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Abstract

In this article, firstly, some basic properties of the sequential (p,d, T)-numerical radius
function are investigated. The relationships between the sequential (p, d, T)-numerical
radius of an operator sequence and the sequential (p, J, T)-numerical radii of its coordinate
operators are analyzed. Then, the relationships between the sequential (p, §, T)-numerical
radius of an operator sequence and the sequential (p, d, T)-numerical radii of its real and
imaginary parts are presented. Finally, this analysis is extended to the case in which the
coordinate operators are sectorial, providing additional insight into the structural behavior
of the sequential (p, §, T)-numerical radius function. The obtained results are generalized
to some well-known famous results about the numerical radius function from the recent
literature. Also, an important contribution is made to the existing literature via different
and useful results.
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1. Introduction

The concepts of numerical range and numerical radius of an operator play a very
significant role in pure and applied mathematics and have been studied extensively due
to their applications in engineering, quantum computing, quantum mechanics, numer-
ical analysis, differential equations, fluid dynamics, the geometry of Banach space, etc.
(see, [1-3]).

Throughout this article, # denotes a complex Hilbert space endowed with the inner
product (-, -) and associated norm | - ||. Let B(#) and B (#) stand for the C*-algebra of
all bounded linear operators and compact operators acting on H, respectively. The clas-
sical numerical radius and the usual operator norm of a linear bounded operator T are,
respectively, given by

w(T) = sup{[(Tx,x)| : x € H, ||x[| =1}

(see, [4]) and
[Tl = sup{[|[Tx|[ : x € H, [|x]| =1}

Symmetry 2026, 18, 1237

https:/ /doi.org/10.3390/sym18071237


https://crossmark.crossref.org/dialog?doi=10.3390/sym18071237&domain=pdf&date_stamp=2026-07-22
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0002-1321-2702
https://doi.org/10.3390/sym18071237

Symmetry 2026, 18, 1237

2 0f 23

In the literature there is one important formula from Yamazaki [5] for the calculation
of numerical radius w(T) of T € B(H):

w(T) = sup ||Re(e"T)||.
teR

There is another formula for the computation of generalized numerical radius:

wN(T) = sup N(Re (e T)),
teR
where N is the given norm of T € B(H) [6].

Finding the exact value of w(T) for an arbitrary T € B(# ) is not an easy task, except in
some special cases. Therefore, researchers in this field have devoted a considerable amount
of time and effort to find lower and upper bounds of w(T).

Recall that for any T € B(H) the numerical radius w(T) is a norm on B(H) and
among the most basic bounds of w(T) is the following two-sided inequality

1
STl = w(T) < [Tl (1)

(see, e.g., [7]). The right hand side of (1) becomes an equality when T is normal, while the
left side becomes an equality when T? = 0.

Sharpening (1) has received considerable attention in the literature. We refer the reader
to [8-16] as a sample of recent attempts to obtain sharper and better bounds of w(T).

In [9], the numerical radius of accretive operators (matrices) was investigated, where
several bounds were established, including both extensions of known results and newly
derived inequalities. This work appears to have stimulated further interest in the study of
the numerical radius of accretive and related classes of operators.

On the other hand, Bhunia et al. [10] focused on refining the inequalities in (1),
with the Cartesian decomposition playing a central role in these refinements. In particular,
the authors employed this decomposition to improve the first inequality in the following
celebrated bound

* * 2 1 * *
ZHT T+TT ||§w(T)§§HT T+TT, )

which was originally proved in [13] as a refinement of both inequalities in (1).
Earlier, it was shown in [12] that

1 *
w(A) < 5 [[1A]+ 14"

7

which is among the sharpest refinements of the second inequality in (1). In fact, this
inequality is sharper than the upper bound in (2); however, the symmetric structure of (2)
makes it particularly appealing and widely cited.

Further developments were presented in [14], where various relations between an
operator and its Cartesian decomposition were utilized to derive several improvements of
both (1) and (2). In that work, the study of accretive—dissipative operators led to replacing
the factor % in (1) with %, yielding a significant improvement for this class of operators.
More recently, ref. [11] showed that this improved factor is in fact valid for all accretive
operators, thereby strengthening numerous known results, particularly those in [8]. It is
worth noting that the primary aim in [8] was to establish interpolated inequalities that
provide a geometric perspective on several classical bounds.

Now, in alignement with our work, we proceed to the definitions of §-numerical range
and é-numerical radius.
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Definition 1 ([17]). For the operator T € B(H) and 0 < § < ||T||, the 6-numerical range is
defined as
Ws(T) = cl({(Tx, x) : x € H, [|lx[| =1, || Tx[| > }),

where cl(-) denotes the closure of a set in the complex plane.

It is readily seen that Ws(T) is a closed subset of the closure of the classical numerical
range, and that

Wo(T) = () We(T).
6<IT|

Furthermore, by a slight modification of a theorem from Dekker [18], it follows that W;(T)
is connected. An interesting question is whether W;(T) is convex. This is indeed the case
when T is normal or when the underlying Hilbert space is two-dimensional.

Definition 2. For the operator T € B(H) and 0 < § < ||T||, the 6-numerical radius function is
defined as
w,(T) = sup{[A] : A € Wy(T)}.

From the definitions of the /-numerical radius function, it follows immediately that
wo(T) = w(T).
Now, let us give the following two new definitions.

Definition 3. Let 1 < p < coand A = (A,) be an operator sequence in B(H) satisfying

[ee]
Y [ An]lP < oo
n=1

The following definitions are introduced:
1

x® r
HApr: <21|Anx|lﬂ) , X €H,;
n=

1

® 2
Al = Sup{< x HAanp) cxeH, x| = 1};
3. (Ax,x) = ((Anx,x)) € C*(C), x € H;

[(Ax, x) |, = (E |<Anx,x>|”) ,xEH.
n=1

~

N

==

s

Definition 4. Let 1 < p < coand A = (A,,) be an operator sequence in B(H) satisfying

[ee]
Y [ Au]l? < oo.
n=1

The sequential (p, 8, T)-numerical radius of the operator sequence A = (A,) is defined by

1

W(psr)(A) = SUP{ (Z |<AanX>|”> Hlxll =1, 6 < [JAx[], < T}
n=1

for0 <5<t <Al

We note that the proposed definition recovers several well-known numerical radii as
special cases:
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(1) IfA=(Ay), Aw =0, m>2andé =0, T = [[Al|, = ||A[, then this definition
coincides with the definition of classical numerical radius (see [7]);

2) fAeB(H), A= (A A"A00...), p=2,0=0, T = |A]p, then this definition
coincides with the definition of Davis—Wielandt radius of the operator A (see [19,20]);

(B) IfA=(An), Aw=0, m>2and0 <5 < [|Al|, = [[Aland T = [|A[|, = [|A]], then
this definition coincides with the definition of - numerical radius (see [21]);

4) IfA=(An), Aw=0,m>necNandp =26 =0, T=|Al,, then this definition
coincides with the definition of p- numerical radius (see [22]);

(6) IfA=(An), Aw=0,m>necNandp =2,0<0 <Al = A, then this
definition coincides with the definition of joint J-numerical radius (see [23]).

Example 1. Assume that

A = 1o LA R 5 R? Ay = 00 , Ay R? 5 R?,
0 0 0 2

and A = (Ay,Ay,...), p = 2. Then

Nl—=
Nl—=
Nl—=

IAla= sup (A2 + [ Ax?)" = sup (F+43)" = sup (1+3:3)" =2
XES](Rz) XESl(RZ) XESl(RZ)

On the other hand, for 6 < ||Ax|| <7 <2and x € R2 from the last relation

82 < || Arx|* + || Apx|* < T,

ie.,
O < xdr4x3 <1,
it is obtained that
P?-1_ , 11
x5 <
3 3
Therefore,

w%z,ar = supq (A1x, x)% + (Axx, x)% : x € S$1(R?), 6 < ||Ax|| < T}

ps 1+ 7x3 (xz ?) : x € S51(R?), 6 < |JAx| < T}

e G

74 — 2072 + 16

{{
{xl +axd: x e S1(R?), 5 < |Ax| < r}
7

Throughout this paper, we consider operator sequences A = (A,) C B(H) and adopt
the following conventions for the parameters ¢ and t:

(1) Ifo<0and0 <7t < [|Allp, then w(, ) (A) = w0 (A).
(2) fo0<s< ||A||p and T > HA”P’ then a)(p,(g’,[) (A) = w(P,é,HAHp)(A)'
3) Iféo<OandT> ||A||p, then W(p,s,7) (A) = w(prO/”A”p) (A)
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Also for any operator sequences A = (A,) C B(H), 1 < p < oand t,s € R,
—oo <t < ||A[lp, 0 <s < ocoitwill be defined

Dipps)(A) = {x € S1(H)  t < [|Ax[| < s},

where 51 () denotes the unit sphere of the Hilbert space H.

Definition 5. For any fixed —g <y<a< g,

(i) S(y,a)= {rei‘P :r >0, v < ¢ <a} C Cisasector with a vertex at the origin and angles
v and «.

(ii) The operator T : H — H, T € B(H) in any Hilbert space H is said to be (vy, a)-sectorial if
W(T) C S(v,a).

(iii) - The class of all (vy, a)-sectorial operators on Hilbert space H is denoted by Sec(., ) (H).

T
It is clear that, if A € Secy,(H), 0 < a < o then A is accretive. Remember that an

operator A € B(H ) is called accretive if Re(Ax, x) > 0 for all x € H. It is called dissipative
if Im(Ax,x) > 0forall x € H.

This work is organized as follows: In Section 2, fundamental properties of the se-
quential (p, J, T)-numerical radius function are investigated. The relationships between the
sequential (p, J, T)-numerical radius of an operator sequence and the sequential (p, J, 7)-
numerical radii of its coordinate operators are then analyzed. In addition, the relationships
between the sequential (p, J, T)-numerical radius of an operator sequence and the sequen-
tial (p, 4, T)-numerical radii of its real and imaginary parts are presented. Section 3 extends
the study to the case in which the coordinate operators are sectorial.

The main goal of this work is to develop and generalize several well-known clas-
sical inequalities related to the numerical radius, as studied in the recent literature (see,
e.g., [7,8,13,19-26]), with particular emphasis on obtaining refined lower and upper bounds
for the numerical radius.

In this direction, we introduce a sequential (p, d, T)-numerical radius framework for
operator sequences, which provides a unified setting for studying numerical radius-type
quantities and allows the derivation of both new inequalities and extensions of several
known results.

Moreover, this approach provides a unified perspective on operator sequences and
generates improved spectral estimates for the numerical radius.

To be more precise, we prove several fundamental properties of the sequential (p, J, 7)-
numerical radius function for operator sequences. One of our main results is to establish pre-
cise relationships between the sequential (p, §, T)-numerical radius of an operator sequence
and those of its coordinate operators. This generalizes the well-known inequality due to
Drnovsek and Miiller [24,25], which states that for A = (Aq,...,A,,0,0,...) € B(H),

1
—||A]| < w(A).
sl < )
Another main contribution of this work is to establish relationships between the
sequential (p, J, T)-numerical radius of an operator sequence and the sequential (p, J, 7)-
numerical radii of its real and imaginary parts. This generalizes the well-known inequality

due to Kittaneh [13], which states that for A € B(H),

1 1
FIATA+ AN < W?(A) < SATA+AAT.

https://doi.org/10.3390/sym18071237


https://doi.org/10.3390/sym18071237

Symmetry 2026, 18, 1237

60f23

Furthermore, we extend our analysis to the case of sectorial coordinate operators,
obtaining new structural insights and sharper estimates. The results obtained in this section
generalize the inequalities due to Bedrani et al. [9], which state that for A € Sec,(H),
0<a< 7,

w(A) <sec(a)w(ReA) and w(A) < csc(a)w(ImA).

Moreover, our results improve the inequalities due to Sammour et al. [8], which state
T
that for A € Secy,(H),0<a < 5

JA] < 1+ sin2(@)w(A),
and which state that for A, B € B(# ) satisfying

W(A), W(B) C {re? :r>0,0<y<a< %}

w(AB) < (cos?y +sin® &)w(A)w(B).

The main advantage of the sequential (p,d, T)-numerical radius framework is that
it gives a unified way to study different numerical radius-type quantities for operator
sequences. It also allows us to recover many known results as special cases and to obtain
new inequalities and improved estimates.

As a consequence, the results presented in this paper both generalize and significantly
improve upon previously known results, while also contributing new and useful techniques
to the study of numerical radius-type functions.

Note that each operator T € B () can be expressed in the Cartesian decomposition
*

_ *
T+T and ImT = T 2.T . Here, T* denotes the

formas T = ReT + ilmT, where ReT =

i
adjoint of T. Throughout this study we denote by |T| = (T*T)!/? the absolute value of an
operator T € B(H).

2. Sequential (p, J, T)-Numerical Radius

In this section, some important properties of the sequential (p, J, T)-numerical radius
function will be investigated.

Theorem 1. Let A = (Ay), B = (By) be two operator sequences in B(H).
(1) Ifo<|AA[lp <T,A€C, A #£0, then

TATTIAT

W(ps0)(AA) = Ww(p 5 i)(A)-
(2) If5<|A+B|, <T, then
Wipar) B+ B) S O gy erimly) ) ol ial,) B)
(3)  If A = (Ay) is a normal operator sequence in B(H), then for any § < ||All, < T,
W(ps0) (A) = wp 50) (A7)
(4 If A = (Ay) is a hyponormal operator sequence in B(H ), then forany 0 < & < ||A*||f

w(p,é,r) (A* ) < w(p,&,r) (A) .
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Proof.

)

@)

®)

For any x € H, it is clear that
[(AAx, x)[p = [A[[(Ax, x) |p ®)
On the other hand, for x € A, 5,)(AA), A € C\ {0}, ie,
O < |AAx[[, < T

it is obtained that 5
T
o S Ax]y < e
A P Al

This means that

A(por)(AA) = A( o) (A). 4)

Pr‘ ’

=

Therefore, from (3) and (4) it is found that

W(ps,r) (AA) = Ww(p N L)(A),

TATIAT

for & < [|AA, < 7.
For any x € H, it is easy to see that

(A +B)x, )y < [(hx, 1)y + (B, )], ©
On the other hand, if x € S1(#H) and ¢ < [[(A +B)x||, < 7T, then
5 <[[(A+B)x[lp < [[Ax]lp + Bl

and
6 < [(A+B)x|p < [[Allp + [[Bx]|p.

Hence,
6—|Blly < |Ax|[, and 6 — [A[l, < [|Bx]],. (6)

Also, if x € S1(H) and [[(A +B)x||, < 7, then

[Ax|lp < [[(A+B)x|[p + [Bll, < T+ B, @)
Bx|lp < [[(A+B)x[l, + [[All, < T+ [|A]lp.
Therefore, from (6) and (7) it is obtained that for x € S1(H)
o= |IBl[, < |Ax|[, < T+ [Bflpand 6 — [JA[l, < [ Bx|lp < 7+ [[A[lp.

Consequently,

B(psr) (A+B) C A B, ctBl,) (A) O Ao af, 7+ )al,) (B)- ®)

Finally, from (5) and (8) it is obtained that
@(psr)(A+B) < Wiy, 1Bl,) (B) T @ (payaf,e+al,) B)-

Forany x € H
[{(Ax, x)|p = [(A"x, x) [ )

https://doi.org/10.3390/sym18071237
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As well as for any x € S1(H)

1 1
[} 4 o 4
6 < [lAx], = (Z ||Anx||P> - (z ||A:;x||f’) — A%, <.
n=1 n=1

From these relations it is established that
W(p,o,7) (A) = W(p,s,1) (A").

(4) From the equality (9) and

-
-

) P ) P
6 < [[Axllp = <Z ||A2x||p> < (Z IAnXII”> = |Ax]lp, x € S1(H),
n=1 n=1

it is obtained that
W(p,s,1) (A*) < W(p,s,1) (A)
O

Remark 1. Let A = (A,), A =0, m>n, p=2.

(1) Ifé6 =0and T > ||A||p, then Theorem 1 coincides with well-known result found in [26].
(2) If0 <6 < ||Al|pand T > ||A||2, then Theorem 1 is a generalization which has a corresponding
result in [23].

Now, we provide a useful auxiliary lemma.
Lemma 1 ([27]). If T € B(H), T > 0, then forany x € T,
ITx|? < [IT[(Tx, x).
Theorem 2. Let A = (A;) be an operator sequence in B(H) and 0 < § < ||Ax||, < 7. Then
Wiy a0 (A) < aw(y 5 (1A]),

where a = sup || |An] |-
n>1

Proof. Forany x € A(,5r)(A) itis clear that
¥ < || Ax|l,

(o)
=) [[Anx|]?
n=1

Hence,
< | 1Al <,

https://doi.org/10.3390/sym18071237
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this shows that
A(p,&,T) (A) = A(p,é,T)(‘AD' (10)

On the other hand, from Lemma 1, for x € A, 5 )(A) it is clear that

[(Ax, )| = Y [(Aux, x)[?

n=1

<Y [[Anx|?
n=1

= Y (AL Aux,x)?
n=1
0 5

= ¥ (I14alx17) (1)

3
Il
—_

4
2

IA
[1e

(AL K[ Anlx, 2))

n=1
P& p
<sup || [Aul 12 ) (|An]x, x)2
n>1 n=1
P 4
— a5 (Al %),

where a = sup || |Ax| ||. Thus, from (10) and (11) it is obtained that
n>1

wherea = sup || |A,| [|. O

n>1

Example 2. Assume that

An:<0 ag>ran20/n21/

an

and let A = (Ay), p = 2. Assume also that 0 < § < ||[Ax|» < T, sup |ay| < oo, ¥ a2 < co.

n>1 n=1
|Aﬂ|_<an 0)/7121
0 a,

Then, by Theorem 2 it is obtained that

In this case,

Wl 5.2y (A) < sup |an]wy 5.7 (|A]).
n>1

In a special case, if 6 =0, T = Y a2, then from the last inequality we have
n=1
2 2
W) (A) < sup [ay| Y
n>1 n=1

The following two theorems describe the relationships between the sequential (p, J, T)-
numerical radius of an operator sequence and the sequential (p, J, T)-numerical radii of its
coordinate operators.
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Theorem 3. Let A = (Ay,) be an operator sequence in B(H) and 0 < 6, < 17,, n > 1. Then

W (5,0 (An) < w50 (A),
- 1 - 1
where 6 = (Z (55>p and T = (Z T,f)p
n=1 n=1

Proof. Itis clear thatforn > 1and x € H,

o
|{Anx, x)|F Z [(Anx, x)|P = [(Ax, x)|b.

On the other hand, since for any x € A5, +,)(An), n > 1

[e9)

o0 o0
Yooh < Y AP < Y T
n=1 n=1

then
A5, ) (An) C A1) (A),

where § = Z of andT =
n=1
Thus, from (12) and (13) it is obtained that for n > 1

W (5,0 (An) < w50 (A),

1 1
where 6 = (Z 55);; and T = (Z Tﬁ)p. O
n=1 n=1

From Theorem 3, we obtain the next results.

1
; 1
= < v T,ﬁ) ' > |Al|p. Then, for any m > 1
m=1

§\>—‘

m
Z W (8y,7) ) < W(p,6,7) (A).

Corollary 2. Let A = (Aq,...,An,0,0,...). Then

1 n 2 %
n Y Wi (An) | <w(A).
On the other hand, by using the following well-known inequality
1
§||Am\| <w(Am), 1<m<n

it is obtained that

jﬁ(fl |Am||2> < w(A)

1

n
Corollary 1. Let A = (A;), Ay =0, m >n, p =2,and 6 = (Z (%)p
m=1

(12)

(13)

= 0 and

https://doi.org/10.3390/sym18071237
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Also, it is clear that
1
2

n
[All2 < (Z IIAm|2>
m=1

From this inequality and the previous relation it is established that

1
ﬁllAll < w(A)

which was obtained in [24,25].
Theorem 4. Let A = (Ay,) be an operator sequence in B(H) and 5 < t. Then

Wiy o) (B) < n);l Wlg, ) (An)s

1
P

where by =6 —ay, an = | ¥ [[Aw||P | ,n>1
-1

m=
m#£n

Proof. Forany x € A, 5.)(A)

1
0 r 1
5 < ||Axlly = (2 ||Anx||P> < (I Anxll? +af)" < | Apxl] +a,

n=1
1
p

(e )

wherea, = | ¥ ||An|lP | , n > 1. Hence,
g
(14)

op=0—way < ||[Apx|, x€H, n>1.

Also, for any n > 1 from the last estimate

0 r
[ Anx]|| < (E IAanI”> <t xeH

n=1

and previous relation (14) it is established that
Apsr)(A) C () As, o) (An). (15)

On the other hand, for x € H it is clear that

[(Ax,x)[p = ) [{(Anx, )P (16)

Thus, from (15) and (16) it is obtained that

w?p,é,r) (A) =< 2 wl(gé,l,r)(A”)’

https://doi.org/10.3390/sym18071237
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P
where 6, =5 — ay, o, = Z AP | ,n>1. O
m;én

The following corollary follows from Theorem 4.

Corollary 3. Let A = (A1,...,A4,0,0,...) be an operator sequence in B(H )and & < T. Then

W(po0)( (2 [ A H’”)

Also, from this, if n = 1 (i.e, A = A € B(H)), 6 =0, T > ||A||, then we obtain the well-
known inequality
w(A) < [|All

Theorem 5. Let A = (A;) be an operator sequence in B(H) and 0 < & < v < ||Al|p. Then

s (2 I 144] ||P> wh 5.0 (A,

Proof. By using Lemma 1, for any x € S1(H)

(o)

[(Ax, x)| Z [{Anx, x)|P
(o]
<)

(| Anx||?
n=1
> r
= Z (AfApx, x)2
n
o0

Z |1 An|x[|” 17)
=Y

P
1 Anl 112 (| Anlx,x)?

< < I 14a] |P) <§1|<Anx,x>l’>

(i I 140l |P> (Al 1L,

On the other hand, for x € S1(#H), since

gk

[N

o7 < || Ax|l = Z ([ Anx[|P = Z 1 AnlxllP = Il |A] xp < 77,

n=1

then
Aoy (B) = B s (JA]). (18)
Thus, from (17) and (18) it is obtained that

o0 : o,
wfﬁ,&,r)(A) < (n; [l [An] |p) “J(Zp,‘;,-r>(|A|)-

https://doi.org/10.3390/sym18071237
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Now, let us present a result that establishes the relationships between the sequential
(p,d, T)-numerical radius of an operator sequence and the sequential (p, d, T)-numerical
radii of its real and imaginary parts.

Theorem 6. Let A = (Ay,) be an operator sequence in B(H),2 < p < co,and 0 < 5 < 7 <
|Al|p. Then

P g 2 2
w(p’h)(A) < w( (Re A+ 1Im A),

B,02—a,124a)

N

(o] r P
where x = < Y zx,?l) p,zxn = |ReA,ImA, — ImA,ReAy||, n > 1.

n=1

Proof. Forany x € S;(H)andn > 1

[(Anx, X)[P = (|(ReAux, x)|P + [(ImAux, x)|P) 2
< ([ReAux|[? + | ImAx||?)*
= |((R32An +1m2An)x,x)\§.
Hence,
[e'e] (o) »
Y A, )P < Y (R A+ I Ay ) x,2) 5.
n=1 n=1
Therefore,

|(Ax, x)[h < |((R32A+1m2A)x,x>| . (19)

[SIRSENTRSY

On the other hand, for x € S1(#) and n > 1, it follows that

Al Aux, x) |§
(ReA, +iImAy)*(ReA, + 1'ImA,,)x,x>|g

([ Anx]|P =

((RezAn + ImzAn) +i(ReApImA, — ImAnReAn))x,x)\g

14
2

(R2 Ay + Im? Ap)x, x) +i((ReA,ImA, — ImA,ReAy)x, x)|

[NTS)

P

= (((RezAn + Im?A,)x, x) + ocn) ’

where a, = [|[ReA,ImA, — ImA,ReAyl|, n > 1.
Hence, for x € S1(H) and 0 < 6 < ||Ax||, it follows that

8 < [|Ax|;

2
o [
= <Z IAnxl”)
n=1

2
[e] 4
<Z |<<Re2An + ImZA,,)x,x> n an|é’>

n=1

IN

2

2
=) P 00 P
Z|(<R62An+1m2An)x,x>;) + (2 zx,%)
n=1 n=1

IN

2

[e] ) 4
< H(ReZA,, +1m2An>fo Ty
|

= | R82A+1m2A)x||§ +a,
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2
©  P\7
where o = < Yy tx,%) .
n=1
Consequently, from the last relation it is obtained that for x € S;(H)
2—a<| (ReZA + ImzA)xHE.
2
Aswell as this, if x € S1(H) and n > 1, then
4
||(Re2An+1m2An)x|\% < <||Anx||2+txn>2.
Hence, for x € S1(H)
2
2 2 - 2 2 '
||<Re A+1Im A Iy = ,;1” Re Ap + Im2A )x||z
2
00 % p
< (2 A2 + ) )
) 2
(£ o) (£4)
n=1
= tz +a.
Consequently, if x € S1(#H) and [[Ax||, < 7,
| (ReZA + ImzA)ng <72+
Therefore, from these calculations it is found that
Bipsm)(B) C Ay r2y) (REA+ InA). (20)

Thus, from (19) and (20), it is obtained that

(A) < (%,, (RezAJr ImzA).
2/

14
“lpor) D )

O
Example 3. Assume that
Apx=ayx,a,€C, A,:C—->C,n>1

[e¢]
where ay = by +icy, by, cn €R, n>1.Let p =2, A = (Ap), and assume that 'y |an\2 < o0,

1 n=1
5=0,t=|A|= < |an|2) . Then,
n=1
Re®A + Im?A = (b2 4 2).
Hence, from (6) it is obtained that

1
2

agh

W(20,|Al) (A) < w(l,O,HAH%)(b% +ep) = < (b5 + C%))

n=1
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From Theorem 6, we obtain the next results.

Corollary 4. Let A = (A,) be an operator sequence in B(H), the operator A, € B(H,) is
normal foranyn > 1,2 < p < c0,and 0 < 5 < 7 < ||Al[p. Then

2 5 )
Wip,s1) (A) < w(%éz,fz) (Re A+ Im A).
Remark 2. Foranyn =1,... since
1
Re2A, + Im?A, = E(AZA” + AnAY),

then from (1) of Theorem 1 and Theorem 6 it can be rewritten in the equivalent form

IA
N =

s (8) € 3022 420) (A4 + A

Then, ifwe taken =1, § =0, T > ||A||, A € B(H), then it is true that
w? o (A) =w?(A) < 1||A*A + AAY||
(p.0,7) - =2 ’
and this result has been found in [13].

Remark 3. If A = (Ay), 1r>1f1 |Anl| >0, foranyn > 1A, > 0and 2 < p < oo in Theorem 6,
n

then from Lemma 1 it is clear that

8 < ||Ax]l3

—(ﬁyAww>p

<( |Amﬂmﬁwﬂg
n

=1

N

=N

=N

n>1 n=1

. N
<A [(Anx, x)|2
n=1

< A( <Anx,x>>

= AL Avx, )]

n=1

SwMMM< Mmmwﬂ>

agk

1

3

= Al Y Aux||, x € S1(H)

n=1

where A = sup || A, ||. Hence, if for any x € S1(H), then the following holds

n>1

& < |lAx|[5 < ALY Anx|. 21)

n=1
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On the other hand, for any x € S1(H) and ||Ax|| < T
1 1
[ee] [ee] [e0] [e0] P
inf (| Al 3 [ Anx] < Y [ Anlll| Anx]| < (Z IAn||”) (Z IAan”>
n>1 n=1 n=1 n=1 n=1
ie.,
1
) — 00 q
1Y Anxl < (i 1) (): |An||q> laxll, <o, 22)
n=1 = n=1
-~ 1
where o = (mf | An ||) < Y ||Ax ||‘f) and g = %
Thus, from (21) and (22) zt is obtained that
A(p,é,’r) (A) (1 2 - ) (Z > (23)
In addition, since Ay, >0, n > 1, then forany2 < p < coandx € H
[e9) [e9) p (9]
|{(Ax, x) Z [(Apx, x)|F < <Z(Anx,x>> = () Aux,x)? (24)
n=1 n=1

n=1

Then, from (23) and (24) we obtain

Upae)(B) < @ (w )(E )

Now, we will present an important result.
Theorem 7. Let A = (Ay,) be an operator sequence in B(H ). Then,
w(p,(;,T)(ReA) < w(P/OrHAH)(A)’ fOT’ <1< ||R€A||

and
w(p,(glr)(ImA) < w(PfOrHAH)(A>’ fOT’ 1) <7t< ||ImA||

Proof. For any x € H, it is clear that

1

|(ReAx, x)|, = <Z| (ReAyx, x) ) <2| (Ayx, x) ) = |(Ax, x)|p,

and similarly
|(ImAx, x)[p, < [(Ax, x)]p.

On the other hand, it is easy to see that
Aps0)(ReA) C S1(H) for 6 < T < |[ReAl],

Ay sy (ImA) C S1(H) for 6 < T < |[ImAl],,

From these relations, we obtain

(L)(p’(ng)(REA) < “’(p,O,HAH)(A)' fOT’ 1) <7t< ||R€AH
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and
w(p,g,T)(ImA) < w(P,O,HAH)(A)’ fOT’ ) S T< ||ImA||

O

From Theorem 7, we obtain the next results.
Corollary 5. Let A = (A,0,0,...), A € B(H),6 = 0and T > max{||ReAl|,, ||[ImAl|,}. Then,
w(RA+Im*A) < w(Re2A) + w(Im?A) < w?(A) + w?(A) < 2w*(A).
Therefore, from the last relation it is found that for A € B(H)
LA . 2
;HA A+ AAY|| < w (A).
This result has been found by Kittaneh in [13].

3. Sectorial Case of Coordinate Operators

In this section, the sequential (p, §, T)-numerical radius function will be investigated
in the case when the coordinate operators are sectorial.
Theorem 8. Let A = (A;) be an operator sequence in B(H) and 0 < 5 < T < [|Al]p.

(1) IfA, € Secy,(H), 0 <y < g, n>1and asyp = sup ay < g, then
n>1

w( (A) < sec(asup)w( (ReA),

p.o,T) p.0r,Tr)

where 8, = 6 — ||[ImAl|p and T, = T + ||[ImA[|p.
(2) If A, € Secy,(H), 0 < ay < g, n > 1and aye = 1r>1f1 &, > 0, then
n>

W(ps,7) (A) < ese(@inf)w(p s, 7,) (IMA),
where §; = 6 — ||ReA\||, and T; = T+ ||ReA|| .

Proof.
(1) Foreach x € S1(H) it follows that

1
(o] p
6 < ||Axl, = (Z IIAmXI”>
n=1

==

[e9)
< ( | [|[ReAnx[| + [[ImAnx|| |’7>
n=1

) ?
< ( HReAnx|||p> + [ ITmA[|.
n=1

Then, it is clear that for each x € S1(H)
6 — [ ImA||, < ||ReAx]|,,
and setting &, = ¢ — ||[ImA||, yields

Or < [|[ReAx|p.
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On the other hand, for x € S;(H)
[ReAx|, < [|Ax||, + [ImAll, < T+ ||ImAll, = 7.
Hence,
A(p,é,‘[) (A) C A(Prfsr,Tr)(REA)' (25)
As well as this, forx € H
1
[=S) 4
|{(Ax, x) (Z [{Anx, x) )
n=1
1
00 % p
= (E ReAnx )+ |(ImAyx, x>|2> >
n=1
S !
< (Z 1 + tan? (@ ))|<ReAnx x ) (26)
e '
< (1 + tanz(asup)> (Z |<ReAnx,x>|p>
n=1
= sec(asup) | (ReAx, x)|p,
where agyp = sup ay,.
n>1
Thus, from (25) and (26) it is obtained that
W(ps7) (A) < sec(zxsup)w(p,(;ﬂr)(ReA),
where 6, = 6 — |[ImA||, and T, = T + [[ImA[[.
(2) Assume that x € A, 51)(A). Forany x € S1(H), it follows that
1
=) 4
6 < ||Ax]ly = (2 ||Anx|”>
n=1
< <Z(||R€Anx| + HImAan)p)
n=1
1 1
=) P 0 4
< (Z ||ReAnx||p> + <Z ||ImAnx||p>
n=1 n=1
< [ReA||p + || ImAx][p.
Hence, from the last calculations it is obtained that for x € S1(H)
6 — [Rea, < || ImAx],,
and setting ; = 6 — ||[ReA[|, yields
5 < | ImAx|,. 27)

On the other hand, for any x € S1(H)

| tmAxll, < || Axll, + [ ReAx], < T+ [ ReAx],
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and setting 7; = T + ||ReA ||, yields
T > || ImAx]],. (28)
Consequently, from (27) and (28) it is established that
A(ps,r)(A) C B s, ) (IMA) (29)
Also, since A, € Secy, (H), 0 < ay < g, n > 1itis clear that for x € H
[(ReAyx,x)| < cot(ay)|(ImAyx, x)]|.
Using this fact for x € H it is obtained that

1
P

hgk

|<Ax,x>|p = ( |(Anx,x>|p>

((1 + COtZ(an)) |(ImAyx, x) |2)

< ( ) (30)
n=1

< (1 + COtZ(ainf))% (é [{(ImAyx, x) P)

= csc(ing) [ (ImAx, x) [,

I
—

<| (ReAnx, x)|* + [(ImApx, x) |2>

[N agk:
N
N——
<=

[N
==

I agk

==

where a; ¢ = 1r>1f1 oy
n>
Thus, from (29) and (30) it is found that
w(p,&,T) (A) < Csc(“inf)w(p,éi,ri)(ImA>/

where 6; = 6 — ||[ReA ||, and 7; = T+ ||ReA|| .
O

Example 4. Assume that

an+ibn 0 2
Ap = :C(C), n>1,
" < 0 an+ibn> (©),n=

where ay, by € R, ay, > 1,and |by| < /3. Let A = (Ay), p = 2. Then,

1
fo'e) 2
A2 = <Z ay + b%)
n=1

and

[{(ImAx, x)|» T
N 1L — it
IRehx )]s < V> tan(3).

which implies that A € Sec( )(Cz). Define

T
3

O = 6 — ||[ImAl|p and 7, = T+ ||[ImA|[,
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1
2

where || ImA||, = ( f b,%) . Therefore, by (1) of Theorem 8 it is obtained that
n=1

1
2

If we take p =2, 6§ = 0,and 7 > ||A||2 in Theorem 8, we obtain the following corollary.

W(2,,0)(A) S 2w 5, 1) (Red) = 2(

%

Corollary 6. Let A = (Ay,) be an operator sequence in B(H).
(1) IfAn=0 m>n, Ax € Secy (H), 0 < ap < 3, k=1,...,n,then

w(A) < sec(asyp)w(ReA),

where asyp = sup .
1<k<n
(2) IfAn =0 m>n, Ax € Seco, (H), 0 < <%, k=1,...,n,then
w(A) < csc(af)w(Imh),

where ajyp = 1<i€(1£n K.

Remark 4. If we take n = 1 in Corollary 6, then for A € Secy(H), 0 < & < 7
w(A) <sec(a)w(ReA) and w(A) < csc(a)w(ImA),
which was proved in [9].

Theorem 9. Let A = (A,) be an operator sequence in B(H) and A, € B(H), n > 1bean
accretive—dissipative operator such that

W(A,) C {rei‘P:rzo, O<mm<p<ay< g},foreachn > 1.

Then,
(1) forany 6 <t < |[ReAll,,
W (p,5,7) (ReA) < cos(Yine)w(p,0,4]1,) (A),
where Ying = Inf 1,
(2)  foranyé <1 < ||[ImAllp,
W (p o) (IMA) < sin(@sup) (0,14, (A),

where &syp = sup ay.
n>1

Proof.

(1) Forany x € H itis clear that

NI

[1e

(Ax, )0 = Y [(Anx, x)|P < i(|(ReAnx,x>|2+ |<ImAnx,x>|2)

n=1 n=1
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On the other hand, since
[{ImA,x,x)| > tan(y,)|(ReAyx, x)|, n > 1

L . . . 7T
and the tangent function is monotonically increasing on [0, 5 ), then

N

(1+ tan® (7)) ? [{ReAnx, x)|F = (14 tan? (ying))? [ (ReAx, X},

[1e

[(Ax, x) [ >

n=1

ie., forx e H
|(Ax, x)|p > sec(7ing))[(ReAx, x)|p, (31)

where ¥, = inf J;.
n>1

As well as this, for any § < T < ||ReAx|| p it is clear that
A(p,é,”[) (REA) C$ (H) (32)
Hence, from (31) and (32) it is found that
W (p,57) (ReA) < cos(Ying) @ (p,0,a]1,) (A),

(2) Forany x € H itis clear that

LSS

[(Apx, )P =) (|(ReAnx,x>|2 + |<ImAnx,x>|2)
1 n=1

agk

|(Ax, x) [ =

n

On the other hand, since
[(ImAyx,x)| < tan(a,)|(ReA,x,x)|, n > 1
and the cotangent function is monotonically decreasing on (0, g) , then

14
2

(14 cot?(a))

agk

|<Ax,x>|,€ > [(ImAyx, x)|P > cscp(ocsup)|<ImAx,x>|£,

n=1

ie, forx e H
[(ImAx, x)[p < sin(asup) | (A7, 7)1, (38)

where asyp = sup ay,.
n>1
As well as this, for any 6 < 7 < ||[ImAx||, itis clear that

A(plélT)(ImA) C S5 (H) (34)
Hence, from (33) and (34) it is found that

W(p5,0) (ImA) < sin(asup)wyp,a],) (A)-
O

Corollary 7. Under the condition of Theorem 9, if 6 < T < min{||ReA||p, ||[ImA||,}, then

w%p, 5,0) (ReA) + w%p’ 5,0 (IMA) < (COSZ(%M) + sinZ(asup)> “’fp,o,n Al (A).
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Corollary 8. Under the condition of Theorem 9, if Ay, = 0, m > n, 6 = 0,and T >
min{ ||ReA||,, [|[ImAl|,}, then from Corollary 7

IReA|S + [[TmA||7

2
. wp(A).
cos? (’)/inf) + 51n2 ("‘sup)

=P

In addition, if A = (A,0,0,...), A € B(H), then from the last relation it is obtained that for
I<y<a< g
2 2
IRAIP 4 1ImAI _ o p)
cos?(7y) + sin”(«)
On the other hand, it is well known that from [8]

1AI? < [[ReA||? + || ImA|I%.

Therefore, from the previous inequality it is obtained that

JAI| < \/cos?(y) + sin(a)w(A). (35)

It must be noted that in the matrix case of A € Secy(H),0 < a < g the following main result
was obtained in [8],
| Al < /1 +sin?(a)w(A).

Therefore, the previous estimate shows that in the accretive—dissipative case the last inequality can
be improved.
It must be noted that for A, B € B(H) with condition

W(A), W(B) C {rei¢:r20,0<’y<tx< g}
from (35), the following interpolated inequality is implied
w(AB) < (cos?y +sin® &)w(A)w(B).
This shows that the analogous result in [8] can be improved.

4. Conclusions

In this study, we investigated several fundamental properties of the sequential (p, , 7)-
numerical radius function. First, we examined the relationships between the sequential
(p, 6, T)-numerical radius of an operator sequence and the corresponding numerical radii
of its coordinate operators. We further analyzed the connections between the sequential
(p,d, T)-numerical radius and the numerical radii of the real and imaginary parts of the
associated operator sequences.

Finally, these results were extended to the case where the coordinate operators are
sectorial, which provided additional structural insights into the behavior of the sequential
(p,d, T)-numerical radius function. The obtained results generalize several well-known
classical results on the numerical radius function in the recent literature and contribute
new and useful perspectives to the existing theory.

Future research may focus on extending these results to more general classes of
operators, as well as exploring possible applications of the sequential (p, J, T)-numerical
radius in other areas of functional analysis and operator theory.
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