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Abstract

This paper studies an extension of the bilateral gamma process assuming that the drift
coefficient may jump at an exponentially distributed random time. The drift switching
can reflect the symmetry between major economic events and moves of financial market
indexes. The bilateral gamma distribution has an asymmetric form and fits well with
different financial data when there are not external shocks. As the main results, we provide
exact formulas for the probability density and incomplete moment-generating functions of
the stated process. The expressions found are used for risk measurement and European
option pricing. The new formulas are determined in particular by values of the incomplete
gamma, Whittaker and confluent hypergeometric functions. Numerical examples of the
computations are also afforded. The computation time for the formulas is under 4 s in a
compiler compatible with MatLab.

Keywords: bilateral gamma process; economic shock; drift switching; incomplete
moment-generating function; value at risk; expected shortfall; digital option; Whittaker
function; confluent hypergeometric function

MSC: 60]76

1. Introduction

The bilateral gamma (BG) distribution was first introduced as a noncentral gamma
difference in Mathai [1]. In general, the probability density function (pdf) of the BG
distribution has an asymmetric form (Kiichler and Tappe [2]). Since the BG law is infinitely
divisible, it generates the corresponding Lévy process, which was primarily examined in
Kiichler and Tappe [3]. As it was shown in Theorem 3.3 of Kiichler and Tappe [3], the BG
distribution can be considered as a generalization of the variance gamma (VG) distribution.
For more mathematical properties of the BG law, we refer also to Kiichler and Tappe [4].
Studying the BG process with drift switching, this work furthers the direction of research
of Ivanov [5], where a VG model with probability of drift jump was discussed.

The VG distribution is very useful in the modeling of financial returns, which are
usually asymmetric. Among many works in this area, let us mention the following recent
papers. Rathgeber et al. [6] compared various parameter estimation schemes for the VG
model with Dow Jones index data. Mozumder et al. [7] showed that the VG distribution is
the best approach for the Nikkei and the central part of S&P 500 empirical data. Nakakita
and Nakatsuma [8] found that the VG law fits well with the returns of the Tokyo Stock
Exchange. Warunasinghe and Swishchuk [9] showed that the VG distribution is superior for
analyzing the Alberta electricity market in Canada. Amici et al. [10] calibrated with different
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multivariate VG models the prices of the worst performance derivatives. However, Madan
and Wang [11] and Madan [12] established, examining the US and European financial data
with the BG law, that the two estimated shape parameters for many stocks significantly
vary from each other. This indicates that the BG distribution fits with those returns better
than the VG distribution. The VG and BG models were also weighed through a market-
implied moment matching calibration by Zhang and Schoutens [13]. Madan et al. [14]
found that the BG-based models slightly outperformed the VG stated ones in the prediction
of Bitcoin dynamics. A BG GARCH model was introduced in Bellini and Mercuri [15]. A
multivariate BG model was defined and calibrated to various financial data in Madan [16].
Diversification benefits for portfolios with BG-distributed assets were studied in Madan
and Wang [17]. Extensions of the BG model through time changes and pricing kernels were
introduced by Madan and Wang [18] and De Spiegeleer et al. [19], respectively.

The named above works considered the BG distribution with fixed parameters. But
macro- and microeconomic shocks, along with the momentous decisions of regulators,
can suddenly shift the means and volatilities of market returns. Among recent works, the
hypothesis regarding the symmetry between economic shakes and market drift changes
was endorsed for the S&P 500 index by Boniece et al. [20], for the S&P 500 and FTSE 100
indexes by Salman et al. [21] and for the S&P 500 and SSE 50 indexes by Tian et al. [22].
The dependence of loan interest rates on economic breakdowns was examined in Maloney
et al. [23]. The nexus between foreign debt and inflation was studied with the Markov
switching regression in Sharaf et al. [24]. The detection of synchronous change-points
of mean and variance was explored with financial applications by Gao et al. [25] and
Yang [26]. The goal of this paper is to study and analytically characterize the BG process
with a potential of the mean rate jump.

The moment of drift switching has been modeled with exponential distribution, particu-
larly in Dalang and Shiryaev [27], Bayraktar et al. [28] and Ekstrém and Milazzo [29], who
studied the quickest detection problem of the mean rate change. Assuming that the state
holding times are exponentially distributed, Fuh et al. [30] found a semi-analytical formula
for the European call price in a Black-Scholes model with Markov switching between two
states. A similar formula for a jump-diffusion model with exponential inter-switching times
was obtained in Ratanov [31]. Let us note that the insertion of the Markov chain of the general
form in a diffusion model leads to systems of ordinary differential equations, which deter-
mine the prices of derivatives, and those systems have to be solved numerically (Elliott and
Nishide [32] and Elliott et al. [33]). Multiparameter regime switching models with bilinear
volatility structures were investigated in Alraddadi [34] and Cavicchioli et al. [35].

The paper is structured as follows. Section 2 recalls key properties of the BG process.
Section 3 defines the BG process with drift switching, assuming that the change-point is
exponentially distributed, and affords formulas for the characteristic functions and raw
moments of the new process. The main results of the work, which provide analytical
expressions for the pdf, incomplete moment-generating function (imgf) and cumulative
distribution function (cdf) of the BG process with drift jump, are formulated in Section 4.
Applications of the new process to risk measurement and option pricing are discussed in
Section 5. Examples of computations with respect to the formulas of Section 4 are given in
Section 6. Sections 7 and 8 summarize the accomplishments of the paper. The main and
auxiliary results are proved in Appendices A and B, respectively.

2. Materials and Methods

Let Gj; = Gj,t(a]«, bj), a; >0,b; >0,j=1212>0,Gjp = 0, be two independent

gamma processes. The corresponding distributions have the pdfs
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bﬂjt
j t—1 —b;
fG]r(x) = r(;]t xa]t 16 ]xI{xZO}/
the characteristic functions
b‘ a]‘t
— F,0Gj ]
9, (0) = Ee'™it = <b]- — iv)
and the raw moments r( )
ait+¢
Mg, (c) =E(Gj;)* = — L2~ 1
G],t(g) ( ],t) F(a]-t)b]‘? ( )

for¢ > 0andt > 0.
The bilateral gamma process BG; = BG¢(ay,by,a2,by) is defined (Kiichler and
Tappe [3]) as the difference between two independent gamma processes, that is

BGt = Gy — Gyt 2)

The BG process has the characteristic function

B bl Ellt b2 ant
(PBGf(U>—(bl_iv) (b2+iv> , t>0. 3)

The moment-generating function mgfg, (v) exists for

S (—b2,b1). (4)

The raw moments of the BG process for n € N can be found by leveraging the expressions
for cumulants (the identity (2.8) in Kiichler and Tappe [3]) or by the formula

Mg, (1) = E(BG)" = Y Cl,(-1)" 'Mg,, ()M, , (n —I). (5)

If a1 = ay, the BG process becomes the VG one (Theorem 3.3 of Kiichler and Tappe [3]). The
distribution is symmetric when, in addition, b; = b,.
Let us consider the process

ut+BG;, peR (6)

In accordance with the formula for the convolution of two distributions, we get for t > 0
that the pdf

furnc, () = [ furscn, (6= 0)f -y, )y = @)

) b”Zt o) 1
:/_ooquGu(x+Z)sz,t(Z)dZ: @/@ futrc,, (x +2)22 e bz g,

bgztbtlll tob1 (put—x)

— 00 _ a1t—1_axt—1 ,—(b1+by)z
FasD)T(ard) /0 (z+x — ut) b4 e e~y

Formula 3.383.4 of Gradshteyn and Ryzhik [36] includes the identity
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[o0]
/ X (x —g)r e gy = (8)
G

_w 61t6y 636

=65 T 6 7 T(e2)e” T Waigy 106155 (636)

for ¢,62,63 > 0, where Wy, ,,(x) is the Whittaker function (Subsections 9.22-9.23 of
Gradshteyn and Ryzhik [36]). If x > ut, we get from (7) and (8) that

(bp=by)(x—pt)
bﬂztbalte 2 (ag+ap)t
fyt+BGt(x) =—21 (a1 +ap)t (x - “l/li') 2 ! X (9)
(b1 +b2) 27 T(agt)

Xw(ﬂlfzﬂz)fllf(ﬂﬁﬂz)f ((bl + bZ)(x - .ut))'

2

When x < pt, then we have a form of f,;,Bg, (x) from the identity
f]/ltJrBG[ (al,bl,az,bz) (x) = f*]/ltJrBG[ (ﬂz,bz,ﬂ],hl) (_x) N
We obtain immediately from (7) that

b2 BT (a1 + a2)t = D0y 4a)e=1)
(b +bz)(a1+az)i*11*(a2t)r(ﬂ1f)

fut+BG, (1t) = + 00 f (4, 1ay)t<1}-

The Formula (9) for ¢ = 0 can be found, in particular, in Mathai [1] (Theorem 2.1) and
Kiichler and Tappe [2] (the identity (3.4)).

3. Model
3.1. Definition

Throughout this paper, we consider an extension of the model (6) assuming that the
drift coefficient may jump at an interval [0,T], T < oo. The new process is called the
bilateral gamma process with drift switching (uncertainty) and denoted as BGUy, t € [0, T].
We have that

BGU; = u; + BG;, (10)

where BG; is defined in (2) and the drift uncertainty process

up = '/Oty(s)ds

with
u(t) = mliesyy + palie<n,
where T is the moment of regime switching.

It is suggested that T = 7(A), A > 0, independently from the BG process has an
truncated exponential distribution with the pdf

Ae~ M
f(t) = T gt Lireo1))- (11)
Then, we have that
up = ptliesn + (T + p2(t — 7)) [ op
and

BGUt = BGUt(V]/ Ha, )\r alrblrQZr bZ) (12)
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It is implied that y, o € R for the simplicity of notes, but the results of the work can be
easily generalized to the case when ji; has a categorical distribution, which is independent
from BG; and 7.

3.2. Basic Properties

The goal of this subsection is to derive formulas for the characteristic function and
raw moments of the BG process with drift switching, employing respective expressions of
Section 2.

Proposition 1. Assume that v € Rand t € (0, T|. Then, the characteristic function

B bl alt b2 ast
(PBGUt(v) o <b1 — iv) <b2 + iv) % (13)
eivylt(e—/\t _ e—AT) )\(e(iz’ﬂlf/\)t — giv.uZt)
N e T TG ) e ) |

Proof. Since u; and BG; are independent,
q)BGUt (U) = (PBGt (U) (Put (7]) (14)
The characteristic function

(Pllt ('U) = Eel"()llf — eivl’tltP(T Z t) + E(eiU(V2t+(V1—H2)T) I{T<f}) =

eivy1t<e—)\t _ e—/\T) + Aeivmat fOt 01 —12)X=AX gy
1—e AT '

Because of

[
/ en](l’ll*]’lZ)x*/\xdx —
0

t t
:/ cos(v(py — pa)x)e Mdx + i/ sin(v(py — po)x)e Mdx =
0 0
1 _ £ _
=—5 <cos(v(y1 —up)b)e A4 v(p — yz)/o sin(v(py — p2)x)e Mdx+

t

+i [sin(v(yl —o)te M —o(uy — o) /0 cos(v(p1 — yz)x)e_)‘xdx} ) =

; t
=_ % <sin(v(y1 - yz)t)e*)‘t —o(p1 — p2) /0 cos(v(py — yz)x)e*)‘xdx—i—

t

+i [1 —cos(v(p1 — pa)t)e M —v(py — p2) /0 sin(o(pq — yz)x)e_“dx] ),

we get that
/Ot 0= 1)x =gy — —%‘ (sin(v(yl — p)t)e M+
+i [1 —cos(v(p1 — Vz)t)e)‘t} —v(p — p2) /Ot ei”("lf*2)"A"dx>
and hence

giv(lﬁ*l‘Z)t*/\t -1
o(py — pa) = A

t .
/ew(urﬂz)x%xdx:
0
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Therefore,

eivylt(e—)\t _ e—AT) /\(g(ivilﬁ?\)t _ eivyzt)
Pu(0) = T T Gl ) DA e T

(15)

Combining (3), (14) and (15), we obtain (13). O

Obviously, the moment-generating function of BGU; exists if the condition (4) holds.
Next, let us denote by I';,(1,62) and T'yp(x1, x2) the lower and upper incomplete
gamma functions (Subsection 8.35 of Gradshteyn and Ryzhik [36]).

Proposition 2. Let t € (0, T] and n € N. Then the raw moments

1 4 _ _
Mgy, (1) = 1o T Y. Ch ((Hlt)l(e MM
120

!
+ Y CEA (i — ) (pat) 4T (K + 1,At)> x

k=0
ZC 7’! 1— mr(”1t+7;1) F(llzt—i—n—ll— ) . (16)
T'(aqt)by [(axt)by "
Proof. We have for n € N that the moments
MBGUt Z C Mut MBGt(n - l) (17)

Since

uf = (uit)" I{r>t} + (pat + (1 — p2)T)" rcpy =

=(u1t)" Iirzpy + 2 (i1 — p2) T (o) Ty,
we get that

M (1) = gz (a8 = T)

u t

+A Y Cilpn — Vz)k(]izt)”fk/ xke)‘xdx) =

k=0 0

1 —_ —

RErEy ((W)"(e Mot

n
+ Y CEAT (1 — ) (o) KT (K + 1, )tt)). (18)

k=0

Combining together (1), (5), (17) and (18), we get (16). O

Let us notice that if we substitute T with co and consider ¢ € (0, o0), then the results of
Propositions 1 and 2 remain the same by the replacement of e *T with 0.

4. Main Results

The main results of the paper afford formulas for the pdf, imgf, and cdf of the BG
process with drift switching.

Let us introduce following auxiliary functions. Table 1 indicates theorems where these
functions determine the obtained formulas.

https://doi.org/10.3390/sym18040584


https://doi.org/10.3390/sym18040584

Symmetry 2026, 18, 584 7 of 44

Table 1. Results that are established with the auxiliary functions.

Auxiliary Function Theorem, Case, Corollary

H; Theorem 1 Cases 1, 2; Theorem 2 Case 1; Corollary 1 Case 1

H Theorem 1 Cases 1, 2, 4, Theorem 2 Cases 1, 2, 3; Corollary 1
2 Cases 1,2

Hjs Theorem 1 Case 3

Hy Theorem 1 Case 3

Hs Theorem 1 Case 2; Theorem 2 Case 1; Corollary 1 Case 1

He Theorem 1 Case 3

Hy Theorem 2 Case 3; Corollary 1 Case 2

Hg Theorem 2 Case 4

hy Theorem 1 Cases 2, 3; Theorem 2 Case 1; Corollary 1 Case 1

hy Theorem 2 Cases 1, 3; Corollary 1 Cases 1, 2

h3 Theorem 2 Case 1; Corollary 1 Case 1

We define for x € R, a1t € N, k € {1,2} and j € Z, j < a;t, functions Hy(x, ),
Hy(x,j,k), H3(x,j) and Hy(x, ], k) as

Hl (x/j) = (19)
ajt—1—j C’T _ _,(x _ ‘uzt)ﬂltflfjfm

— 1t=1—j B

= mgo (b] 4 bz)a2t+m (rlo (ﬂzt +m, (]/llt x) (bl + b2)> X

Xl{x<y1t} —Tjo(agt +m, (pat — x)(by + b2))1{x<y2t})l

Hy(x,j,k) = (20)
ajt—1—j Cg1 '(x _ ykt)mtflfjfm

_ 1t—1—]

a m=0 (bl + bZ)“zi+m r(llzt + m)I{x2ﬂ1t}+

‘H—'up(aZt +m, (.ult - x) (bl + bZ))I{x<y1t}> ’

H?)(xlj) = (21)
ajt—1—j C’T _ _,(x _ ‘ult)ﬂltflfjfm

_ 1t=1—j B

= mgo (b] 4 bz)a2t+m (rlo (ﬂZt +m, (]/lzt x) (bl + b2)> X

XI{x<y2t} —Tjo(ant +m, (u1t — x)(by + bZ))I{x<y1t})/

and
Hy(x,j,k) = (22)
ayt—1—j C;n .(x _ ykt)ult—l—j—m
_ 1t*1*]
- m=0 (b1 + by )®2t+m (gt +m) Ly +

+rup(€l2t +m, (‘uzt — x) (bl + b2))l{x<y2t}> .
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Furthermore, we set for ¢ > —b, and p1 > o

Hs (x,¢) =(g + b2) ™ (g (aat, (jat = x)( + b2)) syt~ 23)
—Tpo(azt, (pat — x)(¢ + bz))l{x<y2t})

and for ¢ € Rand yy < pp

Ho(x,6) = (g + b2) ™ (T (@t (ot = x)(¢ + 2)) sy~ (24)

—Tjp(ant, (pat — x) (g + bZ))I{x<y]t}) Iies byt
azi' -1
llzi' -1

(( 2t = X)™ Tecpppy — (1t — )™ 1{x<y1t}>1{g}bz}+
(G2t =)' Bzt azt + 1, (6| — b2) (it = 3)) [y

—(at = )2 D(ast, azt +1, (le] = b2) (1rt = X)) Ijwcpury ) Lo}

where ®(¢1, 62, 6) is a confluent hypergeometric function (Subsection 9.21 of Gradshteyn
and Ryzhik [36]). Also, let

() = 1) (25)
(it —t1) " (@t =1

f01‘]41?éﬂz,h#ﬁ,jeNU{O},alteN,j<a1t.

Theorem 1. Assume that a;t € N. Let the functions Hy, Hy, H3, Hy, Hs, Hg and hy be defined
by (19)—(24) and (25), respectively. Then the pdf fecu,(x), t € (0,T], x € R, is computed in
accordance with the cases below.

Case 1. up > po, by = #1%2'
We have that
by b Aebi (at=2)
= Hy(x,—1 26
oo ) = R T D\ g R @9

+Hy(x,—1,2) — Hy(x, -1, 1)) +ap el (t1t=%) (=M — e Hy(x,0, 1)> .

Case 2. y1 > o, by # =T

Then
baztbilt . ( ; )ult—]
xX) = e 1\p2t=x h(j)H1(x,j)—
focu, (%) T(axt) (1 — p2)(1 —e=7T) < ];) 1))

AMpgt—x) A (e—?\t _ e—/\T) (,”1 . ,VZ)HZ (x’ 0, 1)
e M~#2 hy(ait —1)Hs| x, +
o ) 5( M= Hz) Aeb1(x=mt) (g1t — 1)

ﬂlt 1
+ 2 h(j (”1 =X H, (x, ,2 )—ebl(”“_")_’\tHz(xr]ﬂD)- (27)
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Case 3. p1 < ya.

We have that
b2ty (=) [ (¢=M _ o= AT) Hy(x,0)
fogu, (x) = 2—1 AT ( ) N 28)
T(axt)(1 — e A7) (a1t —1)!
apt—1
- { o 12 hi(j)Hz(x, ) *e<b1 - #2)x+ (m " b”‘l)
Vl H2 i
A (e—)\t _ e—/\T)H4(x, 0,1)
x hy (a1t —1)Hg | x, +
imt=1) 6( Vl_l/lz)] (a1t —1)!
A eP1t(ia—pi1) = Mﬂlt 1
s E w2 - E s )] )
]_
Case 4. y1 = us.
Then bart b )
by2 bt e imi—x
fecu, (x) = WHZ(.X,O,l)- (29)

Proof Sketch. The proof consists of three stages.

Stage 1. We prove the existence of the pdf f,, g, ,(x) to accomplish an integral repre-
sentation of fpgy, (x) in terms of f,, g, , (x).

Stage 2. We find formulas for f,, ¢, ,(x) differentiating the expressions of Lemma Al
(Appendix A) with v = 0.

Stage 3. We obtain analytical expressions for fpgy, (x) using the representation of Stage
1, the formulas of Stage 2 and applying Lemma A2 (Appendix A). [

A complete proof of Theorem 1 is set in Appendix A.1.
Next, we pass to the computation of the lower imgf of BGU;, which is defined as

mgfpcy, (v, x) = E(e”BGUf I{BGUtgx})/ veER. (30)
It is easy to see from (4) and (30) that mgfpqy, (v, x) exists if and only if
v > —by. (31)

Setforj € NU{0}, a1t € N, j < ajtand v # by

o (1)
ha(v,j) = (v — by ) (ayt —1—j)! 2

and for py # 2, v # Vlﬁf"Z

h3(0) = Ab[lllt . (33)
(I—e ) (o(p1 — p2) = A)
Let
(a2t Ty (ast, (at — %) (¢ + b2)) Iy
H (1, ) = (@2t) (2> 1y plazt, (pat — x) (6 +b2)) [xapyry 34)

(¢ +bp)™! (¢ 4 bp)™!
for ¢ > —bp and

https://doi.org/10.3390/sym18040584
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gtldapt  (by+bp)(x—pqt)
2

Hg(x,g) = (b1 +b2)” 2 e

(=)™

g+1+ Gtltant

(“2t)WG+1gﬂzf,%ﬂzf ((b1 +b2) (x — p1t)) sy +

agt+c+1

+(pt—x)" 2 T(c+ 1)Waztfzg71,L2+g ((by +b2) (at — x))l{x<y1t}> +

F(gzt -+ g)e(bl+h2)(x7ﬁ1t)
(bl ¥+ bz)u2t+g I{x:mf}

(35)

for ¢ > 0. The result below provides analytical expressions for the lower imgf of the BG
process with drift switching. Similar formulas can be derived for other ratios between the
parameters and for the upper imgf.

Theorem 2. Let the condition (31) holds and yy > po. Then, the lower imgf mgfpqy, (0, %),
t € (0,T], x € R, is calculated with respect to the next cases.

Case 1. aqt € N, yg > pp, v # ﬁ # by, v # by.

We have that

et (v=by)x o

bazt
mgfpey, (0,X) = F(azt) <h3( 0)

Ellt 1
X Z (h1(j) — ha(v, 1)) Hy(x, ) + €' hy (v, a1t — 1) x

Apnt
Ho (07 A

x Hs(x,v) — ef17#2 ”1*?‘2)xh1(a1t —1)Hs <x, A >] +
H1— p2

at—1
+h3(v)e vpzt+(v—by)x llz hi(j ( (b1— UVZtHZ(x]z)_eblP‘l op=A)t o

ﬂlt 1

><H2 x], ) 2 h2 v] ( (by— v)#szz(x ], )

—

+mgfu (U .ult) ult[ (v b])(ximt)x

Lllt*l

x Y (v, j)Ha(x,j,1) — hy(v, a1t — 1)H7(x,v)1 ), (36)
=0

/\e”VZ‘(e<”(111—142)—?l)f71) Ot (e M _pAT)
where mgf,, (0, p1t) = ==yt A 1T
Case 2. at € N, yq = pp, v = by.

Then
bR b et Hy (x, —1,1)
mefscu, (%) = = o + 1) )
Case 3. a1t € N, u1 = pp, v # by.
We have that
b;ztbqltevylt (0—b
-2 —b1)(x—p1t)
mngGUt(v’ x) F(azt) 4 X
Lllt*l
x Y ha(v,j)Ha(x,j,1) — hy(v, a1t — 1)Hy(x, v)) (38)
j=0
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Case 4. y1 = yp, v = by.
Then

bRyt obipnt Ho (x, aqt
mgfpqy, (v, x) = 2 _1 s a1f)
t [(axt)T(at+1)

(39)

Proof Sketch. The proof consists of two stages.

Stage 1. We represent mgfyy;, (v, ) as an integral of the lower imgf of the process
ut + Gy s because then we can use Lemma A1l (Appendix A).

Stage 2. We employ Lemma A2 (Appendix A) to compute the integral of Stage 1 and
then calculate mgfpoy, (v, x). O

A complete proof of Theorem 2 is placed in Appendix A.2. Obviously, if the
condition (4) holds, the formulas of Theorem 2 determine the upper imgf as well.

A result below immediately follows from Cases 1 and 3 of Theorem 2 if we set v = 0.
It partially determines the cdf of the BG process with drift switching Fggy, (x).

Corollary 1. If y1 > pp and agt € N, then the cdf Fggu, (x), t € (0, T], x € R, can be computed
according to the following cases.

Case 1. p1 > pp, by # Mlﬁﬂz'
We have that
by I . .
Focu (¥) = £ <h3<o> [e”lw DY () — (0, 1)) Ha (x, )+
j=0

Alppt—x) A
+ hp(0,a1t —1)Hs(x,0) —e "1772 hy(ayt — 1)Hs (x, R )] +
1— M2

ll]f*l
+h3(0)e 1" [ebﬂ*zf Y~ (h(j) = h2(0,)) Ha(x,,2) + €11
=0
ﬂltfl
x Y- (12(0,) = e™Mha (7)) Halx, j, 1) | b1 | el (=) x
j=0
ﬂltfl
X hz(O,j)Hz(x,j,l) hz(O,ﬂlfl)H7(x,0)]>. (40)
j=0
Case 2. y1 = .
Then
bngb;llt
FBGUt(x) - F(QQt) X (41)

alt—l
X (ebl(mtx) Y ha(0,/)Ha(x,j, 1) — ha(0, a1t — 1)H7(X,0)>-
j=0

Examples of the calculation of formulas found by Theorem 1 and Corollary 1 are given
in Section 6. Similarly to Section 3, let us remark that the results of this section hold if we
set T = oo, t € (0, 0) under the substitute of e~ with 0.

5. Applications to Finance
5.1. Risk Measurement

We discuss in this subsection aspects of the value at risk (VaR) and expected shortfall
(ES) computation in the new model. These two risk measures are the basic monetary risk
measures that are recommended to financial institutions by Basel II-1V regulations. From
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a mathematical point of view, the values of the measures are determined by the cdf and
lower tail expectation of portfolio losses (Section 5 of Ivanov [37]).

There are a lot of papers in the financial literature where the basic monetary risk mea-
sures are calculated and assessed; let us mention some of them. Bali and Theodossiou [38]
estimated the VaR for the extreme value and skewed generalized t distributions, using
their pdfs, and calibrated with those laws the tails of S&P500 returns. Armenti et al. [39]
considered the ES computation by Fourier transform methods and Monte-Carlo simula-
tions for multivariate Gaussian and Student’s t distributions. Ivanov [5] derived analytical
formulas for the VaR and ES of VG distributed portfolios with drift switching. Ignatieva
and Landsman [40] and Abudurexiti et al. [41] found the VaR and ES of static portfolios of
generalized hyperbolic returns by numerically calculating the related integrals.

5.1.1. Two-Asset Portfolio

We assume in this subsection that we can invest in two assets, namely a risk-free saving
R; = Rpe", Ro>0,7>0,
and a risky asset which evolves as
St = S0e®Y, Sy >0,

where t < T and BGU; is set by (10).
Let the portfolio be determined by (g1,62) € R? with ¢, # 0. Since the probability

x—¢1R
P(g1Rt + 625t < x) = Fay, <10g(g2g510t)>1{g2>0}+

x—¢1R¢
(1= Foow (088 ) )t

we can apply Corollary 1 for the computation of the portfolio VaR. With a form of the cdf,
FgGu, (x) in this paper, a p VaR can be computed by solving the equation

Fpgy, (x) —p =0

with a root-finding algorithm (Drapeu et al. [42]). For a set of the potential algorithms, we
refer to Section 9 of Press et al. [43].
Moreover, so far as

x—¢1R
E((QlRt + QzSt)I{glRt+gzs,gx}> = 1R |:FBGUt (10g<(‘;1t)>1{g2>0}+

6250
X —G1Ry
(1 Focu (1082 ) ) Jtaem |+

x—¢1R
4+ 6259 [mngGUt (1,log (gz?ot> ) Iie,>0y+

x—¢1R
+ (mngGUt (1) — mgtpqy, (L log (gzszt> ) ) I{g2<0}} ,

one may find the portfolio ES using Proposition 1, Theorem 2 and Corollary 1.

5.1.2. Multi-Asset Portfolio

Let us consider a model with n assets whose dynamics satisfy equations
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t
Aolt) = [ ro(s)ds
0
and ,
A(H) _/ (s)ds +BGy,,  [=1,2,.,n—1,
where
rl(t) =1 1I{T>t} + rl,ZI{T<t}' 1=0,1,..,n—1,
and
BG =alt =T,  01>0,
with independent gamma processes I't = T¢(a,b) and T;; = Tj.(a;b)),

1 =1,2,...,n —1. This model is similar to the one discussed in Section 5 of Ivanov [5].
The investment portfolio (o, 61, ..., G—1) is set to have ¢y, ..., G,—1 > 0 and

bi/¢1="02/¢a = ... =by_1/Gn-1.
Then
n—1 t —1
P(ZGIAI(t)§x> =P</O s)ds + 291(71 Iy — Zgzrz,téx
=1
( dS+Ft Ft<x>_FﬁJ¢( )
where
n—1 1
7( (Z Gty 1) Lrspy + (Z Gzhz) Irepy
and
BG: =T;—TI} (42)
with

. . b _ _ [n=1 bl
Ii=T4% Iry=TIy Zal,— .
Zl 1 6101 = 61

The process (42) is a BG process since the gamma processes I'; and T are independent.
Hence, we can employ Corollary 1 for the computation of the portfolio VaR.

5.2. Option Pricing

As shown in Kiichler and Tappe [3], the BG model allows for an exact formula for the
European call price if the strike matches the initial stock price. That analytical expression
issues from the integral representation of formula 7.621.3 of Gradshteyn and Ryzhik [36].
The remaining derivatives are valuated numerically in the BG model. In particular, the
Fourier transform method (Eberlein [44]) and Mellin—Barnes representation technique
(Aguilar and Kirkby [45]) may be applied.

A special case of the BG model, the VG one, is analytically tractable. The European
call price in closed form was derived by Madan et al. [46]. That result was extended to
quanto options in Ano and Ivanov [47]. A formula for the European call price in the VG
model with drift switching was found in Ivanov [48].

We discuss a two-asset economy (Ry, S¢)i<1, where the bank account follows
a dynamic

R; = Roefﬂt r(s)ds
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with Ry > 0 and
r(t) = rlI{T>t} + rzl{TSt},

where T has the pdf (11). Similarly to (3.1) of Carr et al. [49] and (1) of Klinger et al. [50], we
model the risky asset as

eBGU,
S¢=S 43
t OE(eBGUtffotr(s)ds) (43)
for the scale parameter by > 1in (12) to have (4) satisfied for v = 1. So that
E(St/Rt) =59/Rg, t<T.
Let us assume that
Ho—p1=12—1 (44)

as is suggested in Section 3 of Ivanov [48]. From an economic point of view, such an
assumption indicates that the size of interest rate jump is included in the change of stock
drift coefficient. In this sense, the interest rate may be considered as a macroeconomic factor
for the stock dynamic, especially because the switches relate to the same major economic
event. Then,

SoeBGH+Jo (1(s)=r(5))ds SeBCt

RoE (eBGt+f0t(y(s)fr(s))ds) ~ RoE(eBS)

St/Ri =

and therefore the discounted stock price is the process with independent increments and
constant mean. Hence, (S¢/R;);<T is a martingale with respect to the initial (physical)
probability measure P.

At first, let us discuss a power by asset-or-nothing double digital option, which has
the payoff at expiry Ty < T

by
STO I{}C1<STO<,C2}'

If uy = pp, we immediately calculate that the physical risk-neutral price of this option

_ —1¢b _
II:))]D)(TO/ ICl/ ICZ) - E<RTO ST%)I{IC1<STO<IC2}) -

b

hy' (Ty)
' b]BGUT
= E(e L1

oL (Ty
4R(T 0) (mngGUTO (bl,log(/Cz/hz;(To))) — mngGUTO (bl,log(lcl /h4(TO))));
0

lc1/h4(To))<BGUT0<1og(lcz/h4(To)>}) -

where the values of the imgfs can be found from Case 4 of Theorem 2 and

Spelri—m)t
S

Next, we discuss the physical risk-neutral price P(Tp, ) of the European put option,
which is computed as

P(Tp, K) = E(R;ﬂl(ic - STD)+).

Set
’Ce—?’lTo e—)\TQ _ e—)\T )Le—)LT[) IC)\e—T’QTO 45
“T TR 1—e AT +72—V1—A ,C2_m' @)
—AT 7/\T0 — 1
e e
3= ﬁ/ ¢y = log(K/h4(To)) (46)
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and Y
urTy—c,
(r2 — r1)ha(To)e "1 T0* fim  hy(To)Ry!

Ro(T2 -1 — }\) re= e(rn—m)To ’

5 = (47)

A corollary below shows how the main results of this work may be applied to the calculation
of IP( TO ’ ’C) .

Corollary 2. Let p1 # pp. Then, the price
P(To, K) = c1Fcy, (ca — u1To) — c2Fgy, (ca — p2To) —

—C6 <C3mngGTo (1,c4 — 1 Tp) + mngGT0 (1,c4 — #2T0)> +

1
+cs (mngGTO (1 + = ,142,64 - ﬂzTo) -

1
—mgtpg, (1 T V1T0>> (48)

with c1, ¢y, €3, C4, Cs, Cg set in (45)—(47), where the values of imgfs can be found employing Cases 2,
3, 4 of Theorem 2.

A proof of Corollary 2 is set in Appendix A.3.
The European call price can be computed from the identity

RN (K = S1,) = RpNK = 1) " = R (Sp, — K)*
and Proposition 1 as
_ -1 +) -1 —1
C(To, K) = E(R7(Sr, — K) ™) = P(To, K) — KE(R7! ) +Rg'So

with

_ _ _ —(r+M)To _ p—2To
N e rlTo(e ATo _ o AT) /\(e e )
E(Ry)!) = R ( :

1—e AT (rp—r1 —A)(1—e2T)

Finally, let us discuss a power ¢ # 0 quanto digital option with the payoff settled by
an asset Sy ; with

S
log(sj’(g) = us + YBG; — log (E <e("1_’1)t+‘/’BGf)), P #0.

Let 11 > pp. Set for the simplicity of notations r; = ;. Then, this option has the physical
risk-neutral price

QD(To, K) = E(Ri)lstgp,TOI{SToﬂC}) =

9
hS(lP' To) E (e(gfl)uTOnLglpBGTo I{uT
0

RO +BGTO >C7} )

with g
hS(lp,t):% and ¢7 = log(K/hs(1p, To)).

Ifyp#landg=(1—¢) !, thenyp = (¢ —1)g ! and
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hs(y, To)
QD(To, K) = 5R70 (mngGUTO (c—1)— mngGUTO (c— 1/C7))/

where the lower imgf is computed in accordance with Case 1 of Theorem 2.

5.3. Parameter Estimation

The results of Section 4 enable us to use the simplified and ordinary methods of
moments, empirical characteristic function method and maximum likelihood estimation
for the calibration of the model parameters, including A, from historical data. Keeping in
mind the formulas found, we can see that the first two methods expect relatively simple
optimization problems. The optimization problem of the ECF method is more difficult (the
identity (17) in Rathgeber et al. [6]). Since the formulas for the pdfs of the studied process
is slightly complicated, the MLE becomes a separate problem in the stated model and has
to be solved numerically.

As we have the formulas for the option prices in this section, we can estimate the im-
plied model parameters from market data. The goodness of fit may be assessed through the
average absolute error, the average relative percentage error and the root mean-square error
(Section 1.2 of Schoutens [51]). The implied parameters can be found by the comparison of
the model and market prices and solution of the corresponding optimization problem.

6. Numerical Examples
We illustrate in this section how Theorem 1 and Corollary 1 serve. First, we compute

feGu, (x) for uy > py. Second, we calculate fpgy, (x) for 3 < po. Third, we derive Fpgy, (x)
for pq > po. Itis assumed thatay =t = 1.

6.1. Probability Density Function fggu, (x) for p1 > po
If uy = pq, we have from (29) that

B bgzblebl(m—X)
fecu, (x) = m
b2y et (1 —x)
:m (F<a2)l{x2y1} + Fup(“Z/ (.ul - X) (b1 + bz))l{x<y1}) =

b2 by ebr (h1—=x)
:W (I{XZM} + (1 - rrlo(QZ/ (,ul - X)(bl + bz)))l{x<y1})/ (49)

Hy(x,0,1) =

where I',;,(61,62) is the regularized lower incomplete gamma function.
When p1 > yp and by # ﬁ, we get from (27) that

focu, (%) = Aby’by 122y (0) Hy (x, 0)—
BCURT T Ta) (11 — o) (1 — e 27) P
)\EV%*X) A (67)‘ — ei/\T) (‘111 — yz)Hz(x, 0,1)

—e H1 h1(0)H5 (lll — }42) + e D) +

+h1(0) (ebl(”z_x)Hz(x, 0,2) — e m=2)=Mpp (x, 0, 1)) )

where

I o Sl o
m(0) = A=by(p1 —p2)’
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T
Hi(0) = Gpoimd (Fuolas (1 = 2) (b + ba))
X Igxcpyy = Trio(az, (2 — x) (b1 + bZ))I{x<y2})r (50)
r
Hs(6) = (o s (Tl (1 = )(6 + b2)) ey - 61
A
- 1—‘rlo(aZ/ (‘112 - x) (g + bZ))I{x<H2})’ 6= 11— o >0,
and
Ha(x,0,1) = Ha(x,0,2) = (52)

T'(a
s (Hy + (1= T, 1 = 3) b1+ 82))) ey ).

Hence, we have that

(2 —x) AMpg—x) A
( i) ),

fogu, (x) = T(a2)(1 — e AT) A —(p1 — p2)by

oA — AT pbi(pa—x) _ pb1(p1—x) H 1
+ b ) + A (n 2(x,0, (53)

The example of computation is made with the parameters
ap, = 1.5, bl = 2, bz = 1, 1 =1, A= 1, T=15 (54)

which determine the asymmetric pdf. The plots of the pdfs, calculated at a compatible with
MatLab compiler according to (49) and (53) for different y» < p;, are given at Figure 1.

o | I F ]

=1
=07
=04
=0 i
=03 ||

TT T T E

0.4 —

pf fp gy (. Ha)

01 —

5 -4 2 0 2 4 [

argument x

Figure 1. The pdfs of the BG process with drift switching for pi; > p, with the parameters (54).

A sensitivity of the formulas for the pdfs to a rate of the jump intensity A is illustrated
at Figure 2. The parameters are

ay = 1.5, bl = 2, bz = 1, U1 = 1, Ho = 0, T=1.5 (55)
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there.
05
I I
B =01 7]
A=05
h=t
04 — oL
fo h=5
. 03— —
=
\xa
=5
]
2
5
= o0z — —
01 — _ —
AF
o =T | | | J
] 4 2 0

R
s
@

argument x
Figure 2. The pdfs of the BG process with drift switching for different A with the parameters (55).
The plots of Figures 1 and 2 show that the model is not equally sensory to changes

of the mean and intensity parameters. Indeed, the example indicates that the pdf is more
sensitive to the value of the mean rate than the intensity one.

6.2. Probability Density Function fggu, (x) for p1 < po
If uq < py, we obtain from (28) that

b3 byel (11—x)

fBGUf (X) = W <(e/\ — ef/\T)H?)(x, 0)_

A -y (blf%)ﬁﬁ(%*h}h)
- |eT"*H x,() —e H1—H2 H1—H2 X
A—bl(#l—#z)[ 3(x/0)
A
x H, +(e —e MY Hy(x,0,1)+
6(141—142)} ( ) 4 )
A

A e {ehl(ﬂz—ﬂﬂm(x, 0,2) —e MHy(x, 0,1)] )

where

H3(x,0) _(1711"4(!112,3)»:2 (Frlo(ﬂzf (p2 — x) (b1 + b2)) [y <y} —
~To(az, (i = %) (01 + 52) ey} )
Hale) = s (Tl (2 = 0064 02) ey -
~To(a2, (1 = %)(6 + 2) [y} ) Ho o)+
+(a2) 7 (2 = )2 Iy — (11 = ) Ly ) ety +
+(a2) 7 (2 = )2 (a3, 02 + 1, ([ = b2) (42 = ) ey~

(1 = x)"2@(az, a2 + 1, (l¢] = b2) (41 = X)) g} ) gty
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and

Hy(x,0,1) = Hy(x,0,2) =

:(blrjublzz)@ (I{x>y2} + (1 = To(az, (p2 — x) (b1 + b2)))l{x<y2}> :

Therefore,

(x) by byt (1)
_ X
feau, (x T(az)(1—eAT)(A —by(p1 — p2))

X ( [bl(ﬂz — ) (6_)L - e_AT) —Ae_”] Hs(x,0)+

+)\e(b]7%‘1/\fl‘z)x+(ﬂfﬁiz7b1m>H6 (x, A )—|-
H1— K2

(56)

+ [bl(}”2 —p) (e - e*”)ﬂ(ebl(l‘ﬂl) - e”)} Ha(x, 0,1)> .
Let us notice that it follows from 9.211.2 of Gradshteyn and Ryzhik [36] that for x > 0
x
D(ag,ap+1,x) = axx L(az, x), L(az, x) = / e x2 dx.
0
Hence,
He(6)Ic<—p,y =(lg| —b2) ™" (ﬁ(ﬂzr (I6] = b2) (2 — ) [y —
—L(a, (6] = 12) (11 = X)) xcpn) ) Ut}
The set of the parameters for the example is afforded in (54). Let us notice that then
XOE )
L(a, x) = x*oeX —/ e’ dy.
0

The plots of the pdfs determined by (49) and (56) for varied yp > u; are presented at

Figure 3.
05
r I | )
=
- we=1.3
[T
04 — oo
i\ - =23
- 03 — —
=
I
\x’
=4
o
=
5
2 02— —
01— A —
;/.
= | =N
1]
5 -4 2 0 2 4 8

argument x

Figure 3. The pdfs of the BG process with drift switching for 1 < pp with the parameters (54).
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6.3. Cumulative Distribution Function Fggy, (x) for 1 > pa
When yp = yq, we have from (41) that

a2

Faau, (x) = Q(x) = - éz) (Hy(x, 0) — el (=) g, (x, 0,1)) (57)

because
hz(0,0) = —bfl,

where Hy(x,0,1) is found in (52) and

I'(a
H7(x,0) = % (I{x>]41} + (1 - Frlo(az, bz(]/ll - x)))I{Km}).
2

If uy > po, we get from (40) so far as

by
h = —
that
by? Aebr (2= H; (x,0)
Fcu, (%) = Q(x) + 2 Lt 58
BGUt( ) ( ) r(a2)<1_e/\'1“)< bl(]’ﬁ*I/lZ)*)\ ( )
Alpp—x)
iy (x,0) 4 LT HR) Hs ()
+Hs(x,0) + —~
° A—=by (11 — pa)
— b _ ebl.”l_)\) ebi2 _ pbip
b e-m((#l H2)(e + )H x,0,1) |,
' A —=b1(p1 — p2) by 2( )

where Q(x), Hy(x,0), Hs5(x,¢) for ¢ > 0 and Hy(x,0,1) are set by (50), (51), (52) and (57),

respectively.
The plots of the cdfs provided by (57) and (58) for the parameters (54) and po < pg are
afforded at Figure 4.
r I P A ——
i - Hz=1
- pz=07
p=04
0.8 — p=0 1!
pp=0.3
= 06 — —_
% 04 — —_
02 — —
, B 1
5 -4 -2 o 2 4 [i]

argument x

Figure 4. The cdfs of the BG process with drift switching for 1 > pp with the parameters (54).

The computational time is under 4 s for all the figures.

https://doi.org/10.3390/sym18040584


https://doi.org/10.3390/sym18040584

Symmetry 2026, 18, 584

21 of 44

7. Discussion

We have defined the new stochastic process at a finite time interval as the sum of
the bilateral gamma process and drift process, where the drift rate may jump at an expo-
nentially distributed random moment. As mentioned in Section 1, the asymmetric BG
distribution properly approaches market stock returns and the symmetry between the drift
rate switching and major economic events is statistically confirmed in a number of modern
empirical studies of financial data.

The characteristic function and raw moments of the bilateral gamma process with drift
switching are computed in Propositions 1 and 2. These formulas enable us to employ the
simplified method of moments, ordinary method of moments and empirical characteristic
function method for the calibration of the historical parameters of the stated process from
time series, as shown in particular by Rathgeber et al. [6]. From a statistical point of view,
the analytical expressions for the pdfs of the new process found by Theorem 1 allow us to
apply the maximum likelihood estimation method similarly to Kiichler and Tappe [3]. The
formulas of Theorem 2 and Corollary 1 for the lower imgfs and cdfs of the BG process with
drift switching can be applied to the identification of the model implied parameters based
on the current market information (Section 1.2 of Schoutens [51] and Madan et al. [52]).
The main results of the work are mostly derived for a;t € N, where a; is the first shape
parameter of the BG distribution.

As shown in Section 5.1, the results of Theorem 2 and Corollary 1 can be immediately
used in the computation of the VaR and ES of two-asset portfolios where one of the assets is
low-risk. When multi-asset portfolios are assessed, we provide the formulas that determine
the VaR under conditions that are analogous to the ones of Ivanov [5]. In addition, the
analytical expressions of Theorem 2 and Corollary 1 provide a number of closed form
results for the prices of European digital, put and call options in the BG model with drift
switching. In comparison with the exact formula for the option prices in the BG model of
Kiichler and Tappe [3], our expressions do not impose any condition at the option strike
price. The numerical examples of Section 6 illustrate how the pdfs and cdfs of the BG
process with drift switching converge to the pdf and cdf of the standard BG model, when
the drift coefficient y; converges to the drift rate y; (Figures 1, 3 and 4).

Corresponding future studies could be headed in the following directions. First, it
would be interesting to find exact formulas for the pdf and cdf of the BG process with drift
jump for a;t ¢ N, even with extra conditions on the other model parameters. Moreover,
a model with simultaneous jumps of the mean, variance rates and probably other model
parameters should be examined. More flexible distributions, such as gamma and Weibull
distributions, might be leveraged for the modeling of drift rate switching time, and any
related statistical studies could be interesting as well. Second, the problems of advanced
risk measurement (Ivanov [53,54]) and exotic option pricing (Sections 4.5 and 6.1-6.4 of
Musiela and Rutkowski [55]) should be investigated in the new model. Third, the term
structure of interest rates and related derivatives (Part V of Brigo and Mercurio [56]) in
the stated model should be discussed, furthering the studies of Kiichler and Tappe [3] and
Ivanov [57] in that direction.

8. Conclusions

The work has introduced the bilateral gamma process with exponentially distributed
drift switching. This model incorporates the effects of the both inner and external sys-
temic shakes and, along with the standard BG model, produces frameworks for financial
applications. In accordance with the results of the paper, the following conclusions can
be made.
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- Analogously to the standard BG model, the stated model affords the exact formulas

for the pdf of the law. Moreover, the analytic expressions have been found for the
imgf and cdf of the new process. These results allow for the use of standard statistical
algorithms for the calibration of the historical and implied parameters of financial data.

- The formulas found have been applied for the purpose of risk measurement and

option pricing in the BG model with drift switching. The correctness of the obtained
results has been confirmed by the three numerical experiments, where the general
asymmetric case of the pdf has been considered.

- Future studies may be related to the entire description of the new model, advanced

risk measurement, and derivative pricing because of the symmetry between the stated
model and the dynamics of real markets. An extension with simultaneous jumps
of the mean and volatility coefficients could also be studied. The term structure of
interest rates in the proposed model could be studied as well.
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Abbreviations

The following abbreviations are used in this manuscript:

BG bilateral gamma

pdf  probability density function

VG variance gamma

imgf incomplete moment-generating function
cdf cumulative distribution function

VaR  value at risk

ES expected shortfall

ECF  empirical characteristic function

MLE maximum likelihood estimation

Appendix A

At first, we formulate two lemma that help us to prove the main results of the work.

Lemma A1. The lower imgf

_ G
mgfuﬁcu(v,x) = E(gv(ut+ Lt)I{uH‘Gl,tSX})’ v,x €R,

is computed with respect to the following cases.
Casel. uy > pp, v
We have that

- H1—H2’
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mgfuﬁGu(v'x) = (A1)
0, X < pot,
Aeoratpil!
(T=e=2T) (i — )T (@) (CRIZOR
> foxfﬂztzaltfle(vfhl)zdz_
. foxfl/lzfzu]te(vfbl)zdz), lot < x < Hit,
- bqlt AeUVZt
rtby (e armgay | (5~ 12t) %
x—pot _ait—1,(v—by)z
X Jat 2 1=1p(0=b1)z gy
x—pat _aqt,(v—b
_ fxfmt Zte(v 1)Zdz]_|_
mgf, (v, pit) fox_’”tz“lt’le(v’hl)zdz), x > pit,
Apot Apqt
A _ Atef1712 +(e’/\’fe’)‘T)e”1_V2
where mgf,, (7’41_”2,;1115) = T .
A
Case 2. py > o, v # T
Then,
mgf, +Gyy (v,x) = (A2)
OI be S I/izt/
/\gvpztbqlr y
(1*(@(_“)(ﬁ(??)(*ﬂz);ﬂr(ﬂlt)
o(py—p) =) (x—pia A
e T hmm fo"*ﬂzfzaltfle(m h)zg,
. fOX*HzfZultfle(vfbl)zdz), ]/lzf <x< ﬂltr
N bilt ( AePtat %
T(bzlf) (1)*6\’):‘T)(?ft()ﬂ1*#z)*A)
(i) =Mt Ay
— M2t _ait—1 —u 1)2
[6‘ H1—H2 fx—ylt zM g(Vl H2 ) dz
—tiot _gt—1 (v—
_ ;—;Zzt Zmt=1,(v bl)zdz}—i—
mgf, (0, j1t) foxfmtz“ltfle(z’*bﬂzdz), x > jt,
., AevHat (e(v(#l _}’2)—A)f71) ev;llt(e—At_e—/\T)
with mgf,, (v, pt) = GEVETEER oA
Case 3. u1 < pp, v = T
We have that
mgfuﬁcl/t(v, x) = (A3)
0, x < pat,
(1 [Aatxere g
rib (e | My + (e
efAT)evylt} foxfﬂltzultfle(vfln)zdz_'_
vpot x—puqt _

t
by! ( 1 {?\(mt—X)e””Z’jL(efAt_

T(ayt) \ 1—e AT (H1—pm2)

—AT\ ourt| (¥—Hit jajt—1,(v—by)z

e et }fx_mt ztt=1e(0=b1)zgy 4
AelHat x=p1t art ,(v—by)z

—als zMtelv=01)2 4y

(1—e= M) (1 —p2) fx—ﬂzf

+mgf, (v, pat) foxf’lztz“lt—le(v_bl)zdz>, x > qiot,
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= At
where mgf,, (ﬁ, sz) _ MR +(le:2t_;;ﬂw)em,#2 '
Case 4. uy < pp, v # H1ﬁyz'
Then,
e () (Ad)
0, <,
byt

1 AePHatp(0(uy—pg)—A)t Ot — At AT
rtem (7= | et (e — e

1—e A | (v(p—p2)—A)
(0(p1 —po) =M (x—pot)

x—pat ayt—1,(v—by)z Aettate H1—H
X zMt=1e0=N)2d7 — X
Jo (A=e ") (o(p1—p2)—A)
A
—uqt _ =D
) Jo Mt 16("1”‘2 1>ZdZ), pt < x < pot,

b?” 1 AevHatp(0(p1 —1) M)t v _ _
pit At _ ,—AT
oy (o | M Sy + et (e — ™)

(©(p1 =) =A) (x=pipt)

x=p1t _apt—1,(v—by)z AeH2ate #1=H2
X zMt—teU=0)2dy — X
X—piot (1—e= M) (o(1—p2)—A)

A
x—p1t at—1 Sz
S e<%‘1 "2 dz +mgf, (v, pat) x

% fox—ﬂztZult—le(v—bl)zdz)’ X > Hat,

/\evﬂzf(gv(}lrﬂz)*?\)t_1) Ot (¢~ M _e=AT)
(1—e=AT) (v(p1—p2)—A) 1—e=AT

with mgf, (v, pat) =
Case 5. p1 = uy.
We have that

0, x < uit,

mgfuﬁc“(v,x) = {baltevﬂlt
, by eV (o rx—pt _ait—1,(v—by)z
e (0 zmi—le V2dz ), x> uit.

(A5)
Lemma A2. Letx € R, syt € N, k € {1,2},j € Zand j < ayt. Set | = a;t —1 — j. Then,
the integrals

Ti(x, 1) = (A6)

:/0 (x+y— ‘uzt)lyazt_le_(b1+b2)yl{y2t7x<y§;41tfx}dy = Hi(x,}),

Ir(x,1,k) = (A7)
= /Ow(x oy — )y e VL dy = Hy(x,j, k)
for uy > pp and
Is(x,1) = (A8)

:/0 (x+y— ‘ult)lyaztflef(bl+b2)y1{mt7x<ygmt7x}dy = Hj(x,j),

Ty(x,1,k) = (A9)

= /O (x+y— met)y e Ortbayy L dy = Hy(x, j k)

for uy < po, where Hy(x, ), Ha(x, j, k), H3(x, j) and Hy(x, j, k) are defined in (19), (20), (21) and
(22) respectively.
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Moreover, if ¢ > —by and yy > o, then
Ji(x,¢) :/0 yazt—le—(€+bz)y[{y2t7x<y§mt7x}dy = Hs(x,¢) (A10)
with Hs(x,¢) set by (23). When ¢ € R and yy < py, we have that
J2(x,6) = /O yuzt_le_(g+b2>y1{y1t—x<y§y2t—x}dy = Hg(x,¢), (A11)
where Hg(x, ¢) is defined in (24). The integral
j3(xr Q) = /O yaZt_le_(g+b2)y1{y>y1t—x}dy = H7(x/ Q) (A12)

for ¢ > —by with Hy(x,¢) set by (34). If ¢ > 0, then

Ta(x,¢) = /0 (x+y—pt)oy e~ by o dy=Hg(x,c), (A3

where Hg(x, ¢) is defined in (35).

Proofs of these two lemmas are set in Appendices B.1 and B.2, respectively.

Appendix A.1

Proof of Theorem 1. First, we derive an integral representation of fpgy, (x) in terms of
fuy+Gy, (x). Second, we find formulas for f,, g, ,(x) leveraging Lemma Al with v = 0.
Third, we get analytical expressions for fpgy, (x) applying Lemma A2.

Stage 1. An integral representation for fpcu, (x).
We have from (A2) and (A4) immediately that

FMH'GL[ (x) =
0/

bt
(1— e*”)l’(uﬂ)( 0
AMpgt=x)

- bll x—pit ultfl —bi1z
(D) ( 0 dz + ==
Alppt= X)

x—pyqt

if yg > pp and

Fut+G1,t (x) =
0,
balt

T(ayt)(e
Alppt—x)

— apt
b ( x—pot Zht=lo=biz g,
Tayt)

Alppt—x)
> xfﬂltzmtfl “bizgy 4 ¢ #- “2

v X Jllt alt—le(;zl—yz )dZ>,

X—piot ﬂlt 1 —blzdz_

—e MR fx ot Jart-1 ("1 ~#2 bl)zd2>

[fx }lztzglt 1 —hlzdzfe m-r2 X

« gt amtg(mm )],

e -T2 fx mt oayt-1 (#1 -~ )Zdz),

1—e AT

Xt (1—e=7T)

(A14)
x < pot,
}tzf <x< ]/lli',
x> upt,
(A15)
x < ,ultl

AT (X7t ayt—1,-biz
—— 1)( f 1t=lp=b1z 3,

pat < x < pot,

X > uot,
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when 1 < . It follows from (A5) that

. 0, x < urt,
Fllt+G1 xX) = balt _ (A16)
! D] (fox ”]tzalt‘le—blzdz), x > pit,

if up = po.
One can see from (A14)-(A16) that Fu1Gy, (x) is the continuous and piecewise differen-
tiable function. Therefore, the pdf fut+GU (x) exists. Similarly to (7), we have that

bazt

fecu, (%) =

/ furrGy, (x + )y e 2Vdy, (A17)

Stage 2. Formulas for f,, g, ,(x).
Stage 2.1. yq > yo.
The cdf in (A14) can be written as

Fut+G1,t(x) =
O, x < ]/lztr
B! byt 1
=T (Jria = patyat ey —
—e 141 142 f ]/ ]«lzf ”1t*13<%‘1£142 7b1>ydy), ot < x < pqt,

pot i
llllt ( 1 tf (y—pat)mt e
[blﬂztf (y — uat)mt-le blydy_ebll”ltx
Sy — )t tetvdy —
Ax A
_67 141*1‘2{ blVZt f y ]/l2t)u1t_1€(“17"2 _bl)ydy

—elbip— /\)f (v — ylt)”lt*1e<l‘1+ﬁ2_b1)ydy”), X > pqt.

Taking the derivative, we get that

fu+Gy, (x) = (A18)
0/ X S VZt/
; Migt=x)
/\b T
(1—9*”) (a1t) (u1— Pz)
foxf“l/lzt Z”lt_le I‘lfl‘z )ZdZ, ]/lzt <x S ]/l]t,

= aqt

by! bt (p—At _ p=AT t—1,-b
r(alt)(i e—/\T)< it (e M — e M) (x — ppt)iTlem 0

At
Ax A
+%e - Mz{fox_yztzﬂlf—le(#ruz b1>zdz

A
—Jo mt mt-10(7e bl)zd2}>' x> pat.

Stage 2.2. p1 < .
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We have from (A15) that

Fut—&-Gl,t (x) =

0, x < pat,
b‘lzlteblylt

T(ayt) (e AT 1) (e . ]/llt(y pat) e tYdy

—At—

A
;41 ;42 f y ‘I/llt ﬂlf—le(pl—yz b1>ydy), ]/llt < x S I/‘Zt/

alt
b AT

T <ebm2 ot (Y = p2t)" ey — 1
[blﬂlff (y — pyt)mt-le~bydy — ebirat x

_Ax

X fot (V= ﬂzt)”lt”e*”lydy] +% x
X [e(blyl_/\) f (y Vlt)alt 1 <;41ﬁ/42 7b1)ydy
—eblV?tf (y— yzt)“lt—le<ﬂrﬂz bl)ydy])’ x> pat.

Differentiating, we obtain that

furrc, (x) = (A19)

0, x < urt,
ait Mpugt—x) b ¢
bll eb1mt (/\e H1—H2 1#1
T(ayt)(e=*T-1) H1—Ho
x—pt _git—1 (#—bl)z
Jo T zmtlelinTi dz
—(eM—e M) (x— ylt)“lt_le_blx), gt < x < ot

— aqt

= 1
1 hl]"lt —At _ ,—AT
Tanf)(1—e A7) (e (e )

Mppt—x)
t—=1,-b Ae M1712
x (x B ‘ult)ul e = eﬂl—ﬂz

% |:f0x7}l1tzu1t—le<ﬁ_bl)zdz

o fOX*I/IZt Zﬂltfle(ﬁ_kq)zdzjl)/ x> Vzt

Stage 2.3. y1 = ya.
It follows from (A16) that

0, x <yt

FuH—GU(x) = N pAthmt
BiCUN (f;flt(y - mt)”“‘le‘blydy)f x> pyt.

Taking the derivative, we obtain that

Fursn (1) = 4 0 Tt (A20)
u+Gry (X)) = § ot byt e A20
lr(izlt) (x —pat)t = te 0%, x>t

Stage 3. Formulas for fgcu, ().
Stage 3.1. p1 > .

Stage 3.1.1. uy > pp, by = A

Pi—p2”
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Then, we get from (A18) that

fu+ Gy, (%) = (A21)

0[ X S Plzt/
Abp b (2t (x— )t

(I—e "D (a1 41) (11 —pi2)’

= by by (p1t—x) mi-1
e (11 = pat)®

x (eM — e=AT)
by (npt—x)
% ((x — piat)t — (x — ylt)“lt)>, x > st

ot < x < uqpt,

Therefore, the identity (A17) has the form

bllzt 0 B B
fBGUt(x) :@ </0 fut"rGl,t(x + y>yﬂ2t 16 bzyl{}lzt<x+y§}l1t}dy+

+/0 fur‘rG]/[ (x +y)yﬂzt_le_bzyl{x+y>;41t}dy> (A22)

in this case. Replacing f;, 1, , (x + y) in (A22) with (A21), we obtain that

(Il(x, art)+ (A23)

focu, (%) il (Aebﬂﬂzf—“
BGU; =

[C(at)(1—e A (agt+1) \ 1 — 2

+Z5(x,a1t,2) — Ip(x, a1t, 1)) —i—altebl(mt*x) (E*M — e*)‘T)Iz(x, agt —1, 1)) ,

where Z;(x,1) and Z,(x,1,k) are defined in Lemma A2. Applying (A6) and (A7) of
Lemma A2 to (A23), we obtain (26)

Stage 3.1.2. g > pp, by # = T HZ
Let¢ > 0and ¢; € NU {0}. Then, with respect to formula 2.321.2 of Gradshteyn and

Ryzhik [36],
s jes1—i 1
/ X61e52%dx = ¢! <egzg Z 1) 6 — ( glJ)rl > (A24)
0 A (S [ = S

for ¢y > 0. If ¢ < 0, then

0
/g xS1e82%dx = (—1)%1 / xSle— 62Xy —
J0 -G

gz ]+1(€1 —)!

ggl —J ( 1)§1
(eé?zgz — G

j 0‘52 (Ql_]) Go

again as (—1)217271 = 1.
If a1t € N, then we have from (A18) and (A24) that
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furrGy (%) = (A25)

0’ X S Hzt/
ApT at—1, . 1
Ty (T () (x = o)t =1
Apgt—x)
s b1 (pat=x) _ h (ﬂlt — 1)e H1—H2 ), ot < x < uqt,
b?lt eb“’lt(ef/\’—g*)‘ﬁr) (xfﬂl t)”lf_le_b]x
(1—e—AT) ( (art—=1)!

s et Sy ) (x — =17

elinia Vit Sty (j) (e — )t 1T]), x> at,

where 1 (j) is defined in (25). Substituting f,,, G, ,(x + y) in (A22) with (A25), we get (27)
using (A6), (A7) and (A10) of Lemma A2 as it is made for (A23).

Stage 3.2. 1 < .

Applying (A24) to (A19), we get that for a;t € N

fut—f—Gu (x) = (A26)

0, x <t

b“lteblult A _ .
1 —At—byx yit—1
e AT (141*142 [e ' ijo ha (7) %

. Aot x)i
(x - ‘ult)alt_l_] — h1 (Lllt — 1)e H1—Ho blﬂlt}

(e’“—e*/\T) (x—pqt)1t-1e=b1x
- - (ﬂlt—l)! 7 ,ult <X S ]’lztl

bqlt ebl(ylt—x) (e—)\tie—)\T) (xfpllt)alt71 A
1—e=AT ( (art=1)! T2

X {ebl(mt*x)*/\t Y () (x — )t

et gt () (= o) ]), x> pat,

Besides, it results from (A17) and (A26) that

art
b2

fBGUt(x) :r<612t) <A fMH»Gl/t(x +y)yaZt_le_h2y1{;41t<x+y§}42t}dy+

+/0 fur+Gy, (x +y)ya2tlebzyl{x+y>y2t}dy>' (A27)

Now, we can replace f,, g, ,(x +y) in (A27) with (A26). Employing (A8), (A9) and
(A11) of Lemma A2, we obtain (28).

Stage 3.3. y1 = ya.

If a1t € N, then it immediately receives (29) from (7) and (A7). O

Appendix A.2

Proof of Theorem 2. First, we represent mgfyy;, (v, x) as an integral of the lower imgf
of u; + Gy, which is found by Lemma A1l. Second, we employ Lemma A2 to compute
the integral.

Stage 1. An integral representation for mgfyy (v, x).

By definition, the lower imgf

_ G1—G _
mngGUt(v,x) = E(ev(uHr 1t Z/t)I{ur"FGl,t_GZ/th}) —

= e ev(]/—z) I{y—zﬁx}dFut-‘rGl,t (y)fcz’t (Z)dZ
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because the drift and gamma processes are independent. Since the lower imgf exists in
accordance with (31), we get that

mngGUt(U’ x) = / (/ ev(y_Z)I{y—ZSX}dP”tJrGl,t (y)>fGZ,t (z)dz =

—00 —00

S x+z -
N /_oo (/_w e¥dFy g, (y)>e ” fa,, (2)dz =

= [ mefy i, (03 + 20 e, (2)dz =

b2 e A
B r(ﬂzt)/o mgfutJrGu(U’x_'_Z)Zaz e (vth2)zgy, (A28)

We find the analytical expression for mgfgqy, (0, x) based on the formulas of Lemma Al.
Stage 2. Formulas for mgfyqy (0, x).
Stage 2.1. py > .
It is easy to see from (A2) and (A28) that

mgfpey, (0,x) =

bt (e 1, o)
" T(azt) /o mgf,, 1c,, (0, X Yy e O Lty Y+

+/0 mgfuhLGl/t (U/ X+ y)yazt_le_(U+b2)y1{x+y>ylt}dy> (A29)

in this case.

If a4t € N, so far as v # ﬂlﬁl”Z # b; and v # bj, we obtain from (A2) leveraging
(A24) that

mgf, JrGu(v,x) = (A30)
0, X < pot,
h3(v) (eb1V2t+(”_b1)x X
20 (= pat) 1T (I () — (o, 1))+
; MJF(U_#)X
eP2lthy (v, aq8 — 1) —ef17 12 =12 )"y (agt — 1)), pat < x < pqt,
h3(v)evy2t+(v7bl)x %
_ [Z]qlzt(;l hl (]) { (x o yzt)altflfje(b]fv)yzt
_(x _ “Mlt)”lt*l*]‘e(b”“7vﬂ27/\)t _
— 25 (o, ) { (x = pat) 1
eb1—v)pat _ (x — ylt)ﬂlfflf]'e(blfv)ﬂlf}}
b met,, (0, nt) | ] a0, ) (x — pat) i1
xe0=b1)(x=pmt) _ p, (v, aqt — 1)}, x > it,

where h1(j), ha(v, j) and h3(v) are set by (25), (32) and (33), respectively.

Substituting mgf,, +Gy (v, x + z) in (A29) with (A30) and applying (A6), (A7), (A10)
and (A12) of Lemma A2 as it is made for (A23), we establish (36).

Stage 2.2. y1 = .

In this case, we have from (A5) of Lemma A1 and (A28) that
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mngGUt (0,x) =

art
b2

— « f art—1 —(U+h2)
T(azt)/o mefy i, (0% +2)2 e

Stage 2.2.1. u1 = yp, v = by.
Then, we receive from (A5) that

bﬂltebl‘ult x — t ”1t1
mgf (0,1) = (x = )" sy
i+ G T(ayt+1)

and it follows from (A31) that

mngGUt(U/x) =
astyart bouqt
b2t b

(o]
e Ty e O

I’(azt)F(ult +1

ZI{x+z>;¢1t}dZ'

(A31)

Hence, we get (37) if a1t € N and (39) for arbitrary a; and t according to (A7) and (A13) of

Lemma A2, respectively.

Stage 2.2.2. yy = pp, v # by.

If a1t € N, we have from (A5) using (A24) that
(v, x) = b et x

mgfut-i-Gu

ﬂ]l‘*l .
% (e(vhl)(xw) Z ha (v, ) (x — pat)™' 1T — iy (0, a1t — 1)) Lo py-

j=0
We replace (A32) in (A31), apply (A7) and obtain (38). [

Appendix A.3
Proof of Corollary 2. We have that
IC _rTo d
P(To, K) = ROE<e Jo®r SI{uTO+BGT0glog(IC/h4(To))}> -

h4(TO) ur, 7fTO rsds+BGrT, _
—————=E(e 0o )0 OI{uTOJrBGTOglog(lC/h4(To))} =

Ro
:REOE[csl(BcTO)] _ }Mlgb)E[CSQ(BGTO)],

where the conditional expectations

C&1(BGr,) =E (e_ ‘fOTO rods I{uro +BGry<as } ’BGTO) =
=e N TOE<I{M1T0+BGTO <ey>To} |BGT0) +
+e "2I0E (ei(rl 7r2)TI{y2TO+(y1 —H2)T+BGy, <cy, T<Tp } |BGT0>
and

C52(BGTO) _ E(e“TO*fUTO rds+BGr, I{uT0+BGTDSC4} |BGT0> =

— —r1)To+BG
= e(}h 1) To To (E (I{V1TU+BGTO§C4,TZT0} |BGTO) +

+E (I{M2T0+(}41*H2)T+BGTO <cyT<To} |BGT0> ) .

(A32)

(A33)
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One may observe that for Aj, A € Rand A3z >0

E (eAlrl{T<min{A2,A3}}> =

—E (eAlTI{rgAs,AZZAs}) E <6A1TI{T§AL0<A2<A3}> B

A3 AZ
—<)‘/0 e(Al_A)xdx) Iiay>aqy + (A/o e(Al_A)xdx> Lo<ay<as

=A (ABI{A22A3,A1:/\} + Az I{0<A2<A3,A1:A}) +

A A1—AN)A
+A1 —A ((6( A 1)1{1‘1221‘\311‘117&)\}+

+ (e(Alf/\)AZ — 1) I{0<A2<A3,A1 ?é/\}> :

Since p1 > pp and

e_rlTO (e—/\TO _ e—/\T)

Cgl(BGTo) = 1—e AT I{BGTOSC‘l*]”lTo}—i_

12Ty —(r1—r)T
+e Ele \1 I{r<min{To, c4—HpTo—BGT, }} ’BGTO p

-1
we get employing (A34) that

e—rlTo (e—/\TO o e—/\T I +
1 — e AT {BGTOSCAL*MTU}

CE1(BGr,) =

Ae~2To (ro—r1—A) T,
+1’2 —r1—A <(6 P 1) I{BGTOSCFV]TO}—F

(rp—11 *A)<C4*BGTO —upTy)
H1—H2 — =
e 1 1{04—V1T0<BGT0 <cs—paTo}

eATo _ p=AT Ae—To ;
1—e AT + ry) — 1] — A {BGTOSC“fmTO}_‘_

:efrl TO

_ A _
Ae 72T0+(1+V1*#2)(PZT0 C4)e(1 A

T )BGTO X

/\e_rZTO
><I{C4—P11T0<BGT0<C4—P¢2T0} N o — 1] — AI{BGTO <e—paTo}”

rn—r1—A

So far as
~ATy _ p=AT

C&>(BGr,) = o(m—11)To+BGr, (e

+E I{T<min{Tg,4c47P2ToiBGT0 }} |BGT0 >'

H1—H2

1 _ e*)\T I{BGTO §C47}I1To}+

(A34)

(A35)
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we obtain leveraging (A34) that
—“ATy _ ,—AT
_ (m—11)To+BGr, [ € e
CEL(BGr,) = e 17 T/0T 5T <1€_ATI{BGTO<C4}41T0}+
—AT,
+(1-e O)I{BGTOScrmTo}*
+[1—e Mmr2 I{c4fy1T0<BGTO<C47szo} -
AT (p=ATo _ 1
_ - (€0 1) Bay
= et ( 1— e—AT € OI{BGTOSC4—#1TO}+ (A36)

BGr
0 J—
Te I{BGTO <cs—pTo }

AppTo—cy) ( A )
—e MM ¢ 1+V1—#2

BGry |
{es=mTo<BGry<cs—pTo} |
Collating (A33), (A35) and (A36), we get (48). [

Appendix B
Appendix B.1
Proof of Lemma A1. The proof consists of three stages. First, we deduce general formulas
for mgf, . (v, x). Second, we find exact expressions for mgf, (v, x). Based on them, we
find at Stage 3 analytic formulas for mgf, ., | (v,x) when p1 > pp, pp > p1 and pp = .
Stage 1. General formulas. ,
So far as the imgf exists, we have applying the Fubini’s theorem that

mgfut-&-Gl,t (ZJ, x) = /]RZ ev(erz) I{y+z§x}dFut (]/)fGl,t (Z)dZ =

= /_0:0 mgf, (v, x — z)evZfGU (z)dz =

bﬂlt 0 3 3
= T(Llht)/o mgfut(v,x—z)z"lt le(o=b)z gy, (A37)

The lower imgf

mgfut(v,x) _ Eev‘ultl{yltgx,rzt} + Eev(ﬂzt+(.‘41*ﬂ2)ﬂ I{(y17]42)‘f§xfy2t,’r<t} =

evylt(e—/\t - e—AT) evyzt(l o e—/\t)
- 1— AT Lz + 1_ ¢ AT L= xpaty +
+ e (&1 (x) + &(x)), (A38)
where
- o(p1—p2)T
gl (x) =E (6 b I{Tgmin{t,max{ ;;f% ,0}}}) I{H1>V2}
and

gZ(X) =E <€U(H1H2)T1{max{ Xt ,0}<T<t}) I{I"l <po}*

F1—H2
Now, we should compute & (x), &(x) and then substitute mgf, (v,x — z) in (A37)
applying (A38).
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Stage 2. Formulas for mgt, (v, x).
Stage 2.1. p1 > .
We have that

&1 (x) =E (ev(ylm)TI{T<min{t,max{ gt O}}}) I{I‘l > X>piatt T

H1—H2”

X—pot
A H1—H2 v(

_ m—p2)y—Ay

T AT ( 0 € Y ) L > po ot <x<pnty T

A B
T (/0 ev(}tl H2)y ydy) I{y1>yz,x2}l1f} =

AI{

+

V=i > He} <x — piat

1_ o AT 1w — 12 Lty + H{x>mt}) T

AI{U#ﬁMQP‘Z} (0(m—p2)=Mt _ 1)1
Er=UTC Ty ((e N ) {x>ptyt

(o1 —pp)—M) (x—pot)

n (e o — 1) Iy MKKW}). (A39)

+

Deploying (A39) to (A38), we obtain that

evHt (efx\t _ g*)\T)

mgfut(v,x) = Iixspn + eVt E (x) =

1—e AT
1 AePt2t (x — yot)
11— M 11— m2

Lty + (evmt@_M —e M)+

1 l ettt
X

Upot
+Ate )I{x>}l1t}] I{U a1 s e propy

THH2

@y =) =M (x=piat)
X (e H1—H2 — 1)I{y2t<x<y1t} + (ewlt(e?\t _ efAT)_F

/\@UVZt
LA el A > Lo |1 , A40
o(p1 — pa) —A( ) bzt | Yoz ots } (A40)

Ifo= ﬁ, then one can see from (A40) that

0/ X S H2 t/

AMx— Opint
mgf, (0,x) = %, Hot < x < pqt, (A41)

/\teUVZtJr(e*Mfe*/\T)er'
1—e AT ’

X > pit.
When v # ﬁ, we get from (A40) that

0, x < uot,

(0(p1 —po) =M (x—pot)
Aethat (e #=1y 1

mgf, (0,x) = T Ny Pt <x<mb (A$2)
Aeltot (e(v(}qfuz)—/\)t_l
(175%1-)(”(#1*#2)7)\)

evylt e—/\tie—/\ )
+7(172*)‘T . x> ppt
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Stage 2.2. p1 < .

We have that
_ (1 —p2)T _
&(x) 7E(e e I{max{7:;f1§;,0}§T<t})I{ﬂ1<ﬂ2rx>ﬂlt} -
A ¢ Z ) y—A
Tl _ AT (/xfﬂzf ety ydy> L <popnt<x<pty
H1—H2
A rt VA
T (/O P (—p2)y ydy> L <t} =
Al
Momtamen) ((, x-mry, ;
=TT T S GO =T

M{”#ﬁfﬂlw} (( (0( =) ~A)t 1)1
e\v\—H2) =) X +
(1=~ ) (01 — p2) =) bt

@y —p2)=A) (x—pipt)

+ (e(v(mfm)*")t —e 1=r2 )I{y1t<x<,‘uzt})'

Jr

Then it follows from (A38) and (A43) that

evHt (ef/\t _ ef)\T)

mgf, (v,x) = 1T lemnt 12 E (x) =
_ 1 t(,—At _ —AT t X — pot
={— =T <[evm (e —e M)+ et — . It<x<ppty T

U=

1 evylt(e_/\t _ e_AT) + Aevﬂzt
o

+ |:€vylt(€/\t - EiAT) + )\tevyzt] I{x>y2t}> I{ A }+

— —x
Tt p—p2) —A

(oG —pip) Ay LTt il
><<e H1—H2 —e H1—H2 ) I{M1t§x<y2t}+

APkt (e(v(ﬂlfﬂz)*)\)f -1

ot ,—At _ —AT
* {e (e o(u1 — p2) — A ]I{pmt}) I{”#mfm y

__A
Ifo= et then one may observe from (A44) that
mgfut (Ul x) =
O x < pt,
/\(;tlt—x)e”?‘zt (g—At,e—AT)evylt

UMy T Tert v Mfsx<ib

Atgvy2t+(g—At 76—/\T)ev;41t

1T , X > yot.
When v # =T f i we have from (A44) that
mgf, (0, x) =
0, x < puit,

oA N\
Aeviat e(v(;zl—yz)—)\)tie(v #rﬂz)(x VZt))

- 1—@*“%@(#1—#2)%)

opt (o= At _ ,—AT

‘ (16_5—/\76"2 7 ‘ult <x < ]/lzt,
AebHat (g(v(ﬂl _1’2)—/\”71) ev}llt(e—/\t _e—/\T)
e Mol —12) ) =T X 2 pt

(A43)

(A44)

(A45)

(A46)
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Stage 3. Formulas for mgf, 1Gyy (v,x).
Stage 3.1. p1 > .

Stage 3.1.1. iy > o, v = A

We have from (A37) and (A41) that

. btlllt AePHat
mgfy,1q,, (/%) = Tat) \ (T—e )y — ) -

o0
t—1 (v—b
X / (x —zZ— ,”Zt)I{y2t<x—z<y1t,z>0}za1 e(v 1)Zdz

—00

+ mgfut (U/ ﬂlt) / I{xz>y1t,z>0}za1t1e(vbl)zdz> :

Since
< it (0-by)
/700 Ze ZI{fo1t<Z<x*H2tfz>O}dz -
:</;oo alte(v bl)zl{x pit<z<x— H2f2>0}d2> I{X>H2t} =
X—piot _
:</0 Zalte(v bl)de) I{y2t<xSH1t}+
X—pot
t (v—Db
n <./x_ylt Lt p(v 1)Zdz) I{x>y1f}
and
o o x—pt 1 (p—
/_Oo I{zgx—ylt,z>0}zﬂlt 1p(v=b1)z g, — </0 ZMt 10 bl)de) I{x>}41f}’
we obtain (A1)

Stage 3.1.2. u1 > uo,
Using (A37) and (A42), we receive that

Illt t
mef, . (0,%) = 1 s x
UGy g T(a1t) \ (1 — e AT)(0(p1 — p2) — A)

o0 (v(ﬂrﬂz)*})(szﬂzf) at—1(0—by)z
X /700(@ H1—H2 _1)1{y2t<xfz<y1t,z>0}zl e\vT i dz 4
f ¢ oo I ajt—1 (vfbl)zd
+mg uy (Z), H1 ) . {x—z>pmt,z>0}2 e z |-
We have that

I{xfy] t<z<x—ppt,z>0} dz =

/00 Zﬂltfle(ﬁfbl)z

o0 A
apt—1 So—b)z _
/ z'! e<#1 "2 ) I{x—y1t<z<x—y2t,z>0}dz> 1{x>y2t} =

gt g (R z
:</0 " e(yl n ) dz> I{V2t<X§V1t}+
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)
ajt—1,(v—by)z —
/fooz 1i=1p(v=by) I{x_‘ult<z<x—yzt,z>0}dz -

x—pot _ _ X—upt _ _
</0 2Nl bl)zdz) Lpptax<ty + (/x it 2 lel? hl)zdz) Ifes ity
—H1

and

[} _ _ x—uqt B B
/_oozmt 1e(v bl)zl{zgxfylt,2>0}dz — (/0 L0t 16(0 b1)zd2> I{x>y1t}'

Hence, we get (A2).

Stage 3.2. p1 < pa.

_ _A

T oMt
We have from (A37) and (A45) that

Stage 3.2.1. uy < pp, ©

bt 1 Appt — x)evr2t
mgf,, g, (0, %) = T(art) <1 —e M l m—m)

—00

[e9)
“At _ ATy oyt t=1,(o—b
+(emM —e M) ]/ Z1t= 10 1)Zl{y1t§xfz<yzt,z>0}dz+

AeVHat
+
(1—e M) (g — p2)

+mgfut (U, V2t) / Zult1e(vb1)zl{x22y2t,z>0}dz> )

[e0)
at,(v—by)z
/7002 el Lnt<x—z<ptz>0pd2+

So far as
/ Zﬂlte(v_bl)Zl{x7#2t<z§xw1t'z>0}dz -
© it (0—by)
(/ St (0= Zl{xy2t<z<xmtrz>0}dz> I{x>ﬂ1t} -
.x—ylt _
_ </0 St p(v bl)zdz> I{y1t<x§}lzt}+

R L
/x Zmte(© 1)de> [

and

00 o X—pat
Lm Lot 1e(v bl)zl{zgxfyzt,z>0}dz _ (/O et 1e(v bl)zdz> I{x>y2t}/

we establish (A3).

A
Hi—p2’

Applying (A37) and (A46), we get that

Stage 3.2.2. 1 < Yy, v #
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mgf, g, (0,x) = /foo mgf, (v, x —z)e™fg, (z)dz =
b;’” ( 1 [,\evmte(v(ﬂl—uz)%)t

4 et e—/\t _ e—)\T %
T \T=e ™ | @l —p2) — ) ( )

(k1 —p2) =M (x—ppt)
AePHate #—H

—e M) (v(pr — u2) — A)

z
I{yltgx—z<y2t,z>0}dz+

[e¢]
a1t—1 (v—by)z
X /7002 1 e( 1) I{Hltgx—z<;12t,z>0}dz_ (1 «

o0 A
></ Zalt_le(l’ri‘z bl)

—00

+mgfu, (U/ VZt) / Zﬂltle(vbl)zl{xz>y2t,z>0}dz> :

Because

(o)

Zaltfle(vfln)

—

z —
I{xf‘uzt<z§x7y1t,z>0}dz =

—00

~00
ajt—1,(v—b1)z —
/_OOZ ! e( v I{x—y2t<z§x—y1t,z>0}dz> I{x>y1t} -

eyt X—pat
</0 Zt=1,(0 bl)ZdZ) I{I/llt<x§1/lzt} * </x pot N hl)Zdz) I{X>H2t}
—H2

and

o 1 (o x—pot 1 (e
Lm Zt=1,(v b])zl{zgxfyzt,2>0}dz — (/0 Zt=1,(v b])zdz> I{x>yzt}r

we obtain (A4).
Stage 3.3. p1 = .
We have from (A37) that

biltevylt © 1 (omby)
ajt— (% V4
mefi 1, (0:7) = T(ayt) /o 2 e M ek dz =

pratpopat x—pqt
| at—1 (v—bl)zd I
[(aqt) (/0 S Z) {x>pt}
and receive (A5). O

Appendix B.2
Proof of Lemma A2. Since ! € NU {0}, we have that

® (x+y — pot)ly™ !
Ti(x,1) :/0 e(b1+h2)y I{ﬂzH<ySmt*x}dy -

oo 1,a2t+m—1

0 e(bsz)yI{.”zf—x<y§‘u1t_x}dZ =

|
MN

" (x — pat)' "

m=0

I
MN

I o) yllzt-i-m—l
m —m
OCl (x — }lzf) (/0 Ml{yztx<y<mtx}dy> I{x<;41t}-

3
|
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Hence

1

Ti(x, 1) =) C'(x— pot) M

m=0

pat—x
t+m—1_—(by+D;
% ((/0 Sottm—1, (b1 2)2d2> I{V2t§x<ﬂlt}+

Hit—x a4
4 (AZt_x Zzzthrm 16 (b1+b2)2d2) I{x<y2t}>

and then we get that

Cl"(x — pugt) =™

D=3y L=
1(x ) mZ::0 (b1+b2)a2t+m X

T
( Vlf x)(by+b2)

% ya ot+m— 1 ydy) I{y2t§x<y1t}+

< ylt X) b1+b2

Frm—1 _
(ot =) (51 +3) yT e Vd}/) I{x<yzt}>_
!

x — ]/lzt
Z bl +b2 a2t+m X

X (Tlo(ﬂzt +m, (u1t — x) (b1 + b2)) L fxcpyy —

—Tjo(azt +m, (uat —x) (b1 + b2))l{x<y2t})/
obtaining (A6). As for Z;(x,1), we have that

Cl"(x — pgt) ™
(by + B2

1
I3(x,l) = Z

m=0

X (FZo(ﬂzt +m, (2t — x) (b1 + b2)) fxcppry —
~Tig(azt +m, (at = ) (b1 + 52)) Iz cpy )

and get (A8).
Next,

Iz(x, l, k) =
i

m=0
1

m=

t+m—1,—(by+b
< ylt . 02 m e 1 Z)Zdz> I{x<y]t}>-

= Z Clm(x - ,”kt)l_m/o ZazH_m_le_(b1+b2)zl{z>y1t—x}d2 =

C (x o ]’lkt)l_m ((A Zazt+m—1e—(b1+b2)zdz) I{xzi,{lt}
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Therefore,

I(xlk):

! (x — )™
Z (by + by)mat+m <r(a2t + m)l{xzﬂlt}_‘_

m=0

oo art+m—1 ,— _
</mt Aoy 2trm—le ydy) I{x<mt}>
1

_|_

(x — )™
b] + b?_ art+m <r(112t + m)I{xZPllt}_‘_

+Tup (a2t +m, (1t — x) (b1 + bZ))I{x<y1t}>

and we obtain (A7). Analogously,

i Cm x—]lkt)l m
x l k Z —(bl +b2 amtrm r(a2t+m)l{xzyzt}+

+Tup(agt +m, (ot — x) (by + b2)>I{X<V2f}>

and we have (A9).
Furthermore, we have for ¢ > —b; that

j(x Q (/ yazt ! (g+b2)y1{y2t x<y<pjt— x}dy) I{x<;41t}

mt
azt 1, (9+bz)ydy> Lypt<xpyty

+

/I‘lt x azt 1o (G+b2)ydy>1 bt = (g—l—b2) axt
lat—x {x<pat}

uit— X (¢+b) tote1 —z
(A Z42 e dZ) I{H2t§x<l41t}+

(mt=x)(c+b2)
+ / ' ’ uztlezdz> I{x<y2t}> = (Q =+ b2)7a2t X

yzt X) g+h2
% (Tio(aat, (at = )6 + b2)) Ifwcpry ~
— Lo (aat (2t = ¥)(6 +b2)) xcpnr)) (A47)

and get (A10).
Similarly to (A47), we obtain that

Jz(x/ Q)I{g>fh2} = (Q + bZ)_azt (rlo (a2tr (,u2t - x) (Q + bZ))I{x<y2t}_

— Tig(ant, (pat = ¥)(6 + b2 xcpyt) ) Lot} (A48)
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Next,
Tole,—ba) = ([ Ty )1 ;
2 =02) = [ y Y ) Hmt<x<pat}
=X 1 -1
() g = )
L
X ((Plzf =) ey — (at — x)”tl{qut})- (A49)
Moreover, if ¢ < —by, then
Hot—x
JDa(x,6) = </ i yuZtle(dhz)yd]/) I{x<Pl2t}_
0
pat—x
_ </0 yﬂztle(lghz)ydy) Livcpty- (A50)

Because X
/0 X1 1ox2x — Xflxmq)()(l,)ﬂ +1, x2x)

in accordance with formula 3.383.1 of Gradshteyn and Ryzhik [36] if x; > 0, we get from
(A50) that

J2(%,6) e byy =
=(a2t) (2t = %)= @ (aat, art + 1, (Ig] = b2) (2t = ) Ly~
—(pat — )™ D(ast, azt + 1, (|| — ba) (pat — x))l{x<;41t}) Licc by (A51)

Combining (A48), (A49) and (A51), we establish (A11).
Also, we have for ¢ > —b, that

J3(x,6) = ( / y2 e ('5+b2)yd3/>1{x>w}+

+ (/OO yaztle(g+h2)ydy) I{x<mt} _ r(ﬂ2t)1{x2141t}+
npt—x

(¢ + bo)™!
N Lup(azt, (1t — x)(c + bZ))I{x<y1t}
(¢ + b))t

and get (A12)
Finally, the integral
\74(x/ g) = j41 (xr g) + ,_742(3(, g)/

where
[ee)

T (x,¢) ( (y+x— ulf)gy””e(bl+b2)ydy> I

0

and

\742 X, Q </ b ]/ +x— Vlt)g]/aztle(lerbZ)ydy) I{x<y1t}'
M1
Since
j41 (x, g) — e(b1+b2)(x_]41t) X

X </ 25(z —x + ylt)”ztle(b1+b2)zdz) Lixs )
x—pqt -

we get using (8) that
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¢Hldapt  (by+by)(x—pqt)
- 2

Ta(x,6) = (b1 +b2)” 2 e

cHltapt

(= 1) ) Wotat  (b1 B2) = a0 I+

aptte+l 4
+(.u1t - x) z r(g + 1)Wﬂ2f*2€*1,*a22t*§ ((bl + bZ)(Vlt - x) I{x<y1t} +

T (apt + ¢)elbrb2)(x—pmt)
(b1 + by)R2t+e Lamputy-

So far as
Wy, -1 (x) = Wi x (x)

with respect to 9.232.1 of Gradshteyn and Ryzhik [36], we obtain (A13). O
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