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Abstract

Bertrand curve pairs share the same principal normals, creating a geometric symmetry
useful in design and modeling. The geometry of a surface can be characterized and studied
through three types of characteristic curves: geodesics, curvature lines, and asymptotic
curves. We introduce a method to construct corresponding surface family pairs from a
Bertrand curve pair, ensuring that both curves serve as the same type of characteristic
curve on each surface family, thereby extending curve symmetry to surface symmetry.
We build surface pairs by linearly combining the Frenet frame of a Bertrand curve, with
coefficients acting as shape functions. We establish necessary and sufficient conditions
that these functions must satisfy to guarantee that the Bertrand curves become the same
characteristic type on both surface families. This provides flexible control over surface
geometry and curve type. We further derive conditions for developable surface pairs,
proving that no developable pair can contain a twisted Bertrand curve as a curvature line or
asymptotic curve. To illustrate this, we construct surface pairs from a circular helix, and the
resulting surfaces exhibit an aesthetically pleasing symmetry, demonstrating the flexibility
and interactivity of our framework.

Keywords: geodesic; curvature line; asymptotic curve; Bertrand curve pair; developable
surface family

MSC: 53A04; 53A05; 53250

1. Introduction

If the principal normals of a curve coincide with those of another curve, they are
known as Bertrand curves and are considered to be each other’s Bertrand mates [1]. This
fundamental property establishes a reciprocal pairing relationship, forming a classical
example of symmetry in differential geometry. This intrinsic reciprocal symmetry makes
Bertrand curve pairs particularly valuable in applications such as precision gear design,
computational geometry, and geometric modeling. Numerous scholars have dedicated
their efforts to studying the Bertrand curve [2—4].

On the surface, three prominent categories of characteristic curves play vital roles in
determining the form and characteristics of a surface. These encompass geodesics that
serve as the shortest paths connecting two points in a neighborhood on the surface [5]
and have extensive applications in computer graphics, industrial processes, and deep
learning due to their short-range properties [6-8]. Another category is curvature lines
that effectively depict variations in principal directions during surface analysis and have
diverse applications in fields such as geometric shape recognition, surface reconstruction,
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and 3D point cloud data processing [9,10]. Lastly, asymptotic curves on a surface show
non-positive Gaussian curvature and hold significance in domains such as astronomy,
astrophysics, and architectural CAD drawing [11,12].

Early research on characteristic curves mainly focused on calculating these curves on
a designated surface. However, in practical applications, the inverse problem arises: the
need to generate a surface family that collectively interpolates a given curve as their shared
characteristic curve. Wang et al. [13] proposed a method for constructing surface families
by expressing them as linear combinations of the Frenet frame of the provided curve, using
coefficients called scale functions. They established necessary and sufficient conditions
for these scale functions in cases where the provided curve represents a common isopara-
metric geodesic (i.e., a geodesic that is also a parametric line) within the surface family.
Kasap et al. [14] extended this concept to more general cases by considering factorable
scale functions. Based on this construction approach, Li et al. [15] and Bayram et al. [16]
independently derived essential and adequate criteria for scale functions in cases where the
provided curve represents a shared isoparametric curvature line (i.e., a curvature line that is
also a parametric line) or a shared isoparametric asymptotic curve (i.e., an asymptotic that is
also a parametric line) within the surface family. Kaya and Onder [17] defined another type
of characteristic curve called a D-type curve and explored its use in constructing surface
families that interpolate it as their characteristic curves, since D-type curves encompass
both geodesics and asymptotic curves, making this construction method more versatile.

Developable surfaces can be isometrically mapped to a plane, which optimizes
material efficiency and simplifies manufacturing, crucial in sheet metal forming, com-
posite layups, and aerospace components. Zhao and Wang [18], Liu and Wang [19],
and Li et al. [20] proposed a novel approach to construct developable surfaces based
on the method of surface family construction. They introduced methods for constructing
developable surface families by interpolating given curves as common geodesics, asymp-
totic curves, and curvature lines.

Recent work has extended the construction of surface families that contain special
curves or curve pairs as characteristic curves. Bayram et al. [21], Bayram and Bilici [22],
and Bayram [23], respectively, constructed surfaces interpolating natural lift, involute,
and adjoint curves as common characteristic curves, while Atalay and Kasap [24,25] and
Atalay [26] built surfaces interpolating Smarandache curves and Mannheim curve pairs,
respectively. Furthermore, Wang et al. [27] created the developable surface family pairs that
connect the natural curve pair and the conjugate curve pair as shared asymptotic curves.
Senyurt et al. [28] constructed surface families on which the Bertrand D-partner of any
curve lies as an isogeodesic, isoasymptotic, or curvature line, while in [29], they established
surface families containing both the involute and evolute of a given curve as characteristic
curves of these types. Their work provides a generalized theoretical framework for gener-
ating surfaces from specific curve pairs. However, to the best of the authors” knowledge,
a unified method for constructing surface families that contain Bertrand curves as all three
types of common characteristic curves remains absent. To address this gap, we propose a
novel construction of Bertrand surface family pairs that preserve common characteristic
curves. This construction extends the classical symmetry between Bertrand curves to ensure
a consistent correspondence between the surfaces they generate. Specifically, if a Bertrand
curve is a geodesic, asymptotic curve, or curvature line on one surface, its Bertrand mate
will be the same type on the paired surface. This approach not only provides shape control
through scale functions but also allows the characteristic type to be freely chosen, offering
significant flexibility for interactive surface modeling.

In Section 2, we present the relevant conclusions regarding three types of characteristic
curves, developable surfaces and Bertrand curves. In Section 3, we propose a unified ap-
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proach for constructing Bertrand surface family pairs that preserve common characteristic
curves. Moving on to Section 4, we establish the sufficient and necessary conditions that
can be used to ascertain whether a Bertrand surface family preserving common characteris-
tic curves is developable. Finally, in Section 5, we demonstrate our unified construction
method using a cylindrical helix as a base, producing generated surfaces with distinct
symmetrical properties to highlight its practicality and interactivity.

2. Preliminaries

Firstly, we offer the conditions for identifying a surface curve as a characteristic curve.

Lemma 1.

1. A geodesic curve on a surface exhibits parallelism between its principal normal vector and the
surface normal vector [13].

2. Anasymptotic curve on a surface exhibits perpendicularity between its principal normal vector
and the surface normal vector [15].

3. A curvature line on a surface satisfies the property that the surface normals along it form a
developable surface [16].

Let a(s) represent a three-dimensional Euclidean space curve parameterized by arc
length s, where o (s) # 0; otherwise, the curve would be a straight line, or its principal
normal vector would be undefined at that point. {(s),#(s), and ¢(s) are the unit tangent
vector, principal normal vector, and binormal vector of «(s), respectively. They constitute
a unit right-handed orthonormal frame, known as the Frenet frame, which is denoted as

{C(s),n(s),&(s)}, and they satisfy [5]

=a/(s s) = &(s) s)=1C(s s
£(s) = @/(5), 1(s) = [y §(5) = 2(5) < (o), )
Additionally, we have [5]
g'(s) = x(s)n(s), 1'(s) = —x(s)§(s) + T(s)§(s), &'(s) = —(s)n(s), )

where the symbol “x” denotes the cross product between two vectors, and «(s) and 7(s)
represent the curvature and torsion of «(s), respectively.
The surface family U(s, t) that interpolates «(s) takes the following form [11]:

U(s, 1) = a(s) +i(s, )8 (s) + (s, )n(s) +k(s, £)E(s), 3)

where the C! continuous functions i(s,t),j(s,t), and k(s,t) are the scale functions of
U(s, t). Furthermore, there is a certain value of ¢, denoted as t(, for which U (s, fp) = «(s),
implying that

i(S, to) = j(S, t()) = k(S, fo) =0. 4)

Obviously, different functions such as i(s, t), j(s, t), and k(s, t) yield surfaces of various
shapes, but these surfaces always contain the curve «(s).

Consider the normal vector of U(s, f) as n(s, t) and the normal vector of U(s, t) along
«(s) as n(s, ty), and let 6(s) represent the angle between n(s, tp) and the principal normal
vector #(s). References [13], [15], and [16], respectively, provide the necessary and sufficient
conditions for «(s) to be a geodesic, a curvature line, and an asymptotic curve on the surface
U(s,t). A lemma involving 6(s) uniformly expresses these conditions.
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Lemma 2. The sufficient and necessary conditions for a(s) to be a common characteristic curve on
U(s, t) are that the scale functions satisfy

L(;f(’) = f(s)sinf(s)
Hio) — —f(s) cosb(s).

Moreover, exactly one of the following three conditions holds:

1. In the case of a geodesic, 6(s) = 0 or 71;
In the case of an asymptotic curve, 0(s) = 5,
3. In the case of a curvature line, 0'(s) = —7(s

Here, f(s) serves as the control function of U(s, t) because it governs the shape of the surface.
Secondly, we outline the approach to identify the Bertrand curve.

Lemma 3 ([1]).

1. A twisted (non-planar) curve is a Bertrand curve if the relationship between curvature x and
torsion T satisfies the condition A(x + c¢T) = 1, where A % 0 and c are constants.
2. Aplane curve must be a Bertrand curve.

Finally, we summarize the conclusions about ruled surfaces and developable surfaces
as follows. The equation of the ruled surface is [5]

r(x,y) = w(x) + (¥ — yo)o(x), (6)

where x and y are the parameters of r(x, y), the vector w(x) is the directrix, and the vector
v(x) is located on the generator line.

Lemma 4 ([5]). The ruled surface r(x,y) is developable when

where (-, -, -) represents the mixed product of three vectors.

3. Bertrand Surface Family Pairs Preserving Common Characteristic Curves

Given that the curve oc(s) from Section 2 is a Bertrand curve, we define the curve

&(s) = a(s) + An(s) ®)

as its Bertrand mate curve, and we call the pair {a(s), ®(s)} a Bertrand curve pair, where
the constant A satisfies the condition A(x + ¢t) = 1 in Lemma 3.

U(s t) = &(s) +i(s,£)¢(s) + j(s, t)y(s) +k(s,£)§(s) ©)

defines a surface family that interpolates &(s). This surface family and U (s, t) in Section 2

together constitute the Bertrand surface family pair {U(s, t), U(s,t)}.
Substituting Equation (8) into Equation (9), we can rewrite U (s, t) as

U(s, t) = a(s) +i(s, 1)T(s) + (j(s, t) + A)n(s) + k(s, £)&(s). (10)

We now derive the conditions for a Bertrand surface family pair {U(s,t), U(s, t)} that
preserves common characteristic curves. This construction embodies a type-preserving
geometric symmetry: it ensures that if a(s) is a specific type of characteristic curve (geodesic,
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asymptotic, or curvature line) on U(s, t), then its Bertrand mate &(s) is guaranteed to be
the same type of characteristic curve on the paired surface U(s, t).

We analyze two cases separately: when the given curve «(s) is a twisted (non-planar)
Bertrand curve and when it is a planar curve. In the following part of this section, we
denote the Frenet frame of &(s) by {Z(s), 7(s), &(s) }. For brevity, we abbreviate {(s), #(s),
&(s), C(s), 5(s), and &(s) as L, 5, & T, 77, and &, respectively. Let (s, t) denote the unit
normal vector of U(s,t), (s, ty) represent the unit normal vector of U(s, t) along &(s),
and ¢(s) be the angle between 7(s, tg) and 7(s).

Case 1. «(s) is a twisted (non-planar) Bertrand curve (i.e., 7(s) # 0).

Lemma 5. The relationship between the Frenet frames of a(s) and &(s) is

I=75(ct+?),
81], (11)

Tz (=0 +cf),

NatTIE
||

1+c

where e, 6 € {—1,41}, and the constant c satisfies the condition A(x + ct) = 1 given in Lemma 3.

Proof. By Equations (1), (2) and (8), and Lemma 3,

@(s) =a'(s) + Ay =T+ A(—x(s)T + 1(s)Z)

(12)
= (1= Ax(s))0 +A1(s)8 = At(s)(cT+ ),

Then

&/ (s)| = [AT(s)| V1 +c?,

Thus, we have

> w(s) 9 i
R viza t

From the definition of Bertrand curves, the principal normals of the curves «(s) and
«(s) coincide, which implies that 7 || #; that is, 7 = e#.
Finally, from Equation (1), we get

oe
V142

I=0x7q= =(=0+cf).

O

Theorem 1. The necessary and sufficient conditions for the Bertrand surface family pair
{U(s,t),U(s,t)} to preserve common characteristic curves are that the scale functions
must satisfy

a(sto) :g( )Cosq)( )+Cak(s,t0)/
S5 _ g 5502 — £(s) sin 0(s), (13)
ak(s,to)

Y = —f(s) cosb(s),

and exactly one of the following three conditions holds:

1. When the characteristic curves are geodesics, 0(s), ¢(s) = 0 or 11;

2. When the characteristic curves are asymptotic curves, 6(s) = ¢(s) = 5; .
AV14c2

Here, the functions f(s) and g(s) are called the control functions of the Bertrand surface
family pair {U(s,t), U (s, t)}.

3. When the characteristic curves are curvature lines, 0'(s) = —7(s), ¢'(s) = —
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Proof. Preserving common characteristic curves requires that the Bertrand curve pair «(s)
and «(s) serve as the same type of common characteristic curve on their respective surface
families. Lemma 2 has already established the necessary and sufficient conditions for
«(s) to be a common characteristic curve on the surface family U (s, t). Therefore, we now
derive the corresponding necessary and sufficient conditions for &(s) to be a common
characteristic curve on the surface family U (s, t).

Firstly, according to Lemma 2, the type of characteristic curve that the curve &(s) is on
the surface family U (s, t) depends on the angle ¢(s) between the unit normal vector 7(s, t;)
and the principal normal vector ¢. Therefore, we will derive the relationship between the
scale functions i(s, t), (s, t), and k(s, t) of the surface family and the angle ¢(s).

On the one hand, in curve theory, the fact that { is simultaneously perpendicular to 7,
& and 7(s, to) implies that 77, & and 7(s, t) lie in the same plane. Consequently,

7i(s, tg) = cos ¢(s)fj + sin ¢(s)¢, (14)

Substituting Equation (11) into Equation (14), we get

n(s,ty) = ¢ <_5 SlL—l;—qoc(;) C+cosp(s)y+ cosin gls) s%njoc(;) i,’); (15)

On the other hand, according to Equations (2) and (10), we obtain

aﬁ(s, to) 781'(5, to) n E)j(s, to)”+ ak(S, i’o)

ot - ] ot 4 ot ot &
o) 1 2 sy ) + M€
+ |x(s)i(s, to) + @ —7(s)k(s, to)] 1
+ _T(S)(j(s, fo) +A) + ak(asst())] ¢,

and applying Equation (4) and the definition of partial derivatives yields

ai(S, to) aj(S, to) ak(S, to)

s  9s o5 0,
Furthermore, since Lemma 3, it follows that
ol (s, t
M1 _ (1 ax(s))g + Ar(s)n = Ae()(cL + ), (16)

Then, the normal vector N (s, to) of U(s, t) along &(s) is given by

Wi i) = 25200 L) 7)
— At(s) [_aﬂgft ), (ai(;,tto) L t0)>”+ sty g].

Since 7 (s, to) is parallel to N(s, ty), Equations (15) and (17) yield

di(st)  dilst) . ok(sto)
ot _ ot C—ar

dsin g(s) cos ¢(s)
1+¢2

7
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That is, there exists a function g(s) such that

a]<s to> _ 5g(s) St (18)

al(Sto) _g( )COS(P( )+C (Sfo)
Vi

Then, we obtain Equation (13) by combining Equations (5) and (18).

Secondly, we will separately discuss the conditions that the angle ¢(s) must satisfy
when the curve &(s) is a geodesic, an asymptotic curve, and a curvature line.

It is easy to see from the Lemma 1 that &(s) is a geodesic only when ¢(s) = 0 or
¢(s) = m, and &(s) is an asymptotic curve only when ¢(s) = 7.

We now focus on deriving the case where &(s) is a curvature line. From Lemmas 1 and 4,
«(s) is a curvature line only when

(@' (s),7(s, to), 7 (s, t)) = 0. (19)

Using Equation (2), we take the derivative of Equation (15) to obtain

(s, to) :8[_5%5 ok (s )i}rﬂq sing(s) ¢’ (s)y

1) cé
+c05 () (—(5)T + T(5)&) + —mas cos p(s) ¢ ()& — sin (s)7(s)7
3¢’ (s) e Jx(s) e cdt(s) ] (20)
=—¢ {cos o(s) ( N + K(s))(:—l— sin (p(s)( — +¢/(s) + m)q
—cos ¢(s) <T(S) + %)4

According to Equations (12) and (15), we have

&' (s) x7(s, ty) = e)\r(s)[ cos ¢(s)T + 6V 1+ c?sin ¢(s)n + ccos q)(s)g}, (21)
Then, substituting Equations (20) and (21) into Equation (19), we get

(@ (s),7(s, to), 7 (s, to)) = (& (s) Xﬁ(s to)) 7 (s, t0)
=AT(s)[k(s) + ct(s) + 6V 1+ c2¢'(s

Since A # 0 and 7(s) # 0, we have
k(s) +ct(s) + 6V 1+ c2¢'(s

That is,
(22)

Then,

A Wi

Finally, by combining the above conclusions with Lemma 2, the theorem is proved. [

Case 2. «(s) is a plane curve and is not a circle of radius A (i.e., x(s) # %, T(s) = 0).
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Note that if «(s) is a circle of radius A, Equation (8) clearly shows that its Bertrand
mate &(s) degenerates to the center of a(s).

Lemma 6. The relationship between the Frenet frames of a(s) and &(s) is

¢ =el,7j= 01,5 = &g, (23)
wheree,§ € {—1,+1}.

Proof. Since «(s) is a plane curve, the definition of Bertrand curves implies that its Bertrand
mate &(s) is also a plane curve. Moreover, because 7 || #, it follows that { || Z, giving

Then,

O

Theorem 2. The necessary and sufficient conditions for the Bertrand surface family pair

{U(s,t),U(s,t)} to preserve common characteristic curves are that the scale functions
must satisfy

K5 — o (5) cos p(s) = —f(5) cos B(s), 24

and exactly one of the following three conditions holds:

{aj(g’tt(]) =¢eg(s)sing(s) = f(s)sinf(s),

1. When the characteristic curves are geodesics, 0(s), ¢(s) = 0 or 71;
2. When the characteristic curves are asymptotic curves, 0(s) = ¢(s) = 5,
3. When the characteristic curves are curvature lines, both 0(s) and ¢(s) are constants.

Here, the functions f(s) and g(s) are called the control functions of the Bertrand surface

family pair {U (s, t),U(s,t)}.

Proof. Firstly, we derive the relationship between the scale functions i(s, t), j(s, t), and
k(s, t) and the angle ¢(s) between the unit normal vector 7(s, tp) and the principal normal
vector E

From Equations (14) and (23), we obtain the unit surface normal vector along &(s) as

(s, tg) = 6(cos @(s)n + esin ¢(s)¢); (25)
Since 7(s) = 0, then according to Equation (16), we obtain

@ =(1=Ax(s))0 + At(s)y = (1= Ax(s))g,

8U(s,t0) _ai(s,to) aj(s,to) 8k(s,t0)
o ot 1t &

and the surface normal vector along &(s) is
— . aﬁ(s, to) aﬁ(s, to)
N(s, tg) = 5 X

= (1 _ K(S))\) <a](;/tt0)g . ak(as;to)”> .

https://doi.org/10.3390/sym18020309
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Since 7(s, to) || N(s, tp), we have

(26)
oL = —g(s) cos g(s),

{ W = gg(s) sin (p(s),

Combining Equations (5) and (26) yields Equation (24).

Secondly, Lemma 1 shows that &(s) is a geodesic when ¢(s) = 0 or 77 and identifies it

as as an asymptotic curve when ¢(s) = 7.

We now examine the case in which &(s) is a curvature line. Substituting 7(s) = 0 into
Equation (12) yields

#(s) = (1— Ax(s)){ + AT(s)E = (1 — Ax(s))3,

and from Equation (25), we obtain

7' (s, tg) = —0[k(s) cos @(s)T + ¢ (s) sin ¢(s)yy — e¢' (s) cos p(s)E].

Lemmas 1 and 4 establish that when «(s) is a curvature line, the mixed product
satisfies

(@' (s),71(s, tg), 7' (s,t9)) = e(1 —x(s)A)¢'(s) = 0.

Because ¢ # 0 and x(s) # 1, this forces ¢'(s) = 0: that is, ¢(s) is a constant.
Finally, by combining the above conclusions with Lemma 2, the theorem is proved. [

4. Bertrand Developable Surface Family Pairs Preserving Common
Characteristic Curves

We now further present the conditions for the Bertrand surface family pair {U(s, t),
U(s,t)} to be developable, while still ensuring that the curves «(s) and &(s) from the
Bertrand curve pair remain as the same type of common characteristic curve on their
respective surface families.

Lemma 7 ([30]). The surface family U (s, t) is developable, with «(s) being a common characteristic
curve if and only if the scale functions satisfy

(i(s, 1), j(s, t) ( t)) = (t—to)(o(s), p(s),q(s)),
fF($)f(5)(0(s) +T(s)) +x(s)o(s) cosB(s)] = 0,
p )

) ) ( (27)
(s) = f(s )Sm9(5) q(s) = —f(s) cos0(s),

and exactly one of the following three conditions holds:

1. In the case of a geodesic, 6(s) = 0 or 71;
2. In the case of an asymptotic curve, 0(s) = 5,
3. In the case of a curvature line, 6'(s) = —t(s).

Here, the C' continuous function f(s) is called the control function of U (s, t).
Note that in Equation (27), if f(s) = 0, then p(s) = g(s) = 0; therefore,

U(s,t) = a(s) + (t —to)o(s)C,
U(s,t) =a(s) + (t—to)o(s)C.

https://doi.org/10.3390/sym18020309
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Now, since U (s, t) is a tangent surface of a(s), it must be developable. When «(s) is a
plane curve, U(s, t) is also a tangent surface of @(s) and must be developable. However,
when «(s) is a twisted curve, U(s, t) is not developable. In fact, let D(s) = o(s){; then,

D'(s) = o'(s)T + o(s)x(s)y,

and from Equation (12), we have

(@ (5),D(s),D'(s)) = Ax(s)T(s)0*(s) # 0,

so U(s,t) is not a developable surface according to Lemma 4.
Now, let us consider the case where f(s) # 0.
Case 1. «(s) is a twisted Bertrand curve.

Theorem 3. The necessary and sufficient conditions for the Bertrand surface family pair
{U(s, t),U(s,t)} to be developable and to preserve common geodesics are that the scale func-
tions must satisfy

(i(s,1),j(s, 1), k(s, 1)) = (t —to)(0(s), p(s),4(s)),
ofs) = ( )+Cq s).p(s) = 0,4(s) = fr(s), (28)

(
216 = A (5 —<)-

where the functions f1(s) and g1(s) are called the control functions of the Bertrand developable
surface family pair {U (s, t), U (s, t)}.

Proof. Firstly, according to Lemma 7, when U(s, t) is a developable surface family and
a(s) is their common geodesic, the scale functions i(s,t),j(s,t), and k(s,t) satisfy the
following conditions:

{(i(s 1),7(5, 1), k(s 1) = (£ o) (0(5), p(5),9(5)) 2

o(s) = TELEL p(s) = 0,q(s) = fu(s),

where f1(s) = £f(s).
Secondly, according to Theorem 1, the necessary and sufficient conditions for &(s) to
be a common geodesic on the surface family U (s, t) are

9i(s, tp) . ok(s, tg) aj(s,to)
T R T

=0, (30)

where ¢1(s) = £4(s). By combining Equations (29) and (30), Equation (28) is established.
Finally, we show that by choosing the scale functions according to Equation (28),
the surface family U (s, t) is also developable. Here,

(s)

U(s, t) =u(s)+ (t—to) fr(s) (K(s)

cre),

Setting D1(s) = fi(s) (%g + é‘) and differentiating with Equation (2) gives

o TAG)
Dl(s)—( 2 )C+f()
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From Equation (12), we have

@'(s) = At(s)(cl +7),

Hence,
(&'(s), D1(s), Di(s)) = 0,

Then, according to Lemma 4, ﬁ(s, t) is a developable surface family, and the theorem
is proved. O

Theorem 4. There is no Bertrand developable surface family pair preserving common curva-
ture lines.

Proof. According to Lemma 7, if U(s, t) is a developable surface family interpolating «(s)
as a common curvature line, then

(i(s,1),j(s,£), k(s, 1)) = (t = to)(0(s), p(s),4(s)),
o(s) = 0, p(s) = £(5) sinb(s), 4(5) = —f(s) cosO(s), 61
0'(s) = —1(s).

From Equation (31), we get

U(s,t) =a(s)+ (t—ty)f(s)(sinO(s)y — cosO(s)),

Setting D;(s) = f(s)(sin@(s)y — cos 0(s)¢) and differentiating with Equation (2) gives

Dj(s) = —f(s)x(s) sinf(s) + f'(s)[sin 0(s)y — cos 0(s)Z],

SO
(@'(s), Da(s), D(s)) = Ax(s)7(s) f*(s) sin® 6(s),
Because A # 0,x(s) #0,7(s) # 0, f(s) # 0, and sin@(s) # 0, we have
(@'(s), Da(s), D3 (s)) # 0,
According to Lemma 4, U(s,t) is not a developable surface family. The theorem
is proved. O

Theorem 5. There is no Bertrand developable surface family pair preserving common asymp-
totic curves.

Proof. Suppose that U(s, t) is a developable surface family that interpolates «a(s) as a
common asymptotic curve; from Lemma 7, f(s)7(s) = 0. However, since the curve «(s)
is a twisted Bertrand curve, we have 7(s) # 0. Moreover, we previously assumed that
the control function satisfies f(s) # 0. Consequently, f(s)t(s) # 0, which leads to a
contradiction. Therefore, U(s, t) cannot be a developable surface that contains «(s) as a
common asymptotic curve. The theorem is proved. [

Case 2. «(s) is a plane curve.

Theorem 6. The necessary and sufficient conditions for the Bertrand surface family pair

{U(s,t),U(s,t)} to be developable and to preserve common geodesics are that the scale func-
tions satisfy

https://doi.org/10.3390/sym18020309
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{(i(sff),j(sf t),k(s, 1)) = (£ = to)(o(s), p(s),q(s)), (32)

o(s) = p(s) = 0,4(s) = g1(s) = fi(s),

where the functions f1(s) and g1 (s) are called the control functions of {U(s,t), U(s,t)}.

Proof. Firstly, according Lemma 7, when U (s, t) is developable, with «(s) being a common
geodesic and 7(s) = 0, the scale functions satisfy

(33)
o(s) = p(s) = 0,q(s) = fu(s),

where f1(s) = £f(s).
Secondly, according to Theorem 2, the necessary and sulfficient conditions for &(s) to

{(i(sff),j(s, t),k(s, t)) = (£ = to)(o(s), p(s),q(s)),

be a common geodesic on the U(s, t) are

aj(S, i’o)
ot

ok(s,
=0, (;tto) = g1(s), (34)

where ¢1(s) = £4(s). From Equations (33) and (34), Equation (32) is proved.
Finally, from Equation (32), we obtain

U(s,t) = &(s) + (t = to) f1(s)E,

assuming D3(s) = f1(s)¢. Since 7(s) = 0, it follows from Equation (2) that

D5(s) = fi(s)d,
and
¥ (s) = (1- Ax(s))3,
Consequently, we have
(& (s), D3(s), D5(s)) =0,

indicating that U (s, t) is a developable surface family. Thus, the theorem is proved. [

Theorem 7. The necessary and sufficient conditions for the Bertrand surface family pair

{U(s,t),U(s,t)} to be developable and to preserve common curvature lines are that the scale
functions must satisfy

: (35)
p(s) = /1= Cigls) = /1 - C3f(s),
q(s) = —C18(s) = —Cof (s),

where C1 and Cy are constants, and the functions f(s) and g(s) are called the control functions of

{U.(s,t),U(s, 1)}

https://doi.org/10.3390/sym18020309
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Proof. Firstly, according Lemma 7, when U(s, t) represents a developable surface family
that interpolates «(s) as a common curvature line with 7(s) = 0, the scale functions satisfy

{<i<s,t>,j<s, ),K(s,1)) = (= ) (0(s), p(s),4(5)) 6

o(s) =0,p(s) = f(s)sinb,q(s) = —f(s) cos®,

where 0 is a constant.
Secondly, according to Theorem 2, the necessary and sufficient conditions for &(s) to
be a common curvature line on the U(s, t) are

dj(s, t . ok(s,t
](at 0) = €g(s) sin (p,% = —g(s)cos g, (37)

where ¢ is a constant.
Let cos ¢ = Cq,cos 6 = Cy, and from Equations (36) and (37), Equation (35) is proved.
Finally, from Equation (35), we obtain

U(s, t) = a(s) + (t—t0) f(s)(y/1 — Gy — Caf),
assuming Dy (s) = f(s)(1/1 — C3y — C2&); since 7(s) = 0, we know from Equation (2) that

Diy(s) = /1= C3(=x(s)f(5)T + f'(s)1) = Caf ()3,
and
@ (s) = (1—Ax(s))E,
Therefore,
(&'(s), Da(s), Dy(s)) =0,
which implies that U(s, t) is a developable surface family; the theorem is proved. O

Theorem 8. The Bertrand developable surface family pair that preserves common asymptotic curves
is necessarily composed of planes.

Proof. Firstly, according Lemma 7, when U (s, t) is developable, with «(s) being a common
asymptotic curve and 7(s) = 0, the scale functions satisfy

{(i(s,f),j(sf t),k(s,t)) = (t = to)(o(s), p(s),4(s)), (38)

p(s) = f(s)-

Secondly, according to Theorem 2, the necessary and sufficient conditions for &(s) to
be a common asymptotic curve on the U (s, t) are

dj )
](;rttO) _ Eg(S), k(;;tO) —0. (39)

From Equations (38) and (39), we have

{(i(srf),j(sf t),k(s, t)) = (£ —to)(o(s), p(s),q(s)), (40)
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Then,

U(s t) = a(s) +o(s)T+ f(s)y,
U(s,t) =&(s) +o(s)f + f(s)n,

since both a(s) and &(s) are plane curves, and U (s, t) and U (s, t) are both planes. Therefore,
the theorem is proved. O

5. Example

Given a cylindrical helix

a(s) = (cos ) (0 <s <40m),

Vol fxf

its Frenet frame, curvature, and torsion are as follows, respectively:

Cz%(—sin\%,cos%,l),
n= fcos%,fsin%,o), k(s) =1(s) =
é‘:% sin%,—cos%,l

1-Ax(s)
AT(s)

According to Lemma 3, the curve «(s) is a Bertrand curve. If A = 3 and ¢ =

— %, then its Bertrand mate curve is

a(s):a(s)+)uyz( ZCOS} 2s1n\[\f),(0§s§407t).

Using the construction method proposed in this paper, we generate Bertrand surface
pairs of various shapes from the above Bertrand curve pair {«(s), ®(s) }, with the curves
serving as common geodesics, asymptotic curves, and curvature lines. In the figures below,
the «(s) curve appears in red, and the &(s) curve appears in green.

1. According to Theorem 1, by setting ty = 0,6(s) = 0,¢(s) = ,g(s) = —3, and f(s) =
i(s,t) =t,j(s,t) =0,k(s, t) = =2t,(0<t <1),

and

(s) = (05 7 = Jgoim i T+ peos S ).

— t
U(s,t):< ZCOS\[ \f \[ 251n\[ \f \[ \[ f)

Therefore, {U(s,t),U(s,t)} forms a Bertrand surface pair preserving common
geodesics; see Figure 1.
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0 2 4

-2 44 -2

Figure 1. {U(s,t),U(s, t)} preserving common geodesics.

2. According to Theorem 1, by setting ty = 0,0(s) = ¢(s) = %, and f(s) = 52,

i(s,t) = 0,j(s,t) = s2t,k(s,t) = 2, (0 < t < 1),

and
S 1 S #2 S
U(s,t) =( cos — — t52 cOS —= + —= sin —,
(5:1) ( NG 2T
sin S pebein S B e S i+i>
V2 V2 V2 V2 V2 2)’
_ s 1 s #2 s
U(s,t) = —2cos — — ts2 cos — + — sin —,
0 =( NG NI R
Cosin S pekein S E e S i+i>
V2 V2 V2 V22 V2

Therefore, {U(s,t), U(s,t)} forms a Bertrand surface pair preserving common asymp-
totic curves; see Figure 2.

A

3. According to Theorem 1, by setting tp = 0,6 = 1,6(s) = —5,¢(s) = ——>

f(s) = —sin \/LTO' and g(s) = _@ sin 3,

https://doi.org/10.3390/sym18020309
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and

U(s,t) = (Cos % + tl(s),sin% + tm(s), % + tn(s)),

Us, t) = (—ZCOS % +tl(s), —2sin % +tm(s), \% + tn(s)),

where

V5 gin S sin $ i + 4 sin S sin S cos s
3 V2 2 V1o 32 V2 V10 2
s

S S

m(s) =— \/—gcosisinicosi - icosisinicosE
3 V22 V10 3v2 V2 VIo 2
—sin \/% sin % sin %,
n(s) = _v5 sin > cos —— — ﬁ sin —— cos -
3 27710 V1o 2
Therefore, {U(s,t),U(s,t)} forms a Bertrand surface pair preserving common curva-
ture lines; see Figure 3.

80
60 ~|
40

20 +

0 -
4

2 0 2
-2 0
-4 4 -2

Figure 3. {U(s,t), U(s, t)} preserving common curvature lines.

4.  Finally, the Bertrand curve {a(s),&(s)} is utilized to construct a developable surface
preserving common geodesics. According to Theorem 3, by setting typ = 0, f(s) =1
and g(s) = 3,

ofs) = g"’(s) =0,q9(s) =1,0<t<1,

and
S S S
U(s,t) = | cos—= — —tsin —,sin — +
(5:8) ( V2 3 V2I V2
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References

_ s ﬁ s s ﬁ s s 4\@
U(s,t) = | —2cos — — —tsin —, —2sin— + —coS —, — + —1 |.
(&) ( V2 3 V2 V2 3 V22 B )

Therefore, {U(s,t), U(s,t)} forms a Bertrand developable surface family pair preserv-
ing common geodesics; see Figure 4.

100
80 |
60 -
40

20 +

-2 -2
-4 4

Figure 4. Developable surface pair {U(s, t), U(s, t) } preserving common geodesics.

6. Conclusions and Future Work

In the examples above, using the same cylindrical helix and its Bertrand mate, we
constructed differently shaped Bertrand surface pairs that preserve common characteristic
curves. The clear visual symmetry of the resulting surfaces directly inherits the intrinsic
symmetry of the Bertrand curve pair. The proposed method offers significant advantages:
The angles 6(s) and ¢(s) can be adjusted to control the type of characteristic curve, while
the control functions f(s) and g(s) enable flexible shape modifications of the surfaces. This
combination of parametric control and inherent symmetry makes the design of surface
modeling more flexible and interactive, which provides an effective method and frame-
work. Building upon the framework established in this study, subsequent research will
systematically investigate the dependence of Gaussian curvature K and mean curvature H
on the control functions f(s) and g(s), with a focus on deriving the necessary and sufficient
conditions for Bertrand surface families to become developable surfaces (K = 0) or minimal
surfaces (H = 0). This direction constitutes an independent and complete theoretical
research system, promising to deepen the geometric understanding of Bertrand surfaces
and expand their potential in engineering geometry design.
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