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Abstract

A new version of the linear integral representation method is developed for solving inverse
problems in geophysics. This approach is applied to the interpretation of anomalous time-
dependent field data. The reconstruction of field elements is reduced to solving a system of
linear algebraic equations (SLAE) with an approximately given right-hand side. Since the
matrix elements of this system are derived analytically, the modeling process is significantly
simplified. The article also analyzes how the approximation quality of a non-stationary
field element depends on the observation network geometry, enabling its optimization for
more accurate detection of geological properties. The proposed method for solving inverse
problems for hyperbolic partial differential equations with constant coefficients can also
be applied to data described by systems of nonlinear PDEs, provided the target field is
represented as a composition of components differing in magnitude. Finally, the results of
non-stationary gravity field modeling are presented.

Keywords: gravity field; non-stationary field; Green function; linear integral representations

1. Introduction

Nowadays, processing large and ultra-large datasets of Earth and solar system phys-
ical fields has become routine. While the high resolution and reliability of satellite data
represent a pinnacle of science and technology, this abundance of information can create an
illusion that once “impenetrable” interpretation problems are now easily solvable. Nev-
ertheless, the sources of both stationary and, especially, non-stationary fields cannot be
uniquely reconstructed from any amount of data without a priori information regarding
their geometry and depth. Unprecedented detail in imaging planetary surfaces does not
inherently guarantee progress in solving inverse problems of mathematical physics and
geophysics, which require identifying field sources or the underlying causes of physical
phenomena. The method of linear integral representations in its classical form preserves
the continuous nature of a medium while utilizing a finite, often limited, dataset.

Backus and Gilbert [1-3] proposed an effective approach for geophysical problems
requiring pointwise reconstruction of field sources (1D) or spatial distributions (3D). This
method is widely used in seismic tomography, where images inferred from seismic data
constrain models of the Earth’s internal structure, composition, and dynamics [4]. Although
popular finite-parameter models are also employed within this framework, they impose
stringent conditions on the kernels of the integral equations. These kernels are highly
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sensitive to projection onto finite-dimensional subspaces and must be computed accurately
to reflect the real properties of the geological environment.

Finite-frequency models are typically implemented in two steps: (1) introducing a
model space with a finite number of parameters (which may inadequately represent geo-
logical objects) and (2) applying damped least-squares (DLS) methods to evaluate these
parameters. As Backus and Gilbert noted [1], the collection of Earth models yielding physi-
cally observed values for any independent dataset is “either empty or infinite-dimensional.”
The linear Backus-Gilbert algorithm aims to restore unbiased, spatially distributed av-
eraged properties. In essence, the method determines unknown linear functionals of a
target function based on a finite number of known linear functionals. Typically, these are
represented as integrals over a manifold with a given measure. A constrained variational
problem is then formulated and reduced to an unconstrained one using Lagrange multipli-
ers. The resulting vector of multipliers is determined by solving a system of linear algebraic
equations (SLAE), which is usually symmetric and positive semidefinite.

Since most tomographic problems are underdetermined, solving them within this
framework necessitates efficient regularization algorithms. In [5], an original technique was
developed to determine tomographic images using the classical Backus-Gilbert method
without relying on finite-frequency approximations. Beyond geophysics, this method is
crucial in spectroscopy, where obtaining spectral densities from lattice data is vital for
quantum field theory [6,7].

The transition to a system of linear algebraic equations raises a key question: what
properties must the matrix possess—and how must it depend on the observation network
geometry—to ensure that solutions are robust against noise? Ideally, one should avoid
excessive distortion of the forward problem operator to remain close to the continuous
medium model. However, a fundamental shift in interpretation theory—across geophysical,
biophysical, and astrophysical data—is the transition toward discrete field theories. In this
context, integral representations allow for the efficient calculation of field values at any
point, including boundaries. Since data are often provided on irregular grids with gaps or
errors, calculating values on specific point sets enables a constructive solution to the inverse
problem, for instance, by using the tridiagonal matrix algorithm (Thomas algorithm).

Our goal is to establish conditions and constraints that yield analytical expressions
(in terms of elementary or special functions) for the SLAE matrix elements. This keeps
the forward problem operator unperturbed, simplifying the selection or development of
regularization algorithms. Notably, the classical Backus—Gilbert method does not require
discretization of the integral operator.

The proposed methodology for non-stationary fields may also be applicable to other
“self-consistent” fields (gravitational, magnetic, electrical, thermal, etc.). If an unknown
signal is decomposed into components of differing magnitudes, some may satisfy sim-
pler equations and boundary conditions, significantly reducing the complexity of the
inverse problem. Finally, the possibility of an initially discrete formulation remains a
fundamental consideration.

Wave motions occur in various scientific fields, including elastic waves in the Earth’s
core, gas and fluid dynamics, and electromagnetics. The arsenal for solving direct and
inverse problems for the wave operator is extensive [8-16]. If the wave source function
f(%,t) is unknown, the approach developed by Yamamoto [8,9] can be applied, utilizing
Lagrange multipliers and Hilbert space methods to establish solution uniqueness. This
technique successfully reconstructs point sources in 1D cases, while the reciprocity gap
functional method enables the determination of smoothly distributed 3D sources using
boundary observations. The Yamamoto approach was further refined in [10-16].
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In our previous works [17,18], we demonstrated how the method of linear integral
representations and discrete field theory can be applied to linear and nonlinear inverse
problems in geophysics. Unlike parameter-based models of geological media, we do
not abandon the infinite-dimensional continuum. Instead, we initially treat both the
observation space and its defined functions as discrete, imposing no constraints on values
between grid nodes. This representation necessitates a reconsideration of the relationships
between macro- and micro-levels. Here, the fundamental solution to the Laplace equation
is replaced by its discrete analog, which lacks delta-function singularities; instead, a unit
impulse exists at a point. Furthermore, unlike the continuous case, the discrete fundamental
solution may be non-unique.

The S-approximation method is based on the integral representation of harmonic
functions (Green’s formula), where anomalous field sources are distributed on one or more
planes. We also developed a modified S-approximation method, incorporating specific
features of the unknown source into the quality functional. Matrix elements in this method
have simple analytical forms, expressed via elementary functions (local version) or elliptic
integrals (regional version).

The novelty of our technique lies in the following:

1. Accurate reconstruction of spatial source distributions from a finite set of values of a
single anomalous field element.

2. Introduction of new constraints on the upper and lower bounds of the least-mean-
square (LMS) misfit.

3. Establishment of the “admissible solution” concept, which is critical for
geophysical applications.

4.  Reduction in interpretation problems to systems of linear algebraic equations (SLAE)
with symmetric, non-negative matrices whose elements are derived analytically.

5. Development of the modified S-approximation, minimizing an additional quality
functional over the set of admissible solutions.

6. Regularization of the three-level Chebyshev iterative method for solving SLAEs within
the integral representation framework.

7. Development of the block contrasting method (BCM) for large-scale data, partitioning
the study area into subdomains of intense anomalies.

8. Demonstrated effectiveness on models with sharp elevation changes and irregular
grids across various signal-to-noise ratios.

9. Application of the modified S-approximation to construct linear transforms for inter-
preting real satellite gravimetric data at a regional scale.

Models of physical fields and topography should evolve smoothly as new information
becomes available [19-21]. Radical structural disruptions in a model should be treated with
caution; while bifurcation points in nonlinear PDE systems exist, the conditions for such
“catastrophes” must be strictly accounted for. Joint inversion of Earth’s gravity field varia-
tions and topography/bathymetry data—such as from the GRACE mission [22]—remains
a priority.

Previously, we did not address inverse problems for hyperbolic PDEs within this
framework. This paper discusses a variational setting for determining equivalent sources
of a non-stationary field. We formulate the problem for the local case, where the signal
satisfies a wave equation with constant coefficients. All a priori information, such as field
gradients [23], is incorporated, with time treated as either an independent variable or a
parameter [24].

In [25], we applied the global linear integral representation method to the downward
continuation of Mercury’s magnetic field. Analytical modeling is crucial for solving in-
verse problems of wave or thermal nature. For reliable source determination, the initial

https://doi.org/10.3390/sym18030543


https://doi.org/10.3390/sym18030543

Symmetry 2026, 18, 543

40f18

distribution of field elements and gradients must be defined in 3D space. Assuming the
Earth is a half-space, we use Cartesian coordinates, though results can be extended to
complex spaces (as with parabolic operators). This article formulates an inverse problem
for the 3D wave equation to determine an unknown vector source function of space and
time, assuming homogeneous initial conditions. We establish conditions under which
SLAE matrix elements can be obtained via elementary functions, which is fundamental for
processing vast, irregular, and noisy datasets in geophysics, astrophysics, and other fields.
Otherwise, it would be impossible to ensure that the interpretation results accurately reflect
reality. Since inverse problems are almost always ill-posed, they require regularization
algorithms for their solution. However, as not all ill-posed problems are regularizable, the
search for constructive solutions (i.e., those expressed analytically) remains a perennially
relevant task.

2. Methods

In this paper, all variational settings are studied in Cartesian coordinates.

Initial distributions of physical field values and their gradients can be obtained using
various versions of the S-approximation method [17,18], even when no information regard-
ing the sources is available. The S-approximation method is based on Green’s formula
for harmonic functions and variational calculus. To solve the linear inverse problem in
geophysics, a regularized variational problem is formulated. This method is highly efficient
when a priori information about field sources is heterogeneous and approximate, allowing
equivalent sources of the external field (gravity or magnetic) to be found with high relative
accuracy. While this facilitates the mathematical modeling of stationary geophysical fields,
stationary vector fields are far less common than non-stationary ones.

The aim of our research is to develop a fundamentally new approach for solving linear
(and subsequently nonlinear) inverse problems for hyperbolic partial differential equations,
taking into account the symmetry and other features of the unknown sources. This is
particularly relevant when a priori information on the initial and boundary distributions
of field elements is scarce or absent. Indeed, geophysical field modeling can be effectively
described through direct and inverse settings of this kind.

For example, let us consider the following partial differential equations system [26]:

In this paper, all variational settings are analyzed in Cartesian coordinates. Initial
distributions of physical field values and their gradients can be obtained using various
versions of the S-approximation method [17,18], even in the absence of source information.
Based on Green’s formula for harmonic functions and variational calculus, a regularized
variational problem is formulated to solve the linear inverse problem. This method is
highly efficient when a priori information is heterogeneous or approximate, enabling the
reconstruction of equivalent sources for external fields (gravity or magnetic) with high
relative accuracy. While this facilitates the modeling of stationary geophysical fields, it
should be noted that stationary vector fields are far less common than non-stationary ones.

The aim of our research is to develop a fundamentally new approach for solving linear
(and subsequently nonlinear) inverse problems for hyperbolic partial differential equations,
accounting for the symmetry and specific features of unknown sources. This is particularly
relevant when information on initial and boundary distributions is scarce or unavailable.
Indeed, geophysical field modeling can be effectively characterized through such direct
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and inverse formulations. For example, let us consider the following system of partial
differential equations [26]:

% = —(9,V0) + [B,r0tB] — Vp,
9% — _{9,B} +vAB, (1)
divo = 0, divB = 0.

System (1) corresponds to the linearized Euler equations if we consider the motion of
a charged fluid within a variational framework. In (1) 7(7, ), B(7,t) represent the velocity
field and magnetic induction, respectively, as functions of spatial coordinates and time; Vp
denotes the pressure gradient in the fluid, and A is the Laplace operator. Square brackets
denote the cross product of two 3D vectors, while curly brackets relate to the so-called

Poisson bracket of two vector fields:

_— 3 aBi aU,'
{v,B}, = ];vfa?]- - Bf;ij

To find an approximate solution to system (1), it is recommended (see [17]) to replace
partial differential operators with their finite-difference analogs. Furthermore, initial
and boundary conditions imposed on the vector fields B and T (which are functions of
three spatial coordinates and time) must be taken into account. Since magnetic induction
and the velocity vector are intrinsically coupled, separating them is a highly complex
task. However, a method of successive approximations can be implemented. Specifically,
magnetic induction and velocity can be represented as sums of several (finite or infinite)
terms of varying magnitudes, allowing us to solve simplified systems similar to (1).

Given a mathematical model for one field, we can formulate a simplified setting for
the other. In the general case, such settings involve hyperbolic partial differential operators.
To simplify the task, we assume that a portion of the signal satisfies an initial-boundary
value problem for a hyperbolic operator with constant coefficients. Various stationary and
non-stationary models can be used simultaneously to ensure the maximum efficacy of the
approach, provided that heterogeneous and approximate a priori information is available.
Even for fields regarded as stationary, we can introduce a parameter that treats all vector
fields as non-stationary. Subsequently, the most pertinent solution can be selected based on
a priori information that satisfies relative accuracy constraints. If an integral representation
holds for a certain component, the other components of the velocity vector or magnetic
induction can be found by solving a simpler problem than the original one: they may
satisfy a lower-order partial differential equation.

As is well known, the method of descent [24] enables one to find the solution of a
boundary value problem in N-dimensional space if the corresponding solution in (N + 1)-
dimensional space is found. Therefore, a transition from vector functions dependent on
three spatial coordinates to those in a four-dimensional space (where the fourth coordinate
is time) is considered feasible when constructing metrological approximations of physical
field elements and topography.

Let the Earth be represented as the lower half-space bounded by the plane. Let Earth
be the lower half-space bounded by the plane x3 = 0 in the Cartesian coordinate system
(x1 x2, x3).

We can then formulate the Dirichlet boundary value problem for a non-stationary vector
field as follows. Let vector functions f(x,t) € C*(R3 x [0, T]), Bo(x1, x2, x3), By (x1, 2, x3) €
C?(RR?) be given. We seek to determine the vector function B(%,t) € C(R? x [0, T]), which
satisfies the following differential equation:
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3 B—a?AB+ f(x,1), 0 <t < 400, —00 < x1 < 400, —00 < X3 < +00, 0 < x3 < +00,

B(X], x2r0r t) - 0/
E(xll X2, X3,0) = %)(xll X2, x3)r
Bi(x1,x2,%3,0) = By(x1,x2,x3).

The following integral representation for the vector function B(%, t) is known [9]:

1 at (P t— 7)
- 47m atH at 7H 47m2] H ; do | dr

Sat Sut 0 (3)

= [x=¢ = (@ —&a) + (x - 62)2 + (x5 - Cs)z)mrp o= (e d)

M : X = (x1,x2,x3).

B(x,t)

Expression (3) is obtained by an odd extension of the fundamental solution of the
wave equation from the entire space onto the lower half-space (see [24]).

In (3), S% denotes a sphere of radius at centered at a point M, which is defined by
radius vector ¥, and the integration above is performed with respect to coordinates of a
point P. In the general case, the Dirichlet boundary condition on the Earth’s surface can be
inhomogeneous:

B(x1,x2,0,t) = ¥(x1,x0,t) (4)

Boundary conditions of the second and third kind are also admissible; however, as
shown in [24], an inhomogeneous boundary value problem can be transformed into the
boundary setting (3). Therefore, we assume that the field has zero values on the boundary.

As is well known, wave equation solutions in three-dimensional space are determined
by initial values specified within a domain called the “cone of dependence” [24]. Obser-
vation points can be located in an arbitrary domain of three-dimensional space. Let us
assume that all sensors are positioned in the upper half-space. For each observation point
M(%, t), the cone of dependence K% is defined as follows:

KY ={¢=(81,82,83),1: [T —¢| <a(t—7)} (5)

The vertex of this cone coincides with the point M(%, t). The lower base of this cone is
denoted by D¥ = {Z = (&1,8»,3) : |[* — &| < at}. Thus, perturbation at the point M(X, t)
is non-zero, provided that the initial perturbation intersects D and the wave sources are
located within the lateral surface of the cone of dependence K%.

The integral representation (3), commonly known as Kirchhoff’s formula, allows for
the implementation of the local version of the linear integral representation method [17,18],
where the Earth is modeled as the lower half-space and the magnetic induction elements
are specified in the upper half-space.

Consider formula (2) and a formulation in which an objective functional is minimized,
given that the field elements are known in the upper half-space of three-dimensional space.
Variational settings within the framework of the linear integral representation method
imply that target functions possess some smoothness properties, i.e., they belong to the
space C?(R3 x [0, T]): B(%,t) € C2(R3 x [0, T]). Minimization is performed in the norm
of Ly(M,), where Ly(M,) is the Hilbert space of square-integrable functions defined on
domains M,, r =1,..., R. These domains may be manifolds of various dimensions, such as
spatial regions, surfaces, or curves. It should be emphasized that, in most cases, no a priori
information regarding the location or geometry of the sources is available. Consequently, all
interpretation problems in geophysics must be regularized, as they are inherently ill-posed.
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Earlier [17,18], we set variational problems given a fixed set of domains M,,r=1,...,R.
In the present paper, we assume that the unknown source density f (%, t) is to be determined
in the entire space. Furthermore, we must emphasize that in spaces with an odd number
of dimensions, the so-called “trailing edge” (or “back front”) of a wave is observed. This
implies that a perturbation may vanish by the time of observation if the field sources do
not lie within the cone of dependence of the point M(X, t).

We propose the following variational setting to determine the unknown source power.
Find a function f, (%, t) € C>(R3? x [0, T]) that satisfies the following conditions:

a[f.] = minalf],

. f(fff)
QH Odef dg3fdczfdé‘1f (& 1),
h 7 Yi
- 1 at f(pti——= 1 flPti—=) _ (6)
B ti) 47mzof er:f i ”)da o 4TmZDL ( i a)dé’

=[5 =8 = () =@ () 02+ (8 - 52, E = (6,8 8s),
%= (o) o)), =1, N

The constrained variational problem (6) can be treated as a constrained optimization
problem and solved using the method of Lagrange multipliers within the framework of
the approximation approach [17]. This transforms (6) into an unconstrained variational
problem. Specifically, instead of minimizing the functional () []7] subject to the integral con-
straints (6) for the magnetic induction components, we minimize an augmented functional
® | f|. This new functional is defined as the sum of Q) [ﬂ and the residuals of Equation (6)
multiplied by Lagrange multipliers.

Theorem 1. Suppose the integral representation

B(x,ti) = / jj< l>d¢7 dr= /f(P’ti_“l)d«.: 7)

47102 47102

holds for the vector function B(x;,t;), B(%,t), f(x,t) € C*>(R® x [0, T]). Here, a is a known pa-
rameter representing the wave propagation velocity, DY = {& = (&1,82,83) : |x — | < at}, 5S4 =

{¢=(21,82,83): |x—¢| = at}.
Then, the function f,(x,t) € C2(R3 x [0, T]) is such that

— ri
_ _ 3 N fAPti——
(k) N ( a) =
o[f.] =minjalf]+2 £ L& |Biwt) ) R ®
M;
has the following form:
_ N A;6(Dx/
Fen = 0AD5)
=% - (9)

-2 = () - @2+ () — @)+ () - @))%, = (61,62, Ga),
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ai]- =

Proof of Theorem 1. To find the extremum of the objective Function (8) we should compute
the functional derivative of (8) with respect to the unknown function f(%, ) and set this
derivative to zero:

o [f. (x| =o. (10)

Expression (10) represents the Euler-Lagrange equation for the variational setting
(8), the solution of which is given by (9). (Here we must emphasize that condition (10) is
a necessary condition for the extremum of the functional, but not a sufficient condition
for its minimum). Therefore, if a minimum of the cost function exists, relation (10) is
necessarily satisfied.

In (9), 0 (DZ? ) is the smoothed (belonging to the space of infinitely differentiable

. .. . £ SR
functions) characteristic function of the base Di/.] of the cone of dependence Ki].] with vertex

]
Thus, the source density at a given spatial point ¢ and time T depends only on those

_ _ _ T
T A = (A, Mg, .. .,/\N)T, A= ()\}1),)\](-2),/\(.3)> , is the vector of Lagrange multipliers.

observation points whose cones of dependence contain the given point within their interior.
To determine the Lagrange multipliers, we derive the following linear algebraic equations
system (LAES):

AA = B, (11)

In (11), Bs denotes the 3N-vector of field element values at the observation points
(assuming that all three components of the vector field Bs are known). Alternatively, we can
consider only a single field element, such as the z-component. In this case, the dimension
of the LAES matrix (11) will be three times smaller (N instead of 3N). In system (11), matrix
Aisan (N x N) matrix with the following property:

A=AT>o. (12)
and the elements 1 1
= —d 13
Y= 24l / it & (13)
D?\ZQD%

It should be emphasized that the matrix elements given by Formula (13) differ signifi-
cantly from one another. Their expressions depend on whether the centers of the two cones
of dependence corresponding to points i and j lie within the intersection of their bases.
These matrix elements are computed in accordance with the fundamental principles of the
linear integral representations method [16,17] and have the following form:

47Tmin(Rl-, R]) —2nR, R< R;,R < R]', DRi N DR/. = Dmin(Ri,Rj)' Omax(Ri,Rj) S Dmin(Ri,Rj);

2

_m
X —%;

%{—31{2 +2R;R + 2R;R +2R;R; — R? — R]Z},
R < Ri,R < R], DR,- N DR]- 7é DR,‘/DR]'/OmaX(R,-,Rj) S Dmin(Ri,Rj);

[min(R;,R;)]
TR

2
R <Ry, R > Rj, Dr; N DR; = Dinin(R,,R;)s Omax(R;,R;) & Drmin(R, R;):

{R; +R; —R}>,R > R;,R > R,R < R; +Rj;

' (14)

7{—(max(R;, R;) = R)? + min(R;, R;) (min(R;, R;) +2(max(R;, R;) — R)) },
R < Rj,R > Rj, Dg; N DR; # DR;, DR;s Omax(R;,R;) & Drmin(R,,R;)/

0, DRz’ N DR], = .

R; = Hti,Rj = ﬂtj,R = ‘71‘ —f]'|.
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Formula (14) was obtained analytically by integrating the product of two inverse
distances ]7]' — afl and ]fj — afl over the intersection of two bases Dg, N Dg;. This
product is symmetric with respect to indices i and j. Therefore, the matrix of LAES (11)
is symmetric.

Here, Dg,, DRj denote two bases of two cones with vertices at points M;, M; and radii
Rj, R;, respectively. The centers of these bases (which are balls in three-dimensional space)
are denoted by Og,, O R;: We assume that the z-axis coincides with the line connecting Ok,
and Og;. The intersection of two bases of the dependence cones is a 3D domain that can be
parametrized by spherical coordinates r, ¢, ¢. Since the intersection is axially symmetric,
no dependence on ¢ is observed. The origin of the coordinate system is placed at M;. In
this case, integrating with respect to angle ¢ will give us 271. Let us express the distance
between the point over the coordinates of which the integration is fulfilled and M;. We
will have

R; = /R2 ~2RR? cos 6 + R2,

Here, ¢ is the angle in the corresponding spherical system frame.
The expression for the matrix element depends on the location of the centers of the
balls and whether they belong to the intersection of the balls or not. Integration with respect
" 1
to @ (this expression looks like |
0 VR2+ 12 —2Rrcos 0
form R; — R+rorr— R;+ R, followed by integration with respect to the radius r. The limits

sin 9d0) yields an expression of the

of integration with respect to the angle ¢ and the radius depend on the relative positioning
of the balls, which serve as the bases of the dependency cones (cones of dependence) for
the two observation points under consideration. Finally, we fulfill integrating with respect
to r. The diagonal elements of the SLAE matrix will always take the form:

a;; = 4ntR;, R; = at;. (15)

O

It should be emphasized that the integration in (6)—(8) is performed over spatial
variables. The time dependence is “hidden” within the second argument of the function
f(P,t; — ) (more precisely, the fourth argument, as this vector function depends on three
spatial coordinates and time).

Unlike the stationary version of the S-approximation method, in the case of the wave
equation, the elements of the SLAE matrix to which the variational setting (8) is reduced
depend significantly on the geometry of the observation network. Consequently, these
elements cannot be determined uniformly. This fact must be taken into account when
describing periodic processes. In our view, if the observation points are arranged as shown
in the third line of (14), the diagonal elements of the matrix will dominate, eliminating the
need for a regularization procedure to solve the SLAE (11). Thus, we obtain a well-posed
setting for determining the components of a non-stationary vector field.

The integral representation (13) for the matrix elements possesses features of a double-
layer potential: integration is performed over the intersection of two balls centered at points
M; and M;. Here, r; and r; denote the distances from points M; and M,; to the integration
point P. As it is well known, a double-layer potential is a discontinuous function when
crossing the boundary.

To construct an analytical model of the field element’s derivative with respect to the
spatial coordinate, one can directly differentiate the integral representations (3) or (7). For
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instance, consider representation (6), where the initial field values and their time derivatives
are zero. Differentiating expression (7) with respect to x3 yields

9B 1) _ 1/ﬁ479@. (16

- 2
axgl) 47a 5

This expression is obtained by shifting from the global coordinate system to a local one
centered at point M;, performing the differentiation, and then returning to the initial frame.

Equation (16) employs the so-called “retarded potential” (or “time-delayed potential”).
Since a wave propagates at a finite velocity 4, the perturbation at the observation point
depends on the source density evaluated at an earlier moment, t — ~.

When seeking analytical approximations for the functions By(¢), B1(¢), f (P, t — %),
the primary computational challenge is to determine stable solutions for the LAES that
correlate with the a priori information. Here, r = |[¥ — Z|.

Note 1. We initially considered the variational setting (8) in a spherical domain. A
more rigorous formulation is as follows:

Determine: f; (%) € C?(RR%) such that:

_ S 3 N _ 1 F(P) —
— mi O | Bz, ) — f(P)
o7, ] = min a7 +2 8 LAY B 0) 4””2[){{ e (17)
M;
is satisfied. Here,
o —+o00 —+o0 —+o00 Y
aff] = [ de [ de [ da7@ (18)
Function f, () has the following form:
— at;
o N A6(TKS
fen) =1 ( = )
j=1 |x]'_'§| (19)

=5 -8 = () a2+ o) — @2+ () @2 E = (@i d),
X = (xg),xg),xm)_

0 (FKZ? > is in (19) the smoothed characteristic function of the lateral surface of the

cone of dependence for point X;. The Lagrange multipliers X]-, j=1,2,...,N,are found
by solving an LAES similar to (11) whose matrix elements (20) can be expressed via
elementary functions:

I Ldg b 1}"‘ Vd? — z2dz
Yoo len2at T 1t a 87tat g0 Z(z+2a)
TKjf MKy (20)
R2 — (AR)? R2 + R2 — R2 R.—R.
b= — " d=+2+a2cos 0" = — b =271
2R; + &<, cos 2RiR; « R;

In (20), R;; = ’fi — X ] However, we recommend computing these integrals numeri-
cally, as the analytical formulas are excessively long.

Two methods from our previous studies [27] were implemented to solve system (11):
the block Cholesky regularization method (BCM) and the refined block method (RBM).
Both are based on an adaptive filtering algorithm. In the first stage, the LAES is solved
using the entire dataset. In the second stage, certain matrix blocks are excluded if they
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do not significantly affect the relative accuracy. Regularization parameters are selected
individually for each block.

If the observation points are far apart, the diagonal elements dominate. Furthermore,
the cones of dependence for adjacent points may not intersect at all, resulting in zero-
valued matrix elements. Conversely, if observation points are too close, the LAES matrix
becomes ill-conditioned, as the elements differ very little. Thus, this method allows for
both the determination of spatio-temporal field distributions and the analysis of input data
quality, including the configuration of the observation network. If the matrix element is
significantly smaller than the diagonal elements, it is not recommended to include those
observation points in the approximation.

3. Results

A new method for constructing a mathematical model of gravity field variations from
Satellite Mission GRACE data [22] was tested. The study focused on a region near Volcano
Kanlaon, Philippines, considering a uniform observation network. Figure 1 displays the
map of gravity field variations, and Figure 2 presents the map of the differences between
approximated and measured field values, including 6000 points in one case and 10,000
gravity field values in another.

&
Figure 1. Cone of dependence K% of point M(%, t).

Initially, S-approximations of the gravity field were constructed using two methods:
BCM and RBM [27]. Sensors (observation points) were positioned at an altitude of 500 km.
Subsequently, a “non-stationary” gravity field model was developed. We analyzed data
obtained over 10 months, employing two values for the parameter a? (100 and 1000). We
considered the gravity field values at a point, measured at a virtual moment of time ¥;:

t,ig(yi) -y _ 3
;= , §(%;) = ah +0.127;,h = \/hyhahs. (21)

a

These values were designated as B(%;, t;). In Equation (21), hy,p = 1,2,3, represents
steps with respect to the direction x,. In our case, the steps with respect to directions x1, x5
were set to 2 km, while the step with respect to the direction x3 was 10 km. 7; denotes a
random variable uniformly distributed on the interval [-1, 1]. Time can be incorporated
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into our model when dealing with a stationary field element or when the time dependence

law is unknown.
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Figure 2. (a) Gravity field variations near Volcano Kanlaon according to the GRACE DATA. (b) Dif-
ference map of the approximated Gravity Field.

Parameter &« was introduced in order to reveal the most important features of the
network geometry. This parameter varied from 0.001 to 10. The small values of this
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parameter correspond to the matrix elements (14) given in the last line. It means that
the cones of dependence for two adjacent points do not intersect. In this case, we have a
well-posed problem that has a unique solution.

If & approaches 0.6, then we can use the third expression from (14) for the matrix
elements. The SLAE matrix is non-singular. Since the matrix of the system of linear
equations is non-singular, the inverse problem can be considered well-posed [28]. Equation
(14) indicates that the hypothetical moments of time in the dataset differed from each other
by a maximum of 20 percent.

Large (greater than 1) values of & correspond to either the first line of (14) or the fourth
and fifth lines of this formula. This fact can be clarified as follows. The bases of the cones
of dependence have a non-empty intersection if the moments in time #; and ¢; are both
sufficiently large, or if one of the two points M; and M,; lies within the cone of dependence
corresponding to the other point. In this case, we encounter a badly conditioned linear
algebraic equation system (SLAE).

If real-time-dependent physical field values are provided, the integral representation
(7) can be directly applied. In this scenario, the moments in time will not be correlated with
spatial coordinates. However, for satellite observations, the moments in time and sensor
coordinates are linked due to the satellite’s movement along a defined trajectory.

We derived a function f(P, t— 2) from the variational problem (6), which, as previ-
ously emphasized, reduces to solving a system of linear algebraic equations (SLAE). Sensors
were selected from the real dataset and from a set generated by modified S-approximations,
ensuring that the matrix elements are as follows:

T
ﬁ{Ri+Rj—R}2,R>R,»,R>Rj,R<Ri+Rj (22)
Xi—X j

Therefore, we can conclude that the joint implementation of various versions of the
S-approximation method (i.e., stationary and non-stationary versions of the linear integral
representation method) expands research horizons and enhances the quality of the obtained
approximate solution to a variational problem.

The approximation quality index A = H’ﬂ’};ﬂ"‘b‘ in the stationary case was:

sl
e 2.1-1077 for the set of 10,000 points.
e 4.1-1078 for the set containing 16,000 points.

Here, x is the vector of Lagrange multipliers from system (9), and f; is the vector on
the right-hand side, including noise of varying intensity. || f5|| ; denotes the Euclidean norm

of a vector.
Ax— . 2
The root mean square error o = HTLSHE, the upper error estimate omax = 4/ ‘SmTaX, and

. [&2. . .
the lower error estimate 0p,jn = \/ R in the stationary case were:

e  For the set of 16,000 points: omax = 0.0002 uGal, opin = 0.00015 pGal.
e  For the set of 10,000 points: omax = 0.00015 pGal; opin = 0.0001 pGal.

Non-stationary approximations were also constructed for two sets containing the same
number of field elements (though with different values compared to the stationary case).
The quality index for the set of 16,000 points was:

A =0.00003, « = 0.7,

A =0.000015, « = 0.5,

A =0.0000015, « = 0.2,
A=12-10"%+1-10"% & = 0.001 +0.1.
and for the set of 10,000 points, it was:
A =0.00002, « = 0.7,
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A =0.00001, « = 0.5,
A =0.000001, « = 0.2,
A=64-10"°+3-10"7, & = 0.001 +0.1.

We cannot obtain a stable approximate solution to LAES (11) in the case of large values
of the parameter « (if this entity is greater than 2). We can state that the corresponding
ill-posed problem can not be regularized.

We also conducted a series of mathematical experiments to test the sensitivity of the
method to errors in the right-hand side of the system of linear algebraic Equation (11). A
detailed description of how errors in the right-hand side affect the results of solving inverse
geophysical problems can be found, for example, in the work of V.N. Strakhov [29]. For this
purpose, we perturbed the right-hand side (GRACE data) by adding a random variable
uniformly distributed on the interval [-1, 1], such that the ratio of the Euclidean norms of

all
We then solved system (11) for the set of f0,000 points using two methods previously

proposed by us [27], as well as the SVD method (singular value decomposition [30]),
parameter « being set to 0.2. When using BCM and RBM, the quality index A was:

the noise vector and the useful signal e = ofllg was 1077,107%,107%,102.

1.3-1075%,e =107,
25.-107%,e =109,
3.1-1073,e =104,
48-10"Le =102

SVD method gave the following results for A:

26-107%e =107,
1.5-1073,e =107°,
1.1-1072,e =1074,
72-1071,e =1072.

We can see that the regularized Cholesky method and the regularized block method
elaborated within the S-approximation technique are more effective than the SVD method.
The superior convergence can be explained by the flexible and customizable regularization
procedure incorporated into our method. Numerous studies have addressed the conver-
gence criteria for various algorithms used to solve inverse problems (see, e.g., [31,32]), as
this aspect is of fundamental importance when selecting a particular method for solving
interpretation-oriented tasks.

Future research will concentrate on developing stable algorithms for computing linear
transforms of non-stationary fields, such as finding higher derivatives of the gravity po-
tential and performing downward analytical continuation of fields towards their sources.
Additionally, we plan to identify the conditions for the unique solvability of system (9).
This is crucial for yielding stable approximate solutions to the variational problem (9). If
the matrix of the SLAE is ill-conditioned, then a unique solution does not exist. However,
regularization of the variational problem can be accomplished in such cases, enabling a
robust interpretation of the variational field data.

4. Discussion

This paper proposes a novel version of the linear integral representation method ap-
plicable not only for the interpretation of data related to non-stationary geophysical fields
but also for the qualitative and quantitative analysis of observation network characteristics.
We applied the linear integral representation method to solve the inverse problem of deter-
mining a three-dimensional continuously distributed wave source. It was assumed that
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the measured signal satisfies a wave equation with constant coefficients and homogeneous
initial-boundary conditions. Notably, the vector function describing the source, which
generally depends on an infinite number of parameters, was reconstructed from finite and
approximate field data. Furthermore, the observation network used to define the field
elements was not restricted to a regular grid and could be arbitrary.

This analysis helps in defining objectives for further research within the studied re-
gion. The new technique for solving linear inverse problems in geophysics encompasses:
(1) establishing a variational problem, (2) defining the domain of dependence for each
observation point, (3) selecting the most efficient algorithm for determining a stable approx-
imate solution to the posed problem, and (4) formulating recommendations for improving
interpretation quality.

The variational formulation for finding the minimum-norm solution to the inverse
problem reduces to a system of linear algebraic equations (LAES) with an approximately
given right-hand side. The matrix of this system possesses specific properties: when
applying a variant of the variational approach proposed by V.N. Strakhov [17], the matrix is
symmetric positive semidefinite. However, the primary difficulty in solving such systems
lies in the fact that the minimum eigenvalue of the matrix may be close to zero. In this
case, the system becomes ill-conditioned and requires regularization using established
methods [33-39]. We have previously proposed several regularizing algorithms for solving
large-scale and ultra-large-scale ill-conditioned systems. The algorithms we have developed
for solving large and ultra-large systems of linear algebraic equations—to which virtually
all geophysically meaningful inverse problems are reduced—make it possible to find
linear field transforms and analytic continuations of geophysical fields toward the sources.
Furthermore, they allow for estimating the thickness and geometry of anomalous field
sources even in cases where information about the anomalous fields of the Earth and
planets is incomplete, heterogeneous, and of varying accuracy [40,41].

In implementing the non-stationary version of the S-approximation, a critical aspect
is the investigation of the observation network and the replenishment of the database
using provided tools, such as the stationary S-approximation. Matrix properties are most
distinctly revealed in the non-stationary version of the linear integral representation method:
when observation points are located far apart, the corresponding matrix elements become
zero. Conversely, in the stationary case, this does not hold, and an SLAE cannot be
effectively regularized, particularly when analyzing so-called profile data. The method
allows for the determination of values of certain linear functionals from the values of other
linear functionals. In geophysical practice, this means that from known values of a field
element at points within an observation network, one can determine linear transforms of
the corresponding field. These transforms include higher derivatives of gravitational or
magnetic potentials and downward analytical continuations of the field towards its sources.
Crucially, this does not require the introduction of “artificial” approximation constructs.
Instead, the observation network points (their geometry and relative positions) largely
dictate the quality of the constructed analytical model of the investigated geophysical field.

5. Conclusions

A new method for the mathematical modeling of non-stationary physical fields based
on linear integral representations is proposed. The sources of these non-stationary fields
can be determined from the solutions of linear algebraic equation systems with a non-
negative symmetric matrix. Our main result is the analytical derivation of expressions for
the matrix elements of the system of linear algebraic equations (LAES) to which the linear
inverse problem of finding an unknown wave source is reduced. Having an analytical
expression for the matrix elements is of fundamental importance in such studies, as this
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approach avoids introducing additional errors into the input data. The forward problem
operator remains exact and does not require approximation through the discretization
of differential or integral equations. These expressions were obtained by analyzing the
symmetry of the intersection area of the dependence cones for each pair of observation
points. Given the variational formulation described in this paper, the resulting matrix
elements are particularly simple and can be expressed in terms of elementary functions, as
previously demonstrated in our development of the S-approximation method.

It is important to note that in the general case, field sources depend on an infinite
number of parameters. We have developed an algorithm that reduces the interpretation
problem to solving a finite number of linear algebraic equations, ensuring the stability of
the regularized approximate solution. In some instances, matrix elements can be obtained
analytically, thereby reducing the ambiguity of the problem statement. We solved the
systems of linear algebraic equations arising from the linear integral representation method
using both our original, previously developed techniques and the widely known SVD
method. Our regularized Cholesky decomposition and regularized block method achieved
an approximation quality for the non-stationary field element approximately an order of
magnitude better. This is likely due to the greater flexibility of regularized solvers compared
to standard direct methods that lack an adaptive regularization mechanism. Such adaptive
algorithms essentially “tune” themselves to a specific system to find a solution that is
robust to noise in the right-hand side. To test the sensitivity of the methodology, we
artificially contaminated the GRACE mission data with a uniformly distributed error on
the interval (—1, 1). Our approach yields, in our view, satisfactory results. Future efforts
will focus on the analytical representability of matrix elements for variational formulations
in spherical, parabolic, and other coordinate systems, as well as on obtaining more rigorous
results regarding the uniqueness of the inverse problem solution for the wave operator in
three-dimensional space.
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Abbreviations

The following abbreviations are used in this manuscript:

= velocity field and magnetic induction depending on spatial coordinates 7= (x1, X2, x3)
o(rt), B(r. 1) and time ¢

denotes a sphere of radius at centered at point M, which is defined by radius vector
X = (xll X2, X3)-

denotes the space of twice continuously differentiable functions in the direct
product R3 x [0, T].

at
Sk

C2(R® x [0,T])

K% denotes the cone of dependence.
f(x,t) denotes the wave source.
Ly(My) denotes the space of measurable square-integrable functions.
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SLAE System of Linear Algebraic Equations
BCM Regularized Block Cholesky Method
RBM Refined Block Method
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