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Abstract

This research proposes two new estimators which use auxiliary information to derive
estimates of population means in cases where populations are considered rare and clustered
in line with the General Inverse Adaptive Cluster Sampling (GIACS) framework. A ratio-
type estimator is the first to be proposed, while a correlation-type estimator is the second. In
this study, theoretical analyses were conducted to derive explicit first-order approximations
of the bias and mean squared error for each estimator. The results show that, although the
estimators are biased in finite samples, the bias decreases as the sample size increases and
converges to zero, implying that the estimators are asymptotically unbiased. Simulation
data with symmetric distributions were generated to evaluate their performance. The
findings showed that the GIACS estimators using auxiliary information are more efficient
than those without. When comparing the performance of estimators that use auxiliary
information, it was found that the two proposed estimators, the ratio-type and correlation-
type estimators, offered superior efficiency when compared to regression-type estimators.
These results confirm that applying auxiliary information can significantly improve the
accuracy of estimations within the GIACS framework, making the proposed estimators
highly suitable for practical applications involving rare and clustered population.

Keywords: auxiliary information; clustered populations; general inverse sampling;
adaptive cluster sampling; mean square error; relative efficiency

1. Introduction
Sampling for rare and clustered populations is an important issue in survey statistics

because traditional sampling methods, including SRSWOR (simple random sampling with-
out replacement), often yield inefficient estimates when the population is clustered. The
likelihood of discovering rare units within the sample is thus reduced, while the estimator
exhibits a variance which is usually higher than with methods specifically designed for
rare and clustered populations. Thompson [1] first proposed adaptive cluster sampling
(ACS), which selects an initial sample unit using SRSWOR. Should any unit satisfy a spe-
cific condition, the sample is augmented by its neighboring units, thereby automatically
“expanding the networks” around the unit of interest and reducing the variance of the
estimator when the population is clearly clustered. Numerous investigations of rare and
clustered populations have employed ACS, which was particularly useful when investi-
gating the COVID-19 pandemic [2–4], as well as IoT-based applications and autonomous
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systems [5,6], surveys of informal businesses [7,8], hydroacoustic fisheries surveys [9], the
Gulf of Alaska rockfish survey [10], herpetofauna surveys in tropical rainforests [11], and
geophysical surveys in CO2 emissions [12].

Over the past decade, ACS has been further developed theoretically, particularly in
the development of estimators based solely upon the investigated variable. For instance,
ref. [13] presented bootstrap confidence intervals for adaptive cluster sampling, and [14]
introduced a quasi-Bayesian approach in ACS. In addition, estimators using auxiliary infor-
mation have also been developed. For instance, refs. [15,16] proposed a ratio-type estimator
using the mean of the auxiliary variable. Refs. [17,18] developed estimators whereby other
auxiliary variables, such as the population coefficient of variation, provided the additional
information. Their approach also made use of the kurtosis of the auxiliary variable, the coef-
ficients of skewness, and the correlation coefficient linking the variable under investigation
and the auxiliary variable. Furthermore, the work of [19–22] proposed enhanced estimators
of the exponential ratio-type and product-type, while ref. [23] developed estimators using
some robust measures of the auxiliary variable for estimator development in ACS.

However, while ACS is highly efficient in many situations, it still has a significant
limitation when the population contains very few units that meet the specified criterion.
This results in incomplete sampling of the desired target units. To address this limitation,
general inverse adaptive cluster sampling (GIACS) was the technique proposed by Salehi
and Seber [24]. This approach integrates elements of general inverse sampling [25] and
adaptive cluster sampling. A sequential selection process is used in GIACS together with
predefined stopping rules to control the number of rare units randomly included in the
sample. This technique requires the random selection of initial units on a sequential basis
until a predetermined number of rare units is acquired. The randomization terminates
when the random stopping condition is reached. If any of the randomly selected units meet
the specified criteria, the network of those units is added to the sample. Therefore, GIACS
is a more controlled and efficient sampling method for rare and clustered populations.

Nevertheless, since the development of estimators in GIACS remains limited and most
studies have focused only on estimators using the variable of interest, ref. [26] initiated
the development of estimators which are able to utilize auxiliary information within the
GIACS framework. They proposed a regression-type estimator and demonstrated that
using auxiliary information can significantly reduce bias and mean squared error, especially
in cases involving a rare and clustered population network. Although the regression-type
estimator provides an important first step in incorporating auxiliary information into
the GIACS framework, its estimation error remains relatively large for rare and highly
clustered populations. In this study, we propose a methodological and theoretical extension
by developing two alternative estimators using auxiliary information: a correlation-type
estimator and a ratio-type estimator. The correlation-type estimator belongs to the class of
difference estimators and replaces the regression coefficient with a correlation coefficient,
which is often known or can be reliably obtained from historical surveys or large auxiliary
databases, making it practically attractive. In contrast, the ratio-type estimator is formulated
as a multiplicative estimator based on a proportional structure and belongs to the class
of ratio estimators. It is well established in sampling theory that ratio estimators tend
to outperform regression estimators when the relationship between the study variable
and the auxiliary variable passes through or lies close to the origin—a condition that
commonly arises in rare and clustered populations. Section 2 presents the background of
General Inverse Adaptive Cluster Sampling, while in Section 3, the proposed estimators
are introduced through theoretical analysis of their properties, namely bias and MSE. In
addition, Section 4 presents simulation studies to evaluate estimator efficiency. Conclusions
are then presented in Section 5.
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2. Background of General Inverse Adaptive Cluster Sampling
The population of size N units consist of a value set U = (y1, y2, . . . , yN). Let Y be

the variable of interest, and yi be the y-value associated with the ith unit. The population
of N units is divided into two groups based on their y-values. The group whose y-values
satisfy a given condition (Cond) is UM = {y : yi ∈ Cond; i = 1, 2, . . . N}, where M is the total
number of unknown units in UM, and the group whose y-values do not satisfy the specified
condition (Cond) is UN−M = UM′ = {y : yi /∈ Cond; i = 1, 2, . . . N}. Sampling commences
with the random selection of nI units via the SRSWOR approach. Should there be, among
these nI units, no fewer than the pre-specified number of rare units, r, from UM which can
satisfy the condition stated (Cond), this marks the end of the initial sampling stage; if not, the
sampling process will proceed further until r units from UM are satisfied, whereupon our
final initial sample size will be nT or nF units are selected in the total. This final initial sample
size, however, is set as nF = N, which can be classified into three cases as follows:

Condition 1 (C1): number of units contained within the initial sample, nI , meeting the
designated condition is no fewer than r, so the final initial sample size reached equals nT = nI .

Condition 2 (C2): number of units contained within the initial sample, nI , is fewer
than r, so the sampling process proceeds further until r units from UM meet the condition;
that is nI < nT < nF or nT = nF & |SM| = r in which SM indicates the index set of sample
units, representing the numbers of UM.

Condition 3 (C3): number of units contained within the initial sample, nI , is fewer
than r, so the sample proceeds further to nF. Should the number of units which meet the
designated condition fall below r, this results in nT = nF & |SM| < r.

In the case of initial units which are selected and meet the designated condition (Cond)
the sample will be expanded to include the whole of the network of those units. The final
sample therefore comprises those initial units which were selected via the general inverse
sampling approach, in addition to all of the units which are part of the network linked to
those selected initial units.

The following unbiased estimator for population mean was proposed by [24] under
GIACS in each condition as shown below:

For Condition 1 (C1): yGIACS = 1
nI

nI
∑

i=1
y∗i , in which y∗i represents the mean value of the

variable under investigation in the network which contains unit i from the initial sample,
which has the definition of y∗i = 1

mi
∑

j∈ψi

yj, whereby ψi indicates the network containing

unit i, and mi shows how many units the network contains.

For Condition 2 (C2): using Murthy’s estimator yGIACS =
1
N

nI
∑

i=1

Pr(s|i )
Pr(s)

y∗i =

1
N

[
N

nI − 1 ∑
i∈SM

y∗i + ∑
i∈SM′

y∗i

]
, yGIACS = 1

N
(

M̂y∗M +
(

N − M̂
)
y∗M′

)
, in which Pr(s) indi-

cates the probability of acquiring sample s, Pr(s|i ) indicates the conditional probability of
acquiring s on the condition that ith unit was initially selected, pi indicates the probability
of selecting unit i when drawing first. In application, M is unknown, but M has an unbiased
estimator proposed by [25] as: M̂ = N(r−1)

(nT−1) .

For Condition 3 (C3): yGIACS = 1
nF

nF
∑

i=1
y∗i .

Therefore, an unbiased estimator of the population mean under GIACS as follows:

yGIACS =



1
nI

nI
∑

i=1
y∗i i f C1,

1
N
(

M̂y∗M +
(

N − M̂
)
y∗M′

)
i f C2,

1
nF

nF
∑

i=1
y∗i i f C3.

(1)
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The variance of yGIACS for each condition as follows:

For Condition 1 (C1): V(yGIACS) =
(N−nI)

N
S∗2

y
nI

, where S∗2
y = (N − 1)−1∑N

i=1
(
y∗i − µy

)2.
For Condition 2 (C2): Using the variance of Murthy’s estimator [27], V(y∗I ) =

1
N2

N
∑

i=1

N
∑
j<i

(
1 − ∑

s∋i,j

Pr(s|i )Pr(s|j )
Pr(s)

)(
y∗i
pi

−
y∗j
pj

)2

pi pj, in which Pr(s) indicates the proba-

bility of acquiring sample s, Pr(s|i ) indicates the conditional probability of acquiring s on
the condition that ith unit was initially selected, pi indicates the probability of selecting
unit i when drawing first.

Therefore, yGIACS has the variance of:

V(yGIACS) =


(N−nI)

N
S∗2

y
nI

i f C1,

V(y∗I ) i f C2,
(N−nF)

N
S∗2

y
nF

i f C3.

(2)

Ref. [26] presented the regression-type estimator for GIACS:

yGIACS,Reg = yGIACS + B∗(µx − xGIACS) (3)

where B∗ =
∑N

i=1 x∗i y∗i −Nµyµx

∑N
i=1 x∗2

i −Nµ2
x

the estimator xGIACS can be calculated similarly to yGIACS,

using the information from the auxiliary variable. The estimators of µy and µx are
yGIACS and xGIACS, respectively, while ∑N

i=1 x∗i y∗i and ∑N
i=1 x∗2

i can be estimated via
the application of Murthy’s estimator [24,27]. These estimators are shown below as:

T̂∗
xy =

nT
∑

i=1

Pr(s|i )
Pr(s)

x∗i y∗i and T̂∗
xx =

nT
∑

i=1

Pr(s|i )
Pr(s)

x∗i x∗i .

For Condition 1 (C1): T̂∗
xy = N

nI

nI
∑

i=1
x∗i y∗i and T̂∗

xx = N
nI

nI
∑

i=1
x∗i x∗i .

Condition 2 (C2) : T̂∗
xy = M̂

(
r−1∑i∈SM

x∗i y∗i
)
+
(

N − M̂
)[
(nT − r)−1∑i∈SM′ x∗i y∗i

]
,

and T̂∗
xx = M̂

(
r−1∑i∈SM

x∗i x∗i
)
+
(

N − M̂
)[
(nT − r)−1∑i∈SM′ x∗i x∗i

]
.

Condition 3 (C3) : T̂∗
xy = N

nF

nF
∑

i=1
x∗i y∗i and T̂∗

xy = N
nF

nF
∑

i=1
x∗i y∗i .

3. Proposed Estimators Using Auxiliary Information in GIACS
This research presents two estimators using auxiliary information. The first estimator,

motivated by [26], is a ratio estimator applied to construct an estimator in GIACS. The
proposed estimator is as follows:

yGIACS,R =
yGIACS
xGIACS

µx = R̂∗µx, where R̂∗ =
yGIACS
xGIACS

. (4)

The first proposed estimator is called a ratio-type estimator in GIACS. In ratio esti-
mation, auxiliary information from a variable that is positively and linearly related to the
study variable is used to improve the estimation of the population mean.

yGIACS,R is the biased estimator. The bias of yGIACS,R is:

Bias
(

yGIACS,R

)
=

µy

µ2
x

V(xGIACS)−
1

µx
COV(yGIACS, xGIACS)

With increasing sample size, there is a convergence to zero of the bias, showing that the
proposed estimator has a mean squared error which is asymptotically equivalent to its variance.
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MSE
(

yGIACS,R

)
can be considered under three separate conditions as follows: Given

α∗i = y∗i − R∗x∗i ≈ y∗i − R̂∗x∗i , it follows that yGIACS,R = α∗ + R∗µx.
For condition 1 (C1) and condition 3 (C3), consider Equation (2) by replacing y∗i in

the formula for S∗2
y with α∗i .

For condition 2 (C2)V
(

yGIACS,R

)
C2

=
1

N2

N
∑

i=1

N
∑
j<i

[
1− ∑

s∋i,j

Pr(s|i)Pr(s|j)
Pr(s)

](
α∗i
pi

−
α∗j
pj

)2

pipj.

Accordingly, yGIACS,R has a mean squared error which approximates to:

MSE
(

yGIACS,R

)
≈ V

(
yGIACS,R

)
=


(N−nI)

N
S∗2

α
nI

i f C1,

V
(

yGIACS,R

)
C2

i f C2,
(N−nF)

N
S∗2

α
nF

i f C3.

(5)

The estimator of the mean squared error of yGIACS,R is:

MŜE
(

yGIACS,R

)
=


(N−nI)

N
s∗2

αI
nI

i f C1,

V̂
(

yGIACS,R

)
C2

i f C2,

(N−nF)
N

s∗2
αF

nF
i f C3.

(6)

where V̂
(

yGIACS,R

)
C2

=
(

M̂
N

)2( (N−nT+1)(nTr−nT−r)−N(nT−2)
N(nT−2)(r−1)

)
s∗2

αM
r + 1

N2 V̂
(

M̂
)(

α∗M − α∗M′
)2
+(

(N−nT+1)(nT−r−1)
N(nT−1)(nT−2)

)
s∗2

αM′ , V̂
(

M̂
)
= N (nT−r)(r−1)(N−nT+1)

(nT−1)2(nT−2)
=
[
1− (nT−1)

N

] M̂(N−M̂)
(nT−2) . s∗2

αM =

(r − 1)−1∑i∈SM

(
α∗i − α∗M

)2, α∗M = r−1∑i∈M α∗i , s∗2
αM′ = (nT − r − 1)−1∑i∈SM′

(
α∗i − α∗M′

)2,

α∗M′ = (nT − r)−1∑i∈M′ α∗i , s∗2
αI = (nI − 1)−1∑nI

i=1

(
α∗i − α∗I

)2, α∗I = n−1
I ∑nI

i=1 α∗i , and s∗2
αF =

(nF − 1)−1∑nF
i=1

(
α∗i − α∗F

)2, α∗F = n−1
F ∑nF

i=1 α∗i .
The second estimator, motivated by [26,28], employs information derived from the

correlation coefficient between y∗i and x∗i . Equation (2) then has a regression coefficient
which is substituted by the correlation coefficient between y∗i and x∗i . This estimator is
called a correlation-type estimator in GIACS and is defined as follows:

yGIACS,ρ = yGIACS + ρ̂∗(µx − xGIACS) (7)

where ρ̂∗ =
T̂∗

xy−NyGIACSxGIACS√
(T̂∗

xx−Nx2
GIACS)

√
(T̂∗

yy−Ny2
GIACS)

is the estimator of the population correlation

coefficient between y∗i and x∗i , ρ∗ =
Sx∗y∗√
S2

x∗
√

S2
y∗

=
∑N

i=1 x∗i y∗i −Nµyµx√
∑N

i=1 x∗2
i −Nµ2

x

√
∑N

i=1 y∗2
i −Nµ2

y
.

For Condition 1 (C1): T̂∗
yy = N

nI

nI
∑

i=1
y∗i y∗i .

Condition 2 (C2): T̂∗
yy = M̂

(
r−1∑i∈SM

y∗i y∗i
)
+
(

N − M̂
)[
(nT − r)−1∑i∈SM′ y∗i y∗i

]
.

Condition 3 (C3): T̂∗
yy = N

nF

nF
∑

i=1
y∗i y∗i .

yGIACS,ρ is the biased estimator. The bias of yGIACS,ρ is:

Bias(yGIACS,ρ) =
ρ∗

2S2
y∗

COV
(

xGIACS, s2
y∗

)
+

ρ∗
2S2

x∗
COV

(
xGIACS, s2

x∗

)
− ρ∗

Sx∗y∗
COV

(
xGIACS, Sx∗y∗

)
Given γ∗

i = y∗i − ρ∗x∗i ≈ y∗i − ρ̂∗x∗i , it follows that yGIACS,ρ = γ∗ + ρ∗µx.

MSE
(

yGIACS,ρ

)
in the same way as yGIACS,R by replacing α∗i with γ∗

i , gives:
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Therefore, the mean squared error of yGIACS,ρ is approximated as:

MSE
(

yGIACS,ρ

)
≈ V

(
yGIACS,ρ

)
=


(N−nI)

N
S∗2

γ

nI
i f C1,

V
(

yGIACS,ρ

)
C2

i f C2,
(N−nF)

N
S∗2

γ

nF
i f C3.

(8)

The estimator of the mean squared error of yGIACS,ρ is:

MŜE
(

yGIACS,ρ

)
=


(N−nI)

N
s∗2

γI
nI

i f C1,

V̂
(

yGIACS,ρ

)
C2

i f C2,

(N−nF)
N

s∗2
γF
nF

i f C3.

(9)

Appendix A shows the details of the derivations of the bias and mean squared error
for the proposed estimators.

To summarize, our proposed estimators offer two complementary ways of incorpo-
rating auxiliary information into the GIACS framework. Both estimators are designed to
improve efficiency and reduce estimation error in rare and clustered populations.

4. Simulation and Discussion
4.1. Simulation Studies

This study presented two data sets as follows:
Data set 1: A clustered population of 400 square units (arranged in 20 rows and

20 columns) was generated to represent both the auxiliary variable and the variable under
investigation using a bivariate Poisson cluster process. The study region incorporated five
randomly positioned parent points, with offspring generated around each parent in line
with a symmetric Gaussian distribution which exhibited a dispersion parameter of 0.05. The
expected number of offspring per parent was set to 1000 [29], as shown in Figures 1 and 2,
in which µy = 59.7375 and the x and y data had a correlation coefficient of 0.9973.

Figure 1. y data of Population I.
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Figure 2. x data of Population I.

Data set 2: A population of the auxiliary variable X uses real data, which is the data of
ring-necked ducks from an area of 5000 square kilometers in central Florida [29]. The total
area was partitioned into 50 sampling units, each comprising 100 km2 (arranged in 5 rows
and 10 columns). The variable of interest Y was generated using a linear model of the
form y = 4x + ε model, where ε ∼ N(0, yi). This specification ensures a symmetric error
distribution centered at zero [30,31]. This is shown in Figures 3 and 4, with µy = 1641.48,
while the correlation coefficient linking the x and y data is equal to 0.9937.

Figure 3. y data of Population II.

Figure 4. x data of Population II.

In both of the populations, the definition of the criterion under which units could
be added to the sample was Cond = {y : y > 0}, while the networks of the x data had
positions which were aligned with the y data.

In the simulation study, GIACS was implemented using a sequential inverse sampling
algorithm with a fixed stopping rule r. At each iteration, simple random sampling without
replacement (SRSWOR) was used to select an initial sample of size nI . If the number of
units satisfying the specified condition (Cond) was greater than or equal to r, no further
random selection was performed. Otherwise, sampling continued sequentially until the
number of initial units meeting the condition equaled r. The values of r and nI varied
across scenarios, while nF was set to 100 and 25 for Data Set 1 and Data Set 2, respectively.
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For all initial units satisfying Cond, the entire network of those units was then added to the
final sample using an adaptive cluster sampling procedure.

Each estimator underwent a total of T = 10, 000 iterations. The expected sequence
of final initial sample sizes from general inverse sampling is defined as E(nT), and the
expected final sample size for adaptive cluster sampling is defined as E(ν).

The proposed estimators using auxiliary variables are biased estimators, and the esti-

mated absolute relative biases are defined as: AR̂B
(

yGIACS,Reg

)
=

1
T

T
∑

i=1

∣∣∣(yGIACS,Reg

)
i
− µy

∣∣∣
µy

,

AR̂B
(

yGIACS,R

)
=

1
T

T
∑

i=1

∣∣∣(yGIACS,R

)
i
− µy

∣∣∣
µy

, and AR̂B
(

yGIACS,ρ

)
=

1
T

T
∑

i=1

∣∣∣(yGIACS,ρ

)
i
− µy

∣∣∣
µy

.

The estimators have an estimated mean square error shown as: MŜE(yGIACS) =

1
T

T
∑

i=1

[
(yGIACS)i − µy

]2, MŜE
(

yGIACS,Reg

)
= 1

T

T
∑

i=1

[(
yGIACS,Reg

)
i
− µy

]2
MŜE

(
yGIACS,R

)
=

1
T

T
∑

i=1

[(
yGIACS,R

)
i
− µy

]2
, and MŜE

(
yGIACS,ρ

)
= 1

T

T
∑

i=1

[(
yGIACS,ρ

)
i
− µy

]2
.

The proposed estimators have relative efficiency (RE) when compared to yGIACS which
can be defined by:

RE1
(

yGIACS,R

)
=

MŜE(yGIACS)
MŜE(yGIACS,R)

and RE1
(

yGIACS,ρ

)
=

MŜE(yGIACS)
MŜE

(
yGIACS,ρ

) .

The proposed estimator has relative efficiency (RE) which can be compared to
yGIACS,Reg and is defined as

RE2
(

yGIACS,R

)
=

MŜE
(

yGIACS,Reg

)
MŜE(yGIACS,R)

and RE2
(

yGIACS,ρ

)
=

MŜE
(

yGIACS,Reg

)
MŜE

(
yGIACS,ρ

) .

The relative efficiency (RE) is used to compare the performance of the proposed
estimator with that of a competing estimator. An RE value greater than one indicates that
the proposed estimator is more efficient than the competing estimator.

4.2. Discussion

This study examined scenarios in which the study variable is positively correlated with
the auxiliary variables. Under these settings, numerical analyses were conducted to evaluate
the estimated absolute relative bias

(
AR̂B

)
, estimated mean squared error

(
MŜE

)
, and relative

efficiency (RE) of the proposed estimators. The numerical results for Population I are reported
in Tables 1–3, while those for Population II are presented in Tables 4–6.

Table 1. Estimated absolute relative bias of the proposed estimators for Population I.

r nI E(nT) E(ν) ARB
(

yGIACS,Reg

)
ARB

(
yGIACS,R

)
ARB

(
yGIACS,ρ

)
3 5 12.5857 70.3417 0.1778 0.3163 × 10−3 0.0097
3 10 13.0820 72.5616 0.2297 0.2226 × 10−3 0.0059
3 15 16.2061 79.2187 0.1241 0.2561 × 10−3 0.0145
3 20 20.4720 87.6895 0.1482 0.3013 × 10−3 0.0145
4 10 16.7825 81.395 0.1797 0.1691 × 10−3 0.0124
4 15 18.0858 84.5285 0.1617 0.2327 × 10−3 0.0121
4 20 21.5862 91.1579 0.1295 0.3850 × 10−4 0.0106
5 15 20.8697 91.4705 0.1384 0.7366 × 10−4 0.0141
5 20 23.1604 95.4267 0.1649 0.3013 × 10−4 0.0070
5 25 26.8037 100.7264 0.1122 0.2678 × 10−4 0.0141
5 30 30.0993 107.0549 0.0593 0.5357 × 10−4 0.0143
10 30 41.7951 122.1784 0.0841 0.1841 × 10−4 0.0142
10 40 44.5705 124.8715 0.0984 0.1171 × 10−4 0.0136
10 50 51.3650 131.6681 0.0636 0.3348 × 10−4 0.0075
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Table 2. Estimated mean squared error of the estimators for Population I.

r nI MŜE(yGIACS) MŜE
(

yGIACS,Reg

)
MŜE

(
yGIACS,R

)
MŜE

(
yGIACS,ρ

)
3 5 1548.6267 1155.3721 0.0980 873.6444
3 10 897.4571 612.5440 0.0825 506.3457
3 15 654.0586 410.9425 0.0731 369.1502
3 20 495.4843 368.0048 0.0607 279.5675
4 10 878.4212 631.9332 0.0733 495.3398
4 15 550.4195 320.5219 0.0605 310.7505
4 20 599.0873 393.9126 0.0561 337.7988
5 15 519.0368 333.8360 0.0572 292.7755
5 20 543.7874 345.7475 0.0511 306.3742
5 25 510.0624 312.0688 0.0444 287.3891
5 30 419.4019 307.2793 0.0361 236.3688

10 30 291.8287 165.5705 0.0261 164.4759
10 40 234.4412 122.6420 0.0178 120.2456
10 50 194.9591 115.2926 0.0145 109.9623

Table 3. Relative efficiency of the proposed estimators for Population I.

r nI

Compared with yGIACS Compared with yGIACS,Reg

RE1
(

yGIACS,R

)
RE1

(
yGIACS,ρ

)
RE2

(
yGIACS,R

)
RE2

(
yGIACS,ρ

)
3 5 15,802.3133 1.7726 11,789.5112 1.3225
3 10 10,878.2679 1.7724 7424.7758 1.2097
3 15 8947.4501 1.7718 5621.6484 1.1132
3 20 8162.8386 1.7723 6062.6820 1.3163
4 10 11,983.9181 1.7734 8621.1896 1.2758
4 15 9097.8430 1.7713 5297.8826 1.0314
4 20 10,678.9180 1.7735 7021.6150 1.1661
5 15 9074.0699 1.7728 5836.2937 1.1402
5 20 10,641.6321 1.7749 6766.0959 1.1285
5 25 11,487.8919 1.7748 7028.5766 1.0859
5 30 11,617.7812 1.7744 8511.8920 1.3000

10 30 11,181.1762 1.7743 6343.6973 1.0067
10 40 13,170.8539 1.9497 6890.0000 1.0199
10 50 13,445.4552 1.7730 7951.2138 1.0485

Table 4. Estimated absolute relative bias of the proposed estimators for Population II.

r nI E(nT) E(ν) AR̂B
(

yGIACS,Reg

)
AR̂B

(
yGIACS,R

)
AR̂B

(
yGIACS,ρ

)
3 5 9.2102 15.3681 0.1816 0.0367 0.0132
3 8 9.9232 16.1825 0.1783 0.0176 0.0150
4 8 11.9530 18.0843 0.1584 0.0114 0.0222
4 10 12.7163 18.8986 0.1622 0.0075 0.0222
5 10 15.7913 21.6347 0.0880 0.0097 0.0214
5 15 16.7308 22.4200 0.1093 0.0076 0.0063
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Table 5. Estimated mean squared error of the estimators for Population II.

r nI MŜE(yGIACS) MŜE
(

yGIACS,Reg

)
MŜE

(
yGIACS,R

)
MŜE

(
yGIACS,ρ

)
3 5 1,115,744.0409 817,341.0988 88,224.6723 575,799.7640
3 8 774,357.8219 583,268.5982 26,258.1505 395,310.3420
4 8 703,027.8236 472,216.0826 8701.1413 357,373.0960
4 10 643,806.1262 473,681.2131 7338.2065 331,566.7900
5 10 467,187.7845 250,591.2071 3884.6609 240,861.1568
5 15 358,956.1348 246,956.8459 3129.4146 184,155.1328

Table 6. Relative efficiency of the proposed estimators for Population II.

r nI

Compared with yGIACS Compared with yGIACS,Reg

RE1
(

yGIACS,R

)
RE1

(
yGIACS,ρ

)
RE2

(
yGIACS,R

)
RE2

(
yGIACS,ρ

)
3 5 12.6466 1.9377 9.2643 1.4195
3 8 29.4902 1.9589 22.2129 1.4755
4 8 80.7972 1.9672 54.2706 1.3214
4 10 87.7334 1.9417 64.5500 1.4286
5 10 120.2648 1.9397 64.5079 1.0404
5 15 114.7039 1.9492 78.9147 1.3410

Because estimators incorporating auxiliary information are generally biased, their perfor-
mance is first assessed using the estimated absolute relative bias. Tables 1 and 4 report the
ARB values for Populations I and II, respectively, and reveal consistent patterns across both
populations. For the regression-type, ratio-type, and correlation-type estimators, increasing
either the initial sample size or the predetermined number of rare units leads to a systematic
reduction in AR̂B. Notably, the proposed ratio-type and correlation-type estimators exhibit
extremely small AR̂B values—often effectively zero—across all combinations of initial sample
size and rare-unit thresholds, indicating negligible bias in practice.

The estimated mean squared errors for Populations I and II are summarized in
Tables 2 and 5, respectively. Across all simulation settings, estimators utilizing auxiliary
information uniformly achieve lower MŜEs than the estimator that does not use auxiliary
variables. Moreover, both proposed estimators consistently outperform the regression-type
estimator in terms of MŜE. Among the three, the ratio-type estimator yields the smallest
MŜEs across nearly all designs considered, and this improvement is statistically significant,
demonstrating a clear efficiency advantage.

A similar pattern is observed when comparing relative efficiencies. Tables 3 and 6
report the RE values for Populations I and II, respectively, showing that all estimators
incorporating auxiliary information achieve RE values greater than one, confirming their
superior efficiency relative to the benchmark estimator. When compared directly with
the regression-type estimator, the correlation-type estimator exhibits a modest increase
in efficiency, although the difference is generally small. However, the efficiency of the
ratio-type estimator was substantially better than that of the regression-type estimator,
since the relationship linking the variable of interest and the auxiliary variable passes
through the origin.

Although the bias and MSE are derived using large-sample approximations, the
simulation results show that the proposed estimators remain stable and highly efficient
even for small initial sample sizes and strong spatial clustering. This confirms that the
asymptotic theory provides a reliable description of their finite-sample performance under
the GIACS framework, which is especially important for rare and clustered populations.
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5. Conclusions
This study proposed two new estimators for population mean estimation in rare

and clustered populations under the general inverse adaptive cluster sampling (GIACS)
framework: a ratio-type estimator and a correlation-type estimator. The auxiliary variable
provided crucial information which was used in the development of our proposed estima-
tors. For both estimators, the bias and the mean squared error were derived, providing a
theoretical foundation for their performance in populations considered rare and clustered.

Our findings reveal that estimators utilizing auxiliary information achieve substan-
tially improved performance relative to estimators that do not incorporate such information.
In particular, both proposed estimators exhibit estimated absolute relative bias that de-
creases systematically as the initial sample size and the predetermined number of rare
units increase, approaching zero in practical sampling scenarios. Across a wide range
of realistic designs, the proposed estimators consistently yield lower mean squared er-
rors and higher relative efficiencies than the conventional regression-type estimator [26].
Among them, the ratio-type estimator shows the largest efficiency gains, reflecting the
strong linear association—passing through the origin—between the study variable and
the auxiliary variable in the considered populations. In this study, the proposed ratio-type
and correlation-type estimators were constructed using a single auxiliary variable under
the assumption that the study variable and the auxiliary variable exhibit a strong linear
association. At this stage, issues related to robustness—such as performance under strongly
nonlinear relationships or in the presence of outliers—have not yet been examined and
are therefore left for future investigation. Future research should focus on developing
nonlinear or transformation-based extensions of the proposed estimators to better accom-
modate nonlinear relationships between the study variable and the auxiliary variables. In
addition, this approach may be further advanced through the development of estimators
that incorporate additional types of auxiliary information, including robust measures such
as the median or M-estimators, as well as the use of multiple auxiliary variables combined
with dimension-reduction techniques. These extensions may enhance estimator efficiency
under the GIACS structure.
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Appendix A
The details of the derivations used to obtain the bias and mean squared error for the

proposed estimators presented in Section 3 are shown as follows, offering a theoretical
basis underpinning the performance of the estimators and their associated properties.

The bias and mean square error of the ratio-type estimator in GIACS are as follows:
To prove bias of yGIACS,R, let ex = xGIACS−µx

µx
and ey =

yGIACS−µy
µy

. Then the ratio-type

estimator can be written as yGIACS,R = µy
(
1 + ey

)
(1 + ex)

−1. Assuming |ex| < 1 and using

the binomial expansion of (1 + ex)
−1.
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yGIACS,R can be written as yGIACS,R = µy
(
1 + ey

)(
1 − ex + e2

x + O(ex)
)
, where O(ex)

denote the higher order terms of ex and O(ex) closed to zero.
Therefore, yGIACS,R ≈ µy

(
1+ ey − ex + e2

x − eyex
)
, E
(

yGIACS,R

)
−µy = µy[E(ey) −

E(ex) + E(e2
x)− E(eyex)], where E

(
ey
)
= 0 and E(ex) = 0, Bias

(
yGIACS,R

)
= E

(
yGIACS,R

)
−

µy = µy
[
E
(
e2

x
)
− E

(
eyex

)]
, E
(
e2

x
)
= 1

µx
E(xGIACS − µx)

2 = 1
µx

V(xGIACS) and E
(
eyex

)
=

1
µyµx

E
[(

yGIACS − µy
)
(xGIACS − µx)

]
= 1

µyµx
COV(xGIACS, yGIACS).

Then Bias
(

yGIACS,R

)
=

µy

µ2
x
V(xGIACS)− 1

µx
COV(yGIACS, xGIACS).

As the sample size increase, V(xGIACS) and COV(yGIACS, xGIACS) are converge to

zero, implying that Bias
(

yGIACS,R

)
is converge to zero.

To prove MSE
(

yGIACS,R

)
, yGIACS,R =

yGIACS
xGIACS

µx = R̂∗µx can be rewritten as

yGIACS,R = yGIACS + R̂∗(µx − xGIACS). For a large sample size nT , we assume R̂∗ ≈ R∗, so
yGIACS,R = (yGIACS − R∗xGIACS) + R∗µx.

The bias will converge to zero with rising sample size, indicating that the proposed
estimator has a mean squared error which is asymptotically equivalent to its variance.

To prove MSE
(

yGIACS,R

)
for the Condition 2 (C2):

The variance of Murthy’s estimator is used as given in [24,27], yGIACS,R has a mean
square error of:

MSE
(

yGIACS,R

)
C2

≈ V
(

yGIACS,R

)
C2

= V[E(α∗|s )] = V(α∗)− E[V(α∗|s )],

where V(α∗) =
1

N2

N
∑

i=1
V
(

α∗i
pi

Ii

)
+

1
N2

N
∑

i=1
∑
i ̸=j

COV
(

α∗i
pi

Ii,
α∗i
pi

Ii

)
. Ii serves as an indi-

cator function which is equal to 1 upon the selection of unit i as the first unit and
is equal to 0 in other cases. For Ii Ij = 0, i ̸= j; E

(
Ii Ij
)

= 0, and COV
(

Ii Ij
)

=

−pi pj, so that V(α∗) =
1

N2

N
∑

i=1

N
∑
j<i

(
α∗i
pi

−
α∗j
pi

)2

pi pj. V(α∗|s ) =
1

N2 V
(

N
∑

i=1

α∗i
pi

Ii|s
)

=

1
N2

N
∑

i=1

α∗2
i

p2
i

[
Pr(Ii = 1|s )− Pr(Ii = 1|s )2

]
− 1

N2

N
∑

i=1

N
∑
j ̸=i

α∗i α∗j
pi pj

Pr(Ii = 1|s )Pr
(

Ij = 1|s
)

=

1
N2

N
∑

i=1

N
∑
j<i

Pr(s|i )P(s|j )
Pr(s)2

(
α∗i
pi

−
α∗j
pj

)
pi pj, which gives E[V(α∗|s )] =

1
N2 ∑

s
Pr(s)

N
∑

i=1

N
∑
j<i

Pr(s|i )Pr(s|j )
Pr(s)2

(
α∗i
pi

−
α∗j
pj

)
pi pj =

1
N2

N
∑

i=1

N
∑
j<i

Pr(s|i )Pr(s|j )
Pr(s)

(
α∗i
pi

−
α∗j
pj

)
pi pj.

From [27], the general equation of V
(

yGIACS,R

)
C2

is:

V
(

yGIACS,R

)
C2

=
1

N2

N

∑
i=1

N

∑
j<i

[
1 − ∑

s∋i,j

Pr(s|i )Pr(s|j )
Pr(s)

](
α∗i
pi

−
α∗j
pj

)2

pi pj

The estimator of the mean square error of yGIACS,R can be considered under three
separate conditions as follows:

MŜE
(

yGIACS,R

)
=


(N−nI)

N
s∗2

αI
nI

i f C1,

V̂
(

yGIACS,R

)
C2

i f C2,

(N−nF)
N

s∗2
αF

nF
i f C3,

where C1: s∗2
αI = (nI − 1)−1∑nI

i=1

(
α∗i − α∗I

)2, α∗I = n−1
I ∑nI

i=1 α∗i and

C3: s∗2
αF = (nF − 1)−1∑nF

i=1

(
α∗i − α∗F

)2, α∗F = n−1
F ∑nF

i=1 α∗i .
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C2 : V̂
(

yGIACS,R

)
C2

=
1

N2

nT
∑

i=1

nT
∑
j<i

(
Pr(s|i, j )

Pr(s)
− Pr(s|i )Pr(s|j )

Pr(s)2

)(
α∗i
pi

−
α∗j
pj

)2

pi pj.

Pr(s|i, j ) is the probability of getting the sample s, given that the units i and j were se-
lected in the first two draws. From Equation (6) and the Appendix in [27], together with
Equation (3) and Appendix A in [24], it follows that

V̂
(

yGIACS,R

)
C2

=
N

(nT − 1)2(nT − 2)

[
r(r − 2)(N − nT + 1)− N(nT − 2)

r2 ∑
i∈SM

∑
j<i:j∈SM

(
α∗i − α∗j

)2

+(N − nT + 1)

[([
(r − 1)

r ∑
i∈SM

∑
j∈SM′

(
α∗i − α∗j

)2
+ ∑

i∈SM′
∑

j>i:j∈SM′

(
α∗i − α∗j

)2
)]

where ∑
i∈SM

∑
j<i:j∈SM

(
α∗i − α∗j

)2
=

1
2 ∑

i∈SM

∑
j∈SM

(
α∗i − α∗M + α∗M − α∗j

)2
= r(r − 1)s∗2

αM,

∑
i∈SM

∑
j∈SM′

(
α∗i − α∗j

)2
= ∑

i∈SM

∑
j∈SM′

(
α∗i − α∗M + α∗M − α∗M′ − α∗j + α∗M′

)2
= (nT − r)(r − 1)s∗2

αM+

(nT − r)r
(
α∗M − α∗M′

)2
+ r(nT − r − 1)s∗2

αM′ , and ∑
i∈SM′

∑
j>i:j∈SM′

(
α∗i − α∗j

)2
=

1
2 ∑

i∈SM′
∑

j∈SM′(
α∗i − α∗M′ + α∗M′ − α∗j

)2
= (nT − r)(nT − r − 1)s∗2

αM′ .

Therefore, V̂
(

yGIACS,R

)
C2

is:

V̂
(

yGIACS,R

)
C2

=
(

M̂
N

)2( (N−nT+1)(nTr−nT−r)−N(nT−2)
N(nT−2)(r−1)

)
s∗2

αM
r

+ 1
N2 V̂

(
M̂
)(

α∗M − α∗M′
)2

+
(
(N−nT+1)(nT−r−1)

N(nT−1)(nT−2)

)
s∗2

αM′

The correlation-type estimator in GIACS has the bias and mean square error which
can be shown below as:

To prove bias of yGIACS,ρ = yGIACS + ρ̂ ∗ (µx − xGIACS), where ρ̂∗ is the estimator of

the population correlation coefficient between y∗i and x∗i , ρ∗ =
Sx∗y∗√
S2

x∗
√

S2
y∗

. ρ̂∗ =
sx∗y∗√
s2

x∗
√

s2
y∗

=

T̂∗
xy−NyGIACSxGIACS√

(T̂∗
xx−Nx2

GIACS)
√
(T̂∗

yy−Ny2
GIACS)

.

Let e1 =
s2

y∗−1
S2

y∗
, e2 = s2

x∗−1
S2

x∗
and e3 =

s2
x∗y∗−1
S2

x∗y∗
. Then the correlation-type estimator can be

written as

yGIACS,ρ = µy
(
1 + ey

)
−

Sx∗y∗(1 + e3)√
S2

x∗(1 + e2)
√

S2
y∗(1 + e1)

µxex

yGIACS,ρ − µy = µyey −
Sx∗y∗

Sx∗Sy∗
µxex(1 + e3)(1 + e2)

− 1
2 (1 + e1)

− 1
2

Assuming |e1| < 1 and |e2| < 1, using the binomial expansion, the first order approxi-
mation is considered and ignore the higher order approximation. Hence,

yGIACS,ρ − µy = µyey − ρ ∗ µxex(1 + e3)

(
1 − e2

2
+

3
8

e2
2 − . . .

)(
1 − e1

2
+

3
8

e2
1 − . . .

)

yGIACS,ρ − µy = µyey − ρ ∗ µx

(
ex −

exe1

2
− exe2

2
+ exe3

)

Bias(yGIACS,ρ) = E
(

yGIACS,ρ − µy

)
= µyE

(
ey
)
− ρ ∗ µx

[
E(ex)−

1
2

E(exe1)−
1
2

E(exe2) + E(exe3)

]

Bias(yGIACS,ρ) = ρ ∗ µx

[
1
2

E(exe1)
1
2

E(exe2)− E(exe3)

]
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where E
(
ey
)

= 0, E(ex) = 0, E(exe1) = 1
µxS2

y∗
COV

(xGIACS, s2
y∗), E(exe2) =

1
µxS2

x∗
COV

(
xGIACS, s2

x∗
)

and E(exe3) =
1

µxSx∗y∗
COV

(
xGIACS, Sx∗y∗

)
.

To prove MSE
(

yGIACS,ρ

)
, similarly to yGIACS,R, yGIACS,ρ = yGIACS + ρ̂∗(µx − xGIACS)

can be rewritten as yGIACS,ρ = (yGIACS − ρ̂∗xGIACS) + ρ̂∗µx. For a large sample size,
we assume ρ̂∗ ≈ ρ∗, and therefore let γ∗

i = y∗i − ρ∗x∗i ≈ y∗i − ρ̂∗x∗i . It follows that

yGIACS,ρ = γ∗ + ρ∗µx. We then prove MSE
(

yGIACS,ρ

)
in the same way as yGIACS,R by

replacing α∗i with γ∗
i .
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