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Abstract

This paper studies an extension of the bilateral gamma process assuming that the drift
coefficient may jump at an exponentially distributed random time. The drift switching
can reflect the symmetry between major economic events and moves of financial market
indexes. The bilateral gamma distribution has an asymmetric form and fits well with
different financial data when there are not external shocks. As the main results, we provide
exact formulas for the probability density and incomplete moment-generating functions of
the stated process. The expressions found are used for risk measurement and European
option pricing. The new formulas are determined in particular by values of the incomplete
gamma, Whittaker and confluent hypergeometric functions. Numerical examples of the
computations are also afforded. The computation time for the formulas is under 4 s in a
compiler compatible with MatLab.

Keywords: bilateral gamma process; economic shock; drift switching; incomplete
moment-generating function; value at risk; expected shortfall; digital option; Whittaker
function; confluent hypergeometric function
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1. Introduction
The bilateral gamma (BG) distribution was first introduced as a noncentral gamma

difference in Mathai [1]. In general, the probability density function (pdf) of the BG
distribution has an asymmetric form (Küchler and Tappe [2]). Since the BG law is infinitely
divisible, it generates the corresponding Lévy process, which was primarily examined in
Küchler and Tappe [3]. As it was shown in Theorem 3.3 of Küchler and Tappe [3], the BG
distribution can be considered as a generalization of the variance gamma (VG) distribution.
For more mathematical properties of the BG law, we refer also to Küchler and Tappe [4].
Studying the BG process with drift switching, this work furthers the direction of research
of Ivanov [5], where a VG model with probability of drift jump was discussed.

The VG distribution is very useful in the modeling of financial returns, which are
usually asymmetric. Among many works in this area, let us mention the following recent
papers. Rathgeber et al. [6] compared various parameter estimation schemes for the VG
model with Dow Jones index data. Mozumder et al. [7] showed that the VG distribution is
the best approach for the Nikkei and the central part of S&P 500 empirical data. Nakakita
and Nakatsuma [8] found that the VG law fits well with the returns of the Tokyo Stock
Exchange. Warunasinghe and Swishchuk [9] showed that the VG distribution is superior for
analyzing the Alberta electricity market in Canada. Amici et al. [10] calibrated with different
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multivariate VG models the prices of the worst performance derivatives. However, Madan
and Wang [11] and Madan [12] established, examining the US and European financial data
with the BG law, that the two estimated shape parameters for many stocks significantly
vary from each other. This indicates that the BG distribution fits with those returns better
than the VG distribution. The VG and BG models were also weighed through a market-
implied moment matching calibration by Zhang and Schoutens [13]. Madan et al. [14]
found that the BG-based models slightly outperformed the VG stated ones in the prediction
of Bitcoin dynamics. A BG GARCH model was introduced in Bellini and Mercuri [15]. A
multivariate BG model was defined and calibrated to various financial data in Madan [16].
Diversification benefits for portfolios with BG-distributed assets were studied in Madan
and Wang [17]. Extensions of the BG model through time changes and pricing kernels were
introduced by Madan and Wang [18] and De Spiegeleer et al. [19], respectively.

The named above works considered the BG distribution with fixed parameters. But
macro- and microeconomic shocks, along with the momentous decisions of regulators,
can suddenly shift the means and volatilities of market returns. Among recent works, the
hypothesis regarding the symmetry between economic shakes and market drift changes
was endorsed for the S&P 500 index by Boniece et al. [20], for the S&P 500 and FTSE 100
indexes by Salman et al. [21] and for the S&P 500 and SSE 50 indexes by Tian et al. [22].
The dependence of loan interest rates on economic breakdowns was examined in Maloney
et al. [23]. The nexus between foreign debt and inflation was studied with the Markov
switching regression in Sharaf et al. [24]. The detection of synchronous change-points
of mean and variance was explored with financial applications by Gao et al. [25] and
Yang [26]. The goal of this paper is to study and analytically characterize the BG process
with a potential of the mean rate jump.

The moment of drift switching has been modeled with exponential distribution, particu-
larly in Dalang and Shiryaev [27], Bayraktar et al. [28] and Ekström and Milazzo [29], who
studied the quickest detection problem of the mean rate change. Assuming that the state
holding times are exponentially distributed, Fuh et al. [30] found a semi-analytical formula
for the European call price in a Black–Scholes model with Markov switching between two
states. A similar formula for a jump-diffusion model with exponential inter-switching times
was obtained in Ratanov [31]. Let us note that the insertion of the Markov chain of the general
form in a diffusion model leads to systems of ordinary differential equations, which deter-
mine the prices of derivatives, and those systems have to be solved numerically (Elliott and
Nishide [32] and Elliott et al. [33]). Multiparameter regime switching models with bilinear
volatility structures were investigated in Alraddadi [34] and Cavicchioli et al. [35].

The paper is structured as follows. Section 2 recalls key properties of the BG process.
Section 3 defines the BG process with drift switching, assuming that the change-point is
exponentially distributed, and affords formulas for the characteristic functions and raw
moments of the new process. The main results of the work, which provide analytical
expressions for the pdf, incomplete moment-generating function (imgf) and cumulative
distribution function (cdf) of the BG process with drift jump, are formulated in Section 4.
Applications of the new process to risk measurement and option pricing are discussed in
Section 5. Examples of computations with respect to the formulas of Section 4 are given in
Section 6. Sections 7 and 8 summarize the accomplishments of the paper. The main and
auxiliary results are proved in Appendices A and B, respectively.

2. Materials and Methods
Let Gj,t = Gj,t(aj, bj), aj > 0, bj > 0, j = 1, 2, t ≥ 0, Gj,0 = 0, be two independent

gamma processes. The corresponding distributions have the pdfs
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fGj,t(x) =
b

ajt
j

Γ(ajt)
xajt−1e−bjx I{x≥0},

the characteristic functions

φGj,t(v) = EeivGj,t =

(
bj

bj − iv

)ajt

and the raw moments

MGj,t(ς) = E
(
Gj,t
)ς

=
Γ(ajt + ς)

Γ(ajt)b
ς
j

(1)

for ς ≥ 0 and t > 0.
The bilateral gamma process BGt = BGt(a1, b1, a2, b2) is defined (Küchler and

Tappe [3]) as the difference between two independent gamma processes, that is

BGt = G1,t − G2,t. (2)

The BG process has the characteristic function

φBGt(v) =
(

b1

b1 − iv

)a1t( b2

b2 + iv

)a2t
, t > 0. (3)

The moment-generating function mgfBGt
(v) exists for

v ∈ (−b2, b1). (4)

The raw moments of the BG process for n ∈ N can be found by leveraging the expressions
for cumulants (the identity (2.8) in Küchler and Tappe [3]) or by the formula

MBGt(n) = E(BGt)
n =

n

∑
l=0

Cl
n(−1)n−lMG1,t(l)MG2,t(n − l). (5)

If a1 = a2, the BG process becomes the VG one (Theorem 3.3 of Küchler and Tappe [3]). The
distribution is symmetric when, in addition, b1 = b2.

Let us consider the process

µt + BGt, µ ∈ R. (6)

In accordance with the formula for the convolution of two distributions, we get for t > 0
that the pdf

fµt+BGt(x) =
∫ ∞

−∞
fµt+G1,t(x − y) f−G2,t(y)dy = (7)

=
∫ ∞

−∞
fµt+G1,t(x + z) fG2,t(z)dz =

ba2t
2

Γ(a2t)

∫ ∞

0
fµt+G1,t(x + z)za2t−1e−b2zdz

=
ba2t

2 ba1t
1 eb1(µt−x)

Γ(a2t)Γ(a1t)

∫ ∞

0
(z + x − µt)a1t−1za2t−1e−(b1+b2)z I{z>µt−x}dz.

Formula 3.383.4 of Gradshteyn and Ryzhik [36] includes the identity
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∫ ∞

ς
xς1−1(x − ς)ς2−1e−ς3xdx = (8)

=ς
− ς1+ς2

2
3 ς

ς1+ς2
2 −1Γ(ς2)e−

ς3ς
2 W ς1−ς2

2 , 1−ς1−ς2
2

(ς3ς)

for ς, ς2, ς3 > 0, where Wχ1,χ2(χ) is the Whittaker function (Subsections 9.22–9.23 of
Gradshteyn and Ryzhik [36]). If x > µt, we get from (7) and (8) that

fµt+BGt(x) =
ba2t

2 ba1t
1 e

(b2−b1)(x−µt)
2

(b1 + b2)
(a1+a2)t

2 Γ(a1t)
(x − µt)

(a1+a2)t
2 −1× (9)

×W (a1−a2)t
2 , 1−(a1+a2)t

2
((b1 + b2)(x − µt)).

When x < µt, then we have a form of fµt+BGt(x) from the identity

fµt+BGt(a1,b1,a2,b2)
(x) = f−µt+BGt(a2,b2,a1,b1)

(−x).

We obtain immediately from (7) that

fµt+BGt(µt) =
ba2t

2 ba1t
1 Γ((a1 + a2)t − 1)I{(a1+a2)t>1}

(b1 + b2)(a1+a2)t−1Γ(a2t)Γ(a1t)
+ ∞I{(a1+a2)t≤1}.

The Formula (9) for µ = 0 can be found, in particular, in Mathai [1] (Theorem 2.1) and
Küchler and Tappe [2] (the identity (3.4)).

3. Model
3.1. Definition

Throughout this paper, we consider an extension of the model (6) assuming that the
drift coefficient may jump at an interval [0, T], T < ∞. The new process is called the
bilateral gamma process with drift switching (uncertainty) and denoted as BGUt, t ∈ [0, T].
We have that

BGUt = ut + BGt, (10)

where BGt is defined in (2) and the drift uncertainty process

ut =
∫ t

0
µ(s)ds

with
µ(t) = µ1 I{τ>t} + µ2 I{τ≤t},

where τ is the moment of regime switching.
It is suggested that τ = τ(λ), λ > 0, independently from the BG process has an

truncated exponential distribution with the pdf

fτ(t) =
λe−λt

1 − e−λT I{t∈[0,T]}. (11)

Then, we have that
ut = µ1tI{τ≥t} + (µ1τ + µ2(t − τ))I{τ<t}

and
BGUt = BGUt(µ1, µ2, λ, a1, b1, a2, b2). (12)
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It is implied that µ1, µ2 ∈ R for the simplicity of notes, but the results of the work can be
easily generalized to the case when µ2 has a categorical distribution, which is independent
from BGt and τ.

3.2. Basic Properties

The goal of this subsection is to derive formulas for the characteristic function and
raw moments of the BG process with drift switching, employing respective expressions of
Section 2.

Proposition 1. Assume that v ∈ R and t ∈ (0, T]. Then, the characteristic function

φBGUt(v) =
(

b1

b1 − iv

)a1t( b2

b2 + iv

)a2t
× (13)

×

 eivµ1t(e−λt − e−λT)
1 − e−λT +

λ
(

e(ivµ1−λ)t − eivµ2t
)

(iv(µ1 − µ2)− λ)(1 − e−λT)

.

Proof. Since ut and BGt are independent,

φBGUt(v) = φBGt(v)φut(v). (14)

The characteristic function

φut(v) = Eeivut = eivµ1tP(τ ≥ t) + E
(

eiv(µ2t+(µ1−µ2)τ) I{τ<t}

)
=

=
eivµ1t(e−λt − e−λT)+ λeivµ2t ∫ t

0 eiv(µ1−µ2)x−λxdx
1 − e−λT .

Because of∫ t

0
eiv(µ1−µ2)x−λxdx =

=
∫ t

0
cos(v(µ1 − µ2)x)e−λxdx + i

∫ t

0
sin(v(µ1 − µ2)x)e−λxdx =

=− 1
λ

(
cos(v(µ1 − µ2)t)e−λt − 1 + v(µ1 − µ2)

∫ t

0
sin(v(µ1 − µ2)x)e−λxdx+

+i
[

sin(v(µ1 − µ2)t)e−λt − v(µ1 − µ2)
∫ t

0
cos(v(µ1 − µ2)x)e−λxdx

])
=

=− i
λ

(
sin(v(µ1 − µ2)t)e−λt − v(µ1 − µ2)

∫ t

0
cos(v(µ1 − µ2)x)e−λxdx+

+i
[

1 − cos(v(µ1 − µ2)t)e−λt − v(µ1 − µ2)
∫ t

0
sin(v(µ1 − µ2)x)e−λxdx

])
,

we get that

∫ t

0
eiv(µ1−µ2)x−λxdx = − i

λ

(
sin(v(µ1 − µ2)t)e−λt+

+i
[

1 − cos(v(µ1 − µ2)t)e−λt
]
−v(µ1 − µ2)

∫ t

0
eiv(µ1−µ2)x−λxdx

)
and hence ∫ t

0
eiv(µ1−µ2)x−λxdx =

eiv(µ1−µ2)t−λt − 1
iv(µ1 − µ2)− λ

.
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Therefore,

φut(v) =
eivµ1t(e−λt − e−λT)

1 − e−λT +
λ
(

e(ivµ1−λ)t − eivµ2t
)

(iv(µ1 − µ2)− λ)(1 − e−λT)
. (15)

Combining (3), (14) and (15), we obtain (13).

Obviously, the moment-generating function of BGUt exists if the condition (4) holds.
Next, let us denote by Γlo(ς1, ς2) and Γup(χ1, χ2) the lower and upper incomplete

gamma functions (Subsection 8.35 of Gradshteyn and Ryzhik [36]).

Proposition 2. Let t ∈ (0, T] and n ∈ N. Then the raw moments

MBGUt(n) =
1

1 − e−λT

n

∑
l=0

Cl
n

(
(µ1t)l(e−λt − e−λT)+

+
l

∑
k=0

Ck
l λ−k(µ1 − µ2)

k(µ2t)l−kΓlo(k + 1, λt)

)
×

×
(

n−l

∑
m=0

Cm
n−l(−1)n−l−m Γ(a1t + m)

Γ(a1t)bm
1

Γ(a2t + n − l − m)

Γ(a2t)bn−l−m
2

)
. (16)

Proof. We have for n ∈ N that the moments

MBGUt(n) =
n

∑
l=0

Cl
nMut(l)MBGt(n − l). (17)

Since

un
t = (µ1t)n I{τ≥t} + (µ2t + (µ1 − µ2)τ)

n I{τ<t} =

=(µ1t)n I{τ≥t} +
n

∑
k=0

Ck
n(µ1 − µ2)

kτk(µ2t)n−k I{τ<t},

we get that

Mut(n) =
1

1 − e−λT

(
(µ1t)n(e−λt − e−λT)+

+λ
n

∑
k=0

Ck
n(µ1 − µ2)

k(µ2t)n−k
∫ t

0
xke−λxdx

)
=

=
1

1 − e−λT

(
(µ1t)n(e−λt − e−λT)+

+
n

∑
k=0

Ck
nλ−k(µ1 − µ2)

k(µ2t)n−kΓlo(k + 1, λt)
)

. (18)

Combining together (1), (5), (17) and (18), we get (16).

Let us notice that if we substitute T with ∞ and consider t ∈ (0, ∞), then the results of
Propositions 1 and 2 remain the same by the replacement of e−λT with 0.

4. Main Results
The main results of the paper afford formulas for the pdf, imgf, and cdf of the BG

process with drift switching.
Let us introduce following auxiliary functions. Table 1 indicates theorems where these

functions determine the obtained formulas.
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Table 1. Results that are established with the auxiliary functions.

Auxiliary Function Theorem, Case, Corollary

H1 Theorem 1 Cases 1, 2; Theorem 2 Case 1; Corollary 1 Case 1

H2
Theorem 1 Cases 1, 2, 4; Theorem 2 Cases 1, 2, 3; Corollary 1
Cases 1, 2

H3 Theorem 1 Case 3
H4 Theorem 1 Case 3
H5 Theorem 1 Case 2; Theorem 2 Case 1; Corollary 1 Case 1
H6 Theorem 1 Case 3
H7 Theorem 2 Case 3; Corollary 1 Case 2
H8 Theorem 2 Case 4
h1 Theorem 1 Cases 2, 3; Theorem 2 Case 1; Corollary 1 Case 1
h2 Theorem 2 Cases 1, 3; Corollary 1 Cases 1, 2
h3 Theorem 2 Case 1; Corollary 1 Case 1

We define for x ∈ R, a1t ∈ N, k ∈ {1, 2} and j ∈ Z, j < a1t, functions H1(x, j),
H2(x, j, k), H3(x, j) and H4(x, j, k) as

H1(x, j) = (19)

=
a1t−1−j

∑
m=0

Cm
a1t−1−j(x − µ2t)a1t−1−j−m

(b1 + b2)a2t+m

(
Γlo(a2t + m, (µ1t − x)(b1 + b2))×

×I{x<µ1t} − Γlo(a2t + m, (µ2t − x)(b1 + b2))I{x<µ2t}

)
,

H2(x, j, k) = (20)

=
a1t−1−j

∑
m=0

Cm
a1t−1−j(x − µkt)a1t−1−j−m

(b1 + b2)a2t+m

(
Γ(a2t + m)I{x≥µ1t}+

+Γup(a2t + m, (µ1t − x)(b1 + b2))I{x<µ1t}

)
,

H3(x, j) = (21)

=
a1t−1−j

∑
m=0

Cm
a1t−1−j(x − µ1t)a1t−1−j−m

(b1 + b2)a2t+m

(
Γlo(a2t + m, (µ2t − x)(b1 + b2))×

×I{x<µ2t} − Γlo(a2t + m, (µ1t − x)(b1 + b2))I{x<µ1t}

)
,

and

H4(x, j, k) = (22)

=
a1t−1−j

∑
m=0

Cm
a1t−1−j(x − µkt)a1t−1−j−m

(b1 + b2)a2t+m

(
Γ(a2t + m)I{x≥µ2t}+

+Γup(a2t + m, (µ2t − x)(b1 + b2))I{x<µ2t}

)
.
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Furthermore, we set for ς > −b2 and µ1 > µ2

H5(x, ς) =(ς + b2)
−a2t

(
Γlo(a2t, (µ1t − x)(ς + b2))I{x<µ1t}− (23)

−Γlo(a2t, (µ2t − x)(ς + b2))I{x<µ2t}

)
and for ς ∈ R and µ1 < µ2

H6(x, ς) =(ς + b2)
−a2t

(
Γlo(a2t, (µ2t − x)(ς + b2))I{x<µ2t}− (24)

−Γlo(a2t, (µ1t − x)(ς + b2))I{x<µ1t}

)
I{ς>−b2}+

+(a2t)−1
(
(µ2t − x)a2t I{x<µ2t} − (µ1t − x)a2t I{x<µ1t}

)
I{ς=−b2}+

+(a2t)−1
(
(µ2t − x)a2tΦ(a2t, a2t + 1, (|ς| − b2)(µ2t − x))I{x<µ2t}−

−(µ1t − x)a2tΦ(a2t, a2t + 1, (|ς| − b2)(µ1t − x))I{x<µ1t}

)
I{ς<−b2},

where Φ(ς1, ς2, ς) is a confluent hypergeometric function (Subsection 9.21 of Gradshteyn
and Ryzhik [36]). Also, let

h1(j) =
(−1)j(

λ
µ1−µ2

− b1

)j+1
(a1t − 1 − j)!

(25)

for µ1 ̸= µ2, b1 ̸= λ
µ1−µ2

, j ∈ N∪ {0}, a1t ∈ N, j < a1t.

Theorem 1. Assume that a1t ∈ N. Let the functions H1, H2, H3, H4, H5, H6 and h1 be defined
by (19)–(24) and (25), respectively. Then the pdf fBGUt(x), t ∈ (0, T], x ∈ R, is computed in
accordance with the cases below.

Case 1. µ1 > µ2, b1 = λ
µ1−µ2

.
We have that

fBGUt(x) =
ba2t

2 ba1t
1

Γ(a2t)(1 − e−λT)Γ(a1t + 1)

(
λeb1(µ2t−x)

µ1 − µ2

(
H1(x,−1)+ (26)

+H2(x,−1, 2)− H2(x,−1, 1)
)
+a1teb1(µ1t−x)(e−λt − e−λT)H2(x, 0, 1)

)
.

Case 2. µ1 > µ2, b1 ̸= λ
µ1−µ2

.
Then

fBGUt(x) =
λba2t

2 ba1t
1

Γ(a2t)(µ1 − µ2)(1 − e−λT)

(
eb1(µ2t−x)

a1t−1

∑
j=0

h1(j)H1(x, j)−

e
λ(µ2t−x)

µ1−µ2 h1(a1t − 1)H5

(
x,

λ

µ1 − µ2

)
+

(
e−λt − e−λT)(µ1 − µ2)H2(x, 0, 1)

λeb1(x−µ1t)(a1t − 1)!

+
a1t−1

∑
j=0

h1(j)
(

eb1(µ2t−x)H2(x, j, 2)− eb1(µ1t−x)−λtH2(x, j, 1)
))

. (27)
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Case 3. µ1 < µ2.
We have that

fBGUt(x) =
ba2t

2 ba1t
1 eb1(µ1t−x)

Γ(a2t)(1 − e−λT)

((
e−λt − e−λT)H3(x, 0)

(a1t − 1)!
− (28)

− λ

µ1 − µ2

[
e−λt

a1t−1

∑
j=0

h1(j)H3(x, j)− e
(

b1− λ
µ1−µ2

)
x+t

(
λµ2

µ1−µ2
−b1µ1

)
×

× h1(a1t − 1)H6

(
x,

λ

µ1 − µ2

)]
+

(
e−λt − e−λT)H4(x, 0, 1)

(a1t − 1)!
+

λ

µ1 − µ2

[
eb1t(µ2−µ1)

a1t−1

∑
j=0

h1(j)H4(x, j, 2)− e−λt
a1t−1

∑
j=0

h1(j)H4(x, j, 1)
])

.

Case 4. µ1 = µ2.
Then

fBGUt(x) =
ba2t

2 ba1t
1 eb1(µ1t−x)

Γ(a2t)Γ(a1t)
H2(x, 0, 1). (29)

Proof Sketch. The proof consists of three stages.
Stage 1. We prove the existence of the pdf fut+G1,t(x) to accomplish an integral repre-

sentation of fBGUt(x) in terms of fut+G1,t(x).
Stage 2. We find formulas for fut+G1,t(x) differentiating the expressions of Lemma A1

(Appendix A) with v = 0.
Stage 3. We obtain analytical expressions for fBGUt(x) using the representation of Stage

1, the formulas of Stage 2 and applying Lemma A2 (Appendix A).

A complete proof of Theorem 1 is set in Appendix A.1.
Next, we pass to the computation of the lower imgf of BGUt, which is defined as

mgfBGUt
(v, x) = E

(
evBGUt I{BGUt≤x}

)
, v ∈ R. (30)

It is easy to see from (4) and (30) that mgfBGUt
(v, x) exists if and only if

v > −b2. (31)

Set for j ∈ N∪ {0}, a1t ∈ N, j < a1t and v ̸= b1

h2(v, j) =
(−1)j

(v − b1)j+1(a1t − 1 − j)!
(32)

and for µ1 ̸= µ2, v ̸= λ
µ1−µ2

h3(v) =
λba1t

1
(1 − e−λT)(v(µ1 − µ2)− λ)

. (33)

Let

H7(x, ς) =
Γ(a2t)I{x≥µ1t}
(ς + b2)a2t +

Γup(a2t, (µ1t − x)(ς + b2))I{x<µ1t}
(ς + b2)a2t (34)

for ς > −b2 and
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H8(x, ς) = (b1 + b2)
− ς+1+a2t

2 e
(b1+b2)(x−µ1t)

2 ×

×
(
(x − µ1t)

ς+1+a2t
2 −1Γ(a2t)W ς+1−a2t

2 , ς+a2t
2

((b1 + b2)(x − µ1t))I{x>µ1t}+

+(µ1t − x)
a2t+ς+1

2 −1Γ(ς + 1)W a2t−ς−1
2 , a2t+ς

2
((b1 + b2)(µ1t − x)

)
I{x<µ1t}

)
+

+
Γ(a2t + ς)e(b1+b2)(x−µ1t)

(b1 + b2)a2t+ς
I{x=µ1t} (35)

for ς > 0. The result below provides analytical expressions for the lower imgf of the BG
process with drift switching. Similar formulas can be derived for other ratios between the
parameters and for the upper imgf.

Theorem 2. Let the condition (31) holds and µ1 ≥ µ2. Then, the lower imgf mgfBGUt
(v, x),

t ∈ (0, T], x ∈ R, is calculated with respect to the next cases.
Case 1. a1t ∈ N, µ1 > µ2, v ̸= λ

µ1−µ2
̸= b1, v ̸= b1.

We have that

mgfBGUt
(v, x) =

ba2t
2

Γ(a2t)

(
h3(v)

[
eb1µ2t+(v−b1)x×

×
a1t−1

∑
j=0

(h1(j)− h2(v, j))H1(x, j) + evµ2th2(v, a1t − 1)×

×H5(x, v)− e
λµ2t

µ1−µ2
+
(

v− λ
µ1−µ2

)
xh1(a1t − 1)H5

(
x,

λ

µ1 − µ2

)]
+

+h3(v)evµ2t+(v−b1)x

[
a1t−1

∑
j=0

h1(j)
(

e(b1−v)µ2tH2(x, j, 2)− e(b1µ1−vµ2−λ)t×

×H2(x, j, 1)
)
−

a1t−1

∑
j=0

h2(v, j)
(

e(b1−v)µ2tH2(x, j, 2)−

−e(b1−v)µ1tH2(x, j, 1)
)]

+mgfut
(v, µ1t)ba1t

1

[
e(v−b1)(x−µ1t)×

×
a1t−1

∑
j=0

h2(v, j)H2(x, j, 1)− h2(v, a1t − 1)H7(x, v)

])
, (36)

where mgfut
(v, µ1t) =

λevµ2t(e(v(µ1−µ2)−λ)t−1)
(1−e−λT)(v(µ1−µ2)−λ)

+ evµ1t(e−λt−e−λT)
1−e−λT .

Case 2. a1t ∈ N, µ1 = µ2, v = b1.
Then

mgfBGUt
(v, x) =

ba2t
2 ba1t

1 eb1µ1tH2(x,−1, 1)
Γ(a2t)Γ(a1t + 1)

. (37)

Case 3. a1t ∈ N, µ1 = µ2, v ̸= b1.
We have that

mgfBGUt
(v, x) =

ba2t
2 ba1t

1 evµ1t

Γ(a2t)

(
e(v−b1)(x−µ1t)×

×
a1t−1

∑
j=0

h2(v, j)H2(x, j, 1)− h2(v, a1t − 1)H7(x, v)

)
. (38)
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Case 4. µ1 = µ2, v = b1.
Then

mgfBGUt
(v, x) =

ba2t
2 ba1t

1 eb1µ1tH8(x, a1t)
Γ(a2t)Γ(a1t + 1)

. (39)

Proof Sketch. The proof consists of two stages.
Stage 1. We represent mgfBGUt

(v, x) as an integral of the lower imgf of the process
ut + G1,t because then we can use Lemma A1 (Appendix A).

Stage 2. We employ Lemma A2 (Appendix A) to compute the integral of Stage 1 and
then calculate mgfBGUt

(v, x).

A complete proof of Theorem 2 is placed in Appendix A.2. Obviously, if the
condition (4) holds, the formulas of Theorem 2 determine the upper imgf as well.

A result below immediately follows from Cases 1 and 3 of Theorem 2 if we set v = 0.
It partially determines the cdf of the BG process with drift switching FBGUt(x).

Corollary 1. If µ1 ≥ µ2 and a1t ∈ N, then the cdf FBGUt(x), t ∈ (0, T], x ∈ R, can be computed
according to the following cases.

Case 1. µ1 > µ2, b1 ̸= λ
µ1−µ2

.
We have that

FBGUt(x) =
ba2t

2
Γ(a2t)

(
h3(0)

[
eb1(µ2t−x)

a1t−1

∑
j=0

(h1(j)− h2(0, j))H1(x, j)+

+ h2(0, a1t − 1)H5(x, 0)− e
λ(µ2t−x)

µ1−µ2 h1(a1t − 1)H5

(
x,

λ

µ1 − µ2

)]
+

+ h3(0)e−b1x

[
eb1µ2t

a1t−1

∑
j=0

(h1(j)− h2(0, j))H2(x, j, 2) + eb1µ1t×

×
a1t−1

∑
j=0

(
h2(0, j)− e−λth1(j)

)
H2(x, j, 1)

]
+ba1t

1

[
eb1(µ1t−x)×

×
a1t−1

∑
j=0

h2(0, j)H2(x, j, 1)− h2(0, a1t − 1)H7(x, 0)

])
. (40)

Case 2. µ1 = µ2.
Then

FBGUt(x) =
ba2t

2 ba1t
1

Γ(a2t)
× (41)

×
(

eb1(µ1t−x)
a1t−1

∑
j=0

h2(0, j)H2(x, j, 1)− h2(0, a1t − 1)H7(x, 0)

)
.

Examples of the calculation of formulas found by Theorem 1 and Corollary 1 are given
in Section 6. Similarly to Section 3, let us remark that the results of this section hold if we
set T = ∞, t ∈ (0, ∞) under the substitute of e−λT with 0.

5. Applications to Finance
5.1. Risk Measurement

We discuss in this subsection aspects of the value at risk (VaR) and expected shortfall
(ES) computation in the new model. These two risk measures are the basic monetary risk
measures that are recommended to financial institutions by Basel II–IV regulations. From
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a mathematical point of view, the values of the measures are determined by the cdf and
lower tail expectation of portfolio losses (Section 5 of Ivanov [37]).

There are a lot of papers in the financial literature where the basic monetary risk mea-
sures are calculated and assessed; let us mention some of them. Bali and Theodossiou [38]
estimated the VaR for the extreme value and skewed generalized t distributions, using
their pdfs, and calibrated with those laws the tails of S&P500 returns. Armenti et al. [39]
considered the ES computation by Fourier transform methods and Monte-Carlo simula-
tions for multivariate Gaussian and Student’s t distributions. Ivanov [5] derived analytical
formulas for the VaR and ES of VG distributed portfolios with drift switching. Ignatieva
and Landsman [40] and Abudurexiti et al. [41] found the VaR and ES of static portfolios of
generalized hyperbolic returns by numerically calculating the related integrals.

5.1.1. Two-Asset Portfolio

We assume in this subsection that we can invest in two assets, namely a risk-free saving

Rt = R0ert, R0 > 0, r ≥ 0,

and a risky asset which evolves as

St = S0eBGUt , S0 > 0,

where t ≤ T and BGUt is set by (10).
Let the portfolio be determined by (ς1, ς2) ∈ R2 with ς2 ̸= 0. Since the probability

P(ς1Rt + ς2St ≤ x) = FBGUt

(
log
(

x − ς1Rt

ς2S0

))
I{ς2>0}+

+

(
1 − FBGUt

(
log
(

x − ς1Rt

ς2S0

)))
I{ς2<0},

we can apply Corollary 1 for the computation of the portfolio VaR. With a form of the cdf,
FBGUt(x) in this paper, a p VaR can be computed by solving the equation

FBGUt(x)− p = 0

with a root-finding algorithm (Drapeu et al. [42]). For a set of the potential algorithms, we
refer to Section 9 of Press et al. [43].

Moreover, so far as

E
(
(ς1Rt + ς2St)I{ς1Rt+ς2St≤x}

)
= ς1Rt

[
FBGUt

(
log
(

x − ς1Rt

ς2S0

))
I{ς2>0}+

+

(
1 − FBGUt

(
log
(

x − ς1Rt

ς2S0

)))
I{ς2<0}

]
+

+ ς2S0

[
mgfBGUt

(
1, log

(
x − ς1Rt

ς2S0

))
I{ς2>0}+

+

(
mgfBGUt

(1)− mgfBGUt

(
1, log

(
x − ς1Rt

ς2S0

)))
I{ς2<0}

]
,

one may find the portfolio ES using Proposition 1, Theorem 2 and Corollary 1.

5.1.2. Multi-Asset Portfolio

Let us consider a model with n assets whose dynamics satisfy equations
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A0(t) =
∫ t

0
r0(s)ds

and

Al(t) =
∫ t

0
rl(s)ds + BGl,t, l = 1, 2, ..., n − 1,

where
rl(t) = rl,1 I{τ>t} + rl,2 I{τ≤t}, l = 0, 1, ..., n − 1,

and

BGl,t = σlΓt − Γl,t, σl > 0,

with independent gamma processes Γt = Γt(a, b) and Γl,t = Γl,t(al , bl),
l = 1, 2, ..., n − 1. This model is similar to the one discussed in Section 5 of Ivanov [5].

The investment portfolio (ς0, ς1, ..., ςn−1) is set to have ς1, ..., ςn−1 > 0 and

b1/ς1 = b2/ς2 = ... = bn−1/ςn−1.

Then

P

(
n−1

∑
l=0

ςl Al(t) ≤ x

)
= P

(∫ t

0
r̂(s)ds +

(
n−1

∑
l=1

ςlσl

)
Γt −

n−1

∑
l=1

ςlΓl,t ≤ x

)

= P
(∫ t

0
r̂(s)ds + Γ̂t − Γ̃t ≤ x

)
= F

B̂GUt
(x),

where

r̂(t) =

(
n−1

∑
l=0

ςlrl,1

)
I{τ>t} +

(
n−1

∑
l=0

ςlrl,2

)
I{τ≤t}

and
B̂Gt = Γ̂t − Γ̃t (42)

with

Γ̂t = Γ̂t

(
a,

b

∑n−1
l=1 ςlσl

)
, Γ̃t = Γ̃t

(
n−1

∑
l=1

al ,
b1

ς1

)
.

The process (42) is a BG process since the gamma processes Γ̂t and Γ̃t are independent.
Hence, we can employ Corollary 1 for the computation of the portfolio VaR.

5.2. Option Pricing

As shown in Küchler and Tappe [3], the BG model allows for an exact formula for the
European call price if the strike matches the initial stock price. That analytical expression
issues from the integral representation of formula 7.621.3 of Gradshteyn and Ryzhik [36].
The remaining derivatives are valuated numerically in the BG model. In particular, the
Fourier transform method (Eberlein [44]) and Mellin–Barnes representation technique
(Aguilar and Kirkby [45]) may be applied.

A special case of the BG model, the VG one, is analytically tractable. The European
call price in closed form was derived by Madan et al. [46]. That result was extended to
quanto options in Ano and Ivanov [47]. A formula for the European call price in the VG
model with drift switching was found in Ivanov [48].

We discuss a two-asset economy (Rt, St)t≤T , where the bank account follows
a dynamic

Rt = R0e
∫ t

0 r(s)ds
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with R0 > 0 and
r(t) = r1 I{τ>t} + r2 I{τ≤t},

where τ has the pdf (11). Similarly to (3.1) of Carr et al. [49] and (1) of Klinger et al. [50], we
model the risky asset as

St = S0
eBGUt

E
(

eBGUt−
∫ t

0 r(s)ds
) (43)

for the scale parameter b1 > 1 in (12) to have (4) satisfied for v = 1. So that

E(St/Rt) = S0/R0, t ≤ T.

Let us assume that
µ2 − µ1 = r2 − r1 (44)

as is suggested in Section 3 of Ivanov [48]. From an economic point of view, such an
assumption indicates that the size of interest rate jump is included in the change of stock
drift coefficient. In this sense, the interest rate may be considered as a macroeconomic factor
for the stock dynamic, especially because the switches relate to the same major economic
event. Then,

St/Rt =
S0eBGt+

∫ t
0 (µ(s)−r(s))ds

R0E
(

eBGt+
∫ t

0 (µ(s)−r(s))ds
) =

S0eBGt

R0E(eBGt)

and therefore the discounted stock price is the process with independent increments and
constant mean. Hence, (St/Rt)t≤T is a martingale with respect to the initial (physical)
probability measure P.

At first, let us discuss a power b1 asset-or-nothing double digital option, which has
the payoff at expiry T0 ≤ T

Sb1
T0

I{K1<ST0<K2}.

If µ1 = µ2, we immediately calculate that the physical risk-neutral price of this option

DD(T0,K1,K2) = E
(

R−1
T0

Sb1
T0

I{K1<ST0<K2}
)
=

=
hb1

4 (T0)

RT0

E
(

eb1BGUT0 I{log(K1/h4(T0))<BGUT0<log(K2/h4(T0))}
)
=

hb1
4 (T0)

RT0

(
mgfBGUT0

(b1, log(K2/h4(T0)))− mgfBGUT0
(b1, log(K1/h4(T0)))

)
,

where the values of the imgfs can be found from Case 4 of Theorem 2 and

h4(t) =
S0e(r1−µ1)t

E(eBGt)
.

Next, we discuss the physical risk-neutral price P(T0,K) of the European put option,
which is computed as

P(T0,K) = E
(

R−1
T0

(K− ST0)
+
)

.

Set

c1 =
Ke−r1T0

R0

(
e−λT0 − e−λT

1 − e−λT +
λe−λT0

r2 − r1 − λ

)
, c2 =

Kλe−r2T0

(r2 − r1 − λ)R0
, (45)

c3 =
e−λT(e−λT0 − 1)

1 − e−λT , c4 = log(K/h4(T0)) (46)
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and

c5 =
(r2 − r1)h4(T0)e

(µ1−r1)T0+
λ(µ2T0−c4)

µ1−µ2

R0(r2 − r1 − λ)
, c6 =

h4(T0)R−1
0

e(r1−µ1)T0
. (47)

A corollary below shows how the main results of this work may be applied to the calculation
of P(T0,K).

Corollary 2. Let µ1 ̸= µ2. Then, the price

P(T0,K) = c1FBGT0
(c4 − µ1T0)− c2FBGT0

(c4 − µ2T0)−

−c6

(
c3mgfBGT0

(1, c4 − µ1T0) + mgfBGT0
(1, c4 − µ2T0)

)
+

+c5

(
mgfBGT0

(
1 +

1
µ1 − µ2

, c4 − µ2T0

)
−

−mgfBGT0

(
1 +

1
µ1 − µ2

, c4 − µ1T0

))
(48)

with c1, c2, c3, c4, c5, c6 set in (45)–(47), where the values of imgfs can be found employing Cases 2,
3, 4 of Theorem 2.

A proof of Corollary 2 is set in Appendix A.3.
The European call price can be computed from the identity

R−1
T0

(K− ST0) = R−1
T0

(K− ST0)
+ − R−1

T0
(ST0 −K)+

and Proposition 1 as

C(T0,K) = E
(

R−1
T0

(ST0 −K)+
)
= P(T0,K)−KE

(
R−1

T0

)
+ R−1

0 S0

with

E
(

R−1
T0

)
= R−1

0

 e−r1T0
(
e−λT0 − e−λT)

1 − e−λT +
λ
(

e−(r1+λ)T0 − e−r2T0
)

(r2 − r1 − λ)(1 − e−λT)

.

Finally, let us discuss a power ς ̸= 0 quanto digital option with the payoff settled by
an asset Sψ,t with

log
(

Sψ,t

Sψ,0

)
= ut + ψBGt − log

(
E
(

e(µ1−r1)t+ψBGt
))

, ψ ̸= 0.

Let µ1 > µ2. Set for the simplicity of notations r1 = µ1. Then, this option has the physical
risk-neutral price

QD(T0,K) = E
(

R−1
T0

Sς
ψ,T0

I{ST0>K}
)
=

=
hς

5(ψ, T0)

R0
E
(

e(ς−1)uT0+ςψBGT0 I{uT0+BGT0>c7}
)

with

h5(ψ, t) =
Sψ,0

E
(
eψBGt

) and c7 = log(K/h5(ψ, T0)).

If ψ ̸= 1 and ς = (1 − ψ)−1, then ψ = (ς − 1)ς−1 and
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QD(T0,K) =
hς

5(ψ, T0)

R0

(
mgfBGUT0

(ς − 1)− mgfBGUT0
(ς − 1, c7)

)
,

where the lower imgf is computed in accordance with Case 1 of Theorem 2.

5.3. Parameter Estimation

The results of Section 4 enable us to use the simplified and ordinary methods of
moments, empirical characteristic function method and maximum likelihood estimation
for the calibration of the model parameters, including λ, from historical data. Keeping in
mind the formulas found, we can see that the first two methods expect relatively simple
optimization problems. The optimization problem of the ECF method is more difficult (the
identity (17) in Rathgeber et al. [6]). Since the formulas for the pdfs of the studied process
is slightly complicated, the MLE becomes a separate problem in the stated model and has
to be solved numerically.

As we have the formulas for the option prices in this section, we can estimate the im-
plied model parameters from market data. The goodness of fit may be assessed through the
average absolute error, the average relative percentage error and the root mean-square error
(Section 1.2 of Schoutens [51]). The implied parameters can be found by the comparison of
the model and market prices and solution of the corresponding optimization problem.

6. Numerical Examples
We illustrate in this section how Theorem 1 and Corollary 1 serve. First, we compute

fBGUt(x) for µ1 ≥ µ2. Second, we calculate fBGUt(x) for µ1 ≤ µ2. Third, we derive FBGUt(x)
for µ1 ≥ µ2. It is assumed that a1 = t = 1.

6.1. Probability Density Function fBGUt(x) for µ1 ≥ µ2

If µ2 = µ1, we have from (29) that

fBGUt(x) =
ba2

2 b1eb1(µ1−x)

(b1 + b2)a2 Γ(a2)
H2(x, 0, 1) =

=
ba2

2 b1eb1(µ1−x)

(b1 + b2)a2 Γ(a2)

(
Γ(a2)I{x≥µ1} + Γup(a2, (µ1 − x)(b1 + b2))I{x<µ1}

)
=

=
ba2

2 b1eb1(µ1−x)

(b1 + b2)a2

(
I{x≥µ1} + (1 − Γrlo(a2, (µ1 − x)(b1 + b2)))I{x<µ1}

)
, (49)

where Γrlo(ς1, ς2) is the regularized lower incomplete gamma function.
When µ1 > µ2 and b1 ̸= λ

µ1−µ2
, we get from (27) that

fBGUt(x) =
λba2

2 b1

Γ(a2)(µ1 − µ2)(1 − e−λT)

(
eb1(µ2−x)h1(0)H1(x, 0)−

−e
λ(µ2−x)
µ1−µ2 h1(0)H5

(
λ

µ1 − µ2

)
+

(
e−λ − e−λT)(µ1 − µ2)H2(x, 0, 1)

λeb1(x−µ1t)
+

+h1(0)
(

eb1(µ2−x)H2(x, 0, 2)− eb1(µ1−x)−λtH2(x, 0, 1)
))

,

where
h1(0) =

µ1 − µ2

λ − b1(µ1 − µ2)
,
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H1(x, 0) =
Γ(a2)

(b1 + b2)a2

(
Γrlo(a2, (µ1 − x)(b1 + b2))×

× I{x<µ1} − Γrlo(a2, (µ2 − x)(b1 + b2))I{x<µ2}

)
, (50)

H5(ς) =
Γ(a2)

(ς + b2)a2

(
Γrlo(a2, (µ1 − x)(ς + b2))I{x<µ1}− (51)

− Γrlo(a2, (µ2 − x)(ς + b2))I{x<µ2}

)
, ς =

λ

µ1 − µ2
> 0,

and

H2(x, 0, 1) = H2(x, 0, 2) = (52)

=
Γ(a2)

(b1 + b2)a2

(
I{x≥µ1} + (1 − Γrlo(a2, (µ1 − x)(b1 + b2)))I{x<µ1}

)
.

Hence, we have that

fBGUt(x) =
λba2

2 b1

Γ(a2)(1 − e−λT)

(
eb1(µ2−x)H1(x, 0)− e

λ(µ2−x)
µ1−µ2 H5

(
λ

µ1−µ2

)
λ − (µ1 − µ2)b1

+

+

[
e−λ − e−λT

λeb1(x−µ1)
+

eb1(µ2−x) − eb1(µ1−x)−λ

λ − (µ1 − µ2)b1

]
H2(x, 0, 1)

)
. (53)

The example of computation is made with the parameters

a2 = 1.5, b1 = 2, b2 = 1, µ1 = 1, λ = 1, T = 1.5 (54)

which determine the asymmetric pdf. The plots of the pdfs, calculated at a compatible with
MatLab compiler according to (49) and (53) for different µ2 ≤ µ1, are given at Figure 1.

Figure 1. The pdfs of the BG process with drift switching for µ1 ≥ µ2 with the parameters (54).

A sensitivity of the formulas for the pdfs to a rate of the jump intensity λ is illustrated
at Figure 2. The parameters are

a2 = 1.5, b1 = 2, b2 = 1, µ1 = 1, µ2 = 0, T = 1.5 (55)
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there.

Figure 2. The pdfs of the BG process with drift switching for different λ with the parameters (55).

The plots of Figures 1 and 2 show that the model is not equally sensory to changes
of the mean and intensity parameters. Indeed, the example indicates that the pdf is more
sensitive to the value of the mean rate than the intensity one.

6.2. Probability Density Function fBGUt(x) for µ1 ≤ µ2

If µ1 < µ2, we obtain from (28) that

fBGUt(x) =
ba2

2 b1eb1(µ1−x)

Γ(a2)(1 − e−λT)

((
e−λ − e−λT)H3(x, 0)−

− λ

λ − b1(µ1 − µ2)

[
e−λ H3(x, 0)− e

(
b1− λ

µ1−µ2

)
x+
(

λµ2
µ1−µ2

−b1µ1

)
×

×H6

(
λ

µ1 − µ2

)]
+
(
e−λ − e−λT)H4(x, 0, 1)+

+
λ

λ − b1(µ1 − µ2)

[
eb1(µ2−µ1)H4(x, 0, 2)− e−λ H4(x, 0, 1)

])
,

where

H3(x, 0) =
Γ(a2)

(b1 + b2)a2

(
Γrlo(a2, (µ2 − x)(b1 + b2))I{x<µ2}−

−Γrlo(a2, (µ1 − x)(b1 + b2))I{x<µ1}

)
,

H6(ς) =
Γ(a2)

(ς + b2)a2

(
Γrlo(a2, (µ2 − x)(ς + b2))I{x<µ2}−

−Γrlo(a2, (µ1 − x)(ς + b2))I{x<µ1}

)
I{ς>−b2}+

+(a2)
−1
(
(µ2 − x)a2t I{x<µ2} − (µ1 − x)a2 I{x<µ1}

)
I{ς=−b2}+

+(a2)
−1
(
(µ2 − x)a2 Φ(a2, a2 + 1, (|ς| − b2)(µ2 − x))I{x<µ2}−

−(µ1 − x)a2 Φ(a2, a2 + 1, (|ς| − b2)(µ1 − x))I{x<µ1}

)
I{ς<−b2},
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and

H4(x, 0, 1) = H4(x, 0, 2) =

=
Γ(a2)

(b1 + b2)a2

(
I{x≥µ2} + (1 − Γrlo(a2, (µ2 − x)(b1 + b2)))I{x<µ2}

)
.

Therefore,

fBGUt(x) =
ba2

2 b1eb1(µ1−x)

Γ(a2)(1 − e−λT)(λ − b1(µ1 − µ2))
× (56)

×
([

b1(µ2 − µ1)
(

e−λ − e−λT
)
−λe−λT

]
H3(x, 0)+

+λe
(

b1− λ
µ1−µ2

)
x+
(

λµ2
µ1−µ2

−b1µ1

)
H6

(
x,

λ

µ1 − µ2

)
+

+

[
b1(µ2 − µ1)

(
e−λ − e−λT)+λ

(
eb1(µ2−µ1) − e−λT

)]
H4(x, 0, 1)

)
.

Let us notice that it follows from 9.211.2 of Gradshteyn and Ryzhik [36] that for χ > 0

Φ(a2, a2 + 1, χ) = a2χ−a2L(a2, χ), L(a2, χ) =
∫ χ

0
exxa2−1dx.

Hence,

H6(ς)I{ς<−b2} =(|ς| − b2)
−a2
(
L(a2, (|ς| − b2)(µ2 − x))I{x<µ2}−

−L(a2, (|ς| − b2)(µ1 − x))I{x<µ1}

)
I{ς<−b2}.

The set of the parameters for the example is afforded in (54). Let us notice that then

L(a2, χ) = χ0.5eχ −
∫ χ0.5

0
ey2

dy.

The plots of the pdfs determined by (49) and (56) for varied µ2 ≥ µ1 are presented at
Figure 3.

Figure 3. The pdfs of the BG process with drift switching for µ1 ≤ µ2 with the parameters (54).
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6.3. Cumulative Distribution Function FBGUt(x) for µ1 ≥ µ2

When µ2 = µ1, we have from (41) that

FBGUt(x) = Q(x) =
ba2

2
Γ(a2)

(
H7(x, 0)− eb1(µ1−x)H2(x, 0, 1)

)
(57)

because
h2(0, 0) = −b−1

1 ,

where H2(x, 0, 1) is found in (52) and

H7(x, 0) =
Γ(a2)

ba2
2

(
I{x≥µ1} + (1 − Γrlo(a2, b2(µ1 − x)))I{x<µ1}

)
.

If µ1 > µ2, we get from (40) so far as

h3(0) =
b1

e−λT − 1

that

FBGUt(x) = Q(x) +
ba2

2
Γ(a2)(1 − e−λT)

(
λeb1(µ2−x)H1(x, 0)
b1(µ1 − µ2)− λ

+ (58)

+H5(x, 0) +
b1(µ1 − µ2)e

λ(µ2−x)
µ1−µ2 H5

(
x, λ

µ1−µ2

)
λ − b1(µ1 − µ2)

−

−b1e−b1x
(
(µ1 − µ2)(eb1µ2 − eb1µ1−λ)

λ − b1(µ1 − µ2)
+

eb1µ2 − eb1µ1

b1

)
H2(x, 0, 1)

)
,

where Q(x), H1(x, 0), H5(x, ς) for ς ≥ 0 and H2(x, 0, 1) are set by (50), (51), (52) and (57),
respectively.

The plots of the cdfs provided by (57) and (58) for the parameters (54) and µ2 ≤ µ1 are
afforded at Figure 4.

Figure 4. The cdfs of the BG process with drift switching for µ1 ≥ µ2 with the parameters (54).

The computational time is under 4 s for all the figures.
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7. Discussion
We have defined the new stochastic process at a finite time interval as the sum of

the bilateral gamma process and drift process, where the drift rate may jump at an expo-
nentially distributed random moment. As mentioned in Section 1, the asymmetric BG
distribution properly approaches market stock returns and the symmetry between the drift
rate switching and major economic events is statistically confirmed in a number of modern
empirical studies of financial data.

The characteristic function and raw moments of the bilateral gamma process with drift
switching are computed in Propositions 1 and 2. These formulas enable us to employ the
simplified method of moments, ordinary method of moments and empirical characteristic
function method for the calibration of the historical parameters of the stated process from
time series, as shown in particular by Rathgeber et al. [6]. From a statistical point of view,
the analytical expressions for the pdfs of the new process found by Theorem 1 allow us to
apply the maximum likelihood estimation method similarly to Küchler and Tappe [3]. The
formulas of Theorem 2 and Corollary 1 for the lower imgfs and cdfs of the BG process with
drift switching can be applied to the identification of the model implied parameters based
on the current market information (Section 1.2 of Schoutens [51] and Madan et al. [52]).
The main results of the work are mostly derived for a1t ∈ N, where a1 is the first shape
parameter of the BG distribution.

As shown in Section 5.1, the results of Theorem 2 and Corollary 1 can be immediately
used in the computation of the VaR and ES of two-asset portfolios where one of the assets is
low-risk. When multi-asset portfolios are assessed, we provide the formulas that determine
the VaR under conditions that are analogous to the ones of Ivanov [5]. In addition, the
analytical expressions of Theorem 2 and Corollary 1 provide a number of closed form
results for the prices of European digital, put and call options in the BG model with drift
switching. In comparison with the exact formula for the option prices in the BG model of
Küchler and Tappe [3], our expressions do not impose any condition at the option strike
price. The numerical examples of Section 6 illustrate how the pdfs and cdfs of the BG
process with drift switching converge to the pdf and cdf of the standard BG model, when
the drift coefficient µ2 converges to the drift rate µ1 (Figures 1, 3 and 4).

Corresponding future studies could be headed in the following directions. First, it
would be interesting to find exact formulas for the pdf and cdf of the BG process with drift
jump for a1t /∈ N, even with extra conditions on the other model parameters. Moreover,
a model with simultaneous jumps of the mean, variance rates and probably other model
parameters should be examined. More flexible distributions, such as gamma and Weibull
distributions, might be leveraged for the modeling of drift rate switching time, and any
related statistical studies could be interesting as well. Second, the problems of advanced
risk measurement (Ivanov [53,54]) and exotic option pricing (Sections 4.5 and 6.1–6.4 of
Musiela and Rutkowski [55]) should be investigated in the new model. Third, the term
structure of interest rates and related derivatives (Part V of Brigo and Mercurio [56]) in
the stated model should be discussed, furthering the studies of Küchler and Tappe [3] and
Ivanov [57] in that direction.

8. Conclusions
The work has introduced the bilateral gamma process with exponentially distributed

drift switching. This model incorporates the effects of the both inner and external sys-
temic shakes and, along with the standard BG model, produces frameworks for financial
applications. In accordance with the results of the paper, the following conclusions can
be made.
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- Analogously to the standard BG model, the stated model affords the exact formulas
for the pdf of the law. Moreover, the analytic expressions have been found for the
imgf and cdf of the new process. These results allow for the use of standard statistical
algorithms for the calibration of the historical and implied parameters of financial data.

- The formulas found have been applied for the purpose of risk measurement and
option pricing in the BG model with drift switching. The correctness of the obtained
results has been confirmed by the three numerical experiments, where the general
asymmetric case of the pdf has been considered.

- Future studies may be related to the entire description of the new model, advanced
risk measurement, and derivative pricing because of the symmetry between the stated
model and the dynamics of real markets. An extension with simultaneous jumps
of the mean and volatility coefficients could also be studied. The term structure of
interest rates in the proposed model could be studied as well.
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Abbreviations
The following abbreviations are used in this manuscript:

BG bilateral gamma
pdf probability density function
VG variance gamma
imgf incomplete moment-generating function
cdf cumulative distribution function
VaR value at risk
ES expected shortfall
ECF empirical characteristic function
MLE maximum likelihood estimation

Appendix A
At first, we formulate two lemma that help us to prove the main results of the work.

Lemma A1. The lower imgf

mgfut+G1,t
(v, x) = E

(
ev(ut+G1,t) I{ut+G1,t≤x}

)
, v, x ∈ R,

is computed with respect to the following cases.
Case 1. µ1 > µ2, v = λ

µ1−µ2
.

We have that
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mgfut+G1,t
(v, x) = (A1)

=



0, x ≤ µ2t,
λevµ2tb

a1t
1

(1−e−λT)(µ1−µ2)Γ(a1t)

(
(x − µ2t)×

×
∫ x−µ2t

0 za1t−1e(v−b1)zdz−
−
∫ x−µ2t

0 za1te(v−b1)zdz
)

, µ2t < x ≤ µ1t,
b

a1t
1

Γ(a1t)

(
λevµ2t

(1−e−λT)(µ1−µ2)

[
(x − µ2t)×

×
∫ x−µ2t

x−µ1t za1t−1e(v−b1)zdz−
−
∫ x−µ2t

x−µ1t za1te(v−b1)zdz
]
+

mgfut
(v, µ1t)

∫ x−µ1t
0 za1t−1e(v−b1)zdz

)
, x > µ1t,

where mgfut

(
λ

µ1−µ2
, µ1t

)
= λte

λµ2t
µ1−µ2 +(e−λt−e−λT)e

λµ1t
µ1−µ2

1−e−λT .

Case 2. µ1 > µ2, v ̸= λ
µ1−µ2

.
Then,

mgfut+G1,t
(v, x) = (A2)

=



0, x ≤ µ2t,
λevµ2tb

a1t
1

(1−e−λT)(v(µ1−µ2)−λ)Γ(a1t)×(
e
(v(µ1−µ2)−λ)(x−µ2t)

µ1−µ2
∫ x−µ2t

0 za1t−1e
(

λ
µ1−µ2

−b1

)
zdz

−
∫ x−µ2t

0 za1t−1e(v−b1)zdz
)

, µ2t < x ≤ µ1t,
b

a1t
1

Γ(a1t)

(
λevµ2t

(1−e−λT)(v(µ1−µ2)−λ)
×[

e
(v(µ1−µ2)−λ)(x−µ2t)

µ1−µ2
∫ x−µ2t

x−µ1t za1t−1e
(

λ
µ1−µ2

−b1

)
zdz

−
∫ x−µ2t

x−µ1t za1t−1e(v−b1)zdz
]
+

mgfut
(v, µ1t)

∫ x−µ1t
0 za1t−1e(v−b1)zdz

)
, x > µ1t,

with mgfut
(v, µ1t) =

λevµ2t(e(v(µ1−µ2)−λ)t−1)
(1−e−λT)(v(µ1−µ2)−λ)

+ evµ1t(e−λt−e−λT)
1−e−λT .

Case 3. µ1 < µ2, v = λ
µ1−µ2

.
We have that

mgfut+G1,t
(v, x) = (A3)

=



0, x ≤ µ1t,
b

a1t
1

Γ(a1t)

(
1

1−e−λT

[
λ(µ1t−x)evµ2t

(µ1−µ2)
+ (e−λt−

e−λT)evµ1t
]∫ x−µ1t

0 za1t−1e(v−b1)zdz+
λevµ2t

(1−e−λT)(µ1−µ2)

∫ x−µ1t
0 za1te(v−b1)zdz

)
, µ1t < x ≤ µ2t,

b
a1t
1

Γ(a1t)

(
1

1−e−λT

[
λ(µ1t−x)evµ2t

(µ1−µ2)
+ (e−λt−

e−λT)evµ1t
]∫ x−µ1t

x−µ2t za1t−1e(v−b1)zdz+
λevµ2t

(1−e−λT)(µ1−µ2)

∫ x−µ1t
x−µ2t za1te(v−b1)zdz

+mgfut
(v, µ2t)

∫ x−µ2t
0 za1t−1e(v−b1)zdz

)
, x > µ2t,
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where mgfut

(
λ

µ1−µ2
, µ2t

)
= λte

λµ2t
µ1−µ2 +(e−λt−e−λT)e

λµ1t
µ1−µ2

1−e−λT .

Case 4. µ1 < µ2, v ̸= λ
µ1−µ2

.
Then,

mgfut+G1,t
(v, x) = (A4)

=



0, x ≤ µ1t,
b

a1t
1

Γ(a1t)

(
1

1−e−λT

[
λevµ2te(v(µ1−µ2)−λ)t

(v(µ1−µ2)−λ)
+ evµ1t(e−λt − e−λT)

]
×
∫ x−µ1t

0 za1t−1e(v−b1)zdz − λevµ2te
(v(µ1−µ2)−λ)(x−µ2t)

µ1−µ2

(1−e−λT)(v(µ1−µ2)−λ)
×

×
∫ x−µ1t

0 za1t−1e
(

λ
µ1−µ2

−b1

)
zdz
)

, µ1t < x ≤ µ2t,
b

a1t
1

Γ(a1)

(
1

1−e−λT

[
λevµ2te(v(µ1−µ2)−λ)t

(v(µ1−µ2)−λ)
+ evµ1t(e−λt − e−λT)

]
×
∫ x−µ1t

x−µ2t za1t−1e(v−b1)zdz − λevµ2te
(v(µ1−µ2)−λ)(x−µ2t)

µ1−µ2

(1−e−λT)(v(µ1−µ2)−λ)
×

×
∫ x−µ1t

x−µ2t za1t−1e
(

λ
µ1−µ2

−b1

)
zdz + mgfut

(v, µ2t)×
×
∫ x−µ2t

0 za1t−1e(v−b1)zdz
)

, x > µ2t,

with mgfut
(v, µ2t) =

λevµ2t(e(v(µ1−µ2)−λ)t−1)
(1−e−λT)(v(µ1−µ2)−λ)

+ evµ1t(e−λt−e−λT)
1−e−λT .

Case 5. µ1 = µ2.
We have that

mgfut+G1,t
(v, x) =

0, x ≤ µ1t,
b

a1t
1 evµ1t

Γ(a1t)

(∫ x−µ1t
0 za1t−1e(v−b1)zdz

)
, x > µ1t.

(A5)

Lemma A2. Let x ∈ R, a1t ∈ N, k ∈ {1, 2}, j ∈ Z and j < a1t. Set l = a1t − 1 − j. Then,
the integrals

I1(x, l) = (A6)

=
∫ ∞

0
(x + y − µ2t)lya2t−1e−(b1+b2)y I{µ2t−x<y≤µ1t−x}dy = H1(x, j),

I2(x, l, k) = (A7)

=
∫ ∞

0
(x + y − µkt)lya2t−1e−(b1+b2)y I{y>µ1t−x}dy = H2(x, j, k)

for µ1 > µ2 and

I3(x, l) = (A8)

=
∫ ∞

0
(x + y − µ1t)lya2t−1e−(b1+b2)y I{µ1t−x<y≤µ2t−x}dy = H3(x, j),

I4(x, l, k) = (A9)

=
∫ ∞

0
(x + y − µkt)lya2t−1e−(b1+b2)y I{y>µ2t−x}dy = H4(x, j, k)

for µ1 < µ2, where H1(x, j), H2(x, j, k), H3(x, j) and H4(x, j, k) are defined in (19), (20), (21) and
(22) respectively.
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Moreover, if ς > −b2 and µ1 > µ2, then

J1(x, ς) =
∫ ∞

0
ya2t−1e−(ς+b2)y I{µ2t−x<y≤µ1t−x}dy = H5(x, ς) (A10)

with H5(x, ς) set by (23). When ς ∈ R and µ1 < µ2, we have that

J2(x, ς) =
∫ ∞

0
ya2t−1e−(ς+b2)y I{µ1t−x<y≤µ2t−x}dy = H6(x, ς), (A11)

where H6(x, ς) is defined in (24). The integral

J3(x, ς) =
∫ ∞

0
ya2t−1e−(ς+b2)y I{y>µ1t−x}dy = H7(x, ς) (A12)

for ς > −b2 with H7(x, ς) set by (34). If ς > 0, then

J4(x, ς) =
∫ ∞

0
(x + y − µ1t)ςya2t−1e−(b1+b2)y I{y>µ1t−x}dy = H8(x, ς), (A13)

where H8(x, ς) is defined in (35).

Proofs of these two lemmas are set in Appendices B.1 and B.2, respectively.

Appendix A.1

Proof of Theorem 1. First, we derive an integral representation of fBGUt(x) in terms of
fut+G1,t(x). Second, we find formulas for fut+G1,t(x) leveraging Lemma A1 with v = 0.
Third, we get analytical expressions for fBGUt(x) applying Lemma A2.

Stage 1. An integral representation for fBGUt(x).
We have from (A2) and (A4) immediately that

Fut+G1,t (x) = (A14)

=



0, x ≤ µ2t,
ba1 t

1
(1−e−λT)Γ(a1t)

(∫ x−µ2t
0 za1t−1e−b1zdz−

−e
λ(µ2 t−x)

µ1−µ2
∫ x−µ2t

0 za1t−1e
(

λ
µ1−µ2

−b1

)
zdz
)

, µ2t < x ≤ µ1t,
ba1 t

1
Γ(a1t)

(∫ x−µ1t
0 za1t−1e−b1zdz + 1

1−e−λT ×[∫ x−µ2t
x−µ1t za1t−1e−b1zdz − e

λ(µ2 t−x)
µ1−µ2 ×

×
∫ x−µ2t

x−µ1t za1t−1e
(

λ
µ1−µ2

−b1

)
zdz
])

, x > µ1t,

if µ1 > µ2 and

Fut+G1,t(x) = (A15)

=



0, x ≤ µ1t,
b

a1t
1

Γ(a1t)(e−λT−1)

(
e−λT ∫ x−µ1t

0 za1t−1e−b1zdz−

e
λ(µ2t−x)

µ1−µ2
∫ x−µ1t

0 za1t−1e
(

λ
µ1−µ2

−b1

)
zdz
)

, µ1t < x ≤ µ2t,
b

a1t
1

Γ(a1t)

(∫ x−µ2t
0 za1t−1e−b1zdz − e−λT

1−e−λT

×
∫ x−µ1t

x−µ2t za1t−1e−b1zdz + e
λ(µ2t−x)

µ1−µ2

(1−e−λT)
×

×
∫ x−µ1t

x−µ2t za1t−1e
(

λ
µ1−µ2

−b1

)
zdz
)

, x > µ2t,
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when µ1 < µ2. It follows from (A5) that

Fut+G1,t(x) =

0, x ≤ µ1t,
b

a1t
1

Γ(a1t)

(∫ x−µ1t
0 za1t−1e−b1zdz

)
, x > µ1t,

(A16)

if µ1 = µ2.
One can see from (A14)–(A16) that Fut+G1,t(x) is the continuous and piecewise differen-

tiable function. Therefore, the pdf fut+G1,t(x) exists. Similarly to (7), we have that

fBGUt(x) =
ba2t

2
Γ(a2t)

∫ ∞

0
fut+G1,t(x + y)ya2t−1e−b2ydy. (A17)

Stage 2. Formulas for fut+G1,t(x).
Stage 2.1. µ1 > µ2.
The cdf in (A14) can be written as

Fut+G1,t(x) =

=



0, x ≤ µ2t,
b

a1t
1 eb1µ2t

(1−e−λT)Γ(a1t)

(∫ x
µ2t(y − µ2t)a1t−1e−b1ydy−

−e−
λx

µ1−µ2
∫ x

µ2t(y − µ2t)a1t−1e
(

λ
µ1−µ2

−b1

)
ydy
)

, µ2t < x ≤ µ1t,
b

a1t
1

Γ(a1t)

(
eb1µ1t ∫ x

µ1t(y − µ1t)a1t−1e−b1ydy + 1
1−e−λT

×
[
eb1µ2t ∫ x

µ2t(y − µ2t)a1t−1e−b1ydy − eb1µ1t×∫ x
µ1t(y − µ1t)a1t−1e−b1ydy−

−e−
λx

µ1−µ2

{
eb1µ2t ∫ x

µ2t(y − µ2t)a1t−1e
(

λ
µ1−µ2

−b1

)
ydy

−e(b1µ1−λ)t ∫ x
µ1t(y − µ1t)a1t−1e

(
λ

µ1−µ2
−b1

)
ydy
}])

, x > µ1t.

Taking the derivative, we get that

fut+G1,t(x) = (A18)

=



0, x ≤ µ2t,

λb
a1t
1 e

λ(µ2t−x)
µ1−µ2

(1−e−λT)Γ(a1t)(µ1−µ2)
×∫ x−µ2t

0 za1t−1e
(

λ
µ1−µ2

−b1

)
zdz, µ2t < x ≤ µ1t,

b
a1t
1

Γ(a1t)(1−e−λT)

(
eb1µ1t(e−λt − e−λT)(x − µ1t)a1t−1e−b1x

+ λe
λµ2t

µ1−µ2
µ1−µ2

e−
λx

µ1−µ2

{∫ x−µ2t
0 za1t−1e

(
λ

µ1−µ2
−b1

)
zdz

−
∫ x−µ1t

0 za1t−1e
(

λ
µ1−µ2

−b1

)
zdz
})

, x > µ1t.

Stage 2.2. µ1 < µ2.
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We have from (A15) that

Fut+G1,t(x) =

=



0, x ≤ µ1t,
b

a1t
1 eb1µ1t

Γ(a1t)(e−λT−1)

(
e−λT ∫ x

µ1t(y − µ1t)a1t−1e−b1ydy

−e−λt− λx
µ1−µ2

∫ x
µ1t(y − µ1t)a1t−1e

(
λ

µ1−µ2
−b1

)
ydy
)

, µ1t < x ≤ µ2t,
b

a1t
1

Γ(a1t)

(
eb1µ2t ∫ x

µ2t(y − µ2t)a1t−1e−b1ydy − e−λT

1−e−λT

×
[
eb1µ1t ∫ x

µ1t(y − µ1t)a1t−1e−b1ydy − eb1µ2t×

×
∫ x

µ2t(y − µ2t)a1t−1e−b1ydy
]
+ e

− λx
µ1−µ2

(1−e−λT)
×

×
[
e(b1µ1−λ)t

∫ x
µ1t(y − µ1t)a1t−1e

(
λ

µ1−µ2
−b1

)
ydy

−eb1µ2t ∫ x
µ2t(y − µ2t)a1t−1e

(
λ

µ1−µ2
−b1

)
ydy
])

, x > µ2t.

Differentiating, we obtain that

fut+G1,t(x) = (A19)

=



0, x ≤ µ1t,

b
a1t
1 eb1µ1t

Γ(a1t)(e−λT−1)

(
λe

λ(µ2t−x)
µ1−µ2

−b1µ1t

µ1−µ2
×∫ x−µ1t

0 za1t−1e
(

λ
µ1−µ2

−b1

)
zdz

−
(
e−λt − e−λT)(x − µ1t)a1t−1e−b1x

)
, µ1t < x ≤ µ2t,

b
a1t
1

Γ(a1t)(1−e−λT)

(
eb1µ1t(e−λt − e−λT)

×(x − µ1t)a1t−1e−b1x − λe
λ(µ2t−x)

µ1−µ2
µ1−µ2

×
[∫ x−µ1t

0 za1t−1e
(

λ
µ1−µ2

−b1

)
zdz

−
∫ x−µ2t

0 za1t−1e
(

λ
µ1−µ2

−b1

)
zdz
])

, x > µ2t.

Stage 2.3. µ1 = µ2.
It follows from (A16) that

Fut+G1,t(x) =

0, x ≤ µ1t,
b

a1t
1 eb1µ1t

Γ(a1t)

(∫ x
µ1t(y − µ1t)a1t−1e−b1ydy

)
, x > µ1t.

Taking the derivative, we obtain that

fut+G1,t(x) =

0, x ≤ µ1t,
b

a1t
1 eb1µ1t

Γ(a1t) (x − µ1t)a1t−1e−b1x, x > µ1t.
(A20)

Stage 3. Formulas for fBGUt(x).
Stage 3.1. µ1 > µ2.
Stage 3.1.1. µ1 > µ2, b1 = λ

µ1−µ2
.
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Then, we get from (A18) that

fut+G1,t(x) = (A21)

=



0, x ≤ µ2t,
λb

a1t
1 eb1(µ2t−x)(x−µ2t)a1t

(1−e−λT)Γ(a1t+1)(µ1−µ2)
, µ2t < x ≤ µ1t,

b
a1t
1

(1−e−λT)Γ(a1t)

(
eb1(µ1t−x)(x − µ1t)a1t−1

×
(
e−λt − e−λT)+

λeb1(µ2t−x)

a1t(µ1−µ2)

(
(x − µ2t)a1t − (x − µ1t)a1t)), x > µ1t.

Therefore, the identity (A17) has the form

fBGUt(x) =
ba2t

2
Γ(a2t)

(∫ ∞

0
fut+G1,t(x + y)ya2t−1e−b2y I{µ2t<x+y≤µ1t}dy+

+
∫ ∞

0
fut+G1,t(x + y)ya2t−1e−b2y I{x+y>µ1t}dy

)
(A22)

in this case. Replacing fut+G1,t(x + y) in (A22) with (A21), we obtain that

fBGUt(x) =
ba2t

2 ba1t
1

Γ(a2t)(1 − e−λT)Γ(a1t + 1)

(
λeb1(µ2t−x)

µ1 − µ2

(
I1(x, a1t)+ (A23)

+I2(x, a1t, 2)− I2(x, a1t, 1)
)
+a1teb1(µ1t−x)(e−λt − e−λT)I2(x, a1t − 1, 1)

)
,

where I1(x, l) and I2(x, l, k) are defined in Lemma A2. Applying (A6) and (A7) of
Lemma A2 to (A23), we obtain (26).

Stage 3.1.2. µ1 > µ2, b1 ̸= λ
µ1−µ2

.
Let ς > 0 and ς1 ∈ N∪ {0}. Then, with respect to formula 2.321.2 of Gradshteyn and

Ryzhik [36], ∫ ς

0
xς1 eς2xdx = ς1!

(
eς2ς

ς1

∑
j=0

(−1)jςς1−j

ς
j+1
2 (ς1 − j)!

− (−1)ς1

ς
ς1+1
2

)
(A24)

for ς2 > 0. If ς2 < 0, then

∫ ς

0
xς1 eς2xdx = (−1)ς1

∫ 0

−ς
xς1 e−ς2xdx =

=(−1)ς1 ς1!

(
(−1)ς1

(−ς2)ς1+1 − eς2ς
ς1

∑
j=0

(−1)j(−ς)ς1−j

(−ς2)j+1(ς1 − j)!

)
=

=ς1!

(
eς2ς

ς1

∑
j=0

(−1)jςς1−j

ς
j+1
2 (ς1 − j)!

− (−1)ς1

ς
ς1+1
2

)

again as (−1)2ς1−2j−1 = −1.
If a1t ∈ N, then we have from (A18) and (A24) that
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fut+G1,t(x) = (A25)

=



0, x ≤ µ2t,
λb

a1t
1

(1−e−λT)(µ1−µ2)

(
∑a1t−1

j=0 h1(j)(x − µ2t)a1t−1−j

×eb1(µ2t−x) − h1(a1t − 1)e
λ(µ2t−x)

µ1−µ2

)
, µ2t < x ≤ µ1t,

b
a1t
1

(1−e−λT)

( eb1µ1t
(

e−λt−e−λT
)
(x−µ1t)a1t−1e−b1x

(a1t−1)! +

λ
µ1−µ2

[
eb1(µ2t−x) ∑a1t−1

j=0 h1(j)(x − µ2t)a1t−1−j−

e(b1µ1−λ)t−b1x ∑a1t−1
j=0 h1(j)(x − µ1t)a1t−1−j

])
, x > µ1t,

where h1(j) is defined in (25). Substituting fut+G1,t(x + y) in (A22) with (A25), we get (27)
using (A6), (A7) and (A10) of Lemma A2 as it is made for (A23).

Stage 3.2. µ1 < µ2.
Applying (A24) to (A19), we get that for a1t ∈ N

fut+G1,t(x) = (A26)

=



0, x ≤ µ1t,
b

a1t
1 eb1µ1t

e−λT−1

(
λ

µ1−µ2

[
e−λt−b1x ∑a1t−1

j=0 h1(j)×

(x − µ1t)a1t−1−j − h1(a1t − 1)e
λ(µ2t−x)

µ1−µ2
−b1µ1t

]
−
(

e−λt−e−λT
)
(x−µ1t)a1t−1e−b1x

(a1t−1)!

)
, µ1t < x ≤ µ2t,

b
a1t
1

1−e−λT

( eb1(µ1t−x)
(

e−λt−e−λT
)
(x−µ1t)a1t−1

(a1t−1)! − λ
µ1−µ2

×
[
eb1(µ1t−x)−λt ∑a1t−1

j=0 h1(j)(x − µ1t)a1t−1−j

−eb1(µ2t−x) ∑a1t−1
j=0 h1(j)(x − µ2t)a1t−1−j

])
, x > µ2t.

Besides, it results from (A17) and (A26) that

fBGUt(x) =
ba2t

2
Γ(a2t)

(∫ ∞

0
fut+G1,t(x + y)ya2t−1e−b2y I{µ1t<x+y≤µ2t}dy+

+
∫ ∞

0
fut+G1,t(x + y)ya2t−1e−b2y I{x+y>µ2t}dy

)
. (A27)

Now, we can replace fut+G1,t(x + y) in (A27) with (A26). Employing (A8), (A9) and
(A11) of Lemma A2, we obtain (28).

Stage 3.3. µ1 = µ2.
If a1t ∈ N, then it immediately receives (29) from (7) and (A7).

Appendix A.2

Proof of Theorem 2. First, we represent mgfBGUt
(v, x) as an integral of the lower imgf

of ut + G1,t, which is found by Lemma A1. Second, we employ Lemma A2 to compute
the integral.

Stage 1. An integral representation for mgfBGUt
(v, x).

By definition, the lower imgf

mgfBGUt
(v, x) = E

(
ev(ut+G1,t−G2,t) I{ut+G1,t−G2,t≤x}

)
=

=
∫
R2

ev(y−z) I{y−z≤x}dFut+G1,t(y) fG2,t(z)dz
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because the drift and gamma processes are independent. Since the lower imgf exists in
accordance with (31), we get that

mgfBGUt
(v, x) =

∫ ∞

−∞

(∫ ∞

−∞
ev(y−z) I{y−z≤x}dFut+G1,t(y)

)
fG2,t(z)dz =

=
∫ ∞

−∞

(∫ x+z

−∞
evydFut+G1,t(y)

)
e−vz fG2,t(z)dz =

=
∫ ∞

−∞
mgfut+G1,t

(v, x + z)e−vz fG2,t(z)dz =

=
ba2t

2
Γ(a2t)

∫ ∞

0
mgfut+G1,t

(v, x + z)za2t−1e−(v+b2)zdz. (A28)

We find the analytical expression for mgfBGUt
(v, x) based on the formulas of Lemma A1.

Stage 2. Formulas for mgfBGUt
(v, x).

Stage 2.1. µ1 > µ2.
It is easy to see from (A2) and (A28) that

mgfBGUt
(v, x) =

=
ba2t

2
Γ(a2t)

(∫ ∞

0
mgfut+G1,t

(v, x + y)ya2t−1e−(v+b2)y I{µ2t<x+y≤µ1t}dy+

+
∫ ∞

0
mgfut+G1,t

(v, x + y)ya2t−1e−(v+b2)y I{x+y>µ1t}dy

)
(A29)

in this case.
If a1t ∈ N, so far as v ̸= λ

µ1−µ2
̸= b1 and v ̸= b1, we obtain from (A2) leveraging

(A24) that

mgfut+G1,t
(v, x) = (A30)

=



0, x ≤ µ2t,

h3(v)
(

eb1µ2t+(v−b1)x×

∑a1t−1
j=0 (x − µ2t)a1t−1−j(h1(j)− h2(v, j))+

evµ2th2(v, a1t − 1)− e
λµ2t

µ1−µ2
+
(

v− λ
µ1−µ2

)
xh1(a1t − 1)

)
, µ2t < x ≤ µ1t,

h3(v)evµ2t+(v−b1)x×[
∑a1t−1

j=0 h1(j)
{
(x − µ2t)a1t−1−je(b1−v)µ2t

−(x − µ1t)a1t−1−je(b1µ1−vµ2−λ)t
}
−

−∑a1t−1
j=0 h2(v, j)

{
(x − µ2t)a1t−1−j×

e(b1−v)µ2t − (x − µ1t)a1t−1−je(b1−v)µ1t
}]

+ba1t
1 mgfut

(v, µ1t)
[
∑a1t−1

j=0 h2(v, j)(x − µ1t)a1t−1−j

×e(v−b1)(x−µ1t) − h2(v, a1t − 1)
]
, x > µ1t,

where h1(j), h2(v, j) and h3(v) are set by (25), (32) and (33), respectively.
Substituting mgfut+G1,t

(v, x + z) in (A29) with (A30) and applying (A6), (A7), (A10)
and (A12) of Lemma A2 as it is made for (A23), we establish (36).

Stage 2.2. µ1 = µ2.
In this case, we have from (A5) of Lemma A1 and (A28) that
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mgfBGUt
(v, x) = (A31)

=
ba2t

2
Γ(a2t)

∫ ∞

0
mgfut+G1,t

(v, x + z)za2t−1e−(v+b2)z I{x+z>µ1t}dz.

Stage 2.2.1. µ1 = µ2, v = b1.
Then, we receive from (A5) that

mgfut+G1,t
(v, x) =

ba1t
1 eb1µ1t(x − µ1t)a1t I{x>µ1t}

Γ(a1t + 1)

and it follows from (A31) that

mgfBGUt
(v, x) =

=
ba2t

2 ba1t
1 eb1µ1t

Γ(a2t)Γ(a1t + 1)

∫ ∞

0
(x + z − µ1t)a1tza2t−1e−(b1+b2)z I{x+z>µ1t}dz.

Hence, we get (37) if a1t ∈ N and (39) for arbitrary a1 and t according to (A7) and (A13) of
Lemma A2, respectively.

Stage 2.2.2. µ1 = µ2, v ̸= b1.
If a1t ∈ N, we have from (A5) using (A24) that

mgfut+G1,t
(v, x) = ba1t

1 evµ1t× (A32)

×
(

e(v−b1)(x−µ1t)
a1t−1

∑
j=0

h2(v, j)(x − µ1t)a1t−1−j − h2(v, a1t − 1)

)
I{x>µ1t}.

We replace (A32) in (A31), apply (A7) and obtain (38).

Appendix A.3

Proof of Corollary 2. We have that

P(T0,K) =
K
R0

E
(

e−
∫ T0

0 rsds I{uT0+BGT0≤log(K/h4(T0))}

)
−

−h4(T0)

R0
E
(

euT0−
∫ T0

0 rsds+BGT0 I{uT0+BGT0≤log(K/h4(T0))}

)
=

=
K
R0

E
[
CE1(BGT0)

]
− h4(T0)

R0
E
[
CE2(BGT0)

]
, (A33)

where the conditional expectations

CE1(BGT0) = E
(

e−
∫ T0

0 rsds I{uT0+BGT0≤c4}
∣∣BGT0

)
=

= e−r1T0E
(

I{µ1T0+BGT0≤c4,τ≥T0}
∣∣BGT0

)
+

+ e−r2T0E
(

e−(r1−r2)τ I{µ2T0+(µ1−µ2)τ+BGT0≤c4,τ<T0}
∣∣BGT0

)
and

CE2(BGT0 ) = E
(

euT0−
∫ T0

0 rsds+BGT0 I{uT0+BGT0≤c4}
∣∣BGT0

)
=

= e(µ1−r1)T0+BGT0

(
E
(

I{µ1T0+BGT0≤c4,τ≥T0}
∣∣BGT0

)
+

+ E
(

I{µ2T0+(µ1−µ2)τ+BGT0≤c4,τ<T0}
∣∣BGT0

))
.
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One may observe that for A1, A2 ∈ R and A3 > 0

E
(

eA1τ I{τ≤min{A2,A3}}

)
=

=E
(

eA1τ I{τ≤A3,A2≥A3}

)
+E
(

eA1τ I{τ≤A2,0<A2<A3}

)
=

=

(
λ
∫ A3

0
e(A1−λ)xdx

)
I{A2≥A3} +

(
λ
∫ A2

0
e(A1−λ)xdx

)
I{0<A2<A3}

=λ
(

A3 I{A2≥A3,A1=λ} + A2 I{0<A2<A3,A1=λ}

)
+

+
λ

A1 − λ

((
e(A1−λ)A3 − 1

)
I{A2≥A3,A1 ̸=λ}+

+
(

e(A1−λ)A2 − 1
)

I{0<A2<A3,A1 ̸=λ}

)
. (A34)

Since µ1 > µ2 and

CE1(BGT0) =
e−r1T0(e−λT0 − e−λT)

1 − e−λT I{BGT0≤c4−µ1T0}+

+e−r2T0E

e−(r1−r2)τ I{
τ<min

{
T0,

c4−µ2T0−BGT0
µ1−µ2

}}∣∣BGT0

,

we get employing (A34) that

CE1(BGT0) =
e−r1T0(e−λT0 − e−λT)

1 − e−λT I{BGT0≤c4−µ1T0}+

+
λe−r2T0

r2 − r1 − λ

((
e(r2−r1−λ)T0 − 1

)
I{BGT0≤c4−µ1T0}+

+

(
e
(r2−r1−λ)(c4−BGT0

−µ2T0)
µ1−µ2 − 1

)
I{c4−µ1T0<BGT0<c4−µ2T0}

)
=

=e−r1T0

(
e−λT0 − e−λT

1 − e−λT +
λe−λT0

r2 − r1 − λ

)
I{BGT0≤c4−µ1T0}+ (A35)

+
λe−r2T0+

(
1+ λ

µ1−µ2

)
(µ2T0−c4)

r2 − r1 − λ
e
(

1+ λ
µ1−µ2

)
BGT0×

×I{c4−µ1T0<BGT0<c4−µ2T0} − λe−r2T0

r2 − r1 − λ
I{BGT0<c4−µ2T0}.

So far as

CE2(BGT0) = e(µ1−r1)T0+BGT0

(
e−λT0 − e−λT

1 − e−λT I{BGT0≤c4−µ1T0}+

+ E

I{
τ<min

{
T0,

c4−µ2T0−BGT0
µ1−µ2

}}∣∣BGT0

),
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we obtain leveraging (A34) that

CE2(BGT0) = e(µ1−r1)T0+BGT0

(
e−λT0 − e−λT

1 − e−λT I{BGT0≤c4−µ1T0}+

+
(

1 − e−λT0
)

I{BGT0≤c4−µ1T0}+

+

(
1 − e−

λ(c4−µ2T0−BGT0
)

µ1−µ2

)
I{c4−µ1T0<BGT0<c4−µ2T0}

)
=

= e(µ1−r1)T0

(
e−λT(e−λT0 − 1)

1 − e−λT eBGT0 I{BGT0≤c4−µ1T0}+ (A36)

+ eBGT0 I{BGT0<c4−µ2T0}−

− e
λ(µ2T0−c4)

µ1−µ2 e
(

1+ λ
µ1−µ2

)
BGT0 I{c4−µ1T0<BGT0<c4−µ2T0}

)
.

Collating (A33), (A35) and (A36), we get (48).

Appendix B
Appendix B.1

Proof of Lemma A1. The proof consists of three stages. First, we deduce general formulas
for mgfut+G1,t

(v, x). Second, we find exact expressions for mgfut
(v, x). Based on them, we

find at Stage 3 analytic formulas for mgfut+G1,t
(v, x) when µ1 > µ2, µ2 > µ1 and µ2 = µ1.

Stage 1. General formulas.
So far as the imgf exists, we have applying the Fubini’s theorem that

mgfut+G1,t
(v, x) =

∫
R2

ev(y+z) I{y+z≤x}dFut(y) fG1,t(z)dz =

=
∫ ∞

−∞
mgfut

(v, x − z)evz fG1,t(z)dz =

=
ba1t

1
Γ(a1t)

∫ ∞

0
mgfut

(v, x − z)za1t−1e(v−b1)zdz. (A37)

The lower imgf

mgfut
(v, x) = Eevµ1t I{µ1t≤x,τ≥t} + Eev(µ2t+(µ1−µ2)τ) I{(µ1−µ2)τ≤x−µ2t,τ<t} =

=
evµ1t(e−λt − e−λT)

1 − e−λT I{x≥µ1t} +
evµ2t(1 − e−λt)

1 − e−λT I{µ1=µ2,x≥µ2t}+

+ evµ2t(E1(x) + E2(x)), (A38)

where

E1(x) = E
(

ev(µ1−µ2)τ I{
τ≤min

{
t,max

{
x−µ2t
µ1−µ2

,0
}}})I{µ1>µ2}

and

E2(x) = E
(

ev(µ1−µ2)τ I{
max

{
x−µ2t
µ1−µ2

,0
}
≤τ<t

})I{µ1<µ2}.

Now, we should compute E1(x), E2(x) and then substitute mgfut
(v, x − z) in (A37)

applying (A38).
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Stage 2. Formulas for mgfut
(v, x).

Stage 2.1. µ1 > µ2.
We have that

E1(x) =E
(

ev(µ1−µ2)τ I{
τ≤min

{
t,max

{
x−µ2t
µ1−µ2

,0
}}})I{µ1>µ2,x>µ2t} =

=
λ

1 − e−λT

(∫ x−µ2t
µ1−µ2

0
ev(µ1−µ2)y−λydy

)
I{µ1>µ2,µ2t<x<µ1t}+

+
λ

1 − e−λT

(∫ t

0
ev(µ1−µ2)y−λydy

)
I{µ1>µ2,x≥µ1t} =

=

λI{
v= λ

µ1−µ2
,µ1>µ2

}
1 − e−λT

(
x − µ2t
µ1 − µ2

I{µ2t<x<µ1t} + tI{x≥µ1t}

)
+

+

λI{
v ̸= λ

µ1−µ2
,µ1>µ2

}
(1 − e−λT)(v(µ1 − µ2)− λ)

((
e(v(µ1−µ2)−λ)t − 1

)
I{x≥µ1t}+

+
(

e
(v(µ1−µ2)−λ)(x−µ2t)

µ1−µ2 − 1
)

I{µ2t<x<µ1t}

)
. (A39)

Deploying (A39) to (A38), we obtain that

mgfut
(v, x) =

evµ1t(e−λt − e−λT)

1 − e−λT I{x≥µ1t} + evµ2tE1(x) =

=
1

1 − e−λT

[
λevµ2t(x − µ2t)

µ1 − µ2
I{µ2t<x<µ1t} +

(
evµ1t(e−λt − e−λT)+

+λtevµ2t
)

I{x≥µ1t}

]
I{

v= λ
µ1−µ2

} + 1
1 − e−λT

[
λevµ2t

v(µ1 − µ2)− λ
×

×
(

e
(v(µ1−µ2)−λ)(x−µ2t)

µ1−µ2 − 1
)

I{µ2t<x<µ1t} +

(
evµ1t(e−λt − e−λT)+

+
λevµ2t

v(µ1 − µ2)− λ

(
e(v(µ1−µ2)−λ)t − 1

))
I{x≥µ1t}

]
I{

v ̸= λ
µ1−µ2

}. (A40)

If v = λ
µ1−µ2

, then one can see from (A40) that

mgfut
(v, x) =


0, x ≤ µ2t,

λ(x−µ2t)evµ2t

(1−e−λT)(µ1−µ2)
, µ2t < x < µ1t,

λtevµ2t+(e−λt−e−λT)evµ1t

1−e−λT , x ≥ µ1t.

(A41)

When v ̸= λ
µ1−µ2

, we get from (A40) that

mgfut
(v, x) =



0, x ≤ µ2t,

λevµ2t
(

e
(v(µ1−µ2)−λ)(x−µ2t)

µ1−µ2 −1
)

(1−e−λT)(v(µ1−µ2)−λ)
, µ2t < x < µ1t,

λevµ2t
(

e(v(µ1−µ2)−λ)t−1
)

(1−e−λT)(v(µ1−µ2)−λ)
+

+ evµ1t(e−λt−e−λT)
1−e−λT . x ≥ µ1t

(A42)
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Stage 2.2. µ1 < µ2.
We have that

E2(x) =E
(

ev(µ1−µ2)τ I{
max

{
x−µ2 t
µ1−µ2

,0
}
≤τ<t

})I{µ1<µ2,x>µ1t} =

=
λ

1 − e−λT

(∫ t

x−µ2 t
µ1−µ2

ev(µ1−µ2)y−λydy
)

I{µ1<µ2,µ1t<x<µ2t}+

+
λ

1 − e−λT

(∫ t

0
ev(µ1−µ2)y−λydy

)
I{µ1<µ2,x≥µ2t} =

=

λI{
v= λ

µ1−µ2
,µ1<µ2

}
1 − e−λT

((
t − x − µ2t

µ1 − µ2

)
I{µ1t<x<µ2t} + tI{x≥µ2t}

)
+

+

λI{
v ̸= λ

µ1−µ2
,µ1<µ2

}
(1 − e−λT)(v(µ1 − µ2)− λ)

((
e(v(µ1−µ2)−λ)t − 1

)
I{x≥µ2t}+

+
(

e(v(µ1−µ2)−λ)t − e
(v(µ1−µ2)−λ)(x−µ2 t)

µ1−µ2

)
I{µ1t<x<µ2t}

)
. (A43)

Then it follows from (A38) and (A43) that

mgfut
(v, x) =

evµ1t(e−λt − e−λT)

1 − e−λT I{x≥µ1t} + evµ2tE2(x) = (A44)

=
1

1 − e−λT

([
evµ1t(e−λt − e−λT) + λevµ2t

(
t − x − µ2t

µ1 − µ2

)]
I{µ1t≤x<µ2t}+

+

[
evµ1t(e−λt − e−λT) + λtevµ2t

]
I{x≥µ2t}

)
I{

v= λ
µ1−µ2

}+
+

1
1 − e−λT

([
evµ1t(e−λt − e−λT) +

λevµ2t

v(µ1 − µ2)− λ
×

×
(

e(v(µ1−µ2)−λ)t − e
(v(µ1−µ2)−λ)(x−µ2t)

µ1−µ2

)]
I{µ1t≤x<µ2t}+

+

[
evµ1t(e−λt − e−λT) +

λevµ2t(e(v(µ1−µ2)−λ)t − 1
)

v(µ1 − µ2)− λ

]
I{x≥µ2t}

)
I{

v ̸= λ
µ1−µ2

}.

If v = λ
µ1−µ2

, then one may observe from (A44) that

mgfut
(v, x) = (A45)

=


0, x < µ1t,

λ(µ1t−x)evµ2t

(1−e−λT)(µ1−µ2)
+ (e−λt−e−λT)evµ1t

1−e−λT , µ1t ≤ x < µ2t,
λtevµ2t+(e−λt−e−λT)evµ1t

1−e−λT , x ≥ µ2t.

When v ̸= λ
µ1−µ2

, we have from (A44) that

mgfut
(v, x) = (A46)

=



0, x < µ1t,

λevµ2t

e(v(µ1−µ2)−λ)t−e

(
v− λ

µ1−µ2

)
(x−µ2t)


(1−e−λT)(v(µ1−µ2)−λ)

+ evµ1t(e−λt−e−λT)
1−e−λT , µ1t ≤ x < µ2t,

λevµ2t(e(v(µ1−µ2)−λ)t−1)
(1−e−λT)(v(µ1−µ2)−λ)

+ evµ1t(e−λt−e−λT)
1−e−λT . x ≥ µ2t
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Stage 3. Formulas for mgfut+G1,t
(v, x).

Stage 3.1. µ1 > µ2.
Stage 3.1.1. µ1 > µ2, v = λ

µ1−µ2
.

We have from (A37) and (A41) that

mgfut+G1,t
(v, x) =

ba1t
1

Γ(a1t)

(
λevµ2t

(1 − e−λT)(µ1 − µ2)
×

×
∫ ∞

−∞
(x − z − µ2t)I{µ2t<x−z<µ1t,z>0}za1t−1e(v−b1)zdz

+ mgfut
(v, µ1t)

∫ ∞

−∞
I{x−z≥µ1t,z>0}za1t−1e(v−b1)zdz

)
.

Since ∫ ∞

−∞
za1te(v−b1)z I{x−µ1t<z<x−µ2t,z>0}dz =

=

(∫ ∞

−∞
za1te(v−b1)z I{x−µ1t<z<x−µ2t,z>0}dz

)
I{x>µ2t} =

=

(∫ x−µ2t

0
za1te(v−b1)zdz

)
I{µ2t<x≤µ1t}+

+

(∫ x−µ2t

x−µ1t
za1te(v−b1)zdz

)
I{x>µ1t}

and ∫ ∞

−∞
I{z≤x−µ1t,z>0}za1t−1e(v−b1)zdz =

(∫ x−µ1t

0
za1t−1e(v−b1)zdz

)
I{x>µ1t},

we obtain (A1)

Stage 3.1.2. µ1 > µ2, v ̸= λ
µ1−µ2

.

Using (A37) and (A42), we receive that

mgfut+G1,t
(v, x) =

ba1t
1

Γ(a1t)

(
λevµ2t

(1 − e−λT)(v(µ1 − µ2)− λ)
×

×
∫ ∞

−∞

(
e
(v(µ1−µ2)−λ)(x−z−µ2t)

µ1−µ2 − 1
)

I{µ2t<x−z<µ1t,z>0}za1t−1e(v−b1)zdz+

+ mgfut
(v, µ1t)

∫ ∞

−∞
I{x−z≥µ1t,z>0}za1t−1e(v−b1)zdz

)
.

We have that ∫ ∞

−∞
za1t−1e

(
λ

µ1−µ2
−b1

)
z I{x−µ1t<z<x−µ2t,z>0}dz =

=

(∫ ∞

−∞
za1t−1e

(
λ

µ1−µ2
−b1

)
z I{x−µ1t<z<x−µ2t,z>0}dz

)
I{x>µ2t} =

=

(∫ x−µ2t

0
za1t−1e

(
λ

µ1−µ2
−b1

)
zdz
)

I{µ2t<x≤µ1t}+

+

(∫ x−µ2t

x−µ1t
za1t−1e

(
λ

µ1−µ2
−b1

)
zdz
)

I{x>µ1t},
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∫ ∞

−∞
za1t−1e(v−b1)z I{x−µ1t<z<x−µ2t,z>0}dz =(∫ x−µ2t

0
za1t−1e(v−b1)zdz

)
I{µ2t<x≤µ1t} +

(∫ x−µ2t

x−µ1t
za1t−1e(v−b1)zdz

)
I{x>µ1t}

and ∫ ∞

−∞
za1t−1e(v−b1)z I{z≤x−µ1t,z>0}dz =

(∫ x−µ1t

0
za1t−1e(v−b1)zdz

)
I{x>µ1t}.

Hence, we get (A2).

Stage 3.2. µ1 < µ2.

Stage 3.2.1. µ1 < µ2, v = λ
µ1−µ2

.

We have from (A37) and (A45) that

mgfut+G1,t
(v, x) =

ba1t
1

Γ(a1t)

(
1

1 − e−λT

[
λ(µ1t − x)evµ2t

(µ1 − µ2)
+

+(e−λt − e−λT)evµ1t

]∫ ∞

−∞
za1t−1e(v−b1)z I{µ1t≤x−z<µ2t,z>0}dz+

+
λevµ2t

(1 − e−λT)(µ1 − µ2)

∫ ∞

−∞
za1te(v−b1)z I{µ1t≤x−z<µ2t,z>0}dz+

+mgfut
(v, µ2t)

∫ ∞

−∞
za1t−1e(v−b1)z I{x−z≥µ2t,z>0}dz

)
.

So far as ∫ ∞

−∞
za1te(v−b1)z I{x−µ2t<z≤x−µ1t,z>0}dz =

=

(∫ ∞

−∞
za1te(v−b1)z I{x−µ2t<z≤x−µ1t,z>0}dz

)
I{x>µ1t} =

=

(∫ x−µ1t

0
za1te(v−b1)zdz

)
I{µ1t<x≤µ2t}+

+

(∫ x−µ1t

x−µ2t
za1te(v−b1)zdz

)
I{x>µ2t}

and ∫ ∞

−∞
za1t−1e(v−b1)z I{z≤x−µ2t,z>0}dz =

(∫ x−µ2t

0
za1t−1e(v−b1)zdz

)
I{x>µ2t},

we establish (A3).

Stage 3.2.2. µ1 < µ2, v ̸= λ
µ1−µ2

.

Applying (A37) and (A46), we get that
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mgfut+G1,t
(v, x) =

∫ ∞

−∞
mgfut

(v, x − z)evz fG1,t(z)dz =

=
ba1t

1
Γ(a1t)

(
1

1 − e−λT

[
λevµ2te(v(µ1−µ2)−λ)t

(v(µ1 − µ2)− λ)
+ evµ1t(e−λt − e−λT)

]
×

×
∫ ∞

−∞
za1t−1e(v−b1)z I{µ1t≤x−z<µ2t,z>0}dz − λevµ2te

(v(µ1−µ2)−λ)(x−µ2t)
µ1−µ2

(1 − e−λT)(v(µ1 − µ2)− λ)
×

×
∫ ∞

−∞
za1t−1e

(
λ

µ1−µ2
−b1

)
z I{µ1t≤x−z<µ2t,z>0}dz+

+mgfut
(v, µ2t)

∫ ∞

−∞
za1t−1e(v−b1)z I{x−z≥µ2t,z>0}dz

)
.

Because∫ ∞

−∞
za1t−1e(v−b1)z I{x−µ2t<z≤x−µ1t,z>0}dz =

=

(∫ ∞

−∞
za1t−1e(v−b1)z I{x−µ2t<z≤x−µ1t,z>0}dz

)
I{x>µ1t} =(∫ x−µ1t

0
za1t−1e(v−b1)zdz

)
I{µ1t<x≤µ2t} +

(∫ x−µ1t

x−µ2t
za1t−1e(v−b1)zdz

)
I{x>µ2t}

and ∫ ∞

−∞
za1t−1e(v−b1)z I{z≤x−µ2t,z>0}dz =

(∫ x−µ2t

0
za1t−1e(v−b1)zdz

)
I{x>µ2t},

we obtain (A4).

Stage 3.3. µ1 = µ2.

We have from (A37) that

mgfut+G1,t
(v, x) =

ba1t
1 evµ1t

Γ(a1t)

∫ ∞

0
za1t−1e(v−b1)z I{z≤x−µ1t}dz =

=
ba1t

1 evµ1t

Γ(a1t)

(∫ x−µ1t

0
za1t−1e(v−b1)zdz

)
I{x>µ1t}

and receive (A5).

Appendix B.2

Proof of Lemma A2. Since l ∈ N∪ {0}, we have that

I1(x, l) =
∫ ∞

0

(x + y − µ2t)lya2t−1

e(b1+b2)y
I{µ2t−x<y≤µ1t−x}dy =

=
l

∑
m=0

Cm
l (x − µ2t)l−m

∫ ∞

0

ya2t+m−1

e(b1+b2)y
I{µ2t−x<y≤µ1t−x}dz =

=
l

∑
m=0

Cm
l (x − µ2t)l−m

(∫ ∞

0

ya2t+m−1

e(b1+b2)y
I{µ2t−x<y≤µ1t−x}dy

)
I{x<µ1t}.
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Hence

I1(x, l) =
l

∑
m=0

Cm
l (x − µ2t)l−m×

×
((∫ µ1t−x

0
za2t+m−1e−(b1+b2)zdz

)
I{µ2t≤x<µ1t}+

+

(∫ µ1t−x

µ2t−x
za2t+m−1e−(b1+b2)zdz

)
I{x<µ2t}

)

and then we get that

I1(x, l) =
l

∑
m=0

Cm
l (x − µ2t)l−m

(b1 + b2)a2t+m ×

×
((∫ (µ1t−x)(b1+b2)

0
ya2t+m−1e−ydy

)
I{µ2t≤x<µ1t}+

+

(∫ (µ1t−x)(b1+b2)

(µ2t−x)(b1+b2)
ya2t+m−1e−ydy

)
I{x<µ2t}

)
=

=
l

∑
m=0

Cm
l (x − µ2t)l−m

(b1 + b2)a2t+m ×

×
(

Γlo(a2t + m, (µ1t − x)(b1 + b2))I{x<µ1t}−

−Γlo(a2t + m, (µ2t − x)(b1 + b2))I{x<µ2t}

)
,

obtaining (A6). As for I1(x, l), we have that

I3(x, l) =
l

∑
m=0

Cm
l (x − µ1t)l−m

(b1 + b2)a2t+m ×

×
(

Γlo(a2t + m, (µ2t − x)(b1 + b2))I{x<µ2t}−

−Γlo(a2t + m, (µ1t − x)(b1 + b2))I{x<µ1t}

)
and get (A8).

Next,

I2(x, l, k) =

=
l

∑
m=0

Cm
l (x − µkt)l−m

∫ ∞

0
za2t+m−1e−(b1+b2)z I{z>µ1t−x}dz =

=
l

∑
m=0

Cm
l (x − µkt)l−m

((∫ ∞

0
za2t+m−1e−(b1+b2)zdz

)
I{x≥µ1t}

+

(∫ ∞

µ1t−x
za2t+m−1e−(b1+b2)zdz

)
I{x<µ1t}

)
.
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Therefore,

I2(x, l, k) =

=
l

∑
m=0

Cm
l (x − µkt)l−m

(b1 + b2)a2t+m

(
Γ(a2t + m)I{x≥µ1t}+

+

(∫ ∞

(µ1t−x)(b1+b2)
ya2t+m−1e−ydy

)
I{x<µ1t}

)
=

=
l

∑
m=0

Cm
l (x − µkt)l−m

(b1 + b2)a2t+m

(
Γ(a2t + m)I{x≥µ1t}+

+Γup(a2t + m, (µ1t − x)(b1 + b2))I{x<µ1t}

)

and we obtain (A7). Analogously,

I4(x, l, k) =
l

∑
m=0

Cm
l (x − µkt)l−m

(b1 + b2)a2t+m

(
Γ(a2t + m)I{x≥µ2t}+

+Γup(a2t + m, (µ2t − x)(b1 + b2))I{x<µ2t}

)

and we have (A9).
Furthermore, we have for ς > −b2 that

J1(x, ς) =

(∫ ∞

0
ya2t−1e−(ς+b2)y I{µ2t−x<y≤µ1t−x}dy

)
I{x<µ1t}

=

(∫ µ1t−x

0
ya2t−1e−(ς+b2)ydy

)
I{µ2t≤x<µ1t}+

+

(∫ µ1t−x

µ2t−x
ya2t−1e−(ς+b2)ydy

)
I{x<µ2t} = (ς + b2)

−a2t×

×
((∫ (µ1t−x)(ς+b2)

0
za2t−1e−zdz

)
I{µ2t≤x<µ1t}+

+

(∫ (µ1t−x)(ς+b2)

(µ2t−x)(ς+b2)
za2t−1e−zdz

)
I{x<µ2t}

)
= (ς + b2)

−a2t×

×
(

Γlo(a2t, (µ1t − x)(ς + b2))I{x<µ1t}−

− Γlo(a2t, (µ2t − x)(ς + b2))I{x<µ2t}

)
(A47)

and get (A10).
Similarly to (A47), we obtain that

J2(x, ς)I{ς>−b2} = (ς + b2)
−a2t

(
Γlo(a2t, (µ2t − x)(ς + b2))I{x<µ2t}−

− Γlo(a2t, (µ1t − x)(ς + b2))I{x<µ1t}

)
I{ς>−b2}. (A48)
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Next,

J2(x,−b2) =

(∫ µ2t−x

0
ya2t−1dy

)
I{µ1t≤x<µ2t}+

+

(∫ µ2t−x

µ1t−x
ya2t−1dy

)
I{x<µ1t} = (a2t)−1×

×
(
(µ2t − x)a2t I{x<µ2t} − (µ1t − x)a2t I{x<µ1t}

)
. (A49)

Moreover, if ς < −b2, then

J2(x, ς) =

(∫ µ2t−x

0
ya2t−1e(|ς|−b2)ydy

)
I{x<µ2t}−

−
(∫ µ1t−x

0
ya2t−1e(|ς|−b2)ydy

)
I{x<µ1t}. (A50)

Because ∫ χ

0
xχ1−1eχ2x = χ−1

1 χχ1 Φ(χ1, χ1 + 1, χ2χ)

in accordance with formula 3.383.1 of Gradshteyn and Ryzhik [36] if χ1 > 0, we get from
(A50) that

J2(x, ς)I{ς<−b2} =

=(a2t)−1
(
(µ2t − x)a2tΦ(a2t, a2t + 1, (|ς| − b2)(µ2t − x))I{x<µ2t}−

−(µ1t − x)a2tΦ(a2t, a2t + 1, (|ς| − b2)(µ1t − x))I{x<µ1t}

)
I{ς<−b2}. (A51)

Combining (A48), (A49) and (A51), we establish (A11).
Also, we have for ς > −b2 that

J3(x, ς) =

(∫ ∞

0
ya2t−1e−(ς+b2)ydy

)
I{x≥µ1t}+

+

(∫ ∞

µ1t−x
ya2t−1e−(ς+b2)ydy

)
I{x<µ1t} =

Γ(a2t)I{x≥µ1t}
(ς + b2)a2t +

+
Γup(a2t, (µ1t − x)(ς + b2))I{x<µ1t}

(ς + b2)a2t .

and get (A12)
Finally, the integral

J4(x, ς) = J41(x, ς) + J42(x, ς),

where

J41(x, ς) =

(∫ ∞

0
(y + x − µ1t)ςya2t−1e−(b1+b2)ydy

)
I{x≥µ1t}

and

J42(x, ς) =

(∫ ∞

µ1t−x
(y + x − µ1t)ςya2t−1e−(b1+b2)ydy

)
I{x<µ1t}.

Since

J41(x, ς) = e(b1+b2)(x−µ1t)×

×
(∫ ∞

x−µ1t
zς(z − x + µ1t)a2t−1e−(b1+b2)zdz

)
I{x≥µ1t},

we get using (8) that
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J4(x, ς) = (b1 + b2)
− ς+1+a2t

2 e
(b1+b2)(x−µ1t)

2 ×

×
(
(x − µ1t)

ς+1+a2t
2 −1Γ(a2t)W ς+1−a2t

2 , −ς−a2t
2

((b1 + b2)(x − µ1t))I{x>µ1t}+

+(µ1t − x)
a2t+ς+1

2 −1Γ(ς + 1)W a2t−ς−1
2 , −a2t−ς

2
((b1 + b2)(µ1t − x)

)
I{x<µ1t}

)
+

+
Γ(a2t + ς)e(b1+b2)(x−µ1t)

(b1 + b2)a2t+ς
I{x=µ1t}.

So far as
Wχ1,−χ2(χ) = Wχ1,χ2(χ)

with respect to 9.232.1 of Gradshteyn and Ryzhik [36], we obtain (A13).
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