6. Let
2 Rn L Ro#0, (53)

and suppose its reciprocal admits the expansion

o0 n 1
= Z 'Ynar Y0 = Ry’ (54)

Then the Appell-Hermite—Fibonacci polynomials L{,LF] (i, @) admit the representation

[n/2] ! _1\n—2k
(7] B Fy! (-1 k
u” (]’t’ 90) - ];) Fn72k! Fk' (70)n,2k+1 DH—Zk(V) (P ’ (55)
where
Yo T T2 s Ym
0 7 Dm o (Dprma
0 0 0 . (m'fl)F'yl
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Proof. From Theorem 2.2 (convolution representation), we have
[1n/2] E !
U= Y — % RF 3 57
n (I’l (P) kgo Fn—Zk!Fk! n—2k(.”)‘P ( )

Now we use the fact that the Fibonacci-Appell polynomials RY, (1) can be written in
terms of a lower-Hessenberg determinant, namely

Ron(p) = D (1), (58)
where Dy, () is exactly the determinant introduced in (56).
Substituting (58) into (57) with m = n — 2k, we arrive at

[n/2] E,! (_1)n—2k

[F] _ k
Uy (1, @) = D,_ . 59
(#:9) kg’) Fy o B! (7o) —2k+1 ()7 9)

This is precisely the desired determinantal representation (55). [

Theorem 7. Under assumptions (53)—(54), the Appell-Hermite—Fibonacci polynomials admit the
unified representation

1 u Hz e Y, @)
Yo Y1 72 Tn
2 n
(F] _ ﬂ U (1>F71 (1)1:711—1
Un (1, @) = (o) 110 0 v (B2 (60)
0 0 0 (nzl)F’h
where
. B8R n—2k k
Yulpo ) =w"+ ) g 1" 9 61
n(H, @) = p k; E L aEil? 61)

Proof. The convolution identity (57) shows that the deformation in ¢ appears through
finitely many even-index shifts. In the determinant picture, this effect can be absorbed into
the final column only: the lower-Hessenberg structure (and hence all subdiagonal entries)
remains exactly the same as in the Fibonacci-Appell case. Therefore, replacing the last entry
#" by the deformed top-right term ¥, (y, ¢) produces the compact unified form (60). O

4. F-Differential Structure and Orthogonality

In this section, we explore the inherent F-differential framework of the Appell-
Hermite-Fibonacci polynomials. In particular, we derive their basic operator identities and
show how the same structure naturally leads to a Sturm-Liouville-type formulation.

We begin with the generating function in (27):

e} An
Y Ui (1, 9) 57 = Re(A) expr(d + 9A%), (62)
n=0 n:

where Rp(A) is analytic in a neighbourhood of the origin with R # 0. This representation
makes it clear that {L{,[IF} (1, @) }n>o fits naturally into the F-Appell setting.
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Theorem 8. For n > 1, the polynomials Z/[,LF] (u, @) satisfy the F-differential relation

F F
Dy (1, 9) = Elh,, (1, 9). (63)
Proof. We apply the Fibonacci derivative D? to both sides of the generating relation (27).
Since Rp(A) does not depend on y, the derivative acts only on the exponential term. Using
the standard rule

Dr expp(uA) = Aexpg (),

we obtain
Al —  [F] A
Fi= AL U (ko) Ey (64)

n: n=0

o [F
DF Y Us' (1, 9)
n=0
Now we compare coefficients of A" on both sides, which gives

DEU (1, 9)} = Ed L (1, 9). (65)
This confirms the lowering (Appell) property. [

Remark 8 (On the raising operator—withdrawn). In the original version, a raising operator of
the form
Ry (Dk 1
<u - Ringi - 2¢(D¥)>U£F] (1) = muﬂl(% ?)

was proposed. However, the derivation implicitly required the substitution A — D? in the factor
(1 + 2¢A) from the differentiated generating function. In the classical setting, the commutation
relation [D, u| = I (the identity operator) validates the subsequent coefficient extraction. In the
F-setting, the commutator [D?, 1] is not the identity; the twisted product rule (the Remark after
Equation (11)) shows that Dy (uf (1)) # u DE(f (1)) + f(u). Explicit numerical testing confirms
that the raising relation fails for n > 1. The statement is therefore withdrawn. Constructing a
correct raising operator in the F-framework, using dilation operators consistent with the twisted
product rule, is an open problem.

Remark 9 (On the second-order F-differential equation—withdrawn). The second-order
F-differential equation was derived by composing the lowering and raising operators. Since the
raising operator has been withdrawn (Remark 8), the second-order equation is likewise withdrawn.

Remark 10 (On the Sturm-Liouville form—withdrawn). The Sturm—Liouville reformulation
and the associated weight function W () = expp((1 — 2¢)u?/2) were derived from the (now
withdrawn) second-order F-differential equation by treating D?(W D? Uy) as if the standard
Leibniz product rule applied. Since D? obeys the twisted product rule rather than the classical
Leibniz rule, the self-adjoint factorization is invalid. The Sturm—Liouville statement is withdrawn.

Remark 11 (On orthogonality—restated as formal). The orthogonality result depended on the
(now withdrawn) Sturm—Liouville structure. Moreover, even if a self-adjoint formulation were
available, the F-integral defined in Equation (12) sample points B /«'*1 that alternate in sign and
can exceed 1 in magnitude. As a consequence, the bilinear form (f, g)r = [ f(1)g(u)W (1) drp
is not, in general, a positive definite inner product: there exist real polynomials p for which
(p,p)r < 0. Orthogonality of the Appell-Hermite~Fibonacci polynomials in the sense of a genuine
inner product therefore cannot be asserted.

It remains an open question whether a notion of formal or quasi-orthogonality, using a
modified F-bilinear form or a restricted sampling scheme, can be established for this family.
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5. Appell-Hermite-Fibonacci Polynomial Matrix

A matrix viewpoint often provides a clean way to see how Appell-type polynomial
families are organized. In particular, lower triangular polynomial matrices naturally encode
the binomial-convolution rules that arise from the generating function, and they offer a
convenient algebraic setting for factorizations and computational implementations.

In this section, we build a matrix representation for the Appell-Hermite-Fibonacci

polynomials Z/[,LF] (1, ¢) and show that it factors through a generalized Fibonacci-Pascal matrix.

Polynomial Matrix Representation

Definition 2. Let L{,LF] (u, @) be the Appell-Hermite—Fibonacci polynomial defined via its generat-

ing function. We define the associated polynomial matrix by

MF(.u) = [hij(.u)] (n+1)% (n+1)’ (66)

where the entries are given by

hij(n) = (67)

uflne), i>j,
0, i<j.
With this definition, the matrix U (1) is lower triangular. Moreover, it is of Toeplitz
type, because each subdiagonal is filled with the same polynomial indexed by the diago-
nal offset.
For clarity, the 5 x 5 case takes the explicit form

U 0 0 0 0
Uy U 0 0 0

Urwy =th Uy Uy 0 0|, (68)
Us Uy Uy Uy O
Uy Us Uy U U

where for brevity we write
F

uk:uk”(y,<p). (69)

The translation and summation identities satisfied by the sequence are governed by
Fibonacci-binomial coefficients. This binomial pattern is naturally recorded by a Fibonacci
analogue of the Pascal matrix.

Definition 3. We define the generalized Fibonacci—Pascal matrix by

U" = (i) (n41) x (n 1)+ (70)
where ‘
(f) Wi, i,
ujj = ]/ E (71)
0, i<j.
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In the case n = 4, the matrix becomes

1 0 0 0
o1 0 0 0
uf =W Qe 1 0 0 (72)
143 (?)Fl’lz (g)PV 1 0
ﬂ4 (%) FV3 (3)1:]42 (;‘) o1

Remark 12 (On the matrix factorization—withdrawn). In the original version, a factorization
Ut (u) = Ut - A was proposed, where A is a y-independent coefficient matrix. This factorization
holds when ¢ = 0 (the pure Appell-Fibonacci case), but cannot hold for ¢ # 0 with a constant
coefficient matrix: the Hermite parameter ¢ enters the polynomials entangled with powers of
u through the corrected weights F,'/ (F,_p! Ft!), and this coupling cannot be captured by a y-
independent right factor. The matrix factorization is therefore withdrawn. A correct decomposition
would require a g-dependent modification of the Pascal matrix UF or the coefficient matrix AT,
which we leave as an open problem.

6. Conclusions and Future Research Directions

In this work, we have constructed and examined a new hybrid class of polyno-
mials, the Appell-Hermite-Fibonacci polynomials u)f! (#, ¢). The guiding idea was to
bring together three well-established mathematical themes within a single coherent set-
ting: the Appell structure defined through an F-Appell generating function, the Her-
mite (Gould-Hopper)-type deformation controlled by the parameter ¢, and the algebraic
framework of Fibonomial calculus based on F-factorials, F-binomial coefficients, and the
F-exponential function.

The generating function approach allowed us to derive explicit formulas and structural
identities, including a triple-series representation, a corrected convolution relation with
weights F,!/ (F,_o! Fi!), Appell-type expansions, and determinantal forms. A notable
feature is that the lower-Hessenberg structure, typical of Fibonacci-Appell systems, remains

intact. The lowering (Appell) property D;Z/{,LF] = Pnl/[m

n—1

has been established by two
independent methods.

A central finding of this revision is the recognition that the F-exponential does not
possess an addition formula (eg(x)er(y) # er(x + y)). This fundamental difference from
the classical setting invalidates several results that appeared in the original submission: the
translation identities, the raising operator, the second-order differential equation, the Sturm-—
Liouville formulation, the orthogonality result, the Rodrigues-type formula, and the matrix
factorization have all been withdrawn. These withdrawals are documented with precise
explanations in the relevant remarks throughout the paper.

Several important open problems emerge from these observations. The construction
of a correct raising operator compatible with the twisted commutation relation [D?, u # 1
is a pressing question. The development of a suitable notion of orthogonality or quasi-
orthogonality for Fibonacci polynomial families, possibly using a modified bilinear form,
deserves careful investigation. Matrix factorizations accounting for the entanglement of ¢
with powers of u through the non-multiplicative F-exponential structure also remain to
be developed.

In summary, the Appell-Hermite-Fibonacci polynomials, defined through the gener-
ating function Rr(A) ep(uA +r @A?), form a well-defined and combinatorially rich family.
Their explicit representations, lowering property, convolution identity, and determinantal
structure are firmly established. The non-classical features of F-calculus, however, require
fundamentally new tools for their operator-theoretic and spectral analysis.
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