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Abstract

This paper develops a generalized Laplace transform framework on weighted function
spaces CZM [a,b], establishing a symmetry between integer-order Jy operators and frac-
tional -Hilfer derivatives at the level of transform representations. Explicit transformation
formulas are derived for the nth-order éy-derivative and the ¢-Hilfer fractional derivative
of order & € (m —1,m), with m < n. These results form an analytical basis for the treatment
of higher-order hybrid fractional Cauchy problems that systematically couple integer-order
and fractional operators subject to mixed initial conditions. The general solution is ex-
pressed in closed form using a bivariate Mittag—Leffler function. To illustrate the utility
of the approach, a representative second-order hybrid model is studied and compared
numerically with its classical integer-order counterpart. The simulations reveal signifi-
cant differences in the dynamical response, including variations in amplitude, damping
behavior, and long-term evolution.

Keywords: generalized Laplace transform; weighted function spaces; y-Hilfer fractional
derivative; d,-derivative; hybrid fractional Cauchy problems; bivariate Mittag-Leffler function

MSC: 34A08; 34A12; 44A10

1. Introduction

Systems exhibiting memory, nonlocality, and hereditary effects are effectively de-
scribed using fractional differential equations (FDEs), which generalize traditional integer-
order differential equations. Since the foundational contributions of Kilbas, Podlubny,
and Samko [1-3], fractional calculus has been widely developed and applied across various
scientific fields. By permitting derivatives of non-integer order, fractional operators broaden
the notion of differentiation and provide a richer mathematical structure for modeling
complex dynamical behavior.

Among the many fractional operators proposed in the literature, the y-Hilfer fractional
derivative has gained increasing attention due to its broad unifying capability. Introduced
by Sousa and Oliveira in 2018 as a generalization of the classical Hilfer derivative, the -
Hilfer operator incorporates an auxiliary function , allowing it to encompass a wide range
of fractional derivatives through appropriate choices of parameters and kernel functions [4].
In particular, it recovers the Riemann-Liouville, Caputo, and classical Hilfer derivatives as
special cases, while also admitting more general formulations that extend beyond standard
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fractional models. By accommodating complex hereditary effects and interpolating between
local and nonlocal dynamics, the ip-Hilfer derivative offers a flexible and robust formulation
for fractional-order systems.

The Laplace transform remains a central analytical tool for solving differential equa-
tions, owing to its ability to convert differential operators into algebraic expressions. How-
ever, classical Laplace theory is often inadequate for generalized fractional operators,
particularly those defined on weighted spaces or involving auxiliary functions such as
. To address these challenges, several generalized transforms have been introduced in
the literature, including the p-Laplace transform, the Katugampola transform, S-Laplace
transform, and the g-Laplace transform, each designed for specific operator structures or
functional settings [5-8].

For ¢-Hilfer fractional derivatives acting on weighted spaces of the form C§ . [a,b],
the construction of a compatible Laplace-type transform is nontrivial. Although general-
ized Laplace transforms have been developed for related fractional operators and function
spaces [9-11], the explicit involvement of the auxiliary function ¢ modifies the differ-
ential structure and the associated convolution kernels. Consequently, classical Laplace
transforms and existing generalizations cannot be directly applied to the class of hybrid
problems addressed in this work.

An added analytical challenge arises in fractional differential models that simulta-
neously involve integer-order and fractional operators. Such systems naturally arise in
applications where instantaneous effects coexist with memory-dependent behavior [12-14].
In mechanical systems, for example, integer-order derivatives typically represent inertia
and elastic restoring forces, while fractional derivatives are used to model viscoelastic
damping with long-term memory. The interaction between these operators complicates the
analytical treatment, as common approaches generally fail to simultaneously simplify both
integer and fractional components within a common analytical setting.

Several approaches have been proposed to address fractional and hybrid oscillatory
systems, including analytical and numerical techniques for solving fractional-order models
arising in physical and engineering applications [15-18]. More recently, advanced rheologi-
cal and hybrid dynamical models have been investigated using Laplace transforms and
power series methods to obtain approximate analytical solutions for eigenvalue and forced
vibration problems [19,20]. While these studies present valuable insights, they are often
restricted to specific fractional operators or do not fully address the interaction between
generalized fractional derivatives and higher-order integer derivatives.

In our previous work [21], we introduced a generalized Laplace transform designed for
the weighted space C}lp, . [a,b], enabling the analytical analysis of hybrid problems involving
first-order dy-derivatives coupled with ¢-Hilfer fractional derivatives of order a € (0, 1).
Fundamental properties such as linearity, convolution theorems, and transformation rules
for y-Hilfer operators were established, and the framework was applied to practical models
including capacitor charging dynamics and hydraulic door-closer systems.

Building upon this foundation, the present study extends this theory in several signifi-
cant directions:

1.  Higher-Order Operators and Generalized Transforms: We develop the generalized
Laplace transform for ¢-Hilfer fractional derivatives of order a € (m — 1,m) with
m < n and n-th-order dy-derivatives, generalizing the first-order case treated in [21].
Crucially, we prove new versions of the key operational formulas—the Laplace trans-
forms of the n-th éy-derivative (Theorem 1), ¢-Caputo (Theorem 3), and y-Hilfer
derivatives (Theorem 4)—for arbitrary n > 1, whereas only the case n = 1 was es-
tablished previously. Additionally, we extend the regularity theorem for ¢-Riemann—
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Liouville fractional integration (Theorem 2) to the space ngm [a,b]. These generalized
theorems form a sound foundation for solving higher-order hybrid problems.

2. Extended Weighted Function Spaces: The analysis is conducted in the space ng, Y [a,b]
with m < n, accommodating functions whose higher derivatives may exhibit singu-
larities or memory behaviors not captured in the first-order space Cl}szy [a,b].

3. New Solution Forms: The interaction of integer-order and fractional operators in
higher-order hybrid Cauchy problems leads to solution representations involving
bivariate Mittag—Leffler functions Ei, By (x, ).

4. Broader Application Scope: The framework is applied to second-order mechanical
systems (e.g., mass—spring-damper with fractional damping), enabling the modeling
of oscillatory systems with memory-dependent viscoelastic behavior, going beyond
the first-order capacitor and hydraulic models studied previously.

Table 1 summarizes the key advances over [21].

Table 1. Comparison with previous work [21].

Aspect Paper [21] This Work

Function space C‘%W [a, b] Cy,qlabl, n =1

dy-derivative order n=1 n>1

Fractional order « 0<R(w) <1 m—1<Ra)<m 1<m<n
Laplace transform formulas =~ For n = 1 only Generalized to arbitrary n > 1
Solution functions Classical Mittag-Leffler E, 4(z) Bivariate Mittag—Leffler Efé/ By (x,y)

Applications

Higher-order oscillatory systems (mass—

First-order systems (capacitor, hydraulic) spring-damper)

These extensions are non-trivial. The transition from first-order to higher-order sys-
tems requires new regularity conditions, modified initial value formulations, and the
introduction of multivariate special functions to capture the interplay between different
orders of differentiation. The results presented here thus constitute a substantial gener-
alization of the framework established in [21], enabling the analysis of a broader class of
memory-dependent dynamical systems.

After introducing the required background in Section 2, the paper proceeds to develop
the main analytical results in Section 3, where a higher-order generalized Laplace transform
theory is established and applied to hybrid fractional Cauchy problems. Section 4 provides
representative examples to demonstrate the proposed framework. The results are then
placed in a broader context in Section 5, and the paper concludes with a summary of
findings in Section 6.

2. Preliminaries

This section recalls the notation, function spaces, and auxiliary results required for
the subsequent analysis. This section covers only the essential concepts required here.
A detailed exposition appears in [21] and the cited references.

2.1. Function Spaces

This paper works with weighted function spaces defined on finite intervals [a, b]
where 0 < a < b < co. The key spaces are introduced below, along with their fundamental
properties. Throughout the work, the complex parameter v satisfies 0 < R(y) < 1. We
adopt the standard convention N = {1,2,...} and Np = NU {0}.
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Definition 1 (p-Weighted n-times éy-Differentiable Space ngrar[a, bl [4]). Letn e N,y € C
and let € C"[a, ] such that ¢'(t) > 0 on [a, b]. We denote by ngw [a, b] the Banach space of

functions f(t) which have continuous dy-derivatives on [a,b] up to order n — 1 and derivative
(63 f)(t) on (a,b] of order n such that (63,f)(t) € Cyp[a, b] :

Cy ol b = {f: la,b] > R : SI7UF(1) € Cla, b 84f (1) € Coyla,b], 6y = w,l(t)jt}

with the norm

n—1
||f\|cgw[a,b] = k; 155 fllcas) + 163 Fllc, yfab-

We note that the spaces form a decreasing chain

Cg’:b,,y[a,b] C ng [a,b] C Cla,b], 1<n<m.

Y

Moreover, if 0 < () < 1, then C"[a,b] C C§’¢,7 [a, 1], allowing controlled singular
behavior at t = a.

A detailed characterization of the space CQLW [a, ] via representation formulas is given
by Lemma 3 in [21] (p. 9), and is not repeated here.

2.2. Fractional Differential Operators

This subsection defines the generalized fractional derivative operator that form the
basis of our analysis. We consider operators of complex order « € C with #(a) > 0 and
non-integer, denoting [ («)] as its integer part. Definitions are given on the interval [a, b
where 0 < a < b < oo, establishing the setting for our subsequent Laplace transform theory.

Definition 2 (y-Hilfer fractional derivative, [22]). Let f,y € C"([a,b]),R) be functions such
that  is strictly increasing and ' (t) # 0 for all t € [a, b]. The y-Hilfer fractional derivative of
order o € C (with R(a) > 0) and type B (with 0 < B < 1) of a function f on [a,b] is defined by

H B _(Be—eyp (1 AN a—p)n-ayy
( D,fr f)(t)_ <Ia+ (1[]’(t)dt> Iﬂ+ f)(t)/ (1)

wheren = [R(a)] + 1.
The y-Hilfer fractional derivative defined above can be written in the following form:
("D £) (1) = (LD ) 1), @

where vy = a + B(n — a), and I’?fflx; (-) and DZf ¥ (.) denote the -Riemann-Liouville
fractional integral (Definition 2.1 in [22]) and the -Riemann-Liouville fractional derivative
(Definition 2.2 in [22]), respectively.

The y-Hilfer fractional derivative provides a unified framework that generalizes
numerous fractional operators through appropriate choices of &, 8, and v, as detailed in
Remark 3 of [21] (p. 7). Important special cases include the -Caputo, ip-Riemann-Liouville,
and classical Caputo and Riemann-Liouville derivatives.

2.3. Generalized Laplace Transform on the Space C}lp ” [a,b]

This subsection recalls the generalized Laplace transform framework associated with
the operator &y and the y-Hilfer fractional derivative, which forms the analytical foundation
for the results developed in this work. Only the definitions and properties required for the
subsequent analysis are summarized here; further details may be found in [21].
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Definition 3 (Generalized Laplace transform, [9]). Let f, 9 : [a,00) — R be functions such
that ' (t) > 0 on [a, c0). The generalized Laplace transform of f is defined by

Lol fO}E) = [ 0O f(eyy! (1),
a
for all values of s for which the integral converges.

The generalized Laplace transform formulas for the first-order 5¢-derivative, the -
Caputo fractional derivative, and the ip-Hilfer fractional derivative of order 0 < R(«a) < 1,
together with regularity preservation results in the weighted space C‘}W [a,b], are taken
from [21] and will be used throughout the paper without further proof.

For the reader’s convenience, Tables 2 and 3 summarize the weighted function spaces
and generalized fractional operators used throughout the paper. The spaces Cglp,'r [a,b]
and operators such as the y-Hilfer derivative ! Dg’f i generalize classical notions through
the auxiliary function ¢ and the parameters « and B, providing a unified framework for

modeling memory effects and hereditary dynamics in nonlocal systems.

Table 2. Summary of main weighted function spaces with their norms.

Function Space Mathematical Definition Norm

C"[a, b] {f:[a,b] = C: f" e Cla,b]} Yio maxe ) |f X (1)

Cypla, b] {f:(ab] = R:(y(t) —¢(a))"f(t) € Cla, b]} max;cqp) |(P(£) — 9(a))Tf ()]
G, y1a, bl {f:[a,b] = R: 6y f € Cla,b],6f € Cy,p[a, 0]} Yizo 105 flciae) + 165F e, piab

Table 3. Summary of main fractional operators.

Fractional Operator

Mathematical Definition

p-Riemann-Liouville fractional integral I:fpf(t) = % f; Y (T)(p(t) — () f(r)dT, t > a
y-Riemann-Liouville fractional derivative Dpr f(t) = (( Wl( i) %) nl::“" v f ) (1), t>a

p-Caputo fractional derivative CDYPf(t) = (I::'X;w ( w’l(t) %)n f ) t), t>a

y-Hilfer fractional derivative HDZf"le(t) = (Iﬂnw)ﬂp (np’l(t) %)nlﬁfﬁ)(nw);lpf) (1), t>a

3. Results

This section develops a generalized Laplace transform theory for hybrid fractional
systems of arbitrary order, extending the first-order framework established in [21]. The pre-
sentation follows the logical progression illustrated in Figure A1, moving from foundational
regularity results in weighted function spaces to generalized transform formulas and, ulti-
mately, to exact solution representations for hybrid fractional models.

A key advance in this section is the handling of interactions between higher-order inte-
ger derivatives and fractional operators. These interactions occur within weighted function
spaces that permit controlled singular behavior at the initial point (Theorem 5 and 6).

3.1. Generalized Laplace Transform on the Space C(;”lw [a,b]

The generalized Laplace transform is extended here from the first-order space
C(}qw [a,b] to the higher-order weighted spaces ngw [a,b] for any n > 1. Regularity preser-
vation results for i-Riemann-Liouville fractional integrals are also extended from the
first-order setting to arbitrary n > 2, establishing conditions under which solutions remain
in Cg¢,’y [a,b] (Theorem 2). Generalized Laplace transforms are established for three classes
of higher-order operators: nth-order éy-derivatives (Theorem 1), ¢-Caputo derivatives
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(Theorem 3), and ¢-Hilfer derivatives (Theorem 4). Each transform formula correctly
incorporates multiple initial conditions. Hybrid differential equations that couple nth-
order Jy-derivatives with ip-Hilfer fractional operators consequently admit exact solutions
written in terms of bivariate Mittag—Leffler functions.

Theorem 1 (Generalized Laplace transform of the n-th éy-derivative). Let f € C(’;lp . [a,b]
be such that (5@ f,i=0,1,...,n—1, are of Y-exponential order sy. Then the generalized Laplace
transform of 6, f (t) exists and is given by

n—1

Ly{Spf(D}(s) = s"Ly{f(1)}(s) = 3 8" (8f) (a),

k=0

1_d
y'(t) dt

for R(s) > so, where §y :=

Proof. We proceed by induction on n. The case n = 1 follows from Theorem 4 in [21]
(p. 13). Assume that the formula holds for some integer m > 1.

Forn = m+1,letg = d/f. Theng € C‘%LW [2,b] and is of P-exponential order s.
Applying Theorem 4 in [21] (p. 13) to g yields

Ly{6y T f}(5) = sLy{Sy f}(5) = (9 F)(a), R(s) > so.
Using the inductive hypothesis, for (s) > s,

m—1

Ly{8y 1Y) = s[s"Ly{f}6s) = X "N @)] - (6 ) (@)

k=0

m
= "MLy {f}(s) = ) s (),
k=0
which completes the induction. [J

Remark 1 (Interpretation of Theorem 1). Theorem 1 extends the classical Laplace transform
rule for integer-order derivatives to the 5y-derivative framework. As in the classical setting, each
application of 6y corresponds to multiplication by s in the transform domain, while initial values of
lower-order 6y-derivatives generate correction terms. This result is fundamental for the analysis of
higher-order hybrid systems, as it provides the operational backbone required to transform n-th-order
dy-derivatives into algebraic expressions compatible with y-Hilfer fractional operators.

We now present the general theorem on regularity preservation under ¢-Riemann-Liouville
fractional integration. This result specifies conditions under which the fractional integral
maintains the function’s membership in the space C§ _ [a, b].

oY

Theorem 2 (Regularity preservation under i-Riemann-Liouville fractional integration).
Leta € Cwithn —1 < R(a) < n, wheren € N, and let Y € C'[a, b] be strictly increasing with
Y/'(t) > Oforall t € [a,b]. Suppose that v € C satisfies

Ra)—(n—1) <R(y) < 1.

Then, the following statements hold:
1-a,
L IffeC,lab thnl, " Yre C3, 41,0,
. Ifn>2fc¢€ Cg‘lw[a,b], and ((5’&} )(a) =0 forallk =0,1,...,n— 2, then I::“’lpf €
Cy . la,b].
Y
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Proof. The proof of Case I follows directly from Theorem 9 in [21] (p. 19). We now turn to

the proof of Case II.
Let F(t) = (I:;“’wf) (t). From Theorem 7 in [21] (p. 16), it can be represented as:
_ 1 ! 2n—a—1¢sn (= f)() n—a+k
F(ﬂ-m/ﬂ(#}(t) ¥(s)) (63f)(s Zl“n—oc—i—k—l—l)(lp(t) ¥(a)) .
The assumption ((5{; f)(a) = 0fork =0,1,..., n — 2 plays a crucial role here: It
eliminates all but the last term in the sum, yielding the simplified representation
-1
_ 1 ! 2n—a—1¢sn / (51;; f) (a) 2n—a—1
F(t) = m/ﬂ (p(t) —(s)) (Gyf)(s)y'(s)ds + m(lp(t) —9(a)) .

This simplification is essential, as it ensures that after repeated application of 6y, all remain-
ing terms share a common asymptotic structure near + = g, which is necessary for verifying
the weighted continuity conditions of C}} _ [a, b].

Applying the operator J, repeatedly, we obtain forj =1,..., n

) ¢ ‘ 5”—1 '
GBI = pray [0 06D GO e + ot Do) e,

In particular, forj =n —1and j = n:

5”—1
ey L O — O G (s + Mwm Sp@), @)

5n71
P = oy [0 — 9 G (s + m“"“) Sp@)yl @

ShVE(t) =

To show that F € Cg¢,7[a’ b], it suffices to verify that (51’;]*113 € Cla,b] and
(¥(t) = ¢(a))764F € Cla, b].

Part I: To show that (51’;7113 (t) is continuous on [a, b]. From (3), the second term

(6 'f)(a)

S(¢) = T

m(lp(t) —¢(a))" "

is continuous on [a, b] since n — R (a) > 0. It remains to show that the first term
10) = o [0~ () G4 ()9 (5)ds
" T(n—a+1) Ja 4

is continuous on [, b].
1. Continuity of I(t) on (a,b]: Let ty € (a,b]. For t > to:

1 t to
10 = 100) = 577 | 000 = 9" GO (5)ds ~ / (ko) - z,v(s))"-“(égf)(s)w’(s)ds}
~ T L o0 - v ey e + [ () = )" ) G (s
Let ;
A= [ 00 = 96" G (s
and
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denote the two integrals.

For A(t): Since f € Cg’qw[a,b], we have (55f)(s) = g(s)((s) — ¢(a)) ™7 with g
continuous. For s € [ty,t], ¢(s) — ¢(a) is bounded away from zero (since ty > a), so
|(5f/§f)(s)| < C for some constant C. Also, (¢(f) — ¥(s))"* is continuous. Thus, the inte-
grand is bounded, say by L. Then,

|A(t)] < Lds—L(t—to)—>0 ast —t].
to

For B(t): For each fixed s € [a, o], as t — tJ, we have (p(t) — 9(s))"™* — (P(to) —
¥(s))"~* uniformly (since ¢ is continuous). Also, (6;f)(s)y '(s) is integrable on [g, to] (as
shown below). By the dominated convergence theorem, B(t) — 0.

To justify dominated convergence, note

[ (p() = ()"~ = ((to) — 9(s))"~*| < [(p(to) — (s))" "
for t sufficiently close to £5. Now show the following:
[ 1t0) = 96N O ($)ds < .
Substitute (53, f) (s) = g(s)(¢(s) — ¢(a)) ™" with [g(s)| < M for some positive M:
[ 1tt0) = 961N ' 6)ds < M [ (plt0) — 9(6))" PO ((s) - pla)) Oy (5)ds
Change variables: u = ¢(s), du = ¢/ (s)ds, u, = (a), uy, = P(to):
M [ (plto) = 9()" O (95) — (@) Ty ($)ds = M [ gy = )" T (= ) Rt
Letw = uy, — ug = ¢(tp) — ¢(a), and substitute v = u — u,:
M / ° (1tgy — )" @) (4 — 1) R gy = M / )R () =R g
M- R@+1-R() /O "1 2 2R, R g,
= M(y(to) — (@) "W FVB( —R(a) + 1,1 - R(7)),

where v = wz. The Beta function B(n — R(x) + 1,1 — R(7)) converges since n — R(a) +1 > 0
and 1 — R(y) > 0. Thus, the integral is finite, and by the dominated convergence theorem

tim B(t) = [ im ((9(6) = (51" = (plto) = 9(&)" ) RN (5)d5 = .

+ +
t—t] t—t

Hence, I(t) — I(tg) — O as t — t§, with a similar argument holding for t < t;, so I(t) is
continuous on (4, b].

2. Continuity of I(t) at t = a: We had (63, f)(s) = g(s)(¢(s) — ¢(a)) 7 with [g(s)| < M
for s € [a,b]. Similar to the computation in the previous part, we have

1) < IF(—1+1| [ ) =96 153 ()l 5)as
=25 [0 =96 O w(s) — (@) ROy ()

N m(w) — (a))" ROHROIB(n — R(a) +1,1 - R(7)).
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Since n — R(a) +1 — R(7y) > 0 (because R(x) < n, () < 1), we have
1()] < K(p(t) = p(a))" RO S0, ast —at,

where K = WBM —R(a) +1,1—R(7)). Thus, I(t) is continuous at t = a.

Therefore, (51’;le (t) = I(t) + S(t) is continuous on [a, b].

Part II: To show that (i(t) — ¢(a))763,F(t) is continuous on [a,b]. From (4), multiplied
by (¢(t) —(a))7 to the second term gives

_ 5n—1
St = W(mp(w — (@)

Since n — R(a) — 1+ R(y) > 0 (because R(y) > R(a) — (n — 1)), this is continuous on
[4, b]. The first term

10 = iy (0 = 907 [ (00 = 90" OGO 5)ds

is shown to be continuous on [, b] as follows.
1. Continuity of I(t) on (a,b). Let ty € (a,b]. For t > t,,

1)~ 1(00) = iy | 900 = (@) [ (000~ 9l @A) I (s
~ @) @) [ (lto) ~ pl)" T G )
_ F(nl_“)[/t K(t,5)(35f)(s ds+/ K(to,5)) () ()¢ (s)ds |,

where we define the kernel function

K(t,s) == (p(t) — p(a))? (p(t) — p(s))" >,

Now define the two integrals A(t) and B(t) as follows:
to

A ::/t:K(t,s)(agf)(s)lp’(s)ds, and B(f) ;z/ (K(t,5) = K(to,s)) (3LF)(s)/ (s)ds.

a

For A(t): Since f € Cglw [a,b] we have 6} f continuous on [to, ], and therefore
bounded there; ¢’ is continuous and positive on [a, b], so it is bounded above and bounded
away from 0 on [t, b]. Thus, there exist constants N > 0 and m > 0 such that

((G5F)(s)¢'(s)| <N, ¢/(s) =m >0, s€lto,b].

Therefore,

A< [ KGN 6)]ds < N gl = p(a)™ [ (p(e) = plo)" "0 s

Make the change of variable u = (t) — ¢(s). Then du = —¢'(s) ds and, using ¢/(s) > m,
we get

[0 -yt < L w1yl

m Jo
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Here, n — R(«) > 0. Combining the estimates yields

AW)] < P~ p(@) P (g(0) = pte)" ",

for a constant P := #M As t — t§ we have y(t) — ¢(tp) — 0, while (p(t) —

¥(a))™(7) remains bounded near to; hence |A(t)| — 0. This proves A(t) — 0 as t — t -
For B(t): For each fixed s € [a, ty), the integrand converges pointwise to 0 as t — #; .
To dominate, note

K(t,5) = K(to,5)| = [(p(1) = $(@))7 ($(6) = 9(5)" " = ($(to) — $(@)) ((to) — ()|

< [(9(to) — 9(a))" ((to) — ()"~ 7| = [K(to,5)l,

for t sufficiently close to ¢y. Then, by a computation similar to one in the proof of Theorem 9
in [21] (p. 19):

/:0 [K(to,5)|1(6.£)(s)]9' (s)ds < MB(n — R(w), 1= R(7)) ((to) — ()" ") < co.

Thus, by the dominated convergence theorem, B(t) — 0as t — t;. Thus, I(t) — I(tg) — 0
ast — tJ. A similar argument holds for t < t;. Hence, I(t) is continuous on (a, b].

2. Continuity of I(t) at t = a. Substitute |6 )(s)] < M(y(s) — ¥(a))~ ™) for some
M > 0on [a,b], we have

1
n—a

7~ P(a))h) / @) — p(s))" RN 3£ (5) ¢ ().
< W%(l/)(t) — lp(g))ﬂ?(“r) /;(l/](t) B lp(s))n—%(a)—l(lp(s) _ lp(u))_%('”l/)’(s)d&

101 < 1r¢

By computing the above integral using arguments similar to those in the proof of Theorem 9
in [21] (p. 19),
1(B)] < R@(E) = p(@)*D =0, ast—a”,

where R = %B(n — R(a),1—R(7)). Thus, I(t) is continuous at t = a.

Therefore, ((t) — (a))"6F(t) = I(t) + S(t) is continuous on [a, b].

From Part I and Part II, we conclude that F(t) € ngp, . [a,b]. This completes the proof
forcasell. O

While mathematically necessary for our proof, these conditions correspond physically
to systems starting from rest (zero initial states up to order n — 2). In practice, they are
often satisfied in boundary value problems or systems beginning from equilibrium.

Remark 2 (Interpretation of Theorem 2). This theorem shows that -Riemann—Liouville frac-
tional integration preserves the regularity structure of functions in the weighted spaces CZp, y [a,b],
provided suitable compatibility conditions between the fractional order «, the weight parameter -y,
and the initial data are satisfied. Part I treats the first-order case, while Part Il extends the result
to higher orders under additional zero initial conditions. The constraint ®(a) — (n —1) < R(7y)
ensures that the singular behavior introduced by fractional integration remains admissible within
the weighted space, preventing the loss of regularity near the initial point. This preservation property
is essential for the well-posedness of higher-order fractional models and guarantees that subsequent
operations, such as further differentiation or Laplace transformation, remain well defined.
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The generalized Laplace transform of the -Caputo fractional derivative is now estab-
lished for arbitrary n > 1, extending the n = 1 case from [21]. This formula directly enables
the y-Hilfer transform in the following theorem.

Theorem 3 (Generalized Laplace transform of ¢-Caputo fractional derivative). Leta« € C
withn—1 < R(a) <n, n € Nand f € Cglm[a,b] forany b > a. Assume € C'[a, )
is a strictly increasing function with ¥'(t) > 0 for all t > a and él’;f,k =0,1,...,n be of
Y (t)-exponential order sy. Then

n—1

Ly{ (DY F)(1)}(s) = s"Lyp{f()}(s) — Y s* K1 (dk f) (a™),

k=0

for R(s) > so, where §y := /1(t) 4

Proof. We begin by taking the definition of i-Caputo fractional derivative from Table 3,
D)0 = (751 @),

where ' ?(.) denotes the -Riemann-Liouville fractional integral of order 1 — &. Now
taking the generalized Laplace transform on both sides, we have

Ly { (DI ) (D} () = Lp{ (L) (D} (5), ()

for R(s) > sp. Since f € Cglm [a,b], it follows that 6y, f € Cy,y[a, b]. Moreover, by hypothesis,
dyf is of P-exponential order so. Therefore, applymg Corollary 2.II of [21] (p. 22), to the
right-hand side of (5) yields

Lol (I8 F) (D)} (5) = s~ DL {(83F) (D) }(s), (6)

for R(s) > sp. As f € C§¢,7[a' b], and by hypothesis, Jll;f, k=0,1,...,n—1 are of ¢-
exponential order sy, we invoke Theorem 1 to obtain

Lp{ (DA ()} s) =5~ "Ly {f (1) ZS” U )| =s"Ly{f (1) ZS”‘ S @)

for R(s) > so. This completes the proof. [

The most general result of this section is the generalized Laplace transform of the
y-Hilfer fractional derivative for order & € (n —1,n) with n > 2. This theorem unifies both
the y-Riemann-Liouville (8 = 0) and -Caputo (f = 1) cases presented earlier, extending
the first-order framework from [21] to higher-order hybrid problems. The result provides a
comprehensive transformation formula that accommodates the intermediate parameter j
and associated initial conditions.

Theorem 4 (Generalized Laplace transform of the y-Hilfer fractional derivative). Let
n e N\ {1} and let
n—1<R(a) <n, B € [0,1].

Define «y := n — g, where yg = a + p(n — a). Assume that

<R(y) <1

NI =
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Let f € ngpxy [a,b] for any b > a, and assume @ € C'[a, ) is strictly increasing with ¢'(t) > 0
forall t > a. Assume that f and JIL‘pIZfPf, k=0,1,...,n, are of p-exponential order sy, and that
(Jll;f)(a) =0fork=0,1,...,n—2. Then, for R(s) > s,

n—1
Lo (DI 1) () }(5) = s*Ly{ (D) }(s) — 577 > sTRL (KL TR f) (),
=0

where 5y = w,l(t %.

Proof. Letn > 2and n — 1 < R(a) < n. By Remark 2 (Relationship between the -Hilfer
and p-Caputo fractional derivatives) in [21] (p. 7) define

g(t) = (1P ey () = (D¥F) (1),  y=n—qu=(1-B)(n—a),

we have the identity
(DA = (DF) 0, p=n(1=p)+ pu

To apply Theorem 2.1I to IZfPf, we set ay := n — 7, so that Igfpf = IZ:“*”Pf and
n—1< R(ay) < nwhenever 0 < R(y) < 1. Moreover, the condition in Theorem 2 that

Ras) = (n=1) <R(y) <1

becomes

1-R(y) <R(y) <1

which holds provided that I <R(y) < 1. (Equivalently, since R(y) = (1 — ) (n — R(«)),
this requires R(a) < n — 5 and B < [O 1- W} .) Hence, since f € Cg’lm[a, b] and
((5’&,]‘)(01) =0fork=0,1,...,n —2, Theorem 2.II implies that

ﬂlf’fecm[a bl,

so g satisfies the regularity assumptions required for the {-Caputo derivative.
Taking the generalized Laplace transform gives, for R(s) > s,

£ (1D £) (1) bs) = £4{ (DL R) (0} (9) )

Moreover, by hypothesis, (55, I;’fp f, k=0,1,...,n are of P-exponential order sy. There-
fore, applying Theorem 3 to the right-hand side of (7) yields
n—1
Ly{ (D) (D }(s) = " Ly{a()}(s) = ¥ " F T (Bhg)@®),  R(s) >s0. ®)

k=0

Next, using the generalized Laplace transform of the -Riemann-Liouville fractional
integral (Theorem 10 in [21] (p. 22)) and the fact that 0 < R(-y) < 1, we obtain

Ly{g}s) = L{ (P ) (D} 8) =Ly {F D)), RG)>s0. O

Substituting (9) into (8) and then into (7) yields

L (DY) (1)} (s) = TV LY{F (D} (5) - T s 1 ) ).
k=0
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Since it — v = a, the first term becomes s* Ly { f ()} (s). Finally, using vy = n — 7 (equiva-
lently y = a + v = a + n — yy), we rewrite

Sy—k—l — SlX+"/—k—1 — sa—i—n—'yH—k—l _ Sa—'stn—k—l'

Therefore,

n—1
L (DY) (1) }(5) = *Ly{f(D}(5) =57 Y s RS LTT ) (@), R(s) > so,

k=0
which completes the proof. [

Remark 3. Since R(y) = (1 — B)(n — R(«)), the condition R(y) > 1 is equivalent to

ot
2(n—=R(w)) ]

Thus, for fixed a, the regularity requirement implicitly restricts the admissible values of p.

1
n—1<§R(1x)§n—§, e |0,1—

The following corollary provides the generalized Laplace transform of the 1p-Riemann-
Liouville fractional derivative under appropriate regularity assumptions.

Corollary 1 (Generalized Laplace transform of the ¢-Riemann-Liouville fractional deriva-
tive). Let « € C with

1
n—1<§R(a)§n—§,

where n € N\ {1}. Let f € ngp,v [a,b] for any b > a, where v := n — a, and assume that
¢ € Cl[a, ) is strictly increasing with ¢'(t) > 0 for all t > a. Assume that f and &% IZ:“;lpf,
k=0,1,...,n, are of Y-exponential order s, and that (5’1;,f) (a) =0fork=0,1,...,n—2. Then,
for R(s) > so,

L (D F) (D }(5) = *Ly{£(0) 2 SR (S ) (),

where &y = ,1(t) %.

Proof. Set f = 0 in Theorem 4. Then
YH=a+p(n—a)=uaq, Y=n—yg=n-—a.

The additional hypothesis of Theorem 4, namely % < R(y) < 1, becomes

<Rn—a)<1,

N =

which is equivalentton —1 < R(a) <n — % Substituting 8 = 0 (hence, Yy = «) into the
formula of Theorem 4 gives

n—1
Lo (DI F) (1)} (5) = Ly (D)) = X 8" G107,

since s*~7H = s*7% = 1. Finally, for f§ = 0 the y-Hilfer derivative coincides with the
p-Riemann-Liouville fractional derivative, so the result follows. 0O
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A distinctive feature of the higher-order hybrid problems considered here is the
appearance of the bivariate Mittag-Leffler function E B ,(x,y) in the explicit solutions.
This function, defined in Definition 5, naturally arises when inverting Laplace transforms
of the form (s" + A1s* + Ap) ! that characterize hybrid systems combining integer-order
dy-derivatives with ¢-Hilfer fractional operators.

In contrast, the first-order solutions in [21] involved only the classical two-parameter
Mittag-Leffler function E, g(z). The bivariate extension captures the coupling between the
integer-order dynamics (through &) and the fractional memory effects (through H Dg’f V),
reflecting the richer algebraic structure of higher-order hybrid systems.

We recall both the classical two-parameter Mittag—Leffler function and its bivariate
extension, as they will be used extensively to express the exact solutions obtained in the
following subsections.

Definition 4 (Two-parameter Mittag—Leffler function, [2]). The Mittag—Leffler function in-
volving two parameters is given by

[e) Zk

Eyp(z) = ];) TETL z€C, R(a) >0, R(B) >0

Definition 5 (Bivariate Mittag—Leffler function, [23]). Let «, B,, 6 € C be complex parameters
with R(a) > 0and R(B) > 0. We define the following bivariate Mittag-Leffler function for general
complex numbers x and y:

)kt xkyl
Eopr(xy): ZZ ak+,Bl+7) ki’

where the numerator (8)x.; is the Pochhammer symbol defined by

(ﬂ)nzr({f(l_)n):a(a+1)(a+2)...(a+n—1).

Remark 4. For the bivariate Mittag-Leffler function E; B W(x, y), when y = 0, it reduces to the
classical two-parameter Mittag—Leffler function:

et ﬂ_i ((1)k X

Enp(¥ sz KT~ & T(ak + ) K

k

where we use the facts that 0! = 0 for I > 0 and 00 = 1 (by convention), and only the | = 0 terms
survive. Finally, using (1), = k!, we obtain

00 k

X
El, (x,00)=Y —— = Ep~(x).
a,ﬁ,fy( ) kgor(ak‘i"Y) 11/7( )

3.2. Generalized Laplace Transform Applied to Hybrid Fractional Cauchy Problems

Building on the extended transform theory of Section 3.1, we derive exact solutions to
hybrid fractional Cauchy problems of arbitrary order. Theorems 5 and 6 provide closed-
form solutions expressed through bivariate Mittag—Leffler functions for systems combining
n-th-order dy-derivatives with ¢-Hilfer fractional operators. These solutions capture the
richer algebraic structure of higher-order hybrid dynamics, moving beyond the first-order
case (Theorem 14 in [21] (p. 27)), through the appearance of genuinely bivariate functions
that reflect the coupling between integer and fractional derivative terms.

For notational convenience, we introduce the shorthand notations

At:=y(t) —p(t) and Aft:=yp(t) — p(a),
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Lyig(t)}(s)

which will be used throughout the remainder of this work.

Based on Theorem 2 I and II, we establish our main results in two theorems. The first
provides the explicit solution to a hybrid fractional Cauchy problem involving the com-
position of an n-th-order Jy-derivative and a y-Hilfer fractional derivative of order
0 < R(a) < 1, while the second addresses the case m — 1 < R(a) < m for m > 2. The so-
lutions are expressed in terms of bivariate Mittag-Leffler functions and systematically
incorporate all specified mixed initial conditions.

Theorem 5. Let &« € Cwith 0 < R(a) < 1, B € [0,1], and v = o + B(1 — a). Suppose
¢ € Cl[a, o) is a strictly increasing function with ¢'(t) > 0 forall t > a, and let u € Cglm [a,b]

oranyb > a,n € N, and n > 1. Assume further that u and 6! Il:wpu orl = 0,1 areo
Y vla

y-exponential order sg. Then, for any g € C‘?wﬁ [a, ] of Y-exponential order s, the general solution

of the hybrid Cauchy problem

bl (8) + A (MDYPPu) (1) + Aqu(t) = g(£), M, A €R, t>a,

ull(a) =, G ER1=01,..,n-1  (10)
(I;+,Hb )(aJr) = dO/ do € R,
where ul" := Oy, is given by

/ (AVVEL g (—A1 (A", —Aa(8Y)")g(0)y (1)dT

Z (AYHEL o (M (AF 1), =2 (AFE)™) (11)

1do<Ath>" -3 NN (9 RT¢-Y4' Lo P 1.N.4) Lo M )

Note: For 0 < R(a) < 1, we will take y = .

Proof. Under the stated assumptions, all terms in (10) admit generalized Laplace trans-
forms. Since u € C” [11, b] is of -exponential order sy, Theorem 1 ensures that Ew{u[”] 1(s)

exists for R(s) > sp. Moreover, the -exponential order of (51 I R

by Theorem 13 in [21] (p. 25), the existence of Ly {H Dgf Y4} (s). Finally, the continuity and
y-exponential order s; of ¢ guarantee that L£y{g}(s) exists.
Taking the generalized Laplace transform of both sides of the first equation in (10),

u, I = 0,1, implies,

and using its linearity as stated in Theorem 3.5 of [9] together with the initial conditions in
(10), we obtain

= Ly{ul () (s )+A1L‘ {ID*P¥u(t)} () + Ao Ly {u(t) } (5)
=s"Ly{u(t) Z s"1- 1(5l u)(a) + M [s“ﬁlp{u(t)}(s) — s“‘”(lﬂlpru)(f’)] + ALy {u(t)}(s)
=s"Ly{u(t)}(s) — i i [s*Ly{u(t)}(s) —dos* 7] + ALy {u(t)}(s),

1=0

for R(s) > max{so,s1}. Letting Ly{u(t)}(s) = U(s) and Ly{g(t)}(s) = G(s), we have

n—1
(s" 4+ A1s" + A)U(s) = G(s) + ) 8" 4 Aydos* T
1=0
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Solving for U(s) yields

1 n—1 Sn—l—l /\lszx—’y
u = —G .
) = g it EO I S WL Wy

The desired expression follows by inverting the generalized Laplace transform term
by term.

o 1 n—1 . Snflfl 4 ST
u(t) = Ly {s” T Ast + AZG(S> B+ l;) ALy T A (B)+MdoLy G A8t + Ay (B 12

Beginning with the first term of (12), using Theorem 6 of [21] (p. 15), we have

T e T e O (R b S (O R Tl (MO

sh +)\1$‘X+/\2 st +)\1$‘X+/\2

To compute the first inverse generalized Laplace transform on the right-hand side of (13),
we use the series expansion %“rB = % Zfzo(fl)kﬁ—i, valid for ‘%‘ < 1. Taking A = s" and
B = A1s* + Ay, we obtain

00 k
ﬁwl{w}“):%l{ig‘”k(;) (“Sa””k}(”’ "

[
for @

< 1. Applying the binomial expansion (a + b)* = 25'(:0 (];)ak’f b witha = A,
and b = Ays%, and then using Lemma 3.6, item 2, in [9], we obtain

(N ek ) D (R (1N ki a)
Ly {s” kgo( 1) (s”) (A1s" + Ap) }(t)ﬁw {s” k;()];)( 1) (]) (s”) A5 (Aqs®) B (1)
oo k . .
-x Z(—l)"(’j) e s b (15)
k iy ke ](A;/Jt)n(k-‘rl)—l—jzx
‘ZZ 0 ()M e

Substituting (14) and (15) into (13), and using Theorem 5, Definition 15 of [21] (p. 14),
and Definition 5, we obtain

gl{l } / ( )A G D)
s”—i—)\ls"‘—b—)\z ”koj nk—i—l)—]zx)
_ [ oo oo (k)/\ A8 ] )" k+1)_1._jag(r)t,b’(r)dr
a] Ok , j +1) —ja)
f oo o0 (A £)n (i+j+1)—1—ja

- x;(‘1>i+j<ijj>A TR e R

o Yo\ (n—a)j+ni
— Pyn—1 z+] l+]) M A (ATt) /
/ (Azt) 2 2 jhi! 1)\21"((71 —)j+ni+ n)g(T)t’b (T)de

P\ (n—a)j+ni
_ Pn—1 1+] Z'f‘] Jyi (Art) /
/ () Z Z jhi! AlAZF((n—oc)j—i—ni—Fn)g(T)lp (T)de

= [ (M (A2, ~2a(A2) g (2} (D) (16)
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/\] st Jr)\z
sh

Similarly, for the second and third terms of (12), taking < 1, using Lemma 3.6

in [9] and Definition 5, we obtain

= gn—1-1 ii ] k] (Au‘/’t)nk-&-l—ja
P Sn+)l15a+)\2 l 2 (nk+l+1—]0€)

k=07j=0
(Aft) EL Mm( M (A, — A (ATE)™), (17)

a—y o0 (Al/’t)n(k+1)— —(+1)a+y
il SRR VT Ak B
4 {s”—l—)\ls”‘—b—)\z}() Z()];) (]) 2 Tn(k+1)— (G+1Da+7)

k
= (AT T EL i acky (FALATD"Y A2 (AF1)"). (18)
Substituting (16)—(18) into (12) yields the general solution (11). O

Theorem 6. Let &« € Cwithm —1 < R(a) < m, m € N\ {1}, and let p € [0,1]. Define
v =m — yy, where v = a + B(m — &). Suppose Y € Cl[a, 00) is a strictly increasing function
with ' (t) > 0 forall t > a. Let n € Nwithn > m, and let u € ng;,v[u’ b] for any b > a.
Assume that

< R(y) <L

NI~

Assume further that u and 5{,,1:?7’{;#]14, I =0,1,...,m, are of P-exponential order sg. Then,
forany g € ngr“r [a, b] of p-exponential order sy, the general solution of the hybrid Cauchy problem

uld (8) + A (FDPPu) () + Aqu(t) = g(1), MM ER, t>a,
u(a) =ulll(@) = - =ul" @) =0, ull@)=¢;, eR I=m—1,m,...,n—1, (19)
() ey — g, d R, VI=0,1,...,m—1,

where ul" .= Oy, is given by

u(t) = [ AP VEL (A8, ~ A2 (AT (O (D)

F T GOIEL (- (a0, Aoty 20)
I=m—1
m—
+M Z dl Atpt)n wHyy—mH - 2En a,nn—atyg—m+l— l( Al(Alﬂpt)n_“/_)\Z(Alﬂpt)n)/ t>a.

=0

Proof. Under the stated hypotheses, each component appearing in (19) admits a well-
defined generalized Laplace transform. In particular, membership of u in Ct’;lp " [a,b] together

with its (-exponential growth bound sy implies, by Theorem 1, that Ly {u (1] }(s) exists for
R(s) > sp. Furthermore, the assumed ¢-exponential order of (51 e Yuforl =0,1,.
combined with the vanishing initial conditions u[l]( ) =0 for l =0,1,...,m — 2, ensures,
by Theorem 4, the existence of the generalized Laplace transform of the y-Hilfer deriva-
tive Ly{! Ds’f 4} (s). Finally, since g is continuous and of y-exponential order s, its
generalized Laplace transform Ly{g}(s) is also well defined.

The generalized Laplace transform is applied to the first equation in (19), and linearity
(Theorem 3.5 in [9]) yields
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Ly{8(0}(s) = Lp{ul (B} (5) + ALy { DY u(t) } () + AaLyp {u(t)}(s)

-1

= s"Lyfu(D)}(s) = Y1 "1 (0u) (a) + A [s* Ly {u(t)}(s) — "7 Z SO I ) (0 ) |+ ALy {u(t)}(s)
1=0
n—1

=L} - L st s“ﬁw{um}(s)—swl_zodzs"““ + ALy {u(B)} (),

for R(s) > max{sp,s1}. The last line is obtained by applying the initial conditions

u(a) = ull(a) = -~ = ul"A(g) = 0and ull(a) = ¢; forl = m—1,m,...,n — 1, where
g €R.
Letting Ly{u(t)}(s) = U(s) and Ly{g(t)}(s) = G(s), we have
m—1
(S +A1$ +)L2) ( Z ClSn I— 1 S4—TH Z dlsm—l—l.
I=m—1 1=0

Solving for U(s) yields

1 n—1 Snflfl -1 dl mflfl
-+ e G o 7 w L L
UGs) = Gme 2, O F l:;lq R W W Z T Py

Termwise inversion yields

1

. n—1 . Sn—l—l m—1 1 Suc—'yH+m—l—1

The inverse Laplace transforms of the first and second terms are identical to the
corresponding terms in (12) from Theorem 5, yielding (16) and (17), respectively. Similarly,

for the third term of (21), taking #
we obtain

a—yg+m—I-1 ok . . P oyn(k+1)—2—(j+1)a+yg—m+l

E*l S— (i’) — 2 (_1)k (k) AleIZ(_] (Ag t) i

Vo) s+ Agst + Ay =5 j T(n(k+1)—(G+Da+yg—m+1—1)
(A;Pt)n #+yy—mH - 2E}l a,nn—a+yg—m+l-1

< 1, using Lemma 3.6 in [9], and Definition 5,

(—M (A", Ay (A D™, (22)

Substituting (16), (17) and (22) into (21) yields the general solution (20). O

As an important special case of our main results with n = 1 in Theorem 5, we obtain
the following explicit solution expressed in terms of the bivariate Mittag—Leffler function.

Corollary 2. Let « € Cwith0 < R(a) < 1, p € [0,1], and v = a + B(1 — a). Suppose
¢ € Cl[a, c0) is a strictly increasing function with ¢'(t) > 0 forall t > a, and let u € C(}qw [a,1]

forany b > a. Assume further that u and 5" I "y for k = 0,1 are of Y-exponential order s.
Then, for any § € C} bpy [a,b] of - exponentml order s1, the general solution of the hybrid fractional
Cauchy problem

{u[l] () + M (ED*PYu) (8) + Aqu(t) = g(t), M, A2 €R, t >4, 23

u(a) = co, (I;;wpu)(rﬁ) = dy, co,do € R,

where ul'l .= dypu, is given by
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t
u() = [ Bl aa (=M (A0, = da(AT0)g(0)9/ (T)ar + 0By 11(= M1 (AFD)' ™, 22(A1)

+ Mdo (AT T EL 11 (FA(ATDTY, —A0(AF1)), t>a (24)

Remark 5. Corollary 2 generalizes Theorem 14 of [21] (p. 27) to the hybrid Cauchy problem (23)
with Ay = 0. When Ay = 0, the solution (24), expressed via the bivariate Mittag—Leffler function,
simplifies, by Remark 4, to a form involving the two-parameter Mittag—Leffler function:

t
u(t) = [ Bl aaa(-A (AP0, 08 (0 ()T + 0Bl 15 (~2a (6701 7,0)
+ Mo (AT EL 104 (— A (AF1),0)

= /ut Ei—a1 (= M(AID™) (1) (1)dT + coE1_a1 ( — M (A D))

+ Mdo(BY T E) a1 (= A(AIDTY), £ >

We now present important special cases of our main results. For n = 2 (Theorem 5),
the solutions simplify to the following explicit forms involving the bivariate Mittag—
Leffler function.

Corollary 3. Let « € Cwith0 < R(a) < 1, p € [0,1], and v = a + B(1 — a). Suppose
¢ € Cl[a, ) is a strictly increasing function with ¢'(t) > 0 forall t > a, and let u € ngm [a,]]

forany b > a. Assume further that u and 5@13; "y for k = 0,1 are of Y-exponential order
so. Then, for any g € ngﬁ [a,] of p-exponential order sy, the general solution of the hybrid
Cauchy problem

ul (1) + A (DY u) (1) + Aou(t) = (1), A, A2 €R, t>a,
ulll (a) =, g eR,1=0,1, (25)
(I (at) = dy, dy € R,

a

where ul? .= 5@14, is given by

t 1
u(t) =[O (oo(~M (820>, —a(ALD(D)Y (DT + L cr(BID'E] g1 (~ (8107, —Aa(af1)?)

1=0

+ Mdg (A DITHTEL oo i (S (AFEPTY, = Ap(ATH?), > (26)

4. IMlustrative Example

The theoretical framework established in the preceding subsections, particularly the
generalized Laplace transform and the solution theorems for hybrid fractional Cauchy prob-
lems, provides a powerful analytical toolset for modeling real-world dynamical systems
with memory and hereditary effects. In this section, we apply our generalized Laplace trans-
form framework to a fundamental mechanical system: the mass—-spring—-damper oscillator.
By replacing the classical damping term with a ¢-Hilfer fractional derivative, we extend the
model to capture memory-dependent viscoelastic behavior. Using Corollary 3, we derive
explicit solutions in terms of bivariate Mittag—Leffler functions under various forcing con-
ditions, constant, linear, harmonic, and exponentially decaying harmonic, demonstrating
the impact of fractional damping on system dynamics in real-world applications such as
material testing and vibration control.
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4.1. Mechanical Model and Fractional Generalization

Figure 1 shows a mass—spring—damper system, a basic model in mechanical vibrations.
According to Newton'’s second law, the balance of inertial, damping, and elastic forces
yields the linear second-order ODE:

mx" () + cx'(t) + kx(t) = F(t). (27)

The model parameters have the following physical meanings and dimensions:

e m:system mass (inertia), [m] = M

e titime [t]=T

e k: spring stiffness; restoring force is proportional to displacement, [k] = MT 2

e ¢ damping coefficient; energy dissipation is proportional to velocity, [c] = MT~!
e x(t): displacement from equilibrium, [x] = L

e F(t): external forcing function acting on the mass, [F] = MLT 2

The analytical solution of (27) with initial conditions
x(0) =xp and x'(0) = vy, (28)

can be expressed using the impulse response function. The corresponding homogeneous
solution is
xp () = e 59t (A cos(wyt) + Bsin(wgyt))

where
*  wy= \/% (Natural frequency) has dimension [w,,] = T~ L.
* (= 5,5 (Damping ratio) is dimensionless: [¢] = 1.
e wy = wy/1— 2 (Damped natural frequency) has dimension [wy] = T~'.
e A = xphasdimension [A] = L.
B = N with [B] = L.

The specific form of F(t) determines the solution to (27) and (28). Standard techniques
like variation of parameters, undetermined coefficients, or convolution integrals yield

= L[ tatng F(t)d 0 29
x(t) = x,(t) + /e sin(wy(t — 7))F(7)dT, t>0. (29)
mwy Jo
Mass
[ m ] T x(t)
——————— ---1--- Equilibrium Position
Spring k
¢ Damper
Fixed Ground

Figure 1. The mass-spring—damper system.

Classical viscous damping cx’(#) assumes an instantaneous, memory-less response:
an idealization. Real materials often display viscoelastic behavior with hereditary effects
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x(6) :%

+ X0}y 01 (—20wn0® L (AYH2E, —wR (AFH)?) +

and power-law memory, which integer-order derivatives cannot capture. Fractional cal-
culus addresses this by replacing the classical damping term with a fractional derivative.
Dimensional consistency must be maintained, however; % has dimension T~!, whereas
H Dgf ¥ has T, Following [15], a characteristic time o with [¢] = T is introduced, giving
the replacement

d - B;
= I 1HD8(+5¢_

This ensures that both sides have the same physical dimension, with the classical case
recovered as « — 1 since o1 — 1.
The resulting fractional model is:

mx (£) + co® T (MDYPYx) (1) + kx(t) = F(t), a€(0,1), t>0 (30)

where x2 := (%x and H Dg’f ¥ x denotes the y-Hilfer fractional derivative of order « and
type B of a function x. For the fractional i-Hilfer mass—spring-damper model, choos-
ing [¢(t)] = T yields a dimensionless ¢’ (t) and maintains the dimensional structure of
Newton’s second law. Both the inertia term mx!2 (t) and the fractional damping term
co* 1 (H Dgf ' wx) (t) then carry the physical dimension of force, [F(t)] = MLT 2. Dimen-
sional consistency across all terms of (30) is thereby achieved, preserving the physical
meaning of the fractional extension.

Mixed initial conditions for the fractional model are constructed to align with the
classical conditions (28):

x(0) = xo, x11(0) = %, and (IS;A’”PX) (07) = dy, (31)
where dy may be chosen arbitrarily, and v = a + (1 —«) € [a,1). The solution to
the fractional model (30), subject to conditions (31), follows from Corollary 3 with A1 =

20wno® 1, Ay = w?,a=0,and g(t) = F(t)/m:

[ QYL aa(~200no WY, ~ A F(R) (D)

40

770y (BODEL w22 —260n0 (AP, —w (80D (D)

+20wn0® L (A T VEL 00 giq (—20wnd® H(ASHZTY, —w2(AJH?), t> 0.

The parameter o represents the characteristic memory time scale of the fractional
damping. It measures how far back in time past velocities affect the present damping force,
producing hereditary effects in the dynamics. A dimensionally consistent relation between
the fractional order « and ¢ arises naturally for the mass—spring—damper system. Following
the approach of Gomez-Aguilar et al. [15], we define this relation as

o= 0wy, 0<o< i, (33)
Wn

where wy, = v/k/m is the undamped natural frequency of the system. This expression
ensures dimensional consistency, as both sides are dimensionless: [¢] = 1, [c] = T,
and [w,] = T, yielding [cw,| = 1. Moreover, the bound 0 < ¢ < 1/w, ensures that
remains within the physically meaningful interval (0,1]. This relation bounds ¢ by the
intrinsic oscillation period T, = 27/wy, keeping & € (0,1]. Asa — 1 (so 0 — 1/wy),
the fractional damping term collapses to classical viscous damping cx’(), recovering
the integer-order model. Smaller « values produce stronger memory effects and more
pronounced viscoelastic behavior, mimicking the power-law relaxation seen in polymers,
biological tissues, and complex fluids. The fractional framework therefore generalizes the
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classical oscillator, continuously interpolating between purely elastic (x — 0) and purely
viscous (x = 1) damping in a single constitutive model.

Comparing solutions (29) and (32) reveals how memory effects influence various
physical systems, illustrating the broader modeling power of fractional calculus.

4.2. Physical Interpretation of the y-Hilfer Parameters

The fractional order « € (0,1) directly governs the amount of temporal memory in
the y-Hilfer derivative’s evolution law. In contrast to classical derivatives, which are local
operators depending only on the instantaneous state, fractional derivatives are nonlocal
and incorporate a weighted history of past states.

This hereditary structure follows directly from the definition of the i-Hilfer derivative

1 d

y'(e) dr’

which is expressed in terms of i-Riemann-Liouville fractional integrals. Recall that for
p >0,

HDYEYF() = IO (s, TP (), gy =

(2P0 = 15 [ 008) = ple)P o) ¢ ()

Hence, the operator inherently involves an integration over the entire past interval [a, {], so
that all previous states f(7) contribute to the present value.
The memory effect is governed by the kernel

() —yp(r)P !, 0<p<l,

whose exponent p — 1 € (—1,0) produces a power-law decay. Power-law kernels decay
much more slowly than exponential kernels; therefore, even remote past states retain a
non-negligible influence on the current dynamics. This slow decay is the mathematical
origin of long-range temporal memory in fractional models.

Since the effective fractional orders in the -Hilfer derivative are proportional to
(1 — ), decreasing a increases the strength of the history dependence. Physically, this
corresponds to systems whose present response depends strongly on accumulated past
deformation or motion. As a consequence, one typically observes

* slower relaxation toward equilibrium,
¢ reduced oscillation amplitudes,
* non-exponential (often algebraic) decay of transients.

The limiting cases clarify the role of « as a memory index.
Asa — 17, the orders (1 — a) and (1 — B)(1 — a) tend to zero. Using the property

;g;é?fa>=f0)

for sufficiently smooth f, both fractional integrals reduce to the identity operator.
Consequently,

lim D"V F(1) = 6, f ().

a—1~
The operator becomes local in time, and the hereditary contribution disappears. In the
special case (t) = t, one recovers the classical first derivative and thus standard viscous
damping with exponential relaxation. This shows that the fractional model continuously
connects to the classical memoryless case.

When a — 07, the fractional integral orders approach their maximal values, and the

weighting of past states becomes nearly uniform over long intervals. The system effectively
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x(¥)

accumulates its entire history, resembling viscoelastic materials with strong hereditary
effects. Relaxation becomes very slow, and the response may approach a quasi-static regime.

Therefore, & provides a continuous interpolation between memoryless viscous dynam-
ics and strongly hereditary viscoelastic behavior. From a modeling perspective, a can be
interpreted as a memory index that tunes how strongly past states influence present motion.

The parameter § € [0, 1] plays a different role. It does not change the overall strength
of memory but redistributes it between the inner and outer fractional integrals. In this
sense,  interpolates between ¢-Riemann-Liouville-type and -Caputo-type behavior. Its
primary influence appears in how initial history is weighted and how initial conditions enter
the model, while the long-term decay and stability properties are governed mainly by «.

In the present mechanical model with mixed initial conditions, the contribution of g is
therefore confined to the y-dependent term in the general solution. When d(y = 0, this term
vanishes, and the solution becomes independent of B, explaining why variations in  do
not affect the numerical responses reported here. In contrast, for dy # 0, the parameter
modulates the influence of fractional initial data on the early-time dynamics, allowing finer
control of transient behavior associated with pre-existing memory or stress history.

The characteristic time ¢: As introduced in (33), the parameter ¢ > 0 represents the
intrinsic memory time scale of the material. It determines the temporal range over which
past velocities contribute meaningfully to the present damping force. In this formulation,
the relation &« = ow;, couples the fractional order to the system’s natural time scale 1/w;,
ensuring dimensional consistency and a physically interpretable parameterization. When
0 is comparable to 1/w;, the system exhibits short memory, and « approaches 1, leading to
behavior close to classical viscous damping. In contrast, smaller values of ¢ indicate long-
lived memory effects, resulting in smaller « and enhanced hereditary behavior, as observed
in materials with complex internal microstructure such as polymers and soft gels.

4.3. Analytical Solutions for Representative Forcing Functions

To keep the first term as a classical derivative, we set ¢(t) = t. With this choice,

2 "
L2 (002 = 5 (69%) 1 d { 1 dx} 1 dtx gl(t) dx

Cymdly@d T OP [y opa
reduces to d%x /dt?. Consequently, the derivative appearing in the second term (H Dg’f ' tx) (t)
of Equation (30) reduces to the standard Hilfer fractional derivative.

For numerical illustration, we adopt the parameter set

m=1kg, k=4N/m, c=02kg/s, xo=0m, v9p=0m/s, dy=0, B=05

and vary « € {0.1,0.5,0.7,0.9}. The following cases illustrate the qualitative impact of
varying «.

Case I: Consider a constant forcing function F(t) = Fy, where Fy (in N) represents a
time-invariant external load. This scenario models static loading, such as a suspended
weight or constant pressure, where Fy/k corresponds to the steady-state deflection of
the spring.

Using (29) with F(t) = F, the solution of the classical problem (27) and (28) is

F F 1
= 0 4 pbwnt [(xo — k0> cos(wyt) + o (vo + Jwp <xo - l;f)) sin(wdt)} , t>0. (34)
d

The solution to the fractional problem (30) and (31) follows from (32) with F(t) = Fy:
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x(t)

_R [
.y
T X0EY g 01 (~200n0® 7 (B2, ~wR(Ah)2) + 00 (BGEL 42(—20wac™ (AU, —R(A5?)  (35)
- 2w0n0* g (AT TEY 45 i (—20wn0® (B2, —R(Ah), £ >0,

(ATH)Ey_gp0(—~20wn0 1 (ALY, —wi (ALH)?)dT

For numerical illustration and graphical presentation, we adopt the following parame-
ter set:

m=1kg, k=4N/m, c¢=02kg/s, x=0m, v9p=0m/s, dp=0, p=05

and vary the fractional order & € {0.1,0.5,0.7,0.9}. The corresponding -y values, computed
from y = a + B(1 — a), are 0.55, 0.75, 0.85, and 0.95, respectively.

Figure 2 presents a comparative analysis of the dynamic response of a mass—damper—
spring system to a constant external force F(t) = Fy = 1 N, representing moderate static
loading. The classical integer-order model (dashed line) with viscous damping (¢ = 1)
follows the analytical solution (34), exhibiting underdamped oscillations that converge
exponentially to the steady-state displacement Fy/k = 0.25 m. The fractional models (solid
lines) incorporate memory effects through Hilfer fractional derivatives, with solutions
given by (35). Lower values of « correspond to stronger memory effects in the fractional
derivative, which for the chosen parameters result in reduced oscillation amplitudes
compared to the classical model.

A constant external force F(t) = Fy arises in many practical scenarios involving
sustained loading. A typical example is the viscoelastic creep experiment, where a mass at-
tached to a polymeric or biological spring suddenly bears a constant load—an extra weight
or uniform pressure. After an initial transient governed by inertia and damping, the system
slowly approaches equilibrium displacement Fy/k. In these materials, damping is inher-
ently nonlocal and exhibits long-range memory, so relaxation deviates from the exponential
decay predicted by classical integer-order models. The fractional formulation with Hilfer
derivatives reproduces the characteristic power-law attenuation and memory-dependent
settling seen in real viscoelastic media: polymers, elastomers, soft tissues, and engineered
metamaterials. Hence, the constant-force case offers a physically meaningful benchmark
for comparing classical viscous damping with the richer hereditary dynamics captured by
the fractional model.

0.55 T T T T
= = Classical (@ = 1)
05 —— Fractional (a = 0.1) |
0.45 | —— Fractional (a = 0.5) |
Fractional (a = 0.7)
_ 04r —— Fractional (@ = 0.9) |7
Eo03s5f \ .
5 0.3 ! \
3 N b
: /2NN
2025 / \ 1
z 0.2 - \\
a - U N\ Z
0.15F '
01 A
0.05 i
O 1 1 1 1
0 2 4 6 8 10

Time (s)

Figure 2. Dynamic response of a mass—damper—spring system to constant force F(t) = Fj: comparison
between classical viscous damping (¢ = 1) and fractional damping (« € (0,1)).
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Case II: Linearly increasing force F(t) = Fy + Rt, where F, (in N) is a constant base
load, and R (in N/s) is the ramp rate. This models gradual loading in structural tests or
pressure buildup in fluid systems.

From (29) with F(t) = Fy + Rt, the classical problem (27) and (28) gives

—A
x(t) = f + Et‘ _ 2Rewn + e~ twnt | A cos(wgt) + B~ Adwn sin(wgt)|, t>0, (36)
k k k? wy
where
FO Zngn FO R 2
AZXO—?‘F k2 P B_UO+ZCCUn(XO—k>+k(4€ —1)

Using (32) with F(t) = Fy + Rt, we obtain the solution to the fractional problem (30)
and (31):

t
x(t) :Z/o (AT Ey g0 (—20wn0™ 1 (AL1)* %, —wy (ALH)?) (Fy + RT)dt

T XOEY 01 (~20n0® (427, R (Bt)2) + 00(BSHESop0(~20wno™ (ARHZ, —R(A6?)  (37)
- 2wn0* g (AR TEY 45 i (~20wn0® (B2, —R(A4)), £ >0,

The same parameter set as in Case I is used for numerical illustration, with identical «
values. Figure 3 compares dynamic responses to a linearly increasing force F(t) = Fy + Rt,
where Fy = 1 N, and the ramp rate is R = 0.5 N/s. This loading scenario models gradual
force applications such as structural testing or pressure buildup. The classical integer-order
model (dashed line, & = 1) follows the analytical solution (36), exhibiting exponentially
decaying transient oscillations around the quasi-static response (Fy + Rt)/k. The fractional-
order models (solid lines), with « values as specified above, incorporate memory effects
through Hilfer fractional derivatives, yielding solutions given by (37). As a approaches 1,
the fractional response converges to the classical behavior; lower values of a correspond
to stronger memory effects, resulting in reduced oscillation amplitudes relative to the
classical model.

A linearly increasing external force of the form F(t) = Fy + Rt arises naturally in
controlled ramp-loading experiments widely used in materials science and viscoelasticity.
In such tests, a mechanical loading device (e.g., an Instron or MTS machine) is programmed
to increase the applied force at a constant rate in order to probe the rate-dependent response
of polymers, biological tissues, and other materials exhibiting memory effects. The system
initially experiences a transient inertial motion, after which the displacement evolves under
the combined influence of the ramped loading and the material’s hereditary dissipation.
Fractional-order damping provides a realistic description of this behavior, as the resulting
deformation typically follows power-law patterns that cannot be captured by classical
integer-order models.

Case III: Consider a periodic force: F(t) = Fysin(wyt), where Fy (in N) is the force
amplitude and wy (in rad/s) is the forcing frequency. Harmonic excitation like rotating
machinery unbalance, seismic oscillations, or alternating electromagnetic forces is modeled
here. Resonance occurs when wy nears the natural frequency wy.

From (29) with F(t) = Fysin(wst),, the solution to the classical problem (27) and (28)
is given by

x(t) = e~5“nt[ A cos(wgt) + Bsin(wgt)] + Xsin(wst —¢), t>0, (38)

https://doi.org/10.3390/sym18020333


https://doi.org/10.3390/sym18020333

Symmetry 2026, 18, 333

26 of 34

_h

where

2
X = FO/m , (P:arctan<ia)na}£>’
V(@ = @)+ (2Uwnwp)? i~y

1
A=xy+ Xsing, B= —(vo + fwy(xg + X sing) —wacos¢>).
Wy

Using (32) with F(t) = Fysin(wyt), we obtain the solution to the fractional problem (30)
and (31):

t
x(t) E/o (Ait)E%,a,z,z(—ZéwnU“_l(Ait)z_"‘,—w%(Aft)z)sin(wa)dT

T XOEY 01 (~20n0® (427, R (Bt)2) + 00(BSEY.4p0(~20wn0™  (AHHZ, —R(A6?)  (39)
200 g (AR TEY 45 i (~20wn0® (B2, —wR(A4)), £ 0,

1 65 T T T T
15 i
135 S A
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E 05 .
g 0.9 ,
Q
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5 .
0.45 — — Classical(a=1) |
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03r —— Fractional (a = 0.5) |
015k Fractional (a = 0.7) | |
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0 1 | | T
0 2 4 6 8 10

Time (s)

Figure 3. Dynamic response of a mass—damper—spring system to linearly increasing force
F(t) = Fy + Rt: comparison between classical viscous damping (¢ = 1) and fractional damping
(x € (0,1)).

Using the same parameters as Case I, Figure 4 compares dynamic responses to har-
monic excitation F(t) = Fysin(w ft). The forcing frequency w; = 0.95wy, rad/s represents
near-resonance conditions, producing significant amplification while avoiding destructive
vibrations. The classical integer-order model (dashed line, &« = 1) follows (38), exhibiting
a steady-state amplitude X ~ 1.84 m and phase lag ¢ ~ 0.77 rad, with exponentially
decaying transients superimposed on the steady-state motion. In contrast, the fractional-
order models (solid lines) incorporate memory effects through Hilfer fractional derivatives,
as given by (39). Lower a values correspond to stronger memory effects, which, for the
parameters used here, result in reduced steady-state amplitudes and broader resonance
peaks compared to the classical model.

A harmonic external force of the form F(t) = Fysin(wyt) arises naturally in mechani-
cal systems subjected to rotating imbalance. In electric motors, ventilation fans, pumps,
and turbine rotors, even a small eccentricity in the mass distribution produces a sinu-
soidal inertial force acting on the supporting structure at the rotation frequency. This
imbalance-induced harmonic loading is one of the most common sources of forced vi-
bration in engineering practice and is responsible for resonance phenomena when the
forcing frequency approaches the natural frequency of the system. In such applications,
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x(t) = e~59nt[Cy cos(wgyt) + Cp sin(wgt)] + P

A

2w (Gwn — 0)

fractional-order damping provides a more realistic representation of energy dissipation in
viscoelastic mounts, elastomeric supports, and composite structures than classical integer-
order damping models.

15 T T T T
— — Classical (a = 1)
1.2 Practional (a = 0.1) 7
0.9 |~ Fractional (& = 0.5) i
Fractional (@ = 0.7)
_ 0.6 "|— Fractional (@ = 0.9) 7
£ 03
£ o
S|
Q
2-03
é 0.6
E .
-0.9
-1.2
-15 74
-18 1 1 1 1
0 2 4 6 8 10
Time (s)

Figure 4. Dynamic response of a mass-damper-spring system to harmonic force F(t) = Fy sin(wyt):
comparison between classical viscous damping (¢« = 1) and fractional damping (« € (0, 1)).

Case IV: Consider an exponentially decaying harmonic force F(t) = Ae~% sin(wyt),
where A (in N) is the initial amplitude, 8 (in s~!) is the decay rate, and w ¢ (inrad/s) is
the forcing frequency. This models transient oscillatory loads such as impact-induced
vibrations, damped wave forces, or pulsed energy inputs, where the excitation amplitude
decays exponentially while maintaining oscillatory character.

From (29) with F(t) = Ae~ % sin(w £t), we obtain the solution to the classical problem
(27) and (28):

4 ¢ (wh — 62— W) sin(wyt) + 2wp(fwn — 6) cos(awyt)|
. (w2 — 62 — a)j%)z + 460]%(5“)11 —6)?

, t>0, (40)

where

Ci=xg——-
1= %~

(Wf — 02 — w})? + 4wi(lwn — 0)

ws(wh — 62 — wj%) +20ws(Twn — 9))

C _ 1 vg + Cwy,C +é~
g\ (@ = 07— w2+ dwd(w, — 6)?

The solution to the fractional problem (30) and (31) follows from (32) with
F(t) = Ae % sin(wgt):

A [t _ _ g .
x(t) :E/o (AtTt)E%falz,z(—Zgwna"‘ 1(AtTt)2 “,—w%(AtTt)z)e GTsm(wa)dT

T X0EY 01 (~20n0® ™ (27, R (B4)2) + 00 (BSES 4z~ 20wno™  (AHHZ, —R(A6?)  (4D)
- 2n0* g (A TEY 45 i (~20wn0® (B2, —wR(A4)), £ 0,

Based on the parameter specification of Case I, Figure 5 presents a comparative analysis
of the dynamic response of a mass-damper-spring system to an exponentially decaying
harmonic force F(t) = Ae™% sin(w ¢t). The initial force amplitude A = 1 N, decay rate
0 = 0.5s~!, and forcing frequency w r = 0.95w, rad/s model transient oscillatory loads
such as impact-induced vibrations or damped wave forces. The classical integer-order
model (dashed line, « = 1) follows (40), exhibiting oscillations that initially track the
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decaying excitation before transitioning to free vibration decay governed by the system’s
natural damping. In contrast, the fractional-order models (solid lines) incorporate memory
effects through Hilfer fractional derivatives, as given by (41). Lower « values correspond to
stronger memory effects, which, for the parameters used here, result in reduced oscillation
amplitudes and modified decay patterns compared to the classical model.

07 T T T T
06k = — Classical (a=1) ||
: —— Fractional (a = 0.1)
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E 03
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g 0
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g 0.1
é 0
2
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Figure 5. Dynamic response of a mass—damper-spring system to exponentially decaying harmonic
force F(t) = Ae~% sin(w £t): comparison between classical viscous damping (¢ = 1) and fractional
damping (« € (0,1)).

An exponentially decaying harmonic force of the form F(t) = Ae™% sin(w/t) naturally
models transient seismic excitation. This force F(t) originates from ground acceleration
transmitted through the foundation to the structure. During an earthquake, ground acceler-
ation exhibits an initial burst of oscillatory motion that decays rapidly due to soil damping,
wave scattering, and loss of coherence in the seismic wave packet. A widely used idealiza-
tion in structural dynamics represents this ground motion as a damped sinusoid, which
induces an equivalent inertial force of the same form on a single-degree-of-freedom (SDOF)
structure, the simplest lumped-mass model where the seismic response is characterized
entirely by one horizontal displacement coordinate. This exponentially decaying harmonic
loading captures the essential transient character of seismic events and provides a realistic,
yet analytically tractable, framework for studying resonance, peak structural response,
and the role of memory-dependent fractional damping mechanisms. The corresponding nu-
merical solution Algorithm A1 for the SDOF system under this forcing function is detailed
in Appendix B.

4.4. Quantitative Analysis and Stability Considerations
Key dynamic metrics from the constant-force response (Case I, Figure 2) quantify how

the fractional order « affects behavior. The metrics are:

e Settling Time (T;): time until the response stays within +5% of xss = Fy/k
e  Maximum Overshoot:
100 x Tmax s
Xss

. Oscillation Period: time between successive peaks

https://doi.org/10.3390/sym18020333


https://doi.org/10.3390/sym18020333

Symmetry 2026, 18, 333

29 of 34

Within the 0-10 s simulation window, none of the responses in Figure 2 settle com-
pletely inside the 5% band, so Ts; > 10 s for every case.

Table 4 reveals several clear trends. Overshoot diminishes with decreasing «, and the
oscillation period also becomes somewhat shorter. Oscillations persist across all tested
« values throughout the simulation. The fractional order therefore acts primarily as a
damping-strength adjuster, not as a switch that completely suppresses oscillations.

Table 4. Metrics for constant-force response (Figure 2).

o T (s) Max. Overshoot (%) Period (s)
1.0 (Classical) >10 ~84 ~3.2
0.9 >10 ~82 ~3.2
0.7 >10 ~80 ~3.1
0.5 >10 ~76 ~3.0
0.1 >10 ~10 ~2.5

Stability behavior differs between fractional and classical oscillators. Classical oscil-
lations (¢ = 1) appear only when { < 1. With ¢ = 0.05 held constant, reducing « raises
effective damping yet maintains oscillations, even at « = 0.1, where amplitude becomes
quite small. Essentially, « introduces an additional damping-like parameter. Instead of a
sharp overdamped transition, the system undergoes smooth, continuous changes in decay
rate and frequency.

4.5. Discussion and Application Outlook

Parameter choices for «, B, and ¢ follow the guidelines in Section 3.4 of [21] to ensure
physical consistency. Lower a values produce solutions that depart noticeably from the clas-
sical integer-order response, indicating stronger memory and more prominent hereditary
effects. As « nears 1, the hybrid fractional Cauchy solutions closely approach the classical
ordinary-derivative model, showing only weak memory. This continuous interpolation
between purely elastic (x — 0) and purely viscous (x = 1) damping illustrates how the
fractional framework can represent materials with intermediate viscoelastic properties.

We set dy = 0 in the mixed initial conditions (30) for all four cases. Given that dy = 0,
the y-dependent term in solution (32) vanishes, making the solution independent of the
type parameter 8. Hence, when no extra fractional-order initial information is supplied
(do = 0), B does not affect the dynamics. If dy # 0, however, B would directly enter through
the y-dependent terms, offering additional memory tuning and a broader parameter space
for experimental data fitting. Experimental measurements ultimately determine suitable
parameter values.

The fractional mass—-spring-damper model presented here generalizes the classical
second-order ODE (27) by replacing local viscous damping with a ¢-Hilfer fractional
derivative that incorporates hereditary effects. Adding the characteristic time o maintains
dimensional consistency; the classical model is recovered exactly as &« — 1, ensuring
compatibility with standard vibration theory. Unlike classical exponential decay, fractional
solutions involve bivariate Mittag—Leffler functions whose algebraic asymptotics capture
long-range memory. This difference appears in every forcing scenario studied: Lower «
yields slower relaxation, smaller overshoot, and modified oscillatory behavior that cannot
be reproduced by adjusting the classical damping coefficient alone. Therefore, the fractional
model better describes systems with viscoelastic or history-dependent dissipation, while
still containing the classical formulation as a special limit.
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5. Discussion

Moving to the space C§ [a,b] greatly expands what the generalized Laplace trans-
form framework from [21] can analyze. Earlier approaches, including our own, were
limited to first-order hybrid systems. The present framework now handles interactions
between arbitrary integer-order Jy derivatives and y-Hilfer fractional operators of or-
der a € (m —1,m). This step from the special case n = m = 1 to the general condition
m < n significantly widens the scope, allowing memory effects distributed across multiple
differentiation orders to be modeled.

Functions whose nth derivative shows singular or memory-dependent behavior fit nat-
urally into ngw [a,b]. Classical spaces like C"[a, b] demand continuity of all standard deriva-

tives. Here, continuity is required only for the weighted derivatives (51];, fk=1,...,n-1),
while 6y, f must belong to the weighted space Cy,y [a, b] rather than be classically continuous.
Consequently, solutions that are singular in their highest derivative remain mathematically
well-defined.

In Theorem 2 II, the assumptions ((5’&1 f)(a) =0k =0,...,n—2) serve two roles.

Mathematically, they ensure the fractional integral I:: 4 f inherits the dy-differentiability of
f- Physically, they correspond to vanishing initial generalized fluxes. These conditions are
not just technical conveniences; they prevent incompatible singularities when integer-order
and fractional operations are composed. In applications, such conditions arise naturally for
systems starting from equilibrium (e.g., zero initial displacement/velocity in mechanics) or
in boundary-value problems where initial histories are prescribed. Although restrictive
for arbitrary initial data, they reflect the intrinsic coupling between integer-order initial
conditions and fractional memory in hybrid systems.

By accommodating strong memory effects in physical fractional models, the proposed
framework goes well beyond classical methods. The generalized Laplace transform also
acts as a unifying analytical tool for a wide range of fractional problems, including those
with single fractional operators, cascaded fractional derivatives, and hybrid systems mixing
integer- and fractional-order dynamics.

An important observation from studying higher-order systems is the difficulty purely
numerical methods face with hybrid fractional equations. Coupling integer-order dynam-
ics to fractional memory can produce sensitive dependence on initial and intermediate
states, which numerical schemes may struggle to capture accurately without analytical
guidance. The exact solutions obtained here therefore serve a dual purpose: They provide
benchmarks for assessing numerical methods, and they reveal structural properties of the
solutions themselves.

There are several key symmetry properties in the developed framework. First, oper-
ator dualities emerge through the generalized Laplace transform, where integer-order
dy-derivatives and fractional i-Hilfer derivatives map to algebraic terms (d;, < s",

H sz Y < s*). This symmetric structure simplifies complex hybrid models. Second,
the y-Hilfer derivative shows parameter symmetry via 8, which continuously interpolates
between Riemann-Liouville (8 = 0) and Caputo (8 = 1) types, revealing how different
fractional formulations connect within a single unified description. Third, the resulting
bivariate Mittag—Leffler solutions Ei/ 8, 7(x, y) exhibit series symmetry that couples integer
and fractional orders. These symmetries offer both mathematical elegance and practical
benefits: they yield exact analytical solutions that benchmark numerical methods, expose
conservation-like structures through operational calculus, and provide insight into system
behavior through parameter studies. Our work thus contributes to exploring the interplay
between symmetry and fractional calculus.
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6. Conclusions

This paper introduced a generalized Laplace transform framework for higher-order
hybrid fractional Cauchy problems. Our contributions are threefold:

(1) We derived generalized Laplace transforms for the nth-order éy-derivative and for
higher-order y-Hilfer fractional derivatives within the weighted space C [a,b];

(2) Using these transforms, we solved hybrid fractional Cauchy problems, which combine
the nth-order dy-derivatives with p-Hilfer fractional operators of order a € (m —1,m)
for m < n under mixed initial conditions, obtaining exact solutions expressed in terms
of bivariate Mittag—Leffler functions; and

(3) We illustrated the mathematical framework by analyzing a mass-spring—damper
system with fractional damping under various forcing conditions.

The proposed approach provides

* A systematic methodology for analyzing higher-order hybrid fractional systems
e  Exact analytical solutions that can serve as benchmarks for numerical methods
* A mathematical structure that is suitable for describing memory-dependent phenomena.

While the solution forms (particularly the bivariate Mittag-Leffler functions) are math-
ematically well-suited to capturing hereditary effects, making them potentially relevant for
viscoelastic systems, vibration analysis, and other applications involving memory, direct
physical modeling would require additional validation through case studies and parameter
estimation from experimental data. The example presented serves to demonstrate the
mathematical methodology rather than to establish validated physical models.

The proposed transform offers a foundation for further analysis by reducing higher-
order -Hilfer fractional equations to Volterra integral equations in Cg¢,7 [a,b], enabling
fixed-point studies of well-posedness for broad classes of fractional systems.

The approach also offers a useful template for building or refining generalized Laplace
transforms that work with newer fractional operators likely to appear in future studies.
Weighted spaces with controlled singularities and carefully chosen differential structures
provide a clear path for extending transform methods beyond the y-Hilfer family, poten-
tially handling coming innovations in fractional calculus.
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Appendix A. Theorem Dependency Chart

Figure A1 shows how the results build logically from basic regularity findings to final
solution theorems for hybrid fractional systems. The left column holds first-order foun-
dations: Theorem 12 in [21] (p. 25) gives the n = 1 ¢-Caputo transform, and Theorem 2.1
describes first-order regularity preservation. These are extended to arbitrary order n > 1
via Theorem 2.II (higher-order regularity) and Theorem 3 (n > 1 ¢-Caputo transform).
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The middle column traces the development of i-Hilfer transform formulas. Theorem 13
in [21] (p. 25) for n = 1 draws on the first-order transform results, while Theorem 4 forn > 1
depends on higher-order regularity and the corresponding transform formulas. Theorem 1,
centrally positioned, provides the essential transform for n-th-order dy-derivatives.

The right column presents the main applications: Theorem 5 solves hybrid problems
with 0 < (a) < 1, while Theorem 6 handles the case m — 1 < R(a) < m for m > 2. Both
final theorems directly depend on the transform for n-th-order derivatives (Theorem 1),
demonstrating how higher-order extensions enable solving more complex hybrid systems.

Theorem 12 in Choden et al. (2025)
c{COM P} =1

Theorem 2.1 Theorem 13 in Choden et al. (2025) Theorem 5
1-ay aBip [n) Hpya, By _
feq Lt (ADMPYAY(1) L, n=1 ul®l + A HD*B%y 4+ Apu = ¢
i u{( ) } 0<R@) <1
Theorem 1
/“‘W{owf}

Theorem 6
Th 211
eo;efenc HDT;}}Selgrem 4 n>1 Ll["] + /\1HD“’§;wM + Au = g
S,y G m—1<R(a)<mm<n
Thgorem 3
«,
c{(DF B}, n>

Figure Al. Dependency structure of the main results. Horizontal arrows between the first two

columns indicate that the theorem at the tail (left) is used to prove the theorem at the head (right).
Arrows connecting the second column to the central third column (Theorem 1) enable the proofs
of the final theorems in the right column. Regularity and first-order transform results (left) extend
to arbitrary order and y-Hilfer operators (middle). The generalized &, transform forms the central
link leading to hybrid fractional Cauchy problem solutions (right). References: Theorem 12 and 13
from [21].

Appendix B. Numerical Implementation and Computational Details

This appendix describes the numerical strategy used to evaluate the analytical so-
lutions derived in Section 4 for both the classical and fractional forced oscillator models.
Although the fractional responses admit exact representations in terms of generalized
(bivariate) Mittag—Leffler functions, their evaluation involves non-elementary kernels and
convolution integrals that must be computed numerically at discrete time instants.

To ensure efficiency and accuracy, a precomputation—interpolation approach is
adopted for the Mittag—Leffler kernels appearing in the fractional solution. For each
fractional order, the required kernel functions are first evaluated on a uniform grid of
time differences using truncated double-series representations. These precomputed values
are then interpolated during the numerical evaluation of the convolution integrals, sub-
stantially reducing the computational cost compared to direct kernel evaluation at every
time step.

The forcing term is treated in a unified manner, allowing constant, harmonic, ramp-
type, and exponentially modulated excitations to be handled within the same compu-
tational framework. All convolution integrals are approximated using the trapezoidal
rule, which provides a robust balance between accuracy and efficiency for the smooth
integrands considered here. The complete MATLAB R2025b implementations used to
generate the numerical results and figures reported in this work are made available to
ensure full reproducibility.
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Algorithm A1 Unified Numerical Framework for Classical and Fractional Forced Oscillators.

1: Input: (m,k,{) (or (m,k,c)), initial data (xg,vg, do), orders {«;}, type parameter f,
forcing F(t), start time a, time grid {tj}
2. Compute wy, = vk/m and wy = wy/1 — {2
: Choose quadrature nodes {7;} C [a,tmax] and a time-difference grid {At,} with
Aty >0
: Classical response:
. if a closed-form classical solution is available for the chosen forcing F(t) then
for each t; do
Evaluate x(t;) using the known analytic formula
end for
: else
10: foreacht; do
11: Approximate x(t;) numerically on 7, < t; (e.g., by direct quadrature of the
standard classical integral representation)
12 end for
13: end if
14: Fractional response:
15: for each «; do
16:  Seto(a;) and y(a;) = a; + B(1 — ;)
17 Precompute kernel tables on {Af)}:

w

kP (aty), KD (aty), K (At)

18:  (using truncated bivariate Mittag—Leffler double sums)
19:  foreacht; do

20: Restrict to 7; < £ and form At]-q =ti—7
21: Interpolate K,Sf) (Atj) from the table
22: Compute fractional convolution term:

1) & [T -0 k@t — o) Fo) d
() o [ 5= 0 KD ) F(x) e
23: Add initial-condition terms from the closed-form fractional solution:
Xo; (t)) < I(t;) + xo Kﬂ(éll,)(tj) +vot; K,Ef) (t;) + (optional dg term)

24:  end for
25: end for
26: Output: {x(t;)} and {xy,(¢;)};
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