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Abstract

As an advanced visualization technique, electrical impedance tomography (EIT) can recon-
struct the distribution of electrical parameters and thereby visually show object distribution
within a detection field. The quality of EIT reconstruction greatly depends on a selected
sensitivity matrix, while various matrices can lead to very different EIT reconstruction
results. A large number of efforts to improve the sensitivity matrix have been made to
enhance EIT reconstruction quality, but how to construct and select a better matrix in
a general and feasible way remains unsolved to date. In this paper, we use the matrix
transformation method to address the issue, and two types of symmetric and diagonally
dominant matrices are optimally selected to multiply the sensitivity matrix on the left and
right, respectively. Therefore, EIT reconstruction quality can generally be improved. The
feasibility and robustness of the proposed method have been theoretically demonstrated
for both Gaussian kernel-based and power function-based matrices. Experiments validate
the proposed method by EIT reconstruction quality.

Keywords: electrical impedance tomography; sensitivity matrix; matrix transformation;
reconstruction quality

1. Introduction
Electrical impedance tomography (EIT) [1] can reconstruct the distribution of electrical

parameters and thereby visually show the distribution of the object within a detection
field. EIT has increasingly been used in most application fields [2–5]. However, the
reconstruction quality of EIT is constrained by its inherent ill-posedness and soft-field
effects [6,7]. In the past decades, developing high-quality EIT reconstruction algorithms
has been a research focus.

EIT reconstruction quality depends on the selected algorithm and the available mea-
surements. Existing EIT algorithms include direct and indirect types [8]. The direct methods
include linear back-projection (LBP) [9], algebraic computation [10], D-bar [11], and others.
The indirect methods usually rely on optimization techniques and related prior parameters,
such as conjugate gradient (CG) [12], Tikhonov regularization (TR) [13], and the Landweber
iteration (LW) [14]. However, EIT reconstruction quality depends heavily on the selected
sensitivity matrix, and different matrices can yield very different results [15]. To improve
EIT reconstruction quality, various EIT algorithms use different matrix transformations on
the left or right side of the original sensitivity matrix as follows.

(1) Left multiplication of a matrix. A typical example is the modified LBP algo-
rithm, which multiplies the sensitivity matrix on the left by a filter matrix. The one-step
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TR algorithm multiplies an invertible matrix on the left of the sensitivity matrix, while
Ding et al. [16] described a nonlinear second-order sensitivity matrix and added one non-
linear term on the left of the sensitivity matrix. Liu et al. [17] began with the perspective
of compressed sensing and represented the distribution of electrical parameters using a
Fourier basis and reconstructed the sensitivity matrix. Generally, almost all EIT meth-
ods need to normalize a sensitivity matrix, which naturally multiplies the corresponding
transformation matrix by the existing sensitivity matrix on the left [18].

Recently, Yue et al. [19] demonstrated that most existing EIT algorithms have a uni-
fied form, and their differences result from multiplying different transformation matrices
by the existing sensitivity matrix on the left. Therefore, the left multiplication of a se-
lected matrix to the existing sensitivity matrix has become a useful way to improve EIT
reconstruction quality.

(2) Right multiplication by a matrix. Moura et al. [20] proposed a sparse reconstruc-
tion scheme using a redundant sensitivity matrix. The scheme utilized K-singular value
decomposition and nonlinear simulation to develop a dictionary learning model with real
data. Dong et al. [21] used a nonlinear symmetric matrix to multiply the existing sensitivity
matrix on the right, and the new sensitivity matrix not only addresses the limitations of
the existing one but also is easily realized and controlled in practice via a kernel-width
parameter. Barber et al. [22] originally proposed a filtering LBP algorithm that selects an
additional matrix to improve the sensitivity matrix.

The above advancements are credited to using the matrix transformation on the
existing sensitivity matrix. However, given a set of EIT measurements, determining the
best matrix for the existing sensitivity matrix on the left or right remains unsolved to date
and lacks theoretical and practical guidelines. To address the issue, in this paper, we first
demonstrate that left- and right-multiplying an existing sensitivity matrix by a selected
diagonal matrix can reduce its condition number, thereby increasing the feasibility and
robustness of the EIT reconstruction results in the mathematical sense. Then, two types of
transformation matrices, the Gaussian kernel and the power function, are introduced to
improve EIT reconstruction quality and the robustness of the solution. Typical simulations
have verified the feasibility and robustness of our proposed method.

2. Related Work
This section introduces the ERT principle, then presents three typical EIT algorithms

used to validate the proposed methodology in this study, and finally introduces two works
on right multiplication for a sensitivity matrix.

2.1. EIT Principle

The EIT techniques mainly include electrical resistance tomography (ERT) [23], electri-
cal capacitance tomography (ECT) [24], and electrical magnetic tomography (EMT) [25],
all of which have similar mathematical expressions. Thus, we only emphasize ERT as an
example to explain the EIT principle as follows.

Let Ω represent a circular ERT detection field bounded by ∂Ω, to which m measurement
electrodes are attached to reconstruct an ERT image, as shown in Figure 1a.

We used a typical 16-electrode ERT system with an adjacent-excitation and adjacent-
measurement way, and 208 measurements were obtained [26]. Partition Ω into n units
(pixels) in which σ is the normalized conductivity vector, σ = (σ1, σ2, . . ., σn)T. ERT aims at
determining the conductivity distributions of n units based on all measurements on ∂Ω: u1,
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u2, . . ., u208, denoting the measurement vector as U = (u1, u2, . . ., u208)T. Based on the finite
element method [27], the linearized relationship from σ to U can nearly be expressed as

U = Sσ, s.t., U ∈ ∂Ω, σ ∈ Ω (1)

where S is called the sensitivity matrix in the ERT imaging process; S = {sij} ∈ R240×n, which
reflects a linear map of unit (pixel) from σ to U. To solve σ along with U, S is usually
determined in advance.

(a) (b) 

Figure 1. (a) ERT measuring principle; (b) a symmetric and diagonally dominant matrix κ.

2.2. EIT Algorithms

The direct and easily realized EIT algorithm is linear back-projection (LBP), which is
solved by

σ = STU, s.t., U ∈ ∂Ω, σ ∈ Ω (2)

where ST is the transpose matrix of S.
Furthermore, the issue of solving the variable σ in (1) is turned to optimize the

following objective function:
min z = ∥Sσ − U∥ (3)

where ∥ · ∥ is a specified norm. The LW algorithm [28] is a typical iteration solution and is
formulated as

σk+1 = σk − ωST(Sσk − U), k = 1, 2, . . . (4)

where 0 ≤ ω ≤ 2/∥S∥. The LW algorithm can converge quickly and is nonparametric.
The TR algorithm is another frequently used EIT algorithm for dealing with the ill-

posed problem by a regularization process, which solves σ by optimizing the objective
function as

minσ z = {∥U − Sσ∥+ λR(σ)} (5)

where the regularization item R(σ) is often taken as ∥σ∥2 to obtain an analytical solution
(STS + λI)−1ST, which actually left-multiplies a matrix (STS + λI)−1 to the transpose of S.
The λ in TR is a hyperparameter, and its different values may greatly affect the imaging
quality. The L-curve method [29] is often used to select the optimal parameter λ.

The ARW algorithm expands the exponent of the regularization term to (0, 2], which
can greatly enhance solution sparsity and improve model robustness [30].

The objective function with the Lp norm can be expressed as

min z =
{
∥U − Sσ∥2

2 + λ∥σ∥p
p

}
(6)
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And σ can be solved by the following iteration:

σk+1 = (STS + λD)
−1

STU (7)

where D is defined as
D = p

∣∣∣σk|p−2/2 (8)

The calculation steps of the algorithm are as follows:

(1) Initialize D = I, t = 0;
(2) Update σ by (7);
(3) Calculate the diagonal matrix D by (8), where the ith diagonal element is di =

p/2|σi|p−2;
(4) t = t + 1; if t = T, stop. Otherwise, return to (2).

In the ARW algorithm, the results obtained from the previous iteration are incorpo-
rated as prior information into the computation of the next iteration, thereby enhancing the
quality of the reconstructed image.

The previous study, Ref. [19] concluded that most of the existing EIT algorithms can
be generally formulated as

σ = M(S)U, s.t., U ∈ ∂Ω, σ ∈ Ω (9)

where M(•) stands for various matrices along different EIT algorithms and M(S) = {f (sij)},
where f (sij) is the computed sensitivity coefficients, i = 1, 2, . . ., m; j = 1, 2, . . ., n.

2.3. Right Multiplication for a Sensitivity Matrix

Compared with left multiplication, few studies focus on right multiplication for a
sensitivity matrix. However, there are two remarkable advancements. One uses the
following Gaussian kernel function to compute the distance between any pair of units
(pixels), R and R′, in Ω [21,31]:

g(R, R′) = e−∥R−R′∥/(2Γ2) (10)

where Γ is the kernel width of the function. After denoting G = {g(R, R′)}, it updates S by S′, i.e.:

S′ = SG, s.t., S, S′ ∈ Rm×n, G =
{

σ(Ri, R′
i)
}
∈ Rn×n (11)

Therefore, (1) is turned to solve the equation S′σ = U. When G is a diagonally dominant
matrix, as shown in Figure 1b, the reconstruction quality based on S′ has been demonstrated
to be higher than that based on S.

The other is the filtered back-projection (FBP) algorithm [22]. According to the filtering
principle for all measurements, FBP reconstructs any EIT image by

σ = B(SB)−1U, s.t., U ∈ ∂Ω, σ ∈ Ω (12)

The equation shows that FBP firstly multiplies a selected matrix B on the right of S
to filter all measurements U. Then, these filtered data are then back-projected to form the
image σ.

However, there are at least three problems. First, when a group of EIT measurements
is available, how to select the better matrix for S remains unsolved to date. Second, why the
Gaussian kernel improves imaging quality remains unclear, as there are no theoretical or
practical guidelines. Finally, it is unclear whether the left and right multiplications can both
improve EIT reconstruction. In this paper, we first demonstrate that multiplying matrix
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S on the left and right by diagonal matrices can reduce its condition number and thus
improve reconstruction quality. Then, under the basic form of the matrix, we improve the
form of the right-hand matrix of S by introducing two typical kernel matrices, such as the
Gaussian kernel and the power function. Finally, the optimization and generalization of our
proposed method are verified using the two kernel matrices through typical experiments.

3. EIT Reconstruction by Matrix Transformation
In this section, we first discuss the theoretical and practical meanings of multiplying

the sensitivity matrix S by a pair of diagonal matrices. Then, the two symmetric and
diagonally dominant matrices are used to improve the quality of EIT reconstruction.

3.1. The Meaning of Multiplying a Diagonal Matrix to S

Let Ω be a detection field, which is typically discretized into 812 pixels for the
208 measurements acquired from 16 electrodes. Multiplying two diagonal matrices by
the sensitive matrix S on the left and right refers to performing transformations on the
columns and rows of S, as shown in Figure 2, where D1 = diag{d1, d2, . . ., d208} and
D2 = diag{k1, k2, . . ., k812}.

diag(D)

k1 k2 kc-1 kc kc+1 k811 k812

d1

d2

dr-1

dr

dr+1

d207

d208

... ...

...

...

1,1 1,2 1, 1 1, 1, 1 1,811 1,812

2,1 2,2 2, 1 2, 2, 1 2,811 2,812

1,1 1,2 1, 1 1, 1, 1 1,811 1,812

,1 ,2 , 1 , , 1

c c c

c c c

r r r c r c r c r r

r r r c r c r c r

S S S S S S S
S S S S S S S

S S S S S S S
S S S S S S

− +
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⋅ ⋅ ⋅ ⋅ ⋅ ⋅
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⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ,811 ,812

1,1 1,2 1, 1 1, 1, 1 1,811 1,812

207,1 207,2 207, 1 207, 207, 1 207,811 207,812

208,1 208,2 208, 1 208, 208, 1 208,811 2

r
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c c c

S
S S S S S S S

S S S S S S S
S S S S S S S

+ + + − + + + + +

− +

− +

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
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 
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  

diag(K)

S

 

Figure 2. Illustration of left and right multiplications of S.

When D1 and D2 are multiplied to S on the left and right, the matrix transformations have

clear practical and theoretical meanings. Let S = [
→
p1,

→
p2, . . . ,

→
p208]

T
= [

→
q 1,

→
q 2, . . . ,

→
q 812],

where
→
p s and qt are the row vector and the column vector of S, respectively. The effects of both

D1 and D2 are explained as follows.

(1) Practical meanings. Note that

{
D1S = [d1

→
p 1, d2

→
p 2, . . . , d208

→
p 208]

T

SD2 = [c1
→
q 1, c2

→
q 2, . . . , c812

→
q 812]

(13)

Since
→
p s points to the sth measurement, d1 determines the degree of importance

of the measurement. It was verified in [32] that various measurements have different
signal-to-noise ratios, and thus have different effects when reconstructing any EIT image.
Alternatively, qt can endow various weights to different pixels to place stress on these
interesting objects.

(2) Theoretical meanings. Using these matrix transformations, the condition number of S
can be reduced. We use the matrix balancing theory [33] for solving (1), and thereby
achieve more effective solutions, as explained below.

Let the two diagonal matrices D1 and D2 multiply S individually on the left and right,
and obtain an equivalent equation that has the same solution as (1) as follows:

(D1SD2) σ = D1U, s.t., U ∈ ∂Ω, σ ∈ Ω (14)
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where D1 is constructed based on the following steps:

(1) Calculate the norm of each row (commonly L2-norm or L∞-norm): si = ∥Si·∥,
i = 1, 2, . . ., m, where “Si·” refers to the norm for each row vector in S;

(2) Avoid the zero norm: if si = 0, di = 1; otherwise, di = 1/si;
(3) Generate the diagonal matrix:

D1 = diag{d1, d2, . . ., dm} ∈ Rm×m (15)

Then, the diagonal matrix D2 is constructed as follows:

(1) Calculate the norm of each column (commonly L2-norm or L∞-norm): tj = ∥S·j∥, j = 1,
2, . . ., n, where “S·j” refers to the norm for each column vector in S);

(2) Avoid the zero norm: if ti = 0, ci = 1; otherwise, ci = 1/ti;
(3) Generate the diagonal matrix:

D2 = diag{c1, c2, . . ., cn} ∈ Rn×n (16)

where both D1 and D2 must be normalized by dividing their maximum value to decrease
the condition number of S.

Based on the obtained D1 and D2 values, (1) is turned to

AY = B, s.t., A = D1SD2; Y = σ; B = D1U (17)

Consequently, σ is solved by (17).
The theoretical basis of using D1 and D2 to reduce the conditional number of S is

illustrated as follows.

Lemma 1. When B and A satisfy (17) based on D1 and D2, the following inequality holds:

{
λmax(BT B) ≤ ∥D1∥2

2λmax(AT A)∥D2∥2
2

λmin(BT B) ≥ σ2
min(D1)·λmin(AT A)·σ2

min(D2)
(18)

where λmax(·) and λmin(·) are the maximal and minimal eigenvalues of the relative matrix,
respectively; σmax(·) and σmin(·) are their corresponding singular values.

The key to validating this lemma is that the scaling factor in D1 and D2 is usually less
than 1, which can be achieved by normalizing the rows and columns of S.

According to Lemma 1, the following conclusion holds.

Theorem 1. Let cond(B) and cond(A) be individual condition numbers of B and A. If B and A
satisfy (17) based on D1 and D2, cond(B) < cond(A).

The proofs of Lemma 1 and Theorem 1 are provided in Appendix A (Lemma A1 and
Theorem A1) in this paper. This ensures that the solution of (17) is more stable than that of
the existing (1).

3.2. Realization of D1 and D2 by the Diagonally Dominant Matrix

Equation (9) shows that most existing EIT algorithms are actually realized by construct-
ing various D1 values from the simplest normalization of S to complex iteration algorithms.
Hence, selecting various forms of D1 can lead to different algorithms to improve EIT
reconstruction quality.

In the following section, as examples, we further approximate D2 using two classes of
diagonally dominant and symmetric matrices. One class is the previously used Gaussian
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kernel as shown in (10), and the other is the newly constructed power function. For any
pair of units R, R′ in Ω, D2 = {k(R, R′)}, and k(R, R′) are defined as

k(R, R′) = (1 + ∥d(R, R′)∥p/c)−1 (19)

where c is a constant to increase the resolution of d(R, R′). As an example, in this paper,
c = 0.001; p is a power parameter whose various values play key roles in improving the
sensitivity matrix S.

Table 1 shows the three-dimensional distributions of D2 when using (10) and (19)
under various values of Γ and p. The sum of each column of the sensitivity matrix SD2 in
three dimensions is also visualized in Table 1. To clearly show the differences of D2 or SD2

as Γ or p changes, we also calculated their differences before and after multiplying D2 by S,
as shown in Table 1.

As Γ or p is changed, the distribution of D2 can mostly manifest as a diagonally
dominant form, leading to a sufficient approximation for a perfectly diagonal matrix.
According to various forms of D2, we turn the issue to solve (1) to

D1SD2σ = D1U, s.t., D2 =
{

g(R, R′)
}

or
{

k(R, R′)
}
∈ Rn×n (20)

where g(R, R′) is computed by (10) and k(R, R′) by (19). In terms of the typical EIT algorithm,
(20) can be solved by minimizing the following objective function:

min z = ∥D1SD2σ − D1U∥ (21)

Any optimization algorithm is principally applicable to solve (21). Generally, when
using a diagonally dominant matrix, the following conclusion holds.

Theorem 2. The solution of (21) has a smaller condition number than that of (1) if using the
L2 norm.

Proof of the theorem is shown in Appendix A (Theorem A2). On the other hand, the
two diagonally dominant matrices include the parameters Γ and p, and we demonstrate
their effective range through the experiment presented below.

Table 1. Distributions of D2 and SD2 along with Γ or p changes.

D2 with Gaussian Kernel Function g(R, R′) = e−∥R−R′∥/(2Γ2)

Γ 0.01 0.05 0.10 0.20 0.30 1.00

D2 distribution

e−∥R−R′∥/(2Γ′)2
) − e−∥R−R′∥/(2Γ2),

(Γ’, Γ) = (0.10, 0.05), (0.20,0.10), (0.30,
0.20), (1.00, 0.30).

Distributed
column sums

of SD2

Difference between two adjacent
summed columns of SD2
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Table 1. Cont.

D2 with Power Function k(R, R′) = (1 + ∥d(R, R′)∥p/c)−1

p 0.001 0.01 0.10 1.00 5.00 10.00

D2 distribution

(1 + d(R, R′)p+1/c)
−1

−
(1 + d(R, R′)p′ /c)

−1
,

(p’, p) = (0.01, 0.001), (0.01,0.10),
(1.00,0.10), (5.00,1.00), (10.00, 5.00).

Distributed
column sums

of SD2

Difference between two adjacent
summed columns of SD2

4. Simulation and Evaluation
Simulations and actual experiments were performed to evaluate the effectiveness of

our proposed methods along typical EIT reconstruction algorithms. In all simulations and
experiments, to reduce the conditional number of S and improve EIT imaging quality, D1

was constructed as follows:

D1 = diag{di}, di = (1/∑812
j=1

∣∣sij
∣∣)/maxj(1/∑812

j=1

∣∣sij
∣∣) (22)

where the effect of D1 is only the most used normalization form, while D1 can respond to
various EIT algorithms.

The 2-norm condition number of the sensitivity matrix S is given by

cond(S) = µmax(S)/µmin(S) (23)

where µmax(S) and µmin(S) denote the maximum and minimum non-zero singular values
of the sensitivity matrix S, respectively.

EIT quality is evaluated by two typical indexes [32]. One is the correlation
coefficient (CC):

CC = (∆σ − ∆σ)T(∆σ∗ − ∆σ∗)/
√
∥∆σ − ∆σ∥·∥∆σ∗ − ∆σ∗∥ (24)

where ∆σ and ∆σ* represent the specific gray values of the reconstructed and original
images, respectively. Both ∆σ and ∆σ∗ are their respective means. The other is the relative
error (RE):

RE = ∥∆σ − ∆σ∗∥/∥∆σ∗∥ (25)

The two indexes have typically and frequently been used to evaluate EIT reconstruc-
tion quality.

4.1. Simulation on a Set of Typical EIT Models

Simulations were performed using COMSOL 6.3 and MATLAB 2024b software on a PC
equipped with an Intel® Core™ i7 3.4 GHz CPU and 20 GB of RAM. The circular detection
field Ω was divided into 812 pixels. The measurements were obtained by a 16-electrode EIT
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system when the excitation mode employed an adjacent excitation measurement method,
and 208 measurements were obtained. The original sensitivity matrix is S ∈ R208×812.
Eleven simulation models with various features termed M1~M11 were used to evaluate
EIT quality, where the conductivity of blue background pixels in each model was set at
0.1 S/m, and the conductivity of red target pixels was set at 0.3 S/m.

As the representative example of diagonally dominant matrices, D2 uses the Gaussian
kernel or the power function. All models were reconstructed by the three algorithms LW,
TR, and ARW using the same measurements, while the sensitivity matrix S was updated as
D1SD2. Additionally, since the parameters in the TR algorithm can affect the reconstruction
quality, we placed their optimal value in the range [10−6, 100], and fixed the optimal value
in all experiments. And the ARW algorithm had two hyperparameters, which included
regularization λ and the norm of the regularization term. The range of regularization λ

of ARW is the same as TR and the range of the norm of the regularization term p is [10−2,
2.0]. The imaging quality of all models was visually compared by target shapes, artifacts,
positions, as well as two evaluation indexes, RE and CC. Also, we took their best images
with the smallest RE and largest CC over all candidate values as comparisons.

Table 2 shows the reconstruction results along eleven models, M1~M11, and their rela-
tive CCs and REs, by LW, TR, and ARW with D1 and two different forms of D2. According
to Table 2, all reconstructed images from the LW, TR, and ARW algorithms with D1 and D2

have better imaging quality than those from the same algorithms with S itself, with more
precise image targets and reduced artifacts, essentially for the LW algorithm, which was
unable to fully reconstruct the targets for models M2, M3, M4, and M5 using the original
sensitivity matrix S. However, by applying left- and right-matrix multiplication, the targets
of these models could be successfully reconstructed, and image clarity improved. For
the TR algorithm, the original method exhibited significant central artifacts. The method
proposed in this paper not only reduces these central artifacts but also enhances the contrast
between the targets and the background. For the ARW algorithm, which is known for its
superior performance in imaging small targets, there were still considerable artifacts at
the edges of the targets. After employing the optimized method, the imaging of the target
edges became clearer, and the precision was enhanced further.

As shown in the CCs and REs, the reconstructed image quality of all models using the
proposed method improved, with higher CCs and lower REs. The red number in the table
of each image shows its best value. With the increase in the target number and decrease in
the target size, the CCs of all models decreased, while the REs increased, indicating lower
imaging accuracy. However, after multiplying D1 and D2 on the left and right sides of S, no
matter which Gaussian kernel or power function was used, the accuracy of all the models
significantly increased. These results show that the two types of matrices can effectively
improve the quality of the reconstructed image.

Figure 3a shows the differences in condition numbers between the sensitivity matrix
S and D1SD2 along with the eleven models. As seen, after multiplying D1 and D2 by S,
the condition numbers of D1SD2 are lower than those of the original sensitivity matrix S.
This result indicates that the left- and right-multiplying matrices can optimize solution
stability and improve imaging accuracy from another perspective. Among all models, the
value of λ was fixed at its optimal value. At the optimal λ value, we multiplied D2 with
the Gaussian or power functions by S. Various values of Γ or p can affect their relative EIT
reconstruction quality. Additionally, the value of c can affect the effect of D2 when using
the power function, as shown in Figure 3b. The parameter c governs the resolution or scale
of d(R, R′), playing a role analogous to the bandwidth of a kernel function. In addition to
the previously adopted value of c = 0.001, we systematically investigated its variation over
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the interval [10−5, 1.0] and analyzed the corresponding relationship with the correlation
coefficient (CC) of the reconstructed images.

Table 2. Reconstructed images by LW, TR and ARW algorithms with the new sensitivity matrix.

M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 M11

Original image
                                                     

LW by S
                                                                                                                                    

RE 0.4190 0.5236 0.4786 0.5935 0.7350 0.5782 0.7128 0.4522 0.8123 0.5480 0.5089
CC 0.6489 0.5165 0.4929 0.4441 0.3515 0.4649 0.2986 0.4906 0.1891 0.2752 0.6696

LW by S with
Gaussian kernel

                                                                                                                                                
RE 0.2767 0.3185 0.3571 0.3851 0.4094 0.4424 0.4793 0.3982 0.5202 0.4725 0.4036
CC 0.8479 0.7282 0.6675 0.6305 0.6754 0.5661 0.3923 0.5888 0.2481 0.3977 0.7106

LW by S with
power function

                                                                                                                                                
RE 0.3047 0.3611 0.3857 0.4360 0.4707 0.4904 0.5490 0.4219 0.5344 0.5058 0.4092
CC 0.7934 0.6616 0.5975 0.5632 0.5678 0.5288 0.3548 0.5371 0.2299 0.3600 0.7171

TR
                                                                                                                                                

RE 0.2706 0.2963 0.3014 0.3602 0.3224 0.3568 0.3630 0.3472 0.3402 0.3824 0.3420
CC 0.8736 0.7633 0.7808 0.5991 0.7184 0.6657 0.5308 0.7083 0.3994 0.5004 0.7530

TR by S with
Gaussian kernel

                                                                                                                                                
RE 0.2588 0.2677 0.2826 0.2831 0.3001 0.3059 0.3225 0.3434 0.4384 0.3582 0.2353
CC 0.8948 0.8143 0.8173 0.7327 0.7656 0.7640 0.6289 0.7407 0.4879 0.6334 0.9004

TR by S with
power function

                                                                                                                                                
RE 0.2576 0.2713 0.2824 0.2747 0.2842 0.2916 0.3149 0.3504 0.4139 0.3401 0.2017
CC 0.8896 0.8074 0.8196 0.7455 0.8008 0.7831 0.6657 0.7290 0.5148 0.6735 0.9331

ARW
                                                                                                                                                

RE 0.3174 0.3049 0.3159 0.2462 0.2717 0.2885 0.2316 0.3482 0.5228 0.3122 0.2211
CC 0.8495 0.7973 0.8124 0.8187 0.8510 0.8095 0.7926 0.6745 0.5917 0.7277 0.9185

ARW by S with
Gaussian kernel

                                                                                                                                                
RE 0.2989 0.2827 0.3168 0.2204 0.2602 0.2998 0.1769 0.3054 0.2002 0.2904 0.2164
CC 0.8568 0.8492 0.8214 0.8617 0.8768 0.8270 0.8892 0.7673 0.7754 0.7951 0.9226

ARW by S with
power function

                                                                                                                                    
RE 0.3033 0.2865 0.3154 0.2231 0.2640 0.2995 0.1610 0.3177 0.2125 0.2925 0.2200
CC 0.8568 0.8385 0.8170 0.8388 0.8828 0.8389 0.9072 0.7477 0.7464 0.7743 0.9280

  

(a) (b) 

Figure 3. Compared condition numbers in 11 models: (a) D2 with Guassian kernel; (b) c value in
power function.
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As shown in Figure 3b, within the hyperparameter range of c = [10−5, 1], we plotted
the CC curves for 11 models; the CC values remain consistently high across a relatively
broad range of c, specifically from 5 × 10−3 to 2 × 10−2, indicating that the quality of
EIT imaging can be stably maintained at a favorable level within this range. This wide
permissible interval facilitates the convenient selection of an effective c value in practical
implementations. Figure 4 shows the range of Γ or p by which the LW, TR, and ARW
algorithms with D1SD2 can obtain a higher CC value than those with S. Specifically, the
range tends to infinity in most models when using the power function to D2. These results
indicate that improving the condition number of S can enhance EIT reconstruction quality.

∞∞ ∞∞∞ ∞ ∞ ∞ ∞ ∞ ∞∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ......

∞

 
(a) (b) 

Figure 4. Valid range of Γ or p by which the three algorithms have higher CC values than the existing
ones. (a) D2 with Guassian kernel; (b) D2 with power function.

4.2. Test and Comparison in Noisy Conditions

To evaluate the noise robustness of the proposed method in this study, we added
10% Gaussian white noise to the measurement data generated by COMSOL simulations.
This noise level is commonly encountered in existing EIT reconstruction processes and is
employed to mimic the inevitable random disturbances present in actual measurements.
The corresponding results are presented in Table 3.

Table 3. Experimental comparison of three EIT reconstruction algorithms under noisy conditions
(with 10% Gaussian white noise added).

M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 M11

Original image
                                                                                                                         

LW by S
                                                                                                                                                

RE 0.4212 0.5220 0.4773 0.5847 0.7292 0.5969 0.6921 0.4451 0.8591 0.5966 0.4882 0.5829 ± 0.1338
CC 0.6460 0.5078 0.4934 0.4410 0.3504 0.4502 0.2971 0.4832 0.1793 0.2744 0.6639 0.4352 ± 0.1502

LW by S with
Gaussian kernel

                                                                                                                                                
RE 0.2788 0.3232 0.3661 0.3810 0.4075 0.4441 0.4819 0.4058 0.5127 0.4851 0.3900 0.4069 ± 0.0710
CC 0.8452 0.7275 0.6535 0.6335 0.6679 0.5691 0.3968 0.5822 0.2455 0.3922 0.7018 0.5832 ± 0.1743

LW by S with
power function

                                                                                                                                                
RE 0.3089 0.3673 0.3882 0.4271 0.4683 0.4808 0.5458 0.4205 0.5423 0.5372 0.3953 0.4438 ± 0.0782
CC 0.7889 0.6585 0.5911 0.5620 0.5621 0.5299 0.3586 0.5322 0.2248 0.3589 0.7118 0.5344 ± 0.1655

TR
                                                                                                                                                

RE 0.3140 0.3138 0.3634 0.4298 0.3356 0.4227 0.4379 0.3649 0.4585 0.4766 0.4775 0.3995 ± 0.0630
CC 0.8260 0.7326 0.6442 0.5336 0.6865 0.5804 0.4241 0.6598 0.2168 0.2249 0.4571 0.5442 ± 0.1978
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Table 3. Cont.

M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 M11

TR by S with
Gaussian kernel

                                                                                                                                                
RE 0.2873 0.2908 0.3372 0.4261 0.3101 0.3799 0.4022 0.3492 0.5202 0.4215 0.4589 0.3803 ± 0.0738
CC 0.8546 0.7844 0.7162 0.6091 0.7436 0.6362 0.5674 0.7375 0.3089 0.4037 0.6144 0.6342 ± 0.1628

TR by S with
power function

                                                                                                                                                
RE 0.2865 0.2855 0.3381 0.4040 0.2992 0.3819 0.3741 0.3559 0.5012 0.4102 0.4678 0.3731 ± 0.0707
CC 0.8508 0.7882 0.7108 0.6214 0.7620 0.6326 0.5979 0.7262 0.3103 0.4148 0.6054 0.6382 ± 0.1601

ARW
                                                                                                                                                

RE 0.4033 0.3198 0.3920 0.2818 0.2826 0.3371 0.2864 0.3658 0.3405 0.4141 0.3721 0.3450 ± 0.0486
CC 0.6881 0.7311 0.5920 0.7152 0.7976 0.6874 0.6353 0.6372 0.2421 0.3417 0.7472 0.6195 ± 0.1732

ARW by S with
Gaussian kernel

                                                                                                                                                
RE 0.3114 0.2794 0.3357 0.2371 0.2680 0.3041 0.2371 0.3352 0.2996 0.3623 0.2753 0.2950 ± 0.0403
CC 0.8460 0.8422 0.7628 0.8242 0.8543 0.7828 0.7725 0.7134 0.4885 0.5775 0.8712 0.7578 ± 0.1222

ARW by S with
power function

                                                                                                                                                
RE 0.3159 0.2848 0.3359 0.2769 0.2722 0.3234 0.2803 0.3572 0.3343 0.4001 0.2698 0.3137 ± 0.0416
CC 0.8471 0.7978 0.7311 0.7392 0.8153 0.7239 0.6974 0.6560 0.4721 0.5275 0.8532 0.7146 ± 0.1234

As shown in Table 3, the reconstruction quality of all algorithms degrades to varying
degrees under noisy perturbations, with discrete small targets (e.g., models 9 and 10)
being particularly affected. Across all test models, the average CC values of the three
algorithms decrease by a range of approximately 0.50% to 16.62%, while the average RE
values increase by a range of 0.46% to 6.47%. Nevertheless, when the original sensitivity
matrix S is replaced by D1SD2, the reconstructed images exhibit higher CC values and
lower relative errors compared to those obtained with the original matrix. Specifically,
the CC value is improved by up to 31.75%, and the relative error is reduced by as much
as 34.64% relative to the original results. The last column reports the average fluctuation
ranges of CC and RE in various models. These findings demonstrate that the proposed
method possesses favorable noise robustness and is capable of achieving high-quality
image reconstruction, even under disturbances induced by measurement noise.

4.3. Test on a Set of Actual Models

Figure 5 shows that the ERT system consists of data acquisition, a computer, and
a sensor of 16 electrodes that are equipped on a cylinder filled in a conductive liquid
measuring 16 µS/cm, where the diameter of the cylinder is 160 mm, the size of each
electrode is 10 × 20 mm, and a single-excitation single-measurement mode is adopted to
obtain 240 measurement values per imaging frame at a system sampling rate of 25 frames
per second. A group of rubber rods (objects) are vertically inserted in the cylinder along
various positions, where these rod measure 1 cm. The detected field Ω was partitioned into
812 pixels to reconstruct these rod objects.

The second column in Table 4 presents the tested models, numbered M12, M13, M14,
M15, and M16, while the remaining columns display the reconstructed images obtained
by different EIT reconstruction algorithms with D1SD2. In addition, we calculated CC
and RE for each algorithm. The values enclosed in parentheses represent the CC and RE
increments achieved by the algorithms with D1SD2 compared with the original imaging
algorithm, serving as quantitative metrics to characterize the performance improvement
of the EIT reconstruction algorithms with D1SD2. The RE and CC values highlighted in
red correspond to the optimal performance among all algorithms for each given model. As
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observed from the experimental results, the EIT methods with D1SD2 consistently yield
higher correlation coefficients and lower relative errors compared to the original algorithm.
For example, for model 14, the original algorithm failed to fully resolve the three closely
spaced rods on the right side, whereas the modified approach successful identified the
targets in most cases. The last column reports the average fluctuation ranges of CC and
RE along various EIT algorithms. These results demonstrate that the EIT algorithms with
D1SD2 enable more accurate reconstructions of both the positions and the number of targets.

Image 
Reconstruction

Data Acquisition 
system

Electrode Array

Tested Targets

Figure 5. The ERT system with 16 electrodes.

Table 4. Comparison of reconstruction results obtained by different algorithms in actual experiments.

Original
Image LW by S

LW by S
with

Gaussian
Kernel

LW by S
with

Power
Function

TR

TR by S
with

Gaussian
Kernel

TR by S
with

Power
Function

ARW

ARW by
S with

Gaussian
Kernel

ARW by
S with
Power

Function

M12
                                                                                

RE 0.3861 0.3678
(−0.0183)

0.3853
(−0.0008) 0.3700 0.3381

(−0.0319)
0.3403

(−0.0297) 0.3865 0.3408
(−0.0457)

0.3847
(−0.0018) 0.3595 ± 0.0258

CC 0.3765 0.3848
(0.0083)

0.3765
(0.0000) 0.3245 0.4164

(0.0919)
0.4088

(0.0843) 0.3821 0.4028
(0.0207)

0.3864
(0.0043) 0.3960 ± 0.0204

M13
                                                                                 

RE 0.3646 0.3343
(−0.0303)

0.3364
(−0.0282) 0.3662 0.3259

(−0.0403)
0.3248

(−0.0414) 0.3214 0.3094
(−0.0120)

0.3076
(−0.0138) 0.3231 ± 0.0155

CC 0.3181 0.4089
(0.0908)

0.4047
(0.0866) 0.3191 0.4198

(0.1007)
0.4229

(0.1038) 0.3876 0.4377
(0.0501)

0.4471
(0.0595) 0.4235 ± 0.0236

M14
                                                                                 

RE 0.4032 0.3474
(−0.0558)

0.3552
(−0.0480) 0.3855 0.3238

(−0.0617)
0.3265

(−0.0590) 0.3260 0.3116
(−0.0144)

0.3130
(−0.0130) 0.3296 ± 0.0256

CC 0.3667 0.5252
(0.1585)

0.4959
(0.1292) 0.3849 0.5422

(0.1573)
0.5356

(0.1507) 0.4606 0.5223
(0.0617)

0.5085
(0.0479) 0.5216 ± 0.0257

M15
                                                                                 

RE 0.3985 0.3943
(−0.0040)

0.3973
(−0.0012) 0.4023 0.3837

(−0.0186)
0.3812

(−0.0211) 0.3573 0.3533
(−0.004)

0.3508
(−0.0065) 0.3768 ± 0.0260

CC 0.3782 0.4005
(0.0223)

0.3978
(0.0196) 0.3477 0.4086

(0.0609)
0.4100

(0.0623) 0.4275 0.4488
(0.0213)

0.4576
(0.0301) 0.4206 ± 0.0371

M16
                                                                                 

RE 0.4210 0.3741
(−0.0469)

0.3756
(−0.0454) 0.4006 0.3653

(−0.0353)
0.3663

(−0.0343) 0.4056 0.3630
(−0.0426)

0.3676
(−0.0380) 0.3687 ± 0.0070

CC 0.2487 0.4028
(0.1541)

0.3918
(0.1431) 0.2657 0.4382

(0.1725)
0.4343

(0.1686) 0.2753 0.4523
(0.1770)

0.4216
(0.1463) 0.4235 ± 0.0317
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Table 5 compares several representative EIT algorithms. The baseline method is LBP,
which only uses the original sensitivity matrix S, while the TR algorithm employs left
multiplication of S by the matrix D1 = (STS + λI)−1 with no right-multiplication operation.
In fact, as indicated by (9), the vast majority of existing EIT reconstruction algorithms can
be uniformly formulated as applying some form of left-multiplication transformation to
S. In contrast, the second strategy involves the right multiplication of S by a Gaussian
kernel-based matrix D2, without applying left multiplication. To ensure a fair comparison,
all methods adopt identical configurations, noise levels, parameter tuning strategies, and
evaluation metrics. Table 5 summarizes the performance differences between the proposed
D1SD2 method and the two comparison methods on reconstruction quality, where D2 is
implemented using the Gaussian kernel function as an example. From the comparative
results of these original model images listed in Table 4, it is evident that LBP yields the
lowest reconstruction quality, while the D1SD2 method achieves the highest reconstruction
quality. Furthermore, by examining the trends in RE and CC values, it can be observed that
the image quality progressively improves from left multiplication, by D1 alone, to right
multiplication, by D2 alone, and finally to the simultaneous application of D1SD2, thereby
fully demonstrating the effectiveness of the proposed algorithm.

Table 5. Experimental comparison between D1SD2 and existing matrix transformation methods.

M12 M13 M14 M15 M16

LBP
          

RE 0.5804 0.5192 0.4943 0.5101 0.4449
CC 0.2657 0.2695 0.3227 0.2658 0.0818

TR (left multiplication of S by D1
without right multiplication by

D2)                          

RE 0.3700 0.3662 0.3855 0.4023 0.4006
CC 0.3245 0.3191 0.3849 0.3477 0.2657

SD2 (right multiplication of S by
D2

without left multiplication by D1)                          

RE 0.3683 0.3250 0.3840 0.4040 0.3978
CC 0.3310 0.3673 0.4017 0.3600 0.2704

TR with D1SD2
                         

RE 0.3381 0.3259 0.3238 0.3837 0.3653
CC 0.4164 0.4198 0.5422 0.4086 0.4382

Finally, we present an experimental method for selecting the hyperparameters Γ and
p. Given that the theoretical analysis in this paper demonstrated that a smaller condition
number is more conducive to improving EIT reconstruction quality, we first determined a
reasonable search interval based on the condition number and the specific characteristics
of the problem, then discretized this interval, and selected appropriate parameter values
through an exhaustive search. Figure 6a,b illustrate how the condition number varies with
hyperparameters Γ and p over their respective value ranges, where D2 is constructed using
the Gaussian kernel and the power function, respectively. To reveal the influence of the
condition number on the reconstruction effects of five practical models, the corresponding
CC value curves are also plotted in the figures. It can be observed that, within fairly wide
parameter intervals of Γ and p, the condition number remains at a relatively low level,
and the corresponding CC values are also relatively high; however, when the condition
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number exhibits abnormal fluctuations or a noticeable increase, the CC value decreases
accordingly, with this effect being more significant, especially in the case of the Gaussian
kernel. This indicates that there is an inevitable correlation between the condition number
and reconstruction quality; therefore, we suggest that in practical applications, the interval
where the condition number is relatively small should be selected as the reference range for
effective parameters.

  

 
(a) (b) 

Figure 6. Variation of sensitivity matrix condition number and CC of five models under different
hyperparameters (a) D2 with Guassian kernel; (b) D2 with power function.

It should be pointed out that, due to the inherent underdetermined nature and soft-
field characteristics of the EIT problem, factors such as the amount of measurement data and
the noise level also have an impact on the reconstruction results. Consequently, although
improving the condition number is an important factor for enhancing reconstruction quality,
it is not yet a sufficient condition. On the other hand, in EIT reconstruction algorithms,
the sensitivity matrix is predetermined and remains unchanged during the reconstruction
process; this means that both S and D1SD2 are determined a priori. Therefore, the real-time
performance of each algorithm is determined by the algorithm itself. However, relative to
specific application scenarios, when it is necessary to adjust the parameters according to
the measurements and the specific application object and to search for better Γ and p values
based on the condition number, this increases the computation time and reduces the real-
time performance of EIT reconstruction, with the increased time being directly proportional
to the number of candidate values for these parameters within the discretized interval.
Therefore, we recommend performing an offline parameter search under typical operating
conditions to pre-determine a set of optimal parameters. In this way, the precomputed
parameters can be directly adopted during the online reconstruction phase, which avoids
extra computational overhead and improves real-time performance.

5. Conclusions
Most of the existing EIT reconstruction algorithms are equivalent to multiplying the

existing sensitivity matrix on the left and right by two diagonal matrices; thus, these
algorithms can be uniformly characterized by the matrix transformation. Note that the
stability and quality of EIT reconstruction can be represented by the condition number
of the sensitivity matrix. We demonstrate that the left and right multiplications of the
sensitivity matrix by its respective diagonal matrix can reduce the condition number.
Then, the EIT reconstruction quality can be effectively improved after multiplying the two
diagonal matrices. As examples, a Gaussian kernel-based symmetric matrix and a power
function-based matrix are used to validate the proposed method. The experimental results
further prove the potential of the new sensitivity matrix proposed in this study, which can
provide a new theoretical and practical strategy for EIT reconstruction.

https://doi.org/10.3390/sym18081326

https://doi.org/10.3390/sym18081326


Symmetry 2026, 18, 1326 16 of 20

In the future, three issues must be focused on. One is how to obtain a better diagonally
dominant matrix to reduce the condition number. The second is how to use the best matrix
transformation to improve EIT reconstruction accuracy and reliability. Many such matrix
transformations are available, and we believe that their various forms have the potential to
further improve EIT reconstruction quality. Finally, three-dimensional EIT reconstruction is
an important research direction, and therefore, the advancement of the method proposed in
this study is anticipated in the future. However, it involves a higher-dimensional sensitivity
matrix, enormous computational and storage overhead, as well as more complex soft-
field effects; thus, it is necessary to discuss the feasibility, potential advantages, and the
computational complexity issues that need to be addressed further when extending the
matrix transformation method proposed in this paper to 3D EIT.
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Appendix A

Lemma A1. When B and A satisfy (17), the following inequality holds:

λmax(BT B) ≤ ∥D1∥2
2λmax(AT A)∥D2∥2

2, s.t., B = D1 AD2 (A1)

Proof. Since BT = (D1 AD2)
T = DT

2 AT DT
1 , then

BT B = (D1 AD2)
T(D1 AD2) = DT

2 AT DT
1 D1 AD2 = D2 AT(D1D1)AD2 = D2(AT D2

1 A)D2

On the other hand, for semi-positive definite matrices S and arbitrary matrices T, their
eigenvalues satisfy

λmax(TSTT) ≤ ∥T∥2
2λmax(S) (A2)

Denote the eigenvalue decomposition of S as

S = QΛQT s.t, Λ = diag{τ1, τ2, . . . , τn} (A3)

then
TSTT = T(QΛQT)TT = (TQ)Λ(TQ)T (A4)

For any unit vector X, since

XT(TSTT)X = YTΛY, s.t, Y = TTX (A5)

then
YTΛY ≤ λmax(S)∥Y∥2

2 = λmax(S)∥TTX∥2
2 ≤ λmax(S)∥TT∥2

2 ∥X∥2
2 (A6)

Since ∥TT∥2 = ∥T∥2, then

XT(TSTT)X ≤ λmax(S)∥T∥2
2 ⇒ λmax(TSTT) ≤ λmax(S)∥T∥2

2 (A7)
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Denote T = D2 and S = AT D2
1 A ⇒ BT B = TSTT , then BTB satisfies

λmax(BT B) = λmax(TSTT) ≤ ∥D2∥2
2·λmax(AT D2

1 A) (A8)

On the other hand, since AT D2
1 A = (D1 A)T(D1 A), its maximum eigenvalue is equal

to the square of the maximum singular value of D1A, i.e.:

λmax(AT D2
1 A) = ∥D1 A∥2

2 (A9)

Due to the multiplicative property of the matrix norm

∥D1 A∥2
2 ≤ ∥D1∥2∥A∥2 (A10)

which leads to

λmax(AT D2
1 A) = ∥D1 A∥2

2 ≤ (∥D1∥2∥A∥2)
2 = ∥D1∥2

2·∥A∥2
2 (A11)

But ∥A∥2
2 = λmax(AT A), thus

λmax(AT D2
1 A) ≤ ∥D1∥2

2·λmax(AT A) (A12)

Integrating the two equations, λmax(BT B) ≤ ∥D2∥2
2, thus

λmax(∥D1∥2
2·λmax(AT A)) = ∥D1∥2

2·λmax(AT A)·∥D1∥2
2 (A13)

In the same way, we can obtain

λmin(BT B) ≥ σ2
min(D1)·λmin(AT A)·σ2

min(D2) (A14)

where σmin(Di) is the minimum singular value of Di that is the minimum absolute value of
diagonal elements. □

Theorem A1. Let cond(B) and cond(A) be individual condition numbers of B and A. If B and A
satisfy (17) based on D1 and D2, cond(B) < cond(A).

Proof. According to Lemma 1, we obtain

λmax(BT B) ≤ ∥D1∥2
2λmax(AT A)∥D2∥2

2, s.t., B = D1 AD2 (A15)

and
λmin(BT B) ≥ σ2

min(D1)·λmin(AT A)·σ2
min(D2) (A16)

According to the two equations, we obtain

cond(B) =
λmax(BT B)
λmin(BT B)

≤ ∥D1∥2
2∥D2∥2

2
σ2

min(D1)·σ2
min(D2)

λmax(AT A)

λmin(AT A)
= ω(D1, D2)

λmax(AT A)

λmin(AT A)
(A17)

After choosing D1 and D2 such that ω(D1, D2) is smaller than 1, the conclusion holds.
□

Theorem A2. The solution of (21) has a smaller condition number than that of (1) if using the
L2 norm.
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Proof. Consider the following optimization issue:

min z = ∥Sσ − U∥2 (A18)

If using the L2-norm, this is a least squares problem, and has a direct solution:

σ∗ = S+U (A19)

where S+ is the Moore–Penrose inverse of S. For notational convenience, we rewrite D2 in
(21) as K, to indicate that it is derived under the L2-norm. If K is a symmetric matrix, the
values near the diagonal are large, and the elements on the main diagonal are all the same
and are the largest in each row:

min z = ∥SKσ − U∥2 (A20)

The minimum norm least squares solution is

σ∗
1 = (SK)+U (A21)

STσ = 0 ⇔ SSTσ = 0 ⇔ SK2STσ = 0, (A22)

This indicates that if matrix S has r singular values, then matrix SK will also have r
singular values.

Consider the singular value decomposition of ST:

ST = V

[
S̃ 0
0 0

]
UH (A23)

where S̃ = diag(s1, . . . , sr, 0 . . . , 0) is the singular value of S, s1 ≥ ··· ≥ sr > 0, and let
V = [β1, ···, βm], U = [α1,···, αn]. Then, it can be known from the theory of singular
values that {

Sαj = sjβ j, j = 1, . . . , r,
Sαr+1 = . . . = Sαn = 0.

(A24)

Especially, the solution space of STσ = 0 is span{αr+1, . . . , αn}, then the solution space
of the equation SK2STG = 0 is also span{αr+1, . . . , αn}. Note that SK2ST is positive definite,
if SK2STy = ηy, η ̸= 0. Then, for j ∈ {r + 1, . . . , n}, SK2ST satisfies

< ny, αj >=< SK2STy, αj >=< y, SK2STαj >= 0 (A25)

so y ∈ span{α1, . . . , αr}.
Since K2 is positive definite, we assume its minimum eigenvalue is η0, which is better

than 1. Thus, the minimum non-zero eigenvalue p0 of SK2ST satisfies

p0 = min
σ∈span{α1,...,αr}

< SK2STσ, σ > / < σ, σ > (A26)

If x ∈ span{α1, . . . , αr}, then STσ ∈ span{α1, αr}; therefore:

σTSK2STσ ≥ η2
n•σTSSTσ ≥ η2

0S2
r∥σ∥2 (A27)

that is
min

σ∈span{α1,...,αr}
σTSΛ2STσ/∥σ∥2 ≥ η2

0s2
r (A28)

https://doi.org/10.3390/sym18081326

https://doi.org/10.3390/sym18081326


Symmetry 2026, 18, 1326 19 of 20

This indicates that the minimum eigenvalue p0 of the matrix STK2S satisfies

p0 ≥ η2
0 s2

r (A29)

Thus, the minimum singular value of SK is larger than η0sr, and the condition number
of SK is smaller than that of S. □
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