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Abstract

H-bases provide an attractive alternative to Grobner bases for the study of polynomial ideals
because they are independent of monomial orderings and therefore preserve structural
properties that may be obscured in Grobner basis computations. However, the practical
use of H-bases has been limited by the lack of efficient algorithms for their construction,
particularly due to the difficulty of computing syzygy modules and eliminating redundant
generators. In this paper, we present a new algorithm for computing syzygies and H-
bases based on numerical linear algebraic techniques. The proposed approach utilizes
QR decomposition to construct syzygies directly from coefficient matrices, avoiding the
need for monomial orderings and Grobner basis computations. A recursive framework
derived from QR factorization is developed to compute both syzygy modules and H-bases
while simultaneously defining an associated reduction process. In contrast to existing
methods based on Grobner bases, Schreyer’s theorem, or singular value decomposition,
the proposed algorithm requires fewer matrix reductions and relies on computationally
less demanding operations. Furthermore, its termination criterion is determined by an
upper bound independent of Grobner basis theory. Consequently, the method provides a
more streamlined and conceptually simpler framework for the computation of syzygies
and H-bases of polynomial ideals.

Keywords: H-basis; Grobner bases; syzygy

1. Introduction

The theory of Grobner bases, first introduced by Buchberger, has established itself
as a cornerstone of computational algebra with extensive applications spanning robotics,
cryptography, and signal processing; for a comprehensive introduction, see [1]. Despite
their utility, Grobner bases possess inherent limitations, most notably their dependence on
a specific monomial ordering, which often breaks the natural symmetry of the underlying
algebraic problem. Furthermore, these bases frequently suffer from numerical instability,
where infinitesimal perturbations in polynomial coefficients can lead to divergent com-
putational results. In contrast, H-bases—conceptually pioneered by Macaulay [2]—offer
a robust alternative by relying exclusively on the homogeneous terms (leading forms) of
polynomials. Because H-bases are independent of monomial ordering, they provide a
more flexible framework for addressing application-related problems that are otherwise
obscured by the rigid structure of Grobner techniques.

The constructive theory of H-bases was first investigated by Spear [3] and subse-
quently developed by Moller and Mora [4], who established the theoretical framework
for their computation. A general algorithm for constructing H-bases without imposing a
monomial ordering was later introduced by Sauer [5]. This algorithm generalizes the classi-
cal Euclidean division with remainder to multivariate polynomial rings by replacing the
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cancellation of leading terms with an orthogonalization process based on an inner product.
The resulting reduction procedure provides an ordering-independent characterization of
H-bases and naturally leads to a Buchberger-type algorithm for their construction, referred
to in this paper as the H-basis algorithm [5]. Further theoretical developments, together
with applications of H-bases to polynomial system solving, interpolation, and numerical
analysis, are discussed in detail by Moller and Sauer [6] and Sauer [5]. The algorithm
proposed in the present work follows the same ordering-independent philosophy while
replacing the orthogonalization process with a QR decomposition framework, yielding a
more streamlined computational procedure based solely on linear algebraic techniques.

While H-bases offer significant theoretical advantages, their widespread adoption
has been historically hindered by the lack of efficient general algorithms. Conventional
approaches often derive H-bases as a byproduct of Grobner basis computation (see [7])
or require the construction of syzygy modules, which is based on Grébner basis compu-
tations [8]. The efficiency of such algorithms is frequently compromised by the presence
of redundant generators within the syzygy module, leading to unnecessary and costly
reductions. To overcome these challenges, this study proposes an algorithmic framework
rooted in linear algebraic techniques, specifically utilizing extended row-reduced echelon
forms and QR decomposition. By constructing syzygies through matrix row reductions
without necessitating a monomial ordering, our method aims to reduce the number of
computational steps and structural clarity, providing a conceptually simpler alternative to
traditional symbolic methods.

QR decomposition is one of the most fundamental matrix factorization techniques in
numerical linear algebra. Owing to its numerical stability and orthogonality-preserving
properties, it has become a standard tool for solving least-squares problems, computing
matrix rank, determining nullspaces, and developing efficient algorithms in scientific
computing. Compared with Gaussian elimination and singular value decomposition, QR
factorization often provides an attractive compromise between computational efficiency
and numerical robustness, making it particularly suitable for large structured linear alge-
bra problems(see, [9-11]). More broadly, recent advances in computational mathematics
continue to emphasize the development of reliable numerical frameworks and efficient
computational methodologies for diverse mathematical problems, including computa-
tional analysis and approximation theory [12,13]. These developments further highlight the
growing role of modern numerical linear algebra techniques in computational mathematics.

Motivated by these properties, several decomposition-based approaches have recently
been explored for syzygy computation. Previous studies on the computation of syzygies
and H-bases have primarily relied on structured matrix constructions and decomposi-
tion techniques. For instance, Hashemi and Javanbakht [14] develop a degree-by-degree
approach in which coefficient vectors of leading forms are assembled into matrices, and
syzygy bases are obtained through row reduced echelon forms of both the matrix and its
transpose. Their method depends heavily on Grobner basis theory and Schreyer’s theorem
to determine termination, and it incorporates a rather involved orthogonalization process
based on inner products. Similarly, Javanbakht and Sauer [15] propose a method that
computes syzygies via singular value decomposition (SVD), leveraging its robustness in
rank determination and orthogonal basis construction. While effective, these approaches
either require multiple matrix reductions, depend on monomial orderings and Grébner
bases, or involve computationally expensive procedures such as SVD.

In contrast, the method developed in this work introduces a fundamentally different
approach by utilizing QR decomposition for both syzygy and H-basis computation. Instead
of multiple reduction steps or reliance on Grobner bases, the proposed algorithm performs
all essential computations through a unified and simpler matrix reduction framework. The
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recursive structure based on QR decomposition enables the computation of the syzygy
module while also defining a reduction process inherently tied to the QR factorization.
Furthermore, the termination of the algorithm is governed by a distinct upper bound that
is independent of Grobner basis considerations, thereby avoiding additional matrix reduc-
tions. Consequently, the proposed method provides a more streamlined and conceptually
simpler alternative to existing approaches by reducing the number of computational steps
and relying solely on linear algebraic techniques.

2. Materials and Methods

Throughout this work, the polynomial ring in variables x1, xo, . .., x; over the field
K will be P = K[x1,x2,...,x,]. The total degree of the monomial x* = x*1x%2 ... x% is
|a| = a1 +ap + - - - + a,, and the total degree of a polynomial f € P, deg(f), is the highest
degree of the monomials of f. The vector space of homogeneous polynomials of degree d
is P;. The set of monomials of degree d, T/, is a basis for P;. Thus, the dimension of P; is

n+d—1
p .
Definition 1. Let f = fO+ 1+ .- + £ be a polynomial with d = deg(f), f' € P; with f* # 0

and I = (f1, fa,..., fs) C P bean ideal. Then

(i)  The leading form of f is LF(f) = f*.
(ii) The leading form of I is the set LF(I) = {LF(f): f € I}.

Definition 2. A tuple (q1,q2,-..,9s) € P° is called a syzygy of the polynomials (p1, p2, ..., ps) if

S
) 4jpj =0.
j=1

The syzygy module of p1,p2,...,Ps, Syz(p1,p2,...,Ps), is the set of all syzygies of
P1, P2, - -, Ps. It is well-known that Syz(p1, pa, ..., ps) as an P-module is finitely generated.

Definition 3. The set {f1, fa,..., fs} C P is called an H-basis for the ideal I = (f1, f2,..., fs) if
one of the following equivalent conditions holds:

1. Iff €I, then LF(f) € (LE(f1),...,LE(fs)).
2. Any f € I can be written as

f= ihifi

where h; € Pcgeg(f)—deg(f) fori=12,...,s.
3. If(hy,hy,..., hs) € Syz(LF(f1),LF(f2),...,LF(fs)), then there exist §1,82,...,8s € P

such that . .
Y hifi=) gifi
i=1 i=1

where deg(g;f;) > deg( i hifi) fori =1,2,...,s.
i=1

To determine an H-basis, at first we need to understand the reduction procedure. The
Algorithm 1 gives how the reduction procedure works.
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Algorithm 1 Reduction procedure algorithm.

Input: F={f,fo,...,fs},g€P
Output: q’s and r where ¢ = Y .qrfi + 7

1: T’ZO,qfl :O,quzzo,...,I]fSZO

2 d = deg(g)

3: while g # 0 do

4: e=d

5. LF(g) = Lqe s LE(fi) +7e
6 g=8— Lo s fi—re

7. r=r+T1,

8 15 = 95 T e

9. d=deg(g)

10: end while
11: return g’s, r

In the above algorithm, g, 1, represents the polynomial which ensures the degree of
the multiplication of g, ;, and LF(f;) is e.

This procedure is denoted by g £ . Definition 3 implies that {f1, f2,..., fs}
is an H-basis for I = (f1,f2,...,fs) if and only if for each vector (hy,...,hs) €

Syz(LF(f1), LF(f2), ..., LE(fs)),
Y hifi 5 0.

The Algorithm 2 is just a modified Buchberger’s Algorithm.

Algorithm 2 H-basis algorithm.

Input: F={f1,f2,...,fs} CP
Output: An H-basis of (F)

1: G = abasis for Syz(LF(f1),...,LF(fs))
2: while G # @ do

3: Select (hy,hy,...,hs) € G
4: G=G—(hy,hy,... hs)
5. LetLhifi & h
6: if 1 # 0 then
7: F=FU {]’l}
8: G = A basis of Syz(LF(F))
9: i=i+1

10: end if

11: end while

12: return F

3. Results

3.1. Syzygies of Certain Degree via QR Decomposition

As can be seen in Algorithm 2, constructing an H-basis for a given ideal requires
computing a syzygy basis of the leading forms of its generators and applying a reduction
procedure to polynomials. Since the leading forms are homogeneous, we develop an
algorithm based on QR decomposition to compute a syzygy basis for a set of homogeneous
polynomials. Let F = {fi, ..., fs} be a set of homogeneous polynomials and let I = (F).

The set of homogeneous polynomials of degree d in the ideal I is a subspace of the
vector space P; of the homogeneous polynomials of degree d. Furthermore,

My(F) = {x"fi | |x%] =d—deg(fi), 1 <i<s}
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is a spanning set of this subspace.

Since each polynomial x” f; can be written as a linear combination of monomials of
degree d, we can obtain the coordinate vector of x"/ f; with respect to any given monomial
order in T}. Writing these coordinate vectors as a column, M;(F) can also be interpreted
as a matrix. We use M;(F) to represent both the set of polynomials and their matrix
representation. For convenience, the lexicographic order of monomials will be used in this
study. For a reason that will become clear later, the columns of the matrix M;(F) will be
arranged as follows:

The column x"1 f; is left to the column x"% f;, if x*1 > x"2 in lexicographic order or,
if x*1 = x"2, then iy < i.

Definition 4. Let A be an m x n matrix and rank(A) = r < n. Full QR decomposition of A is

a=lor o[

where A = Q1R is the QR decomposition, Q1 isanm X r, Ry isanr x nand Qy isanm x (m —r)
matrices.

In the Full QR Decomposition process, the main idea is to use a full-rank matrix. Now,
we will find the Full QR Decomposition of M;(F) using the following algorithm. Before

. n+d—1
- d

which is the number of rows of M;(F), and let
. (n+d—deg(f;) —1)
w =
L st

which is the number of columns of M;(F). Moreover, let my,mj, ..., my, represent columns

giving the algorithm, let

of My(F) and u; = e,_;, the (p — i) unit vector in R?. Notice that each monomial in
degree d is a vector in R”.
Let R be the matrix r X w whose entries are given by

S 0, if j<i;
v <Wl]‘,l/],‘>, if ] Z i.

Then

M,y(F) = [Ql Qz} [g

is the Full QR decomposition of M;(F).

Notice that the columns of Q; are an orthonormal basis for the vector space M;(F),
and Q> is an orthonormal basis for its complement.

Algorithm 3 is not intended to introduce a new QR factorization algorithm. Rather,
it presents a modified version of the standard Full QR algorithm in order to explicitly de-
scribe the computational steps and the intermediate quantities required by the subsequent
algorithms. In particular, the ordered list monlist is used in Section 3.2 and Theorem 1,
while the matrices Q; and Q> are required in Section 3.3. Accordingly, in practical imple-
mentations, any standard full QR decomposition routine (e.g., a Householder-based QR
implementation) may be employed to compute the required QR factors.
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Algorithm 3 Full QR algorithm.

: Input: M, vectors u;

: Output: Q1, Qp, index, monlist
r=20

: index = @

: monlist = @

fori =1towdo
i—1

g =m; — 21(‘7]"”11')‘7]'
]:

: if §; # 0 then
9: r=r+1

i

11l
11: else
12: index = index U {i}
13: end if
14: end for
15: Q1 = [q1,92,- -, 47]
16: if r = v then
17: return Q1,?, index, @

=

10: qr =

=

18: end if
19: i=1
20: k=1
21: whilek <v—rdo
r k—1

22 pr=ui— ,Zl<uirq]‘>q]' - .21<“i/ Pj)pj

j= =
23: if Py # 0 then

Pr
24: =

P el

25: k=k+1
26: i=i+1
27: else
28: monlist = Append(monlist,x’)
29: i=i+1
30: end if

31: end while

32: Q2 = [p1/p2/~--/}7v7r]
33: return Qq, Q, index, monlist

Definition 5. Let A = {Ql Qz} [1;1] be the Full QR decomposition of A. Ry can be written as

[Rll Rlz}
where Ry is v X r upper triangular matrix by interchanging the columns of Ry. Hence

Ri1 Ryp
0 0

A=l @ P

where P is an n x n permutation matrix. This form is called the Pivoted QR decomposition of A.

Using the above definition, we can obtain the Pivoted QR decomposition of M;(F) as
follows: If M,(F) = {Ql Qz] [IS] is the Full QR decomposition of M, we can arrange

R as
R Ry

where Rj is ¥ x r upper triangular matrix. Hence,
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Ri Ry
M) =@ Q|| ]PT
where P is w X w permutation matrix.
Lemma 1. If
R, R,
My(F) = [Ql Qz} 01 0‘|PT

is the Pivoted QR decomposition of My(F), then the columns of

—1
Nop| R R2]
I

form a basis for the nullspace of M;(F).

Proof. Since PTP =1,

Md(F)P[_Rll 1R2] o @ |® Relpre —Rllle
o alff 3]
(o1 ) '—R1R11§2+R21
=a @ __R20+R2 -[o < m ~0

O

By the construction of the matrix N, each column of N represents a linearly dependent
relation of a column x*f; of M,(F) with respect to the columns left to it. This linear
dependence expresses a certain syzygy

p=Y_ hifi=0. 1)
i

So, p € szy;(f1, ..., fs). Therefore, the columns of N form a basis for

szyd(fl,...,fs) = {(I’ll,...,hs) S SyZ(fl,...,fs) deg(hlfl) B d}

for some d. Thus, for every d, we can find szy,;(f1, . . ., fs) with QR-Decomposition. Evidently, a
generating set for the module Syz(fj, ..., fs) can be obtained by taking the union of these bases for
a suitable selection of d. Therefore, the primary challenge within this framework is to determine
an appropriate upper limit for the degree d to guarantee that a set of generators for Syz(f1, ..., fs)
has been identified. The following section will clarify how to identify this upper limit.

3.2. Finding Upper Limit

Before we define extended syzygies, we seek details about the total number of mono-
mials associated with a certain degree in a monomial ideal.

Let {x"‘(l), X2 x"‘(t)} be the set of minimal generating monomials of a monomial
ideal J. We aim to find the number of monomials of degree ¢ of the ideal |. We define A; as
the set of all monomial multiples x#x*() such that |xPx*()| = ¢ for 1 < i < t. Notice that

https://doi.org/10.3390/sym18081321
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Al nte—|x*0| -1
| 1‘_ e_|xa(1’)|
The number of monomials of degree e of the ideal | is
[AJU A U---U Ay
If we apply the Inclusion-Exclusion Principle,
t t
Ul =100 3 4040 n4y) @)
=1 i=1 1<i; < <ip <t

Notice that if x¥ = LCM(x*(1), x*(2)  x*()) and |x7| = f, then

|AiiﬁAizﬁ---ﬂAik|_(n+§_; 1)

Let us define the following weight order on M(F). x*f; > xP fjifi>jori=jand
x* < xP with respect to lexicographic order. Notice that this is the reverse of the order we
define for the columns of the matrix form of M;(F). Hence according to the order described
above, the leading monomial of the syzygy p given in Equation (1) is x"/ f;. We write this
as LM(p) = x" f;.

Notice that xPp is also a syzygy in szy.(f1, .. ., fs) if |xf| = e — d. Furthermore x**F fi
is the leading monomial of this syzygy. We will refer to syzygy p as a basic syzygy and
xPp as an extended syzygy. Notice that some monomial products of two different basic
syzygies can be produce two extended syzygies with the same leading monomial. Hence
we cannot say that all extended syzygies are linearly independent. To determine the least
number of linearly independent extended syzygies, we can categorize the basic syzygies
into groups based on the polynomial that is being multiplied.

Definition 6. For1 <k <s,

J¢ = {x*| LM(p) = x*fi for some basis element p of szy4(f1, ..., fs)}.
Similarly,
],’f’e = {xPx* | LM(x*p) = xPx* f; for some basis element p of szy4(f1, ..., fs)}-

We select an extended syzygy for each xfx* € ],‘3’6, 1 < k < s. By organizing these
syzygies into rows of a matrix, starting with the syzygies that have the highest leading
monomial and moving towards those with the lowest leading monomial, we can ensure
that the matrix is presented in row echelon form. Consequently, the systematic arrangement
of syzygies results in a matrix that conforms to the row echelon form. Hence these extended
syzygies will be linearly independent. Therefore we may conclude that we have at least

|J] A+ T8 + -+ 2]

linearly independent syzygies of degree e.

Notice that each |] ]’f *| can be computed using Equation (2).

This provides insight into the dimension of the nullspace associated with the matrix
M, (F). We shall now proceed to examine the rank of this matrix.

For a polynomial f € k[xy, ..., x,], the leading monomial of f, denoted by LM(f), is
the largest monomial with respect to a given monomial order, which is lex order in our case.
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Definition 7. Fora given set F = {fy, ..., fs} of homogeneous polynomials and the ideal I = (F),
we define
LM(F) = {LM(f) | f € I}

and for a non-negative integer d,
LMy(F) = {LM(f) | f € Land deg(f) = d}.

The subsequent theorem demonstrates how the set LM;(F) can be derived as a result
of the Full QR Algorithm.

Theorem 1. Let monlist = {x*1,x*2,...,x%} be the ordered list obtained in Full QR decomposi-
tion of My(F). Then
LM, (F) = Tj\monlist
Proof. Let x* ¢ monlist. Then
M < Xt < X
with respect to the lexicographic order. Therefore,
x* € span(qq,...,qr, x, ..., x%).
This implies there is a polynomial
f=x"4+ax™ 4 +a;x" € My(F).

Hence, LM(f) = x* € LM,(F).
Conversely, suppose that x* € LM (F). Therefore, there is a homogeneous polynomial
f such that deg(f) = d and

S
f =x*+ Y aﬁixﬁi
i=1
where each xPi < x*. Hence

x* € span(qy, ..., qr, xP1, ..., xPs).

If some xfi ¢ monlist, then by the above argument it can be written as a linear
combination of g3, . . ., gr and monomials in monlist which are smaller than xPi. Hence, we
may assume that each xPi € monlist. Therefore,

x— i (0, q,)9; — ji:l@ér Bj)B;j =0

j=1
and x* ¢ monlist. O
This theorem clearly indicates that the rank of the matrix M, (F) is |[LMy(F)|. A
minimal generating set for the monomial ideal (LM;(F)) can be easily obtained as a
consequence of the theorem. Let LM, ,(F) be the set of monomials in degree ¢ > d in

LM, (F). The number of elements in LM, ,(F), denoted by |LM;,(F)|, can be found by
Equation (2). Notice that LM ,(F) € LM, (F). Therefore

|LMg,(F)| < [LM,(F)|.

The Rank-Nullity Theorem is widely recognized for stating that the sum of a matrix’s
rank and its nullity is always equal to the total number of its columns. So
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S

L (g (e deg(f) 1
LMy (F)|+ 171 < l(p)l+ 21 = 1 (0S8 T,

If for some d

> ° (n+e—deg(fi) —1
NGRS SR W ,
o B £ (e
then that means Full QR decomposition of M, (F) for e > d will not produce a new syzygy.
Hence at the step d, a set of generators for Syz(fi, ..., fs) has been found.

3.3. Recursive QR Decomposition

The results achieved up to this point establish a method for determining syzygy: ac-
quiring the QR decompositions of the M;(F) matrices progressively by degree, starting from
d = min{deg(f;)} and then obtaining the syzygy basis through nullspace. An upper bound
check is executed at each degree, and these operations are continued until the upper bound
check is satisfied.

Now, we give a recursive method for computing the Full QR decomposition of
M1 (F). That means instead of computing the Full QR decomposition of the M, (F)
from scratch, we will compute it using the QR decomposition of the M (F).

Notice that M 1(F) can be written as

M1 (F) = {Md(F) A]

0 Bl

First of all, to find all linearly independent extended syzygies of degree d + 1,
syzg 4+1(F), we can write all extended syzygies of degree d + 1 as rows of a matrix as
described above. This matrix will not be in row echelon form but very close to it. Applying
a few row reduction operations, we can obtain a matrix in row reduced echelon form.
Hence, we can find all linearly independent extended syzygies of degree d + 1. Since
the column corresponding to the leading monomial of each extended syzygy of degree
d + 1 can be expressed as a linear combination of those columns of M1 (F) that do not
correspond to leading monomials, the columns associated with the leading monomials are
redundant and may therefore be removed from M, (F).

Furthermore, if M;(F) = [Q1 Qz] [121} is the Full QR decomposition, we can sub-

stitute Qq for M (F) in the matrix of My, {(F) since Qg is an orthonormal basis for the
column space of M;(F). So, it will be enough to find the Full QR decomposition of

Q1 A] 3)

Ma(F) = |24

where A and B are obtained from the matrices A and B by dropping some columns, respectively.

Theorem 2. Let My(F), Q1,Qz, R1, My 1 (F), A and B be matrices as defined above, and r be the
number of columns of Q1. If

TA - .

QA _ {Ql Qz}

is the Full QR decomposition and

https://doi.org/10.3390/sym18081321
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then .
I A
o Al _[a @s stQ] 0
0 B 0 T Ll o
is the Full QR decomposition of {Qol ;‘ .
Proof. Notice that ~ .
! A
Q Al _ | Q 0] Or 81TA (4)
0 B 0 0 I 2
0 B
On the other hand, i
QA _[S1 | S|k
B T, | To||0
implies
I Qfa I 0 0| QIA
0 QfA| =10 S S||0 R
0 B 0 T; TLl|lo o
Hence,
I 0 O0f[L QA
@ e el s 0 'k
0 B 0 0 I
0T, Ll|lo o
I, QfA
:[Ql Q251 QZSZ] . 11—2
0 T T
1 2 0 0
O
Corollary 1. Let i
QA - - 1|Run Rp
20 =o @]t T
be the Pivoted QR decomposition and
ofal _[c Dur
B Ry Rpp|
Then
) D—_CR_;}R12
_[Ir | P| = Ri{'Rya
_ I
gives a nullspace for the matrix
Q1 A
0 B
Proof.
I, QfA I, C D
0 R |=|0 Ry : Rp [Ir | PT].
0 0 0 0
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The nullspace can be obtained as

I C D I, —CR{|| D
LR o e R | Pt
0 Rqg Rip 0 R} Rqp
D — CR'Ryp
=[5 1P| g
11 ©12
O
01
02
Lemma 2. Let K= [L M| bean m x s matrix where L = ABisan m x r matrix. If v = | | is
Us
in the nullspace of K, then
o]
B
Oy
Or41
Us
is in the nullspace of {A M}
Proof. LetK = [L M} and L = AB. Columns of K can be written as
[Ll Lo ... Lo | My My ... MH}
U1
02
Letv = | . | be a column vector such that Kv = 0. So,
Os
Since L = AB,

L; = bj;A1 + by Ax + -+ - + b, Ay
Replacing these equations into Equation (5),

Ko =01 (b11A1 + bn1Az + - + b Ar) +02(b1aAr + bpAx + -+ bAy) + - +
Z7r(berl +byy Ay + -+ + brrAr) + UM+ -+ UsMs—y
= (v1b11 +vabip + - - +vpb1, ) A1 + (Vibo1 +V2boo + - -+ Ol ) A -+
(v1bp +v2byo + - - - + by ) Ay + Op A My + - - - F UMy
=0

implies that

https://doi.org/10.3390/sym18081321


https://doi.org/10.3390/sym18081321

Symmetry 2026, 18, 1321 13 of 21

U1

A vl

Us

O

Corollary 2. Let My 1(F) = lo 5

Q A] where Q1 = My (F)(R)=1 and let {Ql Qz}
01

R_l R_Z T . L. o2 .
P* be the pivoted QR decomposition of My 1(F). Ifv = | .| is in the nullspace of

0 0
Us

M4, then _ ol

(R@)—1]:

Ur

Ur+1
P

L Us _

My(F) A
0 B|’

is in the nullspace of [

Proof. By Lemma 2, K = My, (F), A = My, and B = (R(4))~! give the desired result. []

The above lemma allows us to find the syzygies of M;.1(F). We can use Algorithm 4
to find the minimal basis for Syz(F).

Algorithm 4 Syzygy computation algorithm.

Input: F = (f1,f2,...,fs) C k[x1,x2,...,x,]%, an s-tuple of homogenous polynomials
Output: S, a minimal basis for Syz(F)

1. S=0 s
. o n+e—deg(fi)—1
2 r(e) = ¥ (i
: d =min{deg(f;):1<i<s}

3
4: repeat
5: Find Full QR Decomposition of M (F)
6 Find LMy(F)

7: Find syz,;(F)

8 S = SUsyzy(F)

9: fork =1tosdo

10: Find J¢

11: end for

120 if [LMgo(F)| + X5, [Ji*] = r(e) then
13: Exit

14: end if

15: Obtain extended syzygies syz; 441 (F)
16 Apply row reduction to syz 4.1 (F)

17: Construct M, 1 (F) using Equation (3)
18: fork =1tosdo

19: Find 74!

20: Delete the columns {x*f : x* € ];f’dﬂ} from My, 1 (F)
21: end for

22: d=d+1

23: until [LM,,(F)| + Y24 Uf’e| < r(e)

24: return S

https://doi.org/10.3390/sym18081321


https://doi.org/10.3390/sym18081321

Symmetry 2026, 18, 1321 14 of 21

Example 1. Let F = {fi = x1 + X2, o = X122 + x%,fg, = x1x3 + xpx3}. Then

34+e—1-1 34+e—2-1 34+e—2-1 e+1 e
r—( e—1 >+( e—2 )+( e—2 )_<e—1>+2(e—2>’

and

X1

My (F) = *2

X3

If we apply the Full QR algorithm to M1 (F),
1 -1
V2 V2
1 1
_ V2 V2
Q - 0 0 7
Q1 Q2
RO 2
R=| - | = 0 ,and (RM)=1 = [%}
0 0

Hence monlist = {x3,xp} and LM;(F) = (monlist)® = {x1}. Thus, there are no syzygies.
Now, consider d = 2. So, Mp(F) = {x1f1 : x2f1,x3f1, f2, f3}, and

1
|5 0 0 0
X1X2 %
X1X3 0 0 0 Q A
1+
M;(F) = =1 0.5
x5 |0 1 0 0 :
X2X3 0 1 1
3 |0 0 1 |

According to Theorem 2, we need to find the Full QR Decomposition of the matrix

0 1 0 1
1 1
V2 V2
QTA| _|... . ..
B 1 0 0
0 1 0 1
L 0 1 -
The Full QR Decomposition gives that
- ) 1
0 7 0 0 7
1 9 1 =L 9
V3 V6 V2 S, - S,
\/3 2v/3 2 T1 : Tz
0 % 0 0o L
2 V2
[0 0 % 3 0
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and
"3 N .
v 0 7 0
0 V2 0 V2
= 0 0 2 0 R_l . R_z
R: \/§ p—
DY . 0 : 0
0 0 0
i 0 0 0 |

Hence, monlist = {x%,xpx3} and LM(F) = {x3,x1x,x1x3,x3}. Thus, (LMy(F)) =
(x1, x3). Therefore we can write Full QR Decomposition of My (F) as

1 =21 o = I
V2 Ve 23 2
1 1 g _1 =1 9
V2 Ve ) 2v3 2 .
Q_Q1Q2511Q252_0 0 5z 0 Oﬁ_{ ]
- B - V2 -1 1 - Ql 'QZ ’
0 Ty : T 0 X 0 —= 5 0
v 1 2 , 1
0 0 7 \Of 0 7
0 0 0 % 3 0]
and
- 1 1 -
1 ? 0 A 0
V3 1
L QTA 0 v 0 NG 0
RzORzgg\fg ?:[Rle}
0 0 V3
|00 0 0 : 0]
To find the syzygy of degree 2, we need to use Corollary 1. Then we have
1 1
V2.5 0
TA-[L o 2 @w_ |0 3 0 %
=== 0 —== 0| = = 2 6
Q4 V2 V2 } {C O}'R 0 0 V2 0
0 0 0 Z
0
—D+CR; 'R, 0
—Rfle = |-1
I 0
1

The above vector is the syzygy of the matrix My(F), but we need to find the syzygy of the

matrix [Ml(F) A . Corollary 2 implies that the corresponding syzygy is

0 B
[(RD))~10]
[xlfl D Xfy x3fi fo f3} 1)1 = fa —x3f1.
0
L 1 .
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Hence syzy(F) = {s1 = f3 — x3f1} and ]3% = (1).
Extended syzygies are syzps = {x3f3 — x% f1, X2f3 — X2X3f1, X1 f3 — x1x3f1 }. The coeffi-
cient matrix

x3fs  xa3fs Y3 xofs Xofa Xoxsfi xX3fi xifs wfr xixsfi xixofi xifi

1 0 -1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 -1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 -1 0 0

is already in row echelon form. Therefore we can drop the columns xsfs, X f3 and x1 f3 when
calculating Ms(F).
Since (LM (F)) = (x1,x3) and J3 = (1),

ey = (P T (PR T - (T
() - ()
=) =05

imply that | LMj,(F) | +\]§’e < r(e). So we need to continue for d = 3.
Ifd =3, M3(F) = {x2f1, x1x2f1, X131, X1.f2 : X531, X2x3f1, X2 f2, X3 f1, X3 f2 }, and

and

13

X3fi xox3fi xofa X3fi xfo

20 ;0 0 0 0 0
x%xz 0 0 0 0 0
x%xg, 1 0 0 0 0 0
x1x§ 1 0 1 0 0
X1X2X3 0 1 0 0 1 Q: A
_ _ 1-
Ms(F) = x;x2 0 0 0 1 0 [=1%.81
xg’ 1 0 0 0 0
x%xg, 0 0 1 0 0 0
x2x§ 0 0 1 1 0
3| 0 0 0 0 1 |
1 9 1 1
Then QzT A= (2) 1 (2) (2) 1 |. We find the Full QR Decomposition of the matrix
V2 V2
T
lQZ A] and get
(1 V2 —V2]
VI °
0 7 0 7 7 0
2 g =L 0 0 1
V5 V30 NG .
- 51:5
O=1... ... ... .. e | =g |
0 V2 0 =1 1 0 1-22
V3 /5 23 2
5 1
0 0 NG 0 0 7
o 0o o ¥ 1o
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(/5 1 1
2 \0[ 2v/5 0 2v5
3 1
0 80 %Y
0 0 Y& o0 ve
_ NG V5 | 5T s s 1pT
0 0 0 7 0 [ }
0 0 0 0 0
0 0 0 0 |
1 0 0 0O
01000
wherePT = {0 0 0 0 0f.Hence,
0 0101
00010
0 0 0 0 0
2o 2 9 0
Qla=|v 1+ ¥ 4 . ,|P"=|c :p]P
V2 V2
_ 0 =1 0 ﬁ
2V3 2V3 2
and the following matrices
"0
V2
V3
0
0 - 3
0 -2 —D 4+ CRy 1R2
Ry 'Ry= |||, D~CRy 'Ry = Sl -RTR =0
V3 -1
0
_1_
imply that the corresponding syzygy is
- 07 o
V2 0
(R@)~-1|V3 1
0
5 0
V3 -1
=10
0 0
0 -1
Pl-1 1
0
L 1 - ) )
Sy = x%fl — xpfp — x1f2 + x1x2f1. Thus,
§ = {s1,52} and J; = {x3}.
Since | LM3,(F) |= (°11) + (,%) — (°73), |]§"e = (,5,), and Uf'e = (23),
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| LM, (F) | +15°] + ]3¢

= (ijD +2<eiz) =r(e)

which means that the algorithm terminates.

3.4. Reduction Procedure

Let F = {f1, f2,..., fs} be the set of homogeneous polynomials, and W;(F) be the
orthogonal complement of M, (F), yielding the direct sum decomposition

Py = My(F) ® Wy(F).

Accordingly, every homogeneous polynomial # € P; admits a unique orthgonal
decomposition into components in M, (F) and W, (F).

LetQ = {Ql | Qz} denote the orthogonal matrix arising from the Full QR decom-
position of A = M;(F), where rank(A) = k. If v is the coefficient vector of g € Py, then

k m—k
v= ;(U/(QﬁiﬂQl)i + ; (0,(Q2)i)(Q2); (6)

n+§—1) and (Q1);, (Qy); are the i columns of Q1, Q respectively.

Substituting into Equation (6) yields, for any i € Py,

where m = (

S
h=Y gifi+1,
i=1

where g; € Pj_qeg(f,) and € Wy(F).
Now let p € P with deg(p) = d and {hy,hy,...,hs} C P, fi = LF(h;) 1 <i <s. Then

S
LF(p) = Zgifi + rd/
i=1
with g; € Py_geg(f,) and ! € Wy(F). Applying the same procedure to

S
p—Y gihi—1
i=1

and iterating, after at most d steps we obtain

S
p=1Y qihi+r, 7)
i1

d
where deg(g;h;) < dandr € |J W(F).
k=0

We refer to r as the remainder of p modulo H and write p LN Algorithm 5 gives the
reduction procedure by using QR decomposition.
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Algorithm 5 Reduction QR algorithm.

Input: p € P, generating set H = {hy,...,hs}

Output: Decomposition p = Y7 ; q;h; + r satisfying Equation (7)
1: F={fy = LF(hy),...,fs = LF(hs)}
2: TZO,ql‘:O,lSZ'SS
3: while f # 0 do

4 g=LF(p),d=deg(g)
5. Construct My(F)
6:  if My(F) # 0 then
7: Find Full QR decomposition of M;(F)
8: Compute the expression g = Y5_; i f; + 7
9: r=r+4r
10: p=p—Yi_ghi—r
11: gi=4qi+8i,1<i<s
12: else
13: r=r+g
14: end if

15: end while
l6: return p = Y7, qih; +r

3.5. H-Basis Computation

The results established in the previous sections provide all the necessary ingredients
for constructing an H-basis using only QR decomposition. Recall that Algorithm 2 requires
two essential operations: the computation of a basis for the syzygy module of the leading
forms (Step 1) and the reduction of the corresponding polynomial combination (Step 5).
In the proposed framework, these two steps are completely replaced by Algorithm 4 and
Algorithm 5, respectively. Consequently, the entire H-basis computation can be performed
without Grobner basis techniques, monomial orderings, singular value decomposition, or
additional symbolic elimination procedures. Every stage of the algorithm is reduced to
QR-based linear algebra computations.

More precisely, Algorithm 4 constructs a minimal generating set for the syzygy mod-
ule of the leading forms degree by degree through recursive QR decompositions. Once
a nontrivial syzygy is obtained, the associated polynomial combination is reduced by
Algorithm 5, whose reduction procedure is also formulated entirely in terms of QR decom-
position. Therefore, the proposed H-basis algorithm is based on a single computational
framework, where both syzygy construction and polynomial reduction are carried out by
successive QR factorizations.

An important computational advantage of this approach arises from the recursive con-
struction of the QR decompositions. During the computation of the syzygy module, the QR
decompositions of the matrices M;(F) are already available for every degree processed by
Algorithm 4. Consequently, when Algorithm 5 performs reductions whose leading degree
does not exceed the highest degree previously reached during the syzygy computation,
these QR decompositions do not need to be recomputed. Instead, the previously computed
orthogonal bases are reused directly. As a result, the reduction algorithm avoids redundant
matrix factorizations and requires additional QR computations only for degrees that have
not yet been processed. This substantially decreases the computational cost of repeated
reductions occurring throughout the H-basis construction.

A second source of efficiency appears whenever a nonzero remainder is produced
during the reduction process and is appended to the current generating set. According
to Algorithm 2, the syzygy module of the enlarged set must then be recomputed. In
the proposed framework, however, this recomputation does not require restarting the
orthogonalization procedure from the beginning. Since the orthonormal basis associated

https://doi.org/10.3390/sym18081321


https://doi.org/10.3390/sym18081321

Symmetry 2026, 18, 1321

20 of 21

with all previously existing generators has already been constructed, the QR decomposition
is updated incrementally. The orthogonalization step is performed only for the newly
added polynomial, while the orthogonal basis corresponding to the original generators is
preserved unchanged. Hence, extending the generating set requires only a local update of
the QR decomposition rather than a complete reconstruction of the orthogonal basis.

These observations demonstrate that the proposed method is not merely a replacement
of symbolic computations by numerical linear algebra, but an incremental QR-based
framework in which previously computed information is systematically reused throughout
the H-basis construction. Consequently, the algorithm significantly reduces redundant
orthogonalization and matrix factorization steps while preserving numerical stability and
computational efficiency.

4. Discussion

The results presented in this work demonstrate that the computation of H-bases can
be reformulated as a sequence of linear algebra problems without relying on Grobner basis
techniques. By expressing homogeneous polynomial spaces through coefficient matrices
and exploiting QR decomposition, both syzygy computation and the associated reduction
process are unified within a single computational framework. This perspective establishes
a direct connection between computational algebra and numerical linear algebra while
preserving the algebraic properties required for H-basis construction.

Compared with existing approaches, the proposed method substantially simplifies the
computation of syzygy modules. Earlier algorithms either derive syzygies through Grobner
basis computations and Schreyer’s theorem or employ singular value decomposition to
determine nullspaces. In contrast, the present approach computes syzygies directly from
QR decompositions of coefficient matrices. Since QR decomposition generally requires
fewer computational resources than singular value decomposition and avoids Grébner
basis calculations entirely, the proposed algorithm offers a conceptually straightforward
framework based primarily on standard linear algebra techniques.

A further advantage of the proposed framework is its recursive structure. Instead of
recomputing the decomposition of the coefficient matrix at every degree, the recursive QR
algorithm updates the decomposition using information obtained at the previous degree.
Together with the elimination of redundant columns arising from extended syzygies, this
considerably decreases the amount of matrix reduction required during successive itera-
tions. Consequently, the algorithm becomes increasingly efficient as the degree increases.

Another distinguishing feature is the termination criterion. Existing H-basis algo-
rithms often rely on Grobner basis computations or auxiliary algebraic results to determine
when all necessary syzygies have been generated. Here, termination follows from an upper
bound obtained by combining the dimensions of the leading monomial space and the
independently generated extended syzygies. This criterion is derived entirely within the
proposed framework and therefore removes one of the principal dependencies on Grobner
basis theory.

Although the present work is primarily theoretical, the proposed algorithm is well
suited for implementation in computer algebra systems. Since QR decomposition is sup-
ported by highly optimized numerical linear algebra libraries, the method has the potential
to provide practical advantages for large polynomial systems. Future work will focus on im-
plementing the algorithm, performing computational comparisons with existing Grobner
basis-, RREF-, and SVD-based methods, and investigating its performance on applications
arising in computational algebra, coding theory, robotics, and polynomial optimization.

Overall, the proposed QR-based framework provides a conceptually simple alternative
for computing syzygy modules and H-bases. It also highlights the close relationship
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between homogeneous polynomial ideals and orthogonal matrix factorizations, suggesting
new directions for the interaction between symbolic computation and numerical linear algebra.
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