symmetry

Article

Analytical Investigation of the (s, t)-Deformed Free Convolution

Raouf Fakhfakh *{, Fatimah Alshahrani 2 and Abdulmajeed Albarrak !

W) Check for updates

Academic Editor: Sergei Odintsov

Received: 7 April 2026

Revised: 30 April 2026

Accepted: 8 May 2026

Published: 11 May 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons

Attribution (CC BY) license.

1 Department of Mathematics, College of Science, Jouf University, P.O. Box 2014, Sakaka 72388, Saudi Arabia;
aalbarrak@ju.edu.sa

Department of Mathematical Sciences, College of Science, Princess Nourah bint Abdulrahman University,
P.O. Box 84428, Riyadh 11671, Saudi Arabia; fmalshahrani@pnu.edu.sa

*  Correspondence: rfakhfakh@ju.edu.sa

Abstract

The objective of this work is to investigate the T = (s, t)-deformed free convolution Bt
fors > 0 and t € R and to clarify its structural and asymptotic properties within the
framework of Cauchy-Stieltjes kernel (CSK) families. The methodology is based on the
analysis of the associated variance functions (VFs), which provide an effective analytic tool
for describing deformation mechanisms, invariance properties, and convolution structures.
In particular, we derive an explicit formula for the VF of convolution powers and exploit
this representation to develop approximation procedures for distributions in CSK families
generated by the (s, t)-deformed free Gaussian and free Poisson laws. We also establish
several limit theorems describing the asymptotic behavior of the deformation. These
findings highlight intrinsic symmetry and scaling properties and reveal connections with
free additive, Boolean additive, and free multiplicative convolutions, thereby placing the
(s, t)-deformation within a unified probabilistic framework governed by transformation,
invariance, and structural regularity.

Keywords: Cauchy-Stieltjes transform; deformed convolution; probability measure;
variance function

MSC: 60E10; 46154

1. Introduction

Transformations of probability measures, together with the convolution operations
they induce, form a cornerstone of modern probability theory and statistical modeling.
They offer a coherent framework for tracking how probability distributions change when
subjected to algebraic, analytic, or stochastic operations, and for constructing new random
variables from existing ones. Such transformations are particularly useful for describing
collective effects, including aggregation mechanisms, dependence patterns, and asymptotic
scaling behavior, all of which play a central role in theoretical probability as well as in
applied statistical analysis. From an applied perspective, the ability to systematically trans-
form probability measures provides statisticians and data analysts with adaptable modeling
tools for capturing complex stochastic dynamics and for interpreting data generated by
interacting or nonclassical sources. In this way, the theory of measure transformations
serves as a natural bridge between abstract probabilistic concepts and applications in areas
such as engineering, finance, and the social sciences. In this general framework, trans-
formations introduced throughout the Cauchy-Stieltjes transform (CST) have emerged
as especially significant in free probability theory, see [1-4]. By expressing convolution
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operations via analytic transforms, problems concerning free additive convolution can
be recast as questions about functional equations and the intrinsic analytic structure, em-
phasizing underlying symmetry, invariance, and structural coherence within the space
of probability measures. This perspective has proven particularly effective for revealing
symmetry-driven stability, invariance properties, and geometric patterns of probability
measures, for analyzing deformation, scaling, and flow-like effects, and for establishing
limit theorems governing sequences of noncommutative random variables. Moreover,
CST-based methods often provide a unifying language that connects and extends several
classical results in free probability. A number of studies illustrate the effectiveness of this
approach; see, for example [5-7].

In this context, a deformation of real probability measures UT was introduced in [8] as
a natural extension of the f-deformation [9,10]. Let P denote the class of Borel probability
measures on R, and let P, C P be the subclass of measures with compact support. For
v € P and for parameters s € R and t > 0, one associates the pair T = (s, ) and defines the
(s, t)-deformation through the relation

1 I
Gurpy (@)  Gu(@)

+(1—s)@+Cylt—s). (1)

Here,

G, (@) :/:D(il)l' @ € C\supp(v),

is the CST of v and supp(v) denotes its support, while C, = (ﬁ) denotes the Nevan-
linna constant of v.

Based on this construction, one can define a corresponding deformation of free additive
convolution. For v € P, the free cumulant transform R, is analytic in a neighborhood of

the origin and is characterized implicitly by the functional relation

1
G, (w)

=w-Ry(Gy(w)),

see [11,12]. For v1, v, € P, their free additive convolution v; H 15 is the unique probability
measure whose R-transform is additive:

vaEEm(g) = Rw (g) + sz (g)

When t # 0and s > 0, the map U" is invertible, and its inverse is given by UT with
T = (1/s,1/t) (see [8] [Proposition 5]). The T-deformed free additive convolution for
measures vy, V; € P, denoted by Hr, is then defined by transporting the free additive
convolution through U™, namely

vi By = (UT) (U (1) BUT (1))

This operation interpolates between different convolution structures and leads to limit
behaviors that differ from those arising in the standard free setting. In particular, the central
limit distribution associated with Hr is a Kesten-type measure, while the corresponding
Poisson limit law, computed in [8], depends explicitly on both deformation parameters.

From another perspective, a central role in the analysis of transformations and convo-
lutions of probability measures is played by Cauchy-Stieltjes kernel (CSK) families. These
families have emerged as a key model in noncommutative probability precisely because
their behavior is governed by an associated variance function (VF) that encodes the key
structural features of the family. In recent years, CSK families have been recognized as
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the free-probabilistic analogue of natural exponential families (NEFs), with the VF serving
as the primary organizing object in both settings. NEFs arise from the Laplace transfor-
mation and admit a characterization in terms of their VFs, which serve as a central tool
for describing their analytic and statistical properties (see [13-16]). This VF-based per-
spective provides a coherent framework for applications ranging from statistical modeling
to information-theoretic analysis; see, e.g., [17-20]. By contrast, in free probability, CSK
families are built by replacing the exponential kernel with the rational kernel (1 — 61)~1.
Although this modification reflects the noncommutative nature of free additive convolu-
tion, it preserves the kernel-based mechanism that allows VFs to play a decisive role. As
in the classical case, the VF associated with a CSK family governs convolution powers,
scaling properties, and domain constraints, while also encoding analytic features of the
underlying measure through the CST. This VF viewpoint provides a natural bridge between
probabilistic structure and analytic techniques such as subordination, making CSK families
particularly well suited for studying deformations of free convolutions. From this angle,
CSK families retain many formal symmetries and similarities with NEFs, yet their VFs
reflect genuinely free phenomena that have no classical counterpart. In particular, VFs in
the free setting can be interpreted as noncommutative analogues of Fisher information or
curvature-type quantities, offering a geometric interpretation of how probability measures
deform under free convolution. This interpretation suggests viewing transformations of
probability measures as geometric flows on spaces of distributions, with VFs acting as
descriptors of informational or structural complexity. Such a perspective opens connections
with information geometry, quantum statistics, and the analysis of high-dimensional or
strongly correlated stochastic systems. A rigorous analytic foundation for CSK families and
their VFs was developed in [21,22], where the basic properties and structural results of the
theory were established. Subsequent work in [23] extended this framework to probability
measures with one-sided support boundaries, thereby significantly broadening the scope
and applicability of CSK families in free probability.

Previous work [24] investigated the T = (s, t)-deformation of probability measures
within the framework of CSK families, with a primary focus on the behavior of the associ-
ated VFs. In that study, a closed-form expression describing the transformation of the VF
under the (s, t)-deformation was obtained, providing a detailed analytic understanding at
the level of individual measure transformations. This analysis led, in particular, to the iden-
tification of an invariance property of the free Meixner class under the T-transformation as
well as to a new characterization of the CSK family generated by the semicircle distribution
through the specific case of the (1, t)-deformation. In contrast, the present paper introduces
a fundamentally different perspective by moving from the study of transformations acting
on single probability measures to the analysis of an associated deformed convolution
operation, denoted Hy. This shift is not merely formal: while previous results describe
how a given measure is modified under the T-transformation, they do not address how
such deformations interact at the level of convolution structures. The main originality of
this work lies precisely in the systematic investigation of this new convolution, together
with the development of analytic tools adapted to its study. More specifically, we estab-
lish an explicit formula for the VF of convolution powers with respect to Hr, a result
that has no counterpart in the existing literature on (s, t)-deformations. This provides a
tractable and unified description of the analytic behavior of the deformed convolution and
significantly extends the scope of previous VF-based methods. Building on this new repre-
sentation, we further develop approximation procedures for distributions in CSK families
generated by the T-deformed free Gaussian and free Poisson laws, which go beyond the
transformation-based framework studied earlier. In addition, we derive new limit theorems
for the Hy-convolution, revealing asymptotic properties that were not accessible in the
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previous setting. These results uncover explicit links between the T-deformed convolution
and classical objects of noncommutative probability, namely free additive, Boolean additive,
and free multiplicative convolutions. Such connections were not established in the earlier
work and demonstrate that the present approach embeds the (s, t)-deformation into a
broader and more unified probabilistic framework.

After the preliminaries in Section 2, Section 3 derives an explicit formula for the VF of
convolution powers under Hy. Section 4 uses this formula to obtain approximation results
for CSK families generated by the T-deformed free Gaussian and free Poisson laws, while
Section 5 establishes limit theorems that reveal connections with free additive, Boolean
additive, and free multiplicative convolutions.

2. Preliminaries

Let Py, denote the class of non-degenerate probability measures whose support is
bounded above. For v € Py,, we introduce the analytic kernel

M, (6) = /(1 — o)~ u(dl),

which is well defined for 6 € [0, 6" ), where 1/6". = max{0,supsupp(v)}. For 6 € (0,6%),
we define a probability measure

v(dl)

P = e

The collection
K- (v) = {PY(d1); 8 € (0,6%))

is called the one-sided CSK family generated by v. A basic property of K (v) concerns
the mean function k, (8) = [ IP}(dl), which is strictly increasing on (0, 6" ); see [23]. The
interval (mj,m") = k,((0,6")), is referred to as the (right) mean domain of the family.
Denoting by ¢, the inverse of k,, the family can equivalently be parameterized by the mean

K+(v) ={Q;,(dl) := szv(m)(dl) :ome (my,mY)}.
Writing B, = 1/0Y, it follows from [23] that

my = 911}161+ k,(0), mY =B, — wlinl;l,,* 1/Gy(@).

When supp(v) is instead bounded from below, one may define an analogous one-
sided family denoted by K_ (v). In this case, 6 € (6”,0), where 6" equals either 1/ A, or
—oo with A, = min{0,infsupp(v)}. The corresponding mean domain is (m" ,m}), where
m’ = A, —1/Gy(Ay). If v € P, then both one-sided constructions coexist and the full
CSK family is given by IC(v) = K_(v) U {v} UK, (v).

A fundamental analytic invariant of a CSK family is its VF defined by [21]

Vi(m) = [(1—m)>*Q(a).

This function plays a role analogous to that of VFs in classical NEFs: it captures the
dependence of second-order fluctuations on the mean and provides a concise description
of the family. In particular, it is central for structural classification and for studying stability
under analytic transformations. When v does not possess a finite mean, the variance may
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fail to exist for members of Ky (v). In this situation, the pseudo-variance function (PVF) is
used instead. It is defined by [23]

Vy(m) = m<¢v2m) m).

If the first moment m} exists, we have

W, (m) = MY @)

—mv’
m —nmy

which shows that both quantities encode equivalent information in the finite-mean case.
We summarize below several properties that will be used in the sequel.

Remark 1. Let v € Py,.

(i)  The PVF uniquely determines the generating measure; see [23]. Setting: A(m) = m + V”mﬂ,
the CST G, satisfies
m
Gv(A(m)) = o0——.
V( ( )) Vy(m)

If mf) is finite, this identity can be written in terms of the VF as

Y
_m-m

Hence, in the finite-mean setting, the pair (my, V) characterizes v uniquely.
(i) Consider an affine transformation Y : | — ol + B with ¢ # 0. Then, for m near the

transformed mean m}{(v) = Y(m}) = om} + B, the PVF satisfies [23]

Vy@y(m) = nfz_mﬁVu (m — ﬁ).

o

If the VF exists, it transforms according to

Vo (m) = Zvv<m‘5). o)

o

(iii) Consider the T-deformation introduced in (1) for s > 0 and t € R. Then, for m near

m%ﬂr(v) =sm] + (s —t)Cy, 4)
we have [24]
B sm (t—s)Cy+m (t—s)Cv+m
VuT(V)(m) = (t—S)CV+mVU< . ) +m<s m), (5)
and

(t—s)Cy+m

S

Vs ) = ) s (1 =)o) (LK

In addition, Var(U™ (v)) = sVar(v).

(t—S)Cqum_m)'

3. Hp-Convolution and VF

A principal achievement of the present paper is the derivation of an explicit for-
mula describing the evolution of the VF of a CSK family under Br-convolution powers.
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This identity provide the analytic groundwork for the results established in the subse-
quent sections. We first recall several standard notions from free probability that are
required for introducing the T-deformed free additive convolution and its associated
cumulant transform.
A measure v € P is said to be H-infinitely divisible if, for every n € N, there exists
v, € P such that
v=v,B...Byy, (n times).

The r-fold free additive convolution power is denoted by v®". This operation extends
to all real » > 1 and satisfies the linear scaling property

Ry (8) = rRu(),

see [25]. Infinite divisibility with respect to B is equivalent to the existence of v®" for every
real r > 0.
We now turn to the T-deformed setting. For v € P, the RT-transform is defined by

RE(C) = RUT(V) (‘:)/

following [8]. The T-deformed free additive convolution Hr is characterized by the addi-
tivity of this transform:

R o, (6) = Ry, (8) + Ry, (E), 1, ;o €P..

A probability measure v € P, is called Hr-infinitely divisible if, for each n € N, it can
be written as an n-fold Hr-convolution of a suitable measure v,,. For r > 1, we denote by
vET" the r-fold T-deformed convolution power. As in the free additive case, this operation
extends to arbitrary real r > 1 (see [26]) and satisfies the property

Rl (§) = 1Ry (8).

Next, we collect additional properties of the R ' -transform that will be instrumental in
the analysis of Hr-convolution powers and their impact on VFs.

Proposition 1. Let v € P. be a non degenerate probability measure. Then,
(i)  RL() is strictly increasing on (Gur) (Aurpy), Gurpy (Bury))-
(ii) Form € (muT(U),miﬂr(v))

RI[—" ) =m. 7
(VUT<v>(m)> ! v
. Tl/

(iii) élg(l)Rg(C):mg ),

(iv) lim &R} (E) = 0.

) lim ¢Ry ()

Proof. The argument follows directly from the known properties of the transform
Ryr(y)(+)- Indeed, by applying ([23] [Proposition 3.8]) to the measure U™ (v), the desired
conclusion is obtained without additional computations. [

We now present the principal theorem of this section and provide its proof.
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Theorem 1. Let v € P, be non-degenerate. For any « > 0 such that the By-convolution power
VBT exists, the following assertions hold:

(i)  The measure vHT* € P,.

. - Bra
(i) For m sufficiently close tom} " = am},

o

V foa (1) = aVV(%) +m {m(l —s) (1 - 1) F(a—1)(s— t)CV}, 8)

and

Vysra(m) = aVy("0) 4 (m — am}) {m(l —s) (i - 1) (a—1)(s— t)cv}. ©)

In addition, Var (vET*) = aVar(v).

Proof. (i) Because v has compact support, the same property is inherited by its T-transform
U™ (v); this follows from the behavior of the CST together with relation (1). For a compactly

supported measure, the associated R-transform is analytic and injective in a neighborhood

of the origin. Consequently, R} = Ryr(y) is univalent on some interval (—x,x). By the

homogeneity property of the R'-transform, we have
DCRE = RTVEETa = Ruﬂ‘ (VEETA)

which remains injective on the same domain. This implies that the CST G;r(,sr.) admits
an analytic continuation to the exterior of a disk {z : |z| > ¢}, where ¢ = Ga}r (vETe) (x).

Hence, G zr. is analytic outside a compact set, which shows that v#T% has compact support
(see [27] [Proposition 6.1]).
(if) From Proposition 1(iii), we have

uT (vBre . . ut
m ):glinoRfﬂﬂw@):“ghL“oer(C):aml V) = asmy +a(s—)Cy. (10)

On the other hand, from (4) one can see that

By« (UT)—l(u'ﬂ‘(vBHTa’)) lmuT(VEBTa
1

mt®T — - Vo (1/5 = 1/8)Cnyoray. (11)

From ([8] [Remark 10]), we have

1 1
C =Rl =———~ | =tR[ =——+ | =tC 1. 12
) (Gumaamz)) (vaw)) (12

Using relations (10) and (12), Equation (11) becomes
m11/EBT* =amj + (1 —t/5)aCy + (t/s — 1)C sz, (13)

On the other hand, it is well known that the mean of the sum of Hr-independent
random variables is equal to the sum of the means of these random variables; that is,

m’l’EETa = amj. (14)

Combining (14) and (13), we obtain

C e = aCy. (15)
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Hra
For y close enough to m%ﬂr(v ™ = am%ﬂr(v) such thaty/a € (mﬁﬂ(”), miﬂ(v)> and

VUT(yV)(y) € (GUT(V) (AUT(V)’ GUT(V) (BUT(V)))'

one has

1 /a
e ] L (e ey o G T )
(VUT(VEET"‘) (y) > 14 VEBT (VUT(VEET“) (y) o Vu'ﬂ‘(v) (y/ﬁ()

By Proposition 1(i), the transform R is injective on (Gur(w) (Aur ), Gur ) (Bur ),
S0

y _ Y/
VU’JI‘(VEErﬂ-a) (y) VUT(V) (y/lx) !

or equivalently
Vi ey (¥) = aVyr(,) (y/a). (16)

Hrpra
Based on (5), for x close enough to m} = amj, one has

Vior () = Vigm) 1o (¥)

X+ (% - %)CUT(VEE']I“") X+ (% — %)CUT(VEB’]I“")
T xr(I-I)c VUT(VET“)< 1 tx 1 —x]. (A7)
t ut (vBre) s E

®|R

@ =

We know from (12) and (15) that CU'E(VEETa) = tC s« = atCy. This with relation (17)
implies that

Ve (x) = x VVUT(VEBT“)(SX +a(s —t)Cy) + x(sx +a(s —t)Cy — x). (18)

sx+ua(s—1)C

Now, relations (16), (18) and (5) imply that

_ ax sx+a(s—1)Cy
Ve (x) = mVuTM («x) +x(sx +a(s —t)C) — x)
B nx { SSX—HX(Z_t)CV . sx-&-zx(;—t)Cy + (t _ S)CV
~sx+a(s—t)Cy 5x+“(;—f)cv +(t—9)C, v s

+sx+¢x(s—t)CV <”+“(Z_t)cv+(t—s)cu _sx+a(s -G
[ S 14

>}+x(sx+zx(st)c,,x)
= aVv(g) —i—x{x(l —s)(i —1) —|—(zx—1)(s—t)C,,].

This completes the proof of (8). However, based on (2) and (8), one can see that

X - x/w X 1
x —am] Ve (x) = “m%(a) +x {X(l —5) (zx — 1) +(a—1)(s— t)CV} .
That is,

X —amy x/a x x —amy SN (1 B 3
Vg (x) = — xax/a_m¥vy(&)+ - xx{x(l s)(a 1>+(1x 1)(s t)CV]

X 1

=V (2) + (x—am) [x(l ) (“ - 1) Fa—1)(s— t)CU].

o
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This completes the proof of (9). Moreover, based on ([21] [Theorem 3.3, Equation
(3.12)]) and relation (9), we have that

2
Var (1/ T"‘) =V B« (x)’x:m‘]/aawzamlf = aV,(mf) = aVar(v).

O

Theorem 1 highlights two important aspects: on the one hand, it confirms that B
retains key structural features of free convolution (such as variance additivity), and on
the other hand, it demonstrates that the deformation introduces rich new behaviors at the
level of VFs. This duality is essential for understanding Ht as a genuine extension of free
convolution, combining stability properties with enhanced flexibility.

4. Approximation Schemes Driven by the Hp-Convolution

We exploit the Hy-convolution framework to derive approximation results for mem-
bers of CSK families generated by the T-deformed free Gaussian and the T-deformed free
Poisson laws. The identification of the corresponding limit measures relies on the analysis
of their VFs. More precisely, the convergence is obtained by applying a technical criterion
based on the convergence of a sequence of VFs (see, [21] [Proposition 4.2]).

4.1. Estimation of Members of the CSK Family Induced by T-Deformed Free Gaussian Law

As shown in ([8] [Theorem 2]), the central limit distribution associated with the H-
convolution is referred to as the T-deformed free Gaussian law. This distribution coincides
with the Kesten distribution with parameter s > 0, and it plays the role of the Gaussian
element in the T-deformed setting. It is given by xs = &; + ;s with

~ 1 Vis—1I?

and, fors < 1/2,
- 1—2s
Ks = 2 _92g <5—1/\/1—s + 51/\/1—5)‘

It was proved in ([28] [Proposition 3]) that the VF of C(«s) is given by
Ve,(m) =14 (s —1)m?,  m closeto m} = 0.

The next theorem establishes an approximation scheme for members of the CSK family
K (). In this context, D (v) denotes the dilation of the measure v by a nonzero constant c.

Theorem 2. Let v € P, be a non-degenerate symmetric probability measure satisfying my = 0 and
Var(v) = 1. Assume that V, is strictly positive and analytic near the origin. Then, there exists
6 > 0 such that the following holds: For a > 1, define

Vg = Dy, (VEE'M)

and let Z, be a random variable whose distribution belongs to K (v, ) with mean equal to m/+/w,
where |m| < 6. Then,

Vaz, L, Qs € K(xs)  in distribution.

https:/ /doi.org/10.3390/sym18050827
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Proof. Let £(Z,) denote the law of Z,. Since v is symmetric, we know from ([8] [Lemma 2])

that .
c, = %(g(z)) _o. (19)

Recalling (19), one has £(Z,) € K(vy), with VF given by
1 1 ) 1
Vy, (m) = EVVmTa(am) = &Vv(m) +m“(1—s) o 1).

After rescaling, the law of VaZy belongs to a CSK family whose VF can be written as

Ve(m) = aVy, (\’;%) = VV(:/”&> + (i - 1) (1— s)m?.

We now apply ([21] [Proposition 4.2]) to the sequence V,. As & — 400, we obtain
Va(m) — Vy(0) + (s — )m? = 1+ (s — 1)m? = Vy_(m).

From ([21] [Proposition 4.2]), we deduce that § > 0 exists such that if [m| < J and
mlz“ = m/+/a, then

L(VaZy) =% Qf € K(xs) in distribution.

In the particular case m = 0, this reduces to the central limit theorem associated with
the Hp-convolution. [

4.2. Estimation of Members of the CSK Family Induced by T-Deformed Free Poisson Law

The T-deformed free Poisson distribution, denoted by p,, arises as a limit law in
the Hr-convolution framework. It can be constructed from a sequence of Bernoulli-type
measures of the form

A A
UK = (1—K>5O—I—K51, for Ke{1,2,3,4,..} and 0 <A <K.

By considering the K-fold Hp-convolution of g with itself, one obtains a sequence of
probability measures whose limit, as K — +co, defines the T-deformed free Poisson law.
More precisely,

ux Br px...... Br ux IH—°°> p» in distribution.

K times

This limiting procedure plays a role analogous to the classical Poisson approximation,
but within the T-deformed free probability setting. A closed-form description of p,,
including its analytic and distributional properties, can be found in ([8] [Section 6]).

Proposition 2. For m close enough to mfA = A, one has
Vp,(m) =m— (m—A)(m(1l—s)+ (s —t)A/2). (20)

Proof. From [8] (p. 181), we know that

- A
REA(Z): (s—l—t)v;(s t)zl_z. 1)
With -
=" 22
T Vg m) )

https:/ /doi.org/10.3390/sym18050827
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we obtain from relations (7) and (21)

m:(s—O—t)—;(s—t)zliZ‘ 23)

Relation (23) gives
z= 7) (24)

Combining (22) and (24), we get

(s—t)A
m(m + =5%)
Vir(p,) (m) = m_ GEOA (25)

On the other hand, we know from [8] (p. 181) that the moment of order 1 of U™ (p,)
(which is the first free cumulant of U™ (p, )) is given by

Thus, relations (2), (25), and (26) give
g BHA Un(p) _ (s+H)A
qur(m)(m) =m+ 5 m close to m; ' = — (27)
In addition, by combining (4) and (26), we obtain
(s +2t))\ = miﬂ(m) = sm{”‘ + (s —1)Cp, =sA+ (s —1)Cp,. (28)

Relation (28) gives Cp, = —A/2, and then

1 1

For m close enough to m}* = A, we have

Verlm) = Vamarey ()
1 1 1 1
© mt (7 = 5)Cur u® 11 m+(f = 5)Cyr
Vﬂ(ﬂ)( e ) o (= L0 (2 Dy Y SCuTie)
S S
eoyand 9) 1 (t—s)A C(s+hA | (t=s)A (t=s)A
= S Vurpy) <sm + 2 +|\m % + % sm + 2 m

) m4+ (m—A)(m(s —1) + (£ —s)A/2).

This ends the proof of (20). O

We now turn to constructing approximations for the members of the CSK family

K(pa)-

Theorem 3. For K € N* and 0 < A < K, consider ux = (1 — A/K)dp + (A/K)é1. Then, for m
in a small neighborhood of A,

Bk
P Koo oPac Ko(py),  in distribution. (30)
Proof. According to [29], if u is sufficiently close to m}* = A/K, we have

Vi () = u(l —u). (31)
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9
V gk (m) 2
Kk

(31) agd (32) m

K—+o0
—_—

In addition, we have G, (z) = % This, with some calculations, implies that
z(z—1)
1 —A/K
C — = . 2
g 8“*(GW@)) W/K—17+1 2
Bk
We have that m;"( =A= m{”. Then, : > 0 exists such that

Bpk @K
(mZK ,mZK ) N (mg’\,ml_?) =A—yA+0).
Form € (A —1,A 4 1), we obtain
KV, (m/K) + (m - Km’fK) [m(1—s)(1/K = 1) + (K — 1)(s — £)Cp ]

(1—m/K)+ (m—A) [m(l -s)(1/K—-1)+(1 —1/K)(S—t)<(/\/1<}1\)2+1>}

m—(m—A)(m(l—s)+(s—t)A/2) = Vp, (m).

Together with the fact that

/ZQZ?TK (dl) = m = /lQﬁf(dl), me (A —i,A+1),

the proof of (30) is completed by applying ([21] [Proposition 4.2]). In particular, when
m = A, the Poisson-type limit theorem is yielded for the Hp-convolution: ‘uETK — p), in
distribution as K — +co. [

We highlight a natural extension of Theorem 3 toward numerical validation. The
theoretical framework developed in this work could be complemented in future studies by
computational implementations based on established mathematical software and standard
simulation techniques used in probabilistic modeling. Such numerical approaches would
enable the approximation of the deformed Poisson laws in an explicit and experimentally
accessible form, and would allow for a systematic exploration of their behavior across
different parameter regimes. This would further make it possible to compare theoretical
predictions with numerical results, thereby providing an additional layer of validation
of the analytical findings. In addition, such comparisons could offer further insight into
the stability and robustness of the proposed models and help us to better understand the
behavior of the deformed structures in practical computational settings. From a statistical
viewpoint, we note that classical inference tools, such as confidence intervals derived from
standard probabilistic models, are not directly applicable in the present noncommutative
framework. Nevertheless, it is natural to investigate whether analogous notions can be
developed within free probability to quantify uncertainty in the estimation of distributional
parameters. In particular, one may consider adapting such ideas to the setting of VFs
and deformed convolution structures, which could potentially lead to the notion of “free”
confidence regions. Although a systematic development of these concepts lies beyond the
scope of the present paper, they constitute a promising direction for future research aimed
at enriching the statistical interpretation of free probabilistic models.

5. Novel Limit Theorems Related to the Hp-Convolution
5.1. A Novel Asymptotic Result Related to Free Multiplicative Convolution

In this paragraph, we establish a novel limit theorem for the Hp-convolution that
involves the free multiplicative convolution and leads to VFs with nonstandard forms. To
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set the stage, we first recall some relevant properties of free multiplicative convolution
acting on CSK families, following [30].

Let P denote the set of non-degenerate probability measures supported on R... For
v € PT, the S-transform S, is defined implicitly by

¢ near O.

Ru(ES.(8)) = 51@

For v1, v, € P, the measure v; X v, satisfies

SV1®V2 (Z) = SV1 (Z)Sl/z (z)

A measure v € P is said to be X-infinitely divisible if, for every n € N, there exists
v, € P such that

For & > 1, the multiplicative convolution power v** is defined via the S-transform as

Sy (2) = Su(2)",

see ([31] [Theorem 2.17]). For a measure v € Pt with finite mean, whenever v*" exists for
some r > 0, one has
m— (m11/)r 1-1/r 1/r v\ v\
Vi) = etV (7)o e (Y, (o)) (33)

as established in ([30] [Theorem 2.4]). To proceed, we denote by P/ the set of compactly
supported probability measures on R... Using these preliminaries, we can now state and
prove the main result of this section.

Theorem 4. Let v € P/ be non-degenerate, and define

_ Var(v) _ Vy(my)
(my)?  (my)*~

Then, as n — +oo, the following convergence in distribution holds:
B Xn
Dl/(nm‘l/)" (V B ) - g’Y

where (., is characterized by the pair (m?, Ve, ) with m%” = 1and

_ym(m—1) (s—t)Cy C
Proof. We have that
" Bn Kn
Dyt yn (v®rm)” B mﬁv ) ~ (nm)" .
1  (mnm)n T (amy)r

Furthermore, for m < 1 (close to 1), we have
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DV ey ()"

(mmf)2n = (Vo)

SBrn
(33) 1 (nmv)n (m ! ) vyn - n vyn n
= mm (m(m;v),, e () )Y ((m ()17

© m—1 m— l/n{ . V

mi/n —1 (nm})?

+ (nmm" — ) [ m (1 = s)( 1/n1)+(n1)(st)CV]}

m— 11’}11 1/n 1—-1/n)(s— Cv
_ m11//”n1 e Vv( ml/ " 1/) —1)m!V/n {ml/”(lfs)(l/n71)+%
n—+oo m(m —1) Vy(my) (s—1HCy _

a7 S G R CCR)

By applying ([21] [Proposition 4.2]), it follows that

Xn
D, / (nm ) (VETH> w) Oy in distribution,

where ( 3 ( )
_ ymim—1) _ (s-HCy _
v m = PR ((s D+ )m(m 1,
D g Bn Kn
and m§7 =1=m Y () O

5.2. Asymptotic Results Within Boolean and Free Additive Convolutions

We derive several new limit theorems associated with the Hy-convolution, an oper-
ation that combines features of Boolean and free additive convolutions. A notable point
is that choosing the parameters s = t = 1 recovers the classical free additive convolution
. Moreover, for any v € P, the Boolean convolution power v*f [32] may be viewed as a
particular instance of the (s, t)-deformation of measures corresponding to the case s =t > 0.
Within this setting, a family of transformations B, acting on the space P of probability
measures is introduced in [33], for each g > 0, and is defined by

WL
By:P—P, v B(v) = (UE(H’”) i

In particular, the case g4 = 1 coincides with the well-known Bercovici-Pata bijection,
which is central to the theory of infinite divisibility in free probability.

Consider now a measure v € Py, with a finite first moment. According to [23], if k > 0

Bk

and the free convolution power v exists, then the corresponding VF satisfies

Ve (v) = kVy(v/k), v close enough to m‘l’Eﬂk = kmj. (34)

v
Similarly, for ¢ > 0, one has [34]
Vyea () = qVy(v/q) +v(v—rmi)(—1+1/q), v close enough to m%w =qmj, (35)

and
-1
VB;l(v)( v) =Vy(v) —v(v—mY), vclose enough to mllBl W _ my. (36)

We conclude this section by presenting and proving the main results derived from
these observations.

Theorem 5. Let v € P..
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1\ Ba
(i) Fora > 0ands € (0,1] for which (VEEW) is well defined, one has

i . B
(1/531?%) ‘ LNy > ) ((p(LIT(v))> in distribution, (37)

with ¢(w) = (w+ (t —s)Cy)/s.
W
(i) Fora > 0ands € (0,1] for which (VEET%> " is well defined, one has

H mi
(VEETI%>U“ aoes, B;! (DS (go(UT(v))) S), in distribution. (38)
Proof. (i) One has
VBT E - T B
m1< ) =m! = m?s(ﬁﬂ(u (v)))
Then, ¢ > 0 exists for which V «(+) and V 1(+) are defined on
(VEET%)EE ( ) Ds(q)(u-ﬂ-(v)))aﬂg ( )
(m] —¢e,m}{ +¢). Form € (m] —¢,m{ 4 ¢), one has
(64)
V<VEET}X>EE,X(m) = “VUEHT% (m/w)
9 alVy(m)/a+ (m/a—mj/a){m(l—s)(a —1)/a+ (1/a—1)(s —t)Cy}]
= Vy(m) 4+ (m—my)(m(1—s)(1—1/a)+ (1/a—1)(s —)Cy)
R Vy(m) + (m—m¥)(m(1 —s) — (s — 1)Cy). (39)

On the other hand, with ¢(w) = (w + (t —s)Cy) /s, we have

G 2 m
plm) = s V((p(UT(V)))EE% ( s )

SVp(ur(v)) (M)

(t—s)Cy
(3) 1 m— —"
= S[§VuT(V)< 1 5 >]

1
= gVuT(V) (sm— (t—s)Cy)

© 2{]/1,(771) + (s — sm¥)(m — (sm — (= s)CV))}
= Vu(m) + (- md)(m(1—5) — (5 — G 0)

Equations (39) and (40) give

a—+-00
Y

v .
(VET%)E (m) Ds(p(UT()))

g1 (m), m e (my —e,mi +e).

Together with ([21] [Proposition 4.2]), this completes the proof of (37). Note that the
condition s € (0,1] plays a crucial role in the argument. Indeed, this assumption ensures

1
that the measure D; ((p(uT (v))) "% is well defined and that the corresponding convolution
power is mathematically meaningful.

(ii) We have that
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(40) and (36)

1 ) (+) are defined on

Then, ¢ > O exists so that V, | (-) and V -
(vo4) B! (s (o™ (1)

(m{ —¢,m{ +¢€). One has
(xVVEET%(m/a)+m<m—am{ﬂvr%>(l/a—1)

aVy(m)/a+ (m/a—mi/a){m(l—s)(« —1)/a+ (1/a—1)(s — t)Cy}| +m(m —m})(1/a — 1)

= Vy(m)+ (m—m{)(m(1l—s)(1—1/a)+ (1/a—1)(s —t)Cy) + m(m —m{)(1/a — 1)
LR Y (m) + (m—mY)(m(1—s) — (s — £)C,) — m(m — mY)

]B%fl(Ds(‘l’(UT(v)))Ea%)(m), e e o). @
Equation (41) together with ([21] [Proposition 4.2]) completes the demonstration
of (38). O

The asymptotic regimes investigated above reveal a convergence mechanism that
depends in a subtle and nontrivial way on both the deformation parameters (s, t) and the
intrinsic features of the underlying measure v. In particular, quantities such as the first
moment and the VF play a central role in determining the shape and stability of the limiting
behavior. The normalization procedures and rescaling arguments employed throughout the
proofs make this dependence explicit, showing how variations in the parameters influence
the analytic structure of the associated transforms. This is especially relevant in extreme
deformation regimes, such as when ¢ — oo, where the deformation significantly alters
the functional form of the transforms while still preserving coherence with the underly-
ing analytic framework. In this context, we observe that the limiting behavior remains
well-structured and consistent with the general transform theory, despite the increasing
deformation. Moreover, the interplay between different convolution operations, namely
free, Boolean, and multiplicative convolutions, leads to the emergence of nonstandard
limiting VFs, reflecting the rich algebraic and analytic interactions encoded in the Hrp-
convolution. This highlights the flexibility of the deformation framework and its sensitivity
to both parameter variation and measure-specific characteristics. Although deriving explicit
rates of convergence remains technically challenging within this setting, the asymptotic
expansions obtained in intermediate steps suggest that such rates could be investigated
through moment-based approximations or analytic subordination techniques associated
with the relevant transforms. Altogether, these considerations provide a more comprehen-
sive understanding of the stability and robustness of the limiting distributions, including
under extreme deformation, and point toward meaningful directions for future research
aimed at quantifying convergence speeds and refining the asymptotic analysis in these
generalized contexts. We further emphasize that, while free additive, Boolean additive, and
free multiplicative convolutions are classical and extensively studied objects in noncommu-
tative probability, the connections established here with the EHy-convolution are genuinely
new. Previous works on (s, t)-deformations have primarily focused on transformations of
individual probability measures without addressing how such deformations interact at the
level of convolution operations. In contrast, the present analysis demonstrates that, through
the study of VFs and limit theorems for convolution powers, the Hp-convolution naturally
gives rise to asymptotic regimes that bridge these classical convolution structures. This
perspective uncovers a previously unexplored layer of interaction between deformation
theory and convolution operations, thereby offering a unifying viewpoint. It situates the
(s, t)-deformation within the broader framework of noncommutative convolution theories
and underscores its structural compatibility with well-established probabilistic models.

We proceed by emphasizing the significance of Theorem 5 through a detailed analysis
of its implications for a range of concrete probability distributions. This discussion not only
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underscores the applicability of the result but also clarifies how the abstract framework
translates into familiar and explicitly tractable cases.

Example 1. Consider the symmetric Bernoulli distribution sb = $6_1 + 16;. Fors € (0,1],
we have

H oo
(Sbﬁﬂﬂr%) “ oo fbo,—s)  indistribution, (42)

where fb, ) is the the free binomial type law witha € Rand —1 < b < 0; see ([21] [Theorem 3.2]).
That is,

Va1 +b) — (I —a)?
foap(dl) = 2r(bI2 +al +1) 1(a72\/l+b,u+2\/l+b)(Z)dl + P10y, + padyy,

b
with m{ @9 — 0, and the associated VF is Vo (m) = 1+ am + bm?, where a € R and

-1<b<0.

Equation (42) can be obtained by using the VF framework. We have that m? = 0 and, from
the symmetry of the measure sb, we know from ([8] [Lemma 2]) that Cg, = R(1/Gg(i)) = 0.
Then, for m € (—e¢, +¢), Equation (39) gives

a—+-00

Yy (m) + (1 —s)m? =1—m?+ (1—s)m®> =1 —sm?* = Vfb(oﬁs)(m).

|\ ()
)

(stE']T w

Example 2. Consider the semicircle law sc(dl) = 5-/4 — 121(_5)(1)dl. For s € (0,1], we have
(i)

Ba oo
(SCET%> * aote, fho—s)  indistribution, (43)

where fh, ) is the the free analog of hyperbolic type law with b > 0 and a® < 4b; see
([21] [Theorem 3.2]). That is,

VA1 +b) — (I —a)?
fhiap (@) = 2r(b2 4 al 11)  (0-2V/T¥ha+2v/i5) (1)dl,

h
with m{ @ — 0, and the associated VF is Vihian (m) = bm?* + am + 1, where b > 0 and a> < 4b.

Equation (43) can be obtained by using the VF framework. We have that mi© = 0 and, from
the symmetry of the measure sc, we know from ([8] [Lemma 2]) that Csc = R(1/Gsc(i)) = 0.
Then, for m € (—e¢, +¢), Equation (39) gives

1
(scEB'JT 3

1% >mm(m) D Ve (m) + (1= s)m? = 1+ (1 —s)m?> = Vi, (m).

(ii)
W
(SCEET%) w} fb(O,fs) in distribution.

In fact, for m € (—¢, +¢), Equation (41) gives

V< BaT1>w(m) EimanN Vee(m) + (1 —s)m? —m?> =1 —sm? = Vb (m).
sc o

6. Conclusions

The Hrp-convolution differs fundamentally from the classical free convolution H.
While H is an intrinsic operation in free probability characterized by the additivity of
the R-transform and governed solely by free independence, Ht introduces a genuinely
new mechanism through a parameter-dependent deformation driven by the pair (s, t),
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with s > 0 and ¢t € R. This deformation is not a superficial modification but leads to a
reorganization of the underlying analytic structure, yielding a convolution governed by
a modified functional equation. One of the key innovations of this work is the explicit
identification of how these deformation parameters reshape the behavior of convolution
powers, producing phenomena absent in the classical framework, such as modified scaling
limits, nonstandard asymptotic regimes, and novel invariance properties. These features
demonstrate that B should be viewed as a structurally richer extension of B, capable of
capturing a broader class of probabilistic interactions beyond free independence.

In this paper, we developed a systematic analysis of the Hp-convolution through the
framework of CSK families and their VFs, which constitutes another central contribution of
this work. In particular, we derived an explicit and tractable formula for the VF associated
with convolution powers under Hr, thereby providing a clear quantitative description of
the impact of the deformation parameters on both analytic and probabilistic structures. This
result not only unifies several aspects of deformed free probability but also offers a practical
tool for further investigations. Building on this formula, we established approximation
schemes for CSK families generated by the T-deformed free Gaussian and T-deformed
free Poisson laws, showing that the VF approach yields an efficient and robust method for
analyzing their asymptotic behavior. A further important contribution lies in the derivation
of new limit theorems for the Hr-convolution, which reveal unexpected connections with
other fundamental operations in noncommutative probability, including free multiplicative
convolution as well as free and Boolean additive convolutions. These results significantly
broaden the scope of interaction between different convolution structures and suggest
that By can serve as a unifying framework for studying interpolations and transitions
between distinct probabilistic regimes. From an applied and theoretical perspective, this en-
hanced flexibility opens promising avenues for modeling complex systems where classical
independence assumptions are too restrictive.

Finally, several directions for future research naturally emerge from the present analy-
sis. These include, in particular, the extension of the proposed framework to multivariate
settings, as well as a more detailed study of stability properties and infinite divisibility
with respect to the Hy-convolution. Another important perspective concerns possible
connections with random matrix models and operator-valued free probability, which may
shed further light on the structural and spectral aspects of the deformed convolution. From
a statistical and information-theoretic viewpoint, it is natural to investigate how the de-
formation parameters (s, ) influence the information content of the associated probability
measures. While the present work does not develop an explicit entropy-based theory, the
VEF framework provides a natural analytic setting in which such questions can be formu-
lated. In particular, since the VF captures deformation, scaling, and convolution structures
in a unified way, it may serve as an indirect tool for quantifying changes in distributional
complexity induced by the (s, t)-deformation. This suggests that entropy-type functionals,
such as Shannon’s entropy or their free-probability counterparts, could potentially be
combined with the VF representation to measure information gain and compare deformed
and undeformed laws. A systematic investigation of these connections, including potential
links with goodness-of-fit criteria such as the Anderson-Darling statistic, as well as robust-
ness analysis via confidence intervals and outlier detection in the associated CSTs, would
require a dedicated study and is left for future work. In addition, although the numerical
illustrations in Section 5 highlight the scaling behavior of the model, a more systematic
statistical validation framework—comparable to those used in applied probabilistic and
computational methodologies—would further strengthen the practical aspect of the the-
ory. This includes, in particular, developing procedures for detecting anomalies as the
parameters s and f vary and for assessing the stability of parameter estimation in large-
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sample regimes. Such directions would complement the present theoretical results and
could significantly broaden the applicability of the (s, t)-deformed convolution framework.
Overall, these perspectives underline the richness of the proposed approach and open the
way toward a more comprehensive probabilistic and statistical theory based on analytic
deformation techniques.
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