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Abstract

Takagi-Sugeno-Kang (TSK) fuzzy classifiers have achieved notable success in pattern
recognition and data mining due to their combination of approximation capability and
model interpretability. However, existing TSK classifiers predominantly rely on batch
training, which becomes impractical in streaming environments characterized by contin-
uous sample arrival, limited memory, and evolving data distributions. To address these
challenges, this paper proposes the Online Adaptive TSK (OA-TSK) fuzzy classifier with
an incremental-decremental update protocol for non-stationary data streams. First, we de-
velop the Decremental Adaptive TSK Fuzzy Classifier (DA-TSK), whose update procedure
applies the Sherman—-Morrison formula to a symmetric rank-one downdate, enabling pre-
cise sample removal while maintaining exact equivalence to batch least-squares retraining.
Building upon DA-TSK and our prior Dynamic Incremental Adaptive TSK Fuzzy Classifier
(DIA-TSK), we then propose OA-TSK, which integrates incremental and decremental up-
dates within a sliding-window mechanism to achieve continuous adaptation with bounded
memory. The key theoretical contribution is that, in exact arithmetic, OA-TSK produces
at every time step the same ridge-regularized least-squares solution as batch retraining
on the active window. To further handle severe shifts in the input distribution, which can
cause fixed rule centers to become poorly aligned with newly arriving samples, we propose
Online Adaptive TSK with Antecedent Reclustering (OA-A-TSK), which incorporates an
adaptive antecedent reclustering mechanism. Comprehensive experiments on synthetic
and real-world data streams demonstrate that OA-TSK achieves classification accuracy
comparable to that of ridge-regularized batch retraining while substantially reducing per-
sample computational complexity. An analysis of average ranks shows that OA-TSK and
OA-A-TSK rank among the top-performing methods across diverse drift scenarios while
preserving the intrinsic interpretability of TSK fuzzy systems.

Keywords: Takagi-Sugeno-Kang (TSK) fuzzy classifier; online learning; concept drift;
incremental learning; decremental learning; Sherman—-Morrison formula; data streams

1. Introduction

Takagi-Sugeno-Kang (TSK) fuzzy systems have been extensively applied to various
domains including system control, pattern recognition, and data mining [1-3], owing
to their compelling combination of universal approximation capability and inherent in-
terpretability [4,5]. Among different types of TSK fuzzy systems, zero-order TSK fuzzy
classifiers, in which the consequent part of each fuzzy rule is a constant, have attracted
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considerable attention due to their simple weighted output aggregation and clear semantic
meaning [6-9]. However, while TSK fuzzy classifiers have demonstrated their distinctive
value in real-world applications where model comprehensibility is as important as classifica-
tion accuracy [10], they still face several critical challenges when processing non-stationary
data streams.

Traditional TSK fuzzy classifiers are predominantly trained in batch mode, which
requires the complete training dataset to be available during model construction. This
paradigm becomes problematic in modern applications where data arrives continuously
as streams, storage capacity is limited, computational resources are constrained, and the
underlying data distribution may evolve over time due to concept drift [11-15]. In such
scenarios, retraining the classifier from scratch whenever new data arrives is computation-
ally prohibitive, while simply ignoring new information leads to performance degradation
as the model becomes increasingly outdated.

Representative evolving TSK learners include Angelov and Filev’s evolving Takagi—
Sugeno (eTS) model, which updates its rule base online [16]; Angelov and Zhou's evolving
classifier (eClass), a single-pass fuzzy-rule-based classifier [17]; and the eClass and FLEXFIS-
Class architectures studied by Angelov, Lughofer, and Zhou [18]. Ensemble-based evolving
fuzzy systems that reweight base learners under drift include Pratama, Pedrycz, and
Lughofer’s pENsemble [19] and the dynamic similarity weighted evolving fuzzy system
(DSW-EFS) of Li and Zhao [20]. Building on this line, Chen, Sha, and collaborators proposed
the Dynamic Incremental Adaptive TSK Fuzzy Classifier (DIA-TSK) [21]. Its online variant,
O-DIA-TSK, uses Sherman—-Morrison rank-one updates to incorporate individual samples,
whereas its batch variant, B-DIA-TSK, uses the Woodbury matrix identity for batch updates.
Yet DIA-TSK and related incremental methods still cannot remove outdated or irrelevant
samples, leading to two core issues: (1) the influence of historical samples accumulates
indefinitely; (2) in non-stationary data streams, retaining data from p(x | ty) can skew the
boundary for p(x | t) and degrade current accuracy.

Concept-drift handling in machine learning typically relies on window-based meth-
ods such as Adaptive Windowing (ADWIN) [15], ensemble member replacement as in the
Streaming Ensemble Algorithm of Street and Kim [22] and Dynamic Weighted Majority
(DWM) [14], or explicit drift detection and forgetting in evolving fuzzy systems [23,24].
These strategies offer practical performance but remain heuristic approximations without
guarantees of maintaining global optimality after updates. Moreover, most prior work fo-
cuses on adding samples or detecting distribution changes, without providing a principled
and reversible sample removal mechanism for TSK models, even though reversible update
methods have been developed in other domains, such as the incremental and decremental
support vector machine (SVM) learning method of Cauwenberghs and Poggio [25].

In addition, existing studies on online and incremental learning have primarily fo-
cused on addressing concept drift, without explicitly accounting for the fact that concept
drift may also lead to changes in the relative numbers of samples from different classes.
Such changes may introduce or exacerbate class imbalance, which can significantly affect
classifier performance.

In order to fundamentally address these challenges, we propose the following novel
contributions in this study:

1. We first develop the Decremental Adaptive TSK Fuzzy Classifier (DA-TSK) for precise
sample removal from TSK fuzzy classifiers. By applying the Sherman-Morrison
formula to a symmetric rank-one downdate, DA-TSK enables the removal of a selected
sample from the active training set, provided that the reduced Gram matrix remains
nonsingular. The mathematical rigor ensures that after each removal operation, the
consequent parameters satisfy the global optimality condition.
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2. Building upon DA-TSK and the incremental capabilities of DIA-TSK, we propose
Online Adaptive TSK (OA-TSK), an online fuzzy classifier that integrates incremen-
tal and decremental updates to continuously adapt to non-stationary data streams.
The proposed incremental-decremental update protocol has two phases: Phase I
incorporates a new sample via a Sherman—Morrison rank-one update, and Phase II
removes the oldest sample via a Sherman-Morrison rank-one downdate when the
window capacity is exceeded. This protocol maintains bounded memory usage while
preserving global optimality at every time step.

3. While OA-TSK effectively handles concept drift through its sliding-window mecha-
nism, severe shifts in the input distribution may cause the fixed rule centers to become
poorly aligned with current samples. To address this, we propose Online Adaptive
TSK with Antecedent Reclustering (OA-A-TSK), which uses an adaptive antecedent
reclustering mechanism to monitor the mean normalized firing strength of each rule
and update the rule centers when these values are severely imbalanced.

4. To address this issue, our proposed framework periodically monitors imbalances
among the mean normalized firing strengths of the fuzzy rules during online learning
and updates the fuzzy rule antecedent parameters when the corresponding monitor-
ing statistics exceed their predefined thresholds. These statistics may indirectly reflect
changes in class proportions when different classes exhibit different rule activation
patterns. This mechanism allows the classifier to maintain relatively stable rule an-
tecedents when the monitoring criteria are not met, while adaptively adjusting them
in response to substantial imbalances in rule activation. Furthermore, a regularization
term is incorporated to improve model generalization and reduce sensitivity to data
fluctuations. By considering the potential impact of class imbalance associated with
concept drift, the proposed framework aims to achieve a better balance between
model stability, generalization, and adaptability in non-stationary data streams.

By maintaining exact equivalence to the ridge-regularized least-squares solution ob-
tained by batch retraining at each time step, OA-TSK provides a principled theoretical
foundation for online TSK fuzzy classification that was previously unavailable. The equiv-
alence guarantee—that OA-TSK produces exactly the same model as batch retraining
on the active window—eliminates the approximation errors inherent in gradient-based
online methods and provides rigorous performance guarantees. Our experimental re-
sults on synthetic and real-world data streams with various drift patterns demonstrate
the effectiveness of OA-TSK and OA-A-TSK in terms of both classification performance
and computational efficiency. The results confirm that OA-TSK achieves accuracy com-
parable to batch retraining while enabling genuine online learning capabilities for TSK
fuzzy classifiers.

The rest of this article is organized as follows. Section 2 surveys related work, covering
classical zero-order TSK fuzzy classifiers and DIA-TSK. Section 3 introduces DA-TSK
and its theoretical foundation. Section 4 details the proposed online learning methods,
including OA-TSK and OA-A-TSK. Section 5 reports experimental evaluations on synthetic
and real-world data streams. Section 6 concludes the paper.

2. Related Work
2.1. Classical Zero-Order TSK Fuzzy Classifier

Since zero-order TSK fuzzy classifiers form the foundation of OA-TSK, we first present
their formal definition and mathematical formulation. A zero-order TSK fuzzy classifier
consists of K fuzzy rules. The k-th rule is expressed as [1]

IF x; is AX Axpis AS AL Axgis ANTHEN yp = 4, k=1,2,...,K. (1)
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Here, x = (x1,X,...,%3)" € R? is the input vector, and xj is its j-th component,
j=1,...,d. The fuzzy set A;‘ is defined on the j-th feature for rule k. The symbol y; denotes
the output of rule k, and a; € R is its constant consequent. The Gaussian membership
function adopted in this study is

¢f (xj) =exp - 2

where cf and o denote the center and width of the Gaussian membership function for
the k-th rule on the j-th feature dimension. These parameters can be initialized through
clustering algorithms such as k-means [26] or fuzzy c-means [27], with the cluster centers
serving as rule centers [28]. The firing strength of rule k is calculated as:

d
W (x) =19} (x)), ®)
j=1
and its normalized firing strength is

P = @
Ly wh(x)

The output of the scalar zero-order TSK model is

K
y=Y ¢x) a. 6)
k=1

For classification with C classes, each rule has one consequent for each class, producing
C output scores, and the class associated with the maximum score is selected. Given
a training set D = {(xi,yi)}ilil, the normalized firing-strength matrix G € RN*K is
constructed using

k
w (Xl') ,

Gk =8 (%) = ——2—,i=1,...,Nk=1,... K (6)

1 T e (x)

For multi-class classification, the one-hot label matrix Y € {0, 1}NXC is defined by

Lyi=c ‘

Y. = i=1,...,N,c=1,...,C. (7)
0, Otherwise

Let A € RKXC denote the consequent parameter matrix, where Ay, is the consequent
of rule k for class c. Lety; = [Yi1,Yj2,...,Yjc| denote the one-hot row vector associated
with the scalar class label y;. Subsequent sections represent an encoded labeled sample as
(xi,y;)- The output-score matrix is

Y =GA ®)

The consequent parameters are learned by ridge-regularized least squares:

A" = argmin{”GA —y|2 +A||A||§}, A>0, 9)
A
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where ||-|| denotes the Frobenius norm and A is the ridge regularization parameter. Its
closed-form solution is: )
A* = (GTG + AIK> GTy, (10)

where I is the K x K identity matrix. Define the inverse of the regularized Gram matrix as

-1
P— (GTG + AIK> . (11)
The optimal consequent parameters can then be written as
A* =PG'Y. (12)

This matrix formulation provides the foundation for the incremental and decremental
updates developed in subsequent sections.

Although batch training provides a closed-form solution, forming and inverting the
regularized Gram matrix require O (NK? + K?) operations. Moreover, incorporating new
samples requires repeated batch retraining, while assigning equal weight to older and more
recent samples may reduce performance under concept drift. These limitations motivate
the incremental and decremental closed-form updates developed in the following sections.

2.2. Dynamic Incremental Adaptive TSK Fuzzy Classifier (DIA-TSK)

In our previous work [21], we proposed DIA-TSK to address the limitations of batch
training in streaming environments. Related incremental and sequential learning methods
include PANFIS [29], incremental linear discriminant analysis [30], the fuzzy model with
online incremental SVM learning proposed in [31], and McFIS [32]. DIA-TSK represents a
significant advancement in incremental learning for TSK fuzzy classifiers by maintaining
global optimality through closed-form parameter updates. The core innovation of O-DIA-
TSK lies in its application of the Sherman-Morrison formula to incrementally update the
inverse Gram matrix. When a new training sample (x;,y,) arrives at time ¢, its normal-
ized firing-strength vector g, € R*X is first computed using the established fuzzy rule
antecedents. To review the original unregularized DIA-TSK formulation, this subsection
sets A = 0 and assumes that G;_1 has full column rank. Let Gy and Y be the normalized
firing-strength and label matrices for the Ny initial training samples. The augmented
normalized firing-strength and label matrices become

Gi = |C11| e ROWHIXK y, = |Yi1| g RN+ (13)
8 Yi
The corresponding Gram matrix satisfies:
G/G: =G/ G 1+gg- (14)

Rather than recomputing the matrix inverse from scratch, DIA-TSK applies the
Sherman—Morrison formula to obtain the updated inverse Gram matrix efficiently:

_ PragigPi

, (15)
1+ gtPt—lg;r

P; = (G;fc;t)_1 —P

-1
where P;_; = (GtT_1 Gt—l) is already available from the previous time step. This
formulation reduces the computational complexity of updating the inverse Gram matrix
from O (K?) for direct matrix inversion to O(K?) for the rank-one update. With the updated
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inverse Gram matrix Py, the consequent parameters are adjusted to maintain optimality.
The parameter update is computed as:

AA; = PtgtT(Yt —gAr-1)- (16)

Ay = Arq +AA; (17)

This formulation ensures that
-1
A= (GtTGt) GlY,, (18)

which is the globally optimal least-squares solution for the augmented dataset.

However, DIA-TSK has a fundamental limitation: it can only add new samples to
the model but cannot remove outdated or irrelevant samples. Although DIA-TSK can
be implemented using fixed-size sufficient statistics, it cannot remove the influence of
outdated samples; hence its effective training history grows indefinitely. The proposed
DA-TSK and OA-TSK classifiers address this limitation by applying the Sherman—-Morrison
formula to a symmetric rank-one downdate.

3. Decremental Adaptive TSK Fuzzy Classifier (DA-TSK)

DIA-TSK has demonstrated remarkable capabilities in incremental learning scenarios
through its closed-form parameter updates that preserve the least-squares optimum [21].
As in the DIA-TSK review in Section 2.2, the following derivation first considers the
unregularized case (A = 0); its ridge-regularized extension is presented in Section 4.1.
However, a remaining limitation of the incremental recursion is that it does not include an
explicit downdate for sample removal. For non-stationary data streams affected by concept
drift or distribution shift, retaining all historical information not only causes the influence
of outdated samples to accumulate but also deteriorates classification performance as
outdated patterns interfere with current decision boundaries [23].

Therefore, DA-TSK enables precise sample removal while preserving exact equivalence
to batch least-squares retraining of the TSK fuzzy classifier. Consider an active training set

Dy = {(xi,¥i) }iez,» Ne = |Dtl, (19)

where 7; is the index set of the currently active samples. The current model state is denoted
by ©; = (At, Pt, G, Yt). When the sample (x;,y,) is removed, the resulting dataset and

model state are denoted by Dt(_r) =Di~A{(x,y,)}, @E_r) = (Ag_r),Pg_r),GE_r),Yg_r)).

Throughout this section, both G; and Ggfr) are assumed to have full column rank, ensuring
the existence of the inverse Gram matrices used below. The decremental learning problem
seeks to compute @g,,)
D,

The theoretical foundation of DA-TSK rests upon applying a symmetric rank-one

efficiently while ensuring exact equivalence to batch retraining on

downdate to the Gram matrix. Before removal, the normalized firing-strength matrix can
be decomposed as:
Gpre
Gi=| g |eRWYK (20)
Gpost
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where Gpre contains the rows preceding the removed sample, g, € RK is its normalized
firing-strength vector, and Gpost contains the subsequent rows. After removal,

G\ = [gpre € RN=1)xK, (21)
post
Similarly, the label matrices satisfy
Y
pre
Y= |y, |, Y = | Yere | c pNxC (22)
Ypost post

Consequently, the Gram matrix after removal satisfies
“nNT (-
(6I") 6" =GlGi—gs,. (23)

For a nonsingular matrix M and a column vector u, the symmetric rank-one downdate
identity is

-1 M luu™!
_auT _ M-l
(M uu ) M~ + oM (24)
provided that 1 — uTM~!u # 0. Setting M = G{G;,u = g/, and M~! = P; gives
- P;glg P
Pl —p 4 BBt (25)
1—-gPig;
Let T
P
b= gPigl, =1 hy, q, =~ (26)

/.
-1
In the unregularized setting of this section, define the hat matrixas H; = G; (GtT Gt) G/.

The leverage score h, = g, Pg! is the diagonal entry of H; corresponding to sample 7, eval-
uated before its removal. Here, r identifies the sample to be removed, rather than the
number of removed samples. Equation (26) applies to a single-sample removal: 7, =1 —h,
is the scalar downdate denominator, and q, € RK*1 ig the downdate gain vector. For
successive removals, the leverage score is recomputed using the current inverse Gram
matrix before each removal. The downdate is well-defined only if the remaining Gram
matrix is nonsingular. When P; is positive definite and g, is a row of G¢, this condition is
equivalent to #, > 0. If 77, = 0, removing the sample makes the remaining Gram matrix
singular. If %, is positive but numerically close to zero, the downdate may be unstable and
should instead be computed using a numerically stable batch factorization or an explicitly
regularized formulation.

The removal of a sample also requires updating the consequent parameters. The
first-order optimality condition for the unregularized least-squares problem is the nor-
mal equation

(Gf"))T (6 7a " =x{™) =o. 27)

Equivalently,

A = (61) Y P (G - g, ). @
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Using A; = PthTYt and the downdate identity in (25), the consequent parameter
update can be written compactly as

AAr = —q, (Yr - grAt) (29)
and T
() Pig,
A =Ar+AA = A — —— —a A).
t ¢+ T t 1— grPtg;[ (Yr &r t) (30)

The dimensions in (29) are q, (y, — g,A¢) € RX*C, which agree with the dimensions
N —— —

Kx1 1xC
of At and Ag_r).

This formulation ensures that AEir) satisfies the normal equation in (27) and is exactly
equal to the least-squares solution obtained by batch retraining on the reduced dataset,
provided that the remaining Gram matrix is nonsingular. Algorithm 1 summarizes the
resulting single-sample decremental update, including the numerical validity check and

fallback recomputation.

Algorithm 1: Single-Sample Decremental Update

Input: Current model state, consisting of A, Py, G¢, and Y;; the index r € Z; of the
sample to be removed; numerical tolerance ¢ > 0.

Output: Updated model state, consisting of Agfr), ngr) , Glg*r), Ygfr).

Procedure:

Stepl Letg, and y, denote the rows of G; and Y;, respectively, corresponding to
sample (x;,y,).

Step2 Compute z, < Ptg,T, hy < g,z¢, 11y <1 —h,.

Step3 If0 <7 <¢g form Gg_r) and Yg_r) by removing the rows corresponding to
sample (x;,y,) from G; and Y;, respectively. Recompute

-1

Pl = (Gﬁ’))TGE”] , A = pr) (GE*”)TYP) using a
numerically stable factorization, and return the recomputed model state. If
1y < 0, terminate the Sherman-Morrison downdate because the reduced Gram
matrix is singular or the current inverse Gram matrix is numerically invalid.
Otherwise, proceed to Step 4.

Step4 Compute the downdate vector: q, < % .

— T
Step5 Update the inverse Gram matrix: PE NP+ Z;%
Step6 Compute the removed sample residual and update the consequent parameters:

e Yy, — 8 A Ag_r) — A;—q,e;r.
Step7 Form Ggfr) and Yﬁfr) by removing the rows corresponding to sample (x;,y,)
from G; and Y;, respectively.

Step8 Return Agfr), ngr), Gfr), Yffr)-

By reusing z, and q,, DA-TSK requires O (K?) operations to update the inverse Gram
matrix and O(KC) operations to update the consequent parameters. Thus, the arithmetic
complexity of a single-sample removal via the rank-one downdate is O(K? + KC). The
fallback recomputation in Step 3 incurs the cost of batch retraining. Under the convention
that C is fixed or C < K, complete batch retraining on the remaining N; — 1 samples
requires approximately O ((N; — 1)K? + K®) operations. If the dependence on C is retained
explicitly, the batch complexity also includes the terms O (N;KC + K2C). Therefore, in exact
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arithmetic, DA-TSK produces a model identical to batch least-squares retraining on the
reduced dataset, provided that the antecedent parameters remain fixed and the reduced
Gram matrix is nonsingular.

4. Proposed Online Learning Methods
4.1. Online Adaptive TSK (OA-TSK)

Building upon the incremental capabilities of DIA-TSK and the decremental capabili-
ties of DA-TSK, OA-TSK integrates incremental and decremental updates to continuously
adapt to non-stationary data streams while maintaining exact equivalence to batch retrain-
ing in exact arithmetic. The incremental and decremental derivations in Sections 2.2 and 3
present the unregularized rank-one update and downdate identities, respectively. Because
the fixed regularization term Al is unaffected by sample addition or removal, the same
identities apply to the regularized Gram matrix after replacing G'G with GTG + Al.

To improve numerical conditioning and maintain consistency with the initialization
procedure, we adopt a fixed ridge parameter A > 0 throughout the online learning pro-

-1
cess. At each time step t, OA-TSK maintains P; = (GtTGt + Al K) , and the consequent
parameter matrix satisfies

-1
A = argmin{[|GiA — Yi[[ + AAlI} } = (GIGi +ALc)  GIY.. (31)
A

This equivalence holds for any sequence of valid incremental and decremental oper-
ations, provided that the antecedent parameters and the ridge parameter A remain fixed.
Thus, OA-TSK produces the same model as ridge-regularized batch retraining on the active
window.

The OA-TSK classifier applies the incremental-decremental update protocol when a
new sample (x¢, y,) arrives at time t, where x; € R? is the input vector and y, € {0, 1pxc

is its one-hot label vector:

1.  Phase I—Incremental Update: Temporarily augment the previous active window with
the new sample using the Sherman-Morrison rank-one update employed in DIA-TSK.

2. Phase [I—Decremental Update: If the temporary augmented window exceeds the
window capacity W, remove its oldest sample using the Sherman—-Morrison rank-one
downdate derived in DA-TSK under a first-in-first-out (FIFO) policy.

For the incoming sample, the normalized firing-strength vector is
k
0,62, 0] e RUK, g = & (xt) (32)

8 =18 /8 ,---/8 g = .
: [t ' : ' Ly @ (x)

Thus, YK, ggk) = 1. The label vector follows the one-hot encoding convention:

C
Yt = [ytllytZI'- -/ytc] S {0/1}1XC1 nyc =1 (33)
c=1

The corresponding scalar class index can be recovered from the one-hot vector as

yr = argmax Yy,. The augmented normalized firing-strength matrix is:
me{1,...,C}

Gtmp — [Gt—l c R(Nt,l-i-l)XK' (34)

8t
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Its regularized Gram matrix satisfies:
GinpGimp + Alx = Gl 1Gy_1 + AIx + g/ g, (35)

Here, K is the number of fuzzy rules, and N;_; is the number of active samples before
the current update. The matrix G;_1 € RNi-1%K contains their normalized firing-strength
vectors, while g, € R'*X represents the incoming sample. The matrix Gimp € R(Ne-1+1)xK
is formed by appending g, to G;_;. Throughout this subsection, the subscript “tmp”
denotes the temporary state after sample addition and before any sample removal. The
scalar A > 0 is the fixed ridge regularization parameter, and I is the K x K identity matrix.
Let

Z
Z = Ptflg;r, ar =1 + 8:Zt, q; = DTZ (36)

Applying the Sherman—-Morrison formula gives

T
ZZ
Pimp = Pro1 = = - (37)
The augmented label matrix is:
thp — Yi‘—l c R(Nt,ﬁ-l)xc. (38)
Vi
Nt—] xC

Here, C is the number of classes, Y;—1 € {0,1} contains the one-hot labels of
the previous active samples, and y, € {0, 1}1XC is the one-hot label vector of the incoming
sample. The augmented label matrix Yimp is obtained by appending y, to Y; 1, with its

rows aligned with those of Gimp. The consequent parameter matrix is updated using
Atmp = Ar—1 + q,(y; — 8/A1-1)- (39)

Here, A;_; € RK*C and Amp € REXC are the consequent parameter matrices before
and after incorporating the incoming sample, respectively. The vector q, = z;/a; € RKX1,
defined in (36), is the incremental gain vector. The residual y, — g,A; 1 € R1*C is computed
using the model before the update, so the resulting parameter increment has dimensions

K x C. Consequently, Aimp = (GtTmp Gimp + AL K) 1GtTmthmP' which is the globally opti-
mal ridge-regularized least-squares solution for the temporary augmented window.

The window capacity W is a positive integer selected before online processing and kept
fixed throughout each run. In our experiments, it is selected by grid search in validation
experiments, as described in Section 5.1. Before an update, the active window contains
N;—1 < W samples. Adding one sample gives Nimp = N;_1 + 1, so the number of samples
to remove is max(Nimp — W,0) € {0,1}. If Nimp > W, exactly one oldest sample is
removed under the FIFO policy, restoring the window size to W. The capacity W itself
remains unchanged.

If N;_1+1 < W, nosampleis removed, and (A¢, P, Gt, Y¢) = (Atmp, Ptmp, Gtmp, Yimp)-
If Ny_1 +1 > W, the temporary augmented window contains W + 1 samples. Under the
FIFO policy, let s; denote the index of the oldest sample in this temporary augmented
window. The corresponding normalized firing-strength and label vectors are denoted
by g, € R“K,yst € R*C, Because the samples are stored in chronological order, the
temporary normalized firing-strength and label matrices can be partitioned as

Gtmp = l%t ’ thp = l}st‘| ’ (40)
t t
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where
G; e RV*K y, ¢ RWXC (41)

are the normalized firing-strength and label matrices retained after removing the oldest
sample. Accordingly, the regularized Gram matrix after removal satisfies G} G; + Alg =
GimpGimp + Alx — gl g, . Let

Zs,

ZSt - Ptmpg;rt/ hSt - gstzst/ ’75[ - ]- - hSt/ qst - UT (42)
t

Here, s; identifies the oldest sample in the temporary augmented window, and g, €

-1
R1*K ig jts normalized firing-strength vector. The matrix Pimp = (th;np Gimp + AL K) €

RE*K is the inverse regularized Gram matrix before removal. The vector z;, = Pimp gsTt €

RK*1 is an intermediate quantity. The scalar ks, is the sample’s ridge leverage score, eval-
uated on the temporary augmented window; 15, = 1 — kg, is the downdate denominator,
and q,, = z5, /175, € RX*1 js the downdate gain vector. Applying the Sherman-Morrison

rank-one downdate gives
T

Zs, Z
P; = Pimp + L. (43)

St
Because A > 0, the regularized Gram matrix remains positive definite in exact arith-
metic. Nevertheless, when 7, is numerically close to zero, the rank-one downdate may
become unstable. In this case, P; and A; should be recomputed on the updated active
window using a numerically stable matrix factorization. The consequent parameter matrix
is updated as

At = Amp — q, (yst — gstAth)' (44)
The dimensions of the correction term are ¢, (yst - gstAtmp) € RXXC which agree
| —
Kx1 1xC

with the dimensions of A;. The updated consequent parameters satisfy

—1
A= (GtTGt +MK) GTY,. (45)

Therefore, in exact arithmetic, the decremental update produces the same solution as
ridge-regularized batch retraining on the updated active window. Algorithm 2 presents the
complete incremental-decremental update protocol, which integrates the two phases.

While Algorithm 2 provides the core incremental-decremental update protocol for
processing individual samples, a complete online learning system requires proper initializa-
tion and continuous stream processing. Algorithm 3 presents the full OA-TSK framework,
which integrates batch initialization on an initial training set with continuous online up-
dates over the subsequent data stream.

For any selected set of active samples, the guarantee of equivalence to batch re-
training remains valid provided that the antecedent parameters and the ridge parame-
ter A remain fixed and that the closed-form updates are numerically valid. Specifically,

Ay = (GtTGt + /\IK) 1G;FYt holds after each valid incremental or decremental opera-
tion. Thus, the removal policy determines which samples are retained for optimization,
whereas the incremental-decremental update protocol guarantees the globally optimal
ridge-regularized solution for the retained sample set.
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Algorithm 2: OA-TSK Incremental-Decremental Update Protocol

Input: Previous model state A;_1, P;_1, G;_1, and Y;_1; the precomputed normalized
firing-strength vector g, € R'*K; the corresponding one-hot label vector y, € {0, 1! xC,
window capacity W; fixed ridge parameter A > 0; and numerical tolerance £ > 0.
Output: Updated model state Ay, P;, G4, and Y;.

Procedure:

Phase I: Incremental Update

Stepl Use the precomputed normalized firing-strength vector

8 = g;l),gfz),.--,ggK)} € RI>XK,

Step2 Compute the incremental update quantities:
Zi — Ptflg;r, o — 1+ 8:Zt, q; < DZT:'
Step3 Update the inverse of the regularized Gram matrix and the consequent
T
parameter matrix: Pimp < P;1 — %, Atmp < Aj1+ q;(y; — 8A—-1)-
Step4 Augment the normalized firing-strength and label matrices:

Y .
» Yemp < l ! 1] . Set Nimp to the number of rows in Gimp.

t y:

Phase II: Decremental Update

Gt
Gtmp%[ 1
8

Step5 Check whether the window capacity is exceeded. If Nymp < W, set
(A1, Pt, G, Y) < (Atmp, Pimp, Gtmp, Yimp) and return the updated model
state. Otherwise, proceed to Step 6.

Step6 Under the FIFO policy, let s; denote the index of the oldest sample in the
temporary augmented window. Partition the temporary matrices as

Gimp = Bsi » Yimp = };{Sf , where g and y,, correspond to the sample being
t

Gt
removed, while G; and Y; contain the W retained samples.
Step7 Compute: z;, < PtmpgsTt, hs, < 8,25, s, < 1 — hs, . If 5, < ¢, recompute

-1
P; = (GtTGt + AIK) , Ay = PthTYt, using a numerically stable factorization,

and then proceed directly to Step 10. Otherwise, compute q,, < ;i ,and
St
continue with Steps 8 and 9.

ZStZSTt
'75f
Step9 Update the consequent parameter matrix: A¢ <= Amp — g, (ySt — gStAtmp).

Step8 Update the inverse of the regularized Gram matrix: Pt <= Pimp +

Step 10 Retain G; and Y; from the matrix partition in Step 6, and return Ay, Pt, G, Y.

FIFO is adopted for its low sample-selection overhead and emphasis on recent observa-
tions. Under concept drift, selection criteria that ignore recency may discard newly arrived
samples while retaining outdated observations. FIFO progressively replaces older samples,
favoring adaptation when recent data better represent the current concept. Population-
based or boundary-aware removal could account for sample informativeness but would
require additional selection effort. Nevertheless, FIFO may discard rare or boundary-
defining samples that remain relevant. Unlike gradient-based learners, which may retain
historical influence in their weights, the active-window objective explicitly excludes dis-
carded samples; gradient descent alone, however, does not guarantee preservation of
critical information. Alternative removal policies are left for future work.
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Algorithm 3: OA-TSK Online Learning Framework

Input: An initial training set Dy = {(xi,yi)}f\fl, K < Ny < W, where

xi € RY, y, € {0,1}'C, £C , yic = 1; the number of fuzzy rules K; Gaussian width
parameter § > 0; fixed ridge parameter A > 0; window capacity W; numerical tolerance
¢ > 0; and a potentially infinite data stream {(x;,y;) };- ;, where i indexes the initial
training samples and t denotes the online time step.

Output: Updated model state Ay, P;, G, Yy, together with the number of samples N; in
the active window at each time step t.

Procedure:

Stepl Apply k-means with K clusters to obtain the cluster centers {ck }f_l, which are
used as the rule centers. Set c;‘ to the j-th component of the k-th rule center, and
setof =4,j=1,...,dk=1,...,K

Step2 Construct the initial normalized firing-strength matrix Gy € RNo*X, For each
sample x; and rule k, compute

2
k
Xjj—C k
k d ( ] J) w” (i)
w(x;) =Tl exp | ————5|, Gojx= ————
( l) H],1 p 252 0,ik Z;Ile wr(xi)
Step3 Construct the initial label matrix by vertically stacking the one-hot label vectors:

Y1
Yy

Yo = ,2 € {0,1}N0*C Each row satisfies YC ; Yo, =1,i=1,..., N.
YNy

Step4 Initialize the inverse of the regularized Gram matrix and the consequent
-1
parameter matrix: Py = (GEGO + /\IK) , Ay = POGgYo.

Step5 Fort=1,2,..., follow the test-then-train protocol below.
Step 5.1 Receive the incoming input vector x;. Compute its normalized firing-strength

vector g, = [ggl),ggz),‘ . .,ggkq € R™K according to (32).
Step 5.2 Using the previous model, compute the output-score vector

or = g;A;_1 € R™¥C. The predicted class label is §; = argmax oy
me{1,...,C}

Step 5.3 After the prediction has been made, receive the one-hot label vector y,. Obtain

the true scalar class label as y; = argmax yu,. A prediction is correct if and
me{1,...,C}
only if §; = y;. Update the online evaluation metrics using the predicted and

true scalar class labels §; and y;, respectively.

Step 5.4 After completing the prediction and evaluation, call Algorithm 2 using
(At—1,P1,Gt1, Y 1,8, ¥, W, A ).

Step 5.5 Obtain the updated model state (A¢, Py, G, Yt) and update the number of
active samples as Ny = min(N;_q + 1, W).

Step6  Continue until the data stream terminates or a stopping criterion is met.

4.2. Online Adaptive TSK with Antecedent Reclustering (OA-A-TSK)

OA-TSK assumes that the antecedent fuzzy partition remains fixed after initialization.

K K k_ [k

T
Specifically, the rule centers 1 ¢ , where ¢ [cl, ., cﬂ , are initialized by k-means

clustering on the initial training set Dy, whereas all Gaussian widths are set to the fixed
value U]’-‘ = 6. Both the rule centers and Gaussian widths remain unchanged during the
subsequent incremental and decremental updates. This assumption is computationally
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efficient because the incremental and decremental procedures update the model state

without modifying the antecedent parameters. OA-A-TSK additionally maintains a FIFO
n

feature buffer X; = | ! | € RN which is used only for antecedent reclustering. The
T

iN,

feature buffer X; is updated according to the same FIFO policy as G; and Y;, thereby

X

X

preserving row-wise alignment among the three matrices. X; is omitted from Figure 1 for
visual clarity.

Imbalance Monitor
no. .| Continue
normal flow

A
Gaussian MFs
{c*, o}

p
Update {c} » k€
FIFO 1 2 3 4 1... | W
o Y
Tlwxc
A
g’ | —
1 xK

\ ves K-means
>0.20r CV> 1.5 > Reclustering

N e e e e —_—— — e — —

. |
| I
| I
| I
| i : |
! : I
| I
| I
! I
I |

Batch re-init

G [ Sliding Window

( v Update Module v v

y’ no A
One-hot Encode ixel ] ]i/-l_’éf-l____i_________v____w[_\
7

. SM(+) es SM(-) .
{ | Incremental Decremental 0 = gtAt-l
A

Figure 1. Architecture of the OA-A-TSK online learning framework. The Gaussian MFs receive
the input feature vector x; € R?. The One-hot encode block receives the true class label y; €
{1,...,C}, revealed after prediction, and converts it into the one-hot label vector y, € {0, 1}1XC.
Single-line solid arrows indicate the main online update flow, the double-line solid arrow carrying
(P;_1,A;_1) denotes temporal feedback from time t — 1 to ¢, and dashed arrows represent the
antecedent reclustering mechanism triggered by a severe imbalance among the mean normalized
firing strengths of the rules.

However, when the input distribution shifts substantially, the original rule centers may
no longer represent the current input distribution adequately. Consequently, some rules
may exhibit consistently low mean normalized firing strengths, whereas a small subset
may dominate the fuzzy representation. This imbalance among the mean normalized
firing strengths of the rules may reduce classification performance. Changes in class
proportions may also affect these activation statistics when different classes exhibit different
distributions of rule firing strengths.

To address this issue, OA-A-TSK augments OA-TSK with an adaptive antecedent
reclustering mechanism. Hereafter, antecedent reclustering refers specifically to re-
estimating the rule centers by k-means while keeping the Gaussian widths fixed. The
monitoring component, labeled the Imbalance Monitor in Figure 1, computes the mean
normalized firing strength of each rule over the active window and triggers antecedent
reclustering when these values are severely imbalanced. The monitoring criteria below
are presented using the reference values a = 0.1, b = 0.2, and ¢ = 1.5. More generally, the
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inactive-rule threshold is a/K, and reclustering is triggered when pinactive > b or CV > c.
Section 5.6 examines the local sensitivity to these parameters.

For each fuzzy rule k, its mean normalized firing strength over the active window is
defined as:

—(k) 1 N
g :WZGt,ik,kzl,Z,...,K, (46)
ti=1

where G, j is the (i, k)-th element of the current normalized firing-strength matrix G;.
Because the normalized firing strengths of each sample sum to one, YK, gﬁk) = 1. Two
statistics are used to quantify the imbalance among the mean normalized firing strengths

of the rules. The first is the proportion of inactive rules, defined as
18 -
Pinactive = 3, Z H{gi ) < 0.1K 1}/ (47)
K k=1

where [{-} is the indicator function, which returns 1 when the specified condition is satisfied
and 0 otherwise. The threshold 0.1K~! is 10% of the uniform baseline K~!. The second
statistic is the coefficient of variation (CV) of the mean normalized firing strengths:

o(3V,. g
o ﬂEg;”,. | .,gi“)%’ (48)

where p(-) and o(-) denote the mean and standard deviation, respectively. Because
Zle g}k) = 1, the arithmetic mean of gﬁl), e ,gEK) is 1/K. A large value of CV indi-
cates that the current samples are represented predominantly by a small subset of fuzzy
rules. The imbalance among the mean normalized firing strengths of the rules is considered
severe when P, ctive > 0.2 or CV > 1.5. These conditions are used as heuristic indicators
that the existing rule centers may be poorly aligned with the samples in the active window.
Let L denote the monitoring interval. In practice, the two statistics are evaluated every L
online samples using the updated active window. If reclustering is triggered, the updated
rule centers and recomputed consequent parameters are used from the next time step.
When either imbalance condition is satisfied, OA-A-TSK applies k-means clustering
to the input vectors in the active window D;. Assuming N; > K, the clustering pro-

K
cedure obtains updated rule centers {Clriew}k R The rule centers are then updated as

& ke,

Using the updated rule centers, the normalized firing-strength vectors of all N; samples in
81
82

k=1,2,...,K. The Gaussian widths remain fixed at a]’.‘ = J after reclustering.

the active window are recomputed to construct the updated G; = e RNeXK where

8t,N;
8 € R'*K is the normalized firing-strength vector of the i-th sample in the active window

evaluated using the updated rule centers.

Because the antecedent parameters and hence the entire normalized firing-strength
matrix have changed, the Sherman-Morrison update cannot be applied directly across the
reclustering event. Instead, the inverse of the regularized Gram matrix and the consequent
parameter matrix are recomputed in batch form:

P = (GG + 1) (49)

A; = PGlY,. (50)

https://doi.org/10.3390/sym18101759


https://doi.org/10.3390/sym18101759

Symmetry 2026, 18, 1759

16 of 28

Therefore, A; = arg min{ |GtA — Yt||% + A||A||%} Thus, reclustering changes the
A

antecedent mapping and the corresponding design matrix, while batch recomputation re-
stores the globally optimal ridge-regularized solution for the updated fuzzy representation.
After reclustering, the classifier resumes the standard OA-TSK incremental-decremental
update protocol until the reclustering condition is satisfied again.

Figure 1 illustrates the overall architecture of OA-A-TSK. The main data flow consists
of fuzzification, sliding-window maintenance, incremental and decremental state updates,
and prediction. For each incoming input vector x;, the Gaussian membership functions

characterized by {ck, ok} map x; to the normalized firing-strength vector g, € R'*K, where

k k k

T T
ok = [c’l‘, ..., C d} and of = [01, . ,(Td] . After prediction, the revealed class label is rep-

resented by the one-hot vector y, € {0, 1}1 “C. The Sliding Window stores the normalized
firing-strength matrix G; € RW*K and the label matrix Y; € RW*C when the window is
full. The Update Module performs the incremental and decremental updates through the
SM(+) and SM(—) blocks, respectively, where SM(+) and SM(—) denote the Sherman-
Morrison update and downdate operations. If Ny, > W, the SM(—) block removes the
oldest sample according to the FIFO policy. The block containing P; and A; stores the
inverse of the regularized Gram matrix and the consequent parameter matrix after each
update. At time ¢, the double-line solid feedback arrow from this block to the SM(+) block
provides (P;_1,A;_1) for the Phase I incremental update. The Prediction Module com-

putes the output-score vector and predicted class label as o; = g,A;_1,§; = argmax oy.
me{1,...,C}
At each monitoring event, which occurs every L online samples, the Imbalance Monitor
evaluates pjnactive and CV using the normalized firing strengths contained in G;. When
Pinactive > 0.20rCV > 1.5, the dashed branch triggers k-means reclustering. The rule centers
K

{ck} and G; are updated, after which P; and A; are recomputed according to (49) and

(50). If neither imbalance condition is satisfied, OA-A-TSK continues with the standard
OA-TSK incremental-decremental update protocol.

4.3. Complexity Analysis

Let K, C, and d denote the numbers of fuzzy rules, output classes, and input features,
respectively; let W denote the window capacity; and let N; < W denote the number of
active samples at time ¢. For each incoming sample, Gaussian fuzzification requires O(dK)
operations. Updating the inverse of the regularized Gram matrix through the Sherman-
Morrison formula requires O (K?) operations, while updating the consequent parameter
matrix requires O(KC) operations. When the window is full, the subsequent decremental
update has the same asymptotic cost. Therefore, the per-sample time complexity of OA-
TSK is O(dK + K? + KC), or O(K? + KC) after the normalized firing-strength vector has
been computed. In comparison, ridge-regularized batch retraining on the active window
requires O (N;K? + N;KC + K3 4+ K2C) operations to form the regularized Gram matrix
GtTGt + Al and the cross-product matrix GtTYt, factorize the regularized Gram matrix, and
obtain the consequent parameters. When C is treated as fixed, this reduces to approximately
O(N:iK2 4+ K3).

OA-TSK stores the inverse of the regularized Gram matrix Py, the consequent parame-
ter matrix Ay, G; and Yy, and the antecedent parameters. Its space complexity is therefore
O(K?+KC + W(K + C) + dK). This storage is bounded by W and is independent of the
total number of samples processed. OA-A-TSK additionally maintains the feature buffer
X; € RN*4 introducing O(Wd) additional storage.

For OA-A-TSK, direct evaluation of the monitoring statistics requires O(WK) opera-
tions per monitoring event, corresponding to an amortized cost of O(WK/L) per sample.
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If reclustering is triggered, k-means with [ iterations costs O(IWKd), while recomputing
Gy, Py, and A; costs O(WKd + WK? + WKC + K3 + K2C). Hence, the total cost of a reclus-
tering event is O (IWKd + WK? + WKC + K® + K2C). Because reclustering is performed
only when a severe imbalance among the mean normalized firing strengths of the rules
is detected, the additional reclustering cost is incurred intermittently rather than at every
online update.

Finally, classifying one sample requires O(dK) operations for fuzzification, O(KC)
operations for computing the output scores, and O(C) comparisons for class selection.
Thus, the prediction complexity is O(dK + KC), which is identical to that of a batch-trained
TSK classifier with the same rule structure.

5. Experimental Evaluation

This section evaluates the proposed OA-TSK and OA-A-TSK on synthetic and real-
world data streams. The experiments are designed to assess classification accuracy, compu-
tational efficiency, numerical equivalence to batch retraining, robustness under different
drift patterns, and local sensitivity to hyperparameter settings.

5.1. Experimental Setup

Unless otherwise stated, the settings in this subsection apply to the main comparative
experiments; the configurations for the local sensitivity analysis are specified in Section 5.6.
Six benchmark data streams are used, including three synthetic streams with controlled
concept drift and three real-world streams. The synthetic streams are 100,000-sample
variants produced by the SEA stream generator [22], the Sine generator [33], and the
Hyperplane generator [34], with 10% class noise added in our experiments. Three drift
intervals, denoted by N, are considered: N; € {1000, 10,000, 50,000} samples. In the
synthetic stream experiments, SEA uses abrupt concept drift induced by switching the
SEA classification threshold, Sine uses gradual nonlinear drift, and Hyperplane uses
incremental concept drift generated by a rotating hyperplane. The three real-world streams
are constructed from the Electricity [35], Covertype [36], and GasDrift [37] datasets obtained
from OpenML [38]. For Covertype, we used the binary OpenML version and retained the
first 200,000 instances in their original order for stream evaluation.

The synthetic streams contain numerical input features and were selected to evaluate
adaptation under controlled abrupt, gradual, and incremental drift, respectively. Electric-
ity contains temporal and electricity-market attributes, including prices, demands, and
scheduled transfers, and provides a real-world binary classification task. Covertype con-
tains cartographic attributes, including elevation, slope, and wilderness-area and soil-type
indicators, and was selected to evaluate performance on a larger stream with mixed nu-
merical and binary features. GasDrift contains 128 features extracted from chemical sensor
responses for six gas classes and was selected to evaluate adaptation to sensor drift in a
high-dimensional multiclass setting. The real-world datasets are evaluated by presenting
their records sequentially under the same online evaluation protocol. The characteristics of
the six data streams are summarized in Table 1. We compare OA-TSK and OA-A-TSK with
six representative baselines: forgetting parameters extreme learning machine (FP-ELM) [39],
Hoeffding Adaptive Tree (HAT) [40], TSK-Batch, TSK-A-Batch, adaptive random forest
(ARF) [41], and O-DIA-TSK [21]. TSK-Batch performs ridge-regularized batch retraining
on the active window, whereas TSK-A-Batch additionally applies antecedent reclustering
using the same monitoring criteria as OA-A-TSK. O-DIA-TSK provides an incremental-only
reference without sliding-window sample removal, while ARF extends the comparison
to an ensemble method for evolving data streams. OA-TSK, OA-A-TSK, TSK-Batch, and
TSK-A-Batch use the same K, é and W. For the regularization parameter A, although grid

https://doi.org/10.3390/sym18101759


https://doi.org/10.3390/sym18101759

Symmetry 2026, 18, 1759

18 of 28

search is a widely adopted method, we found that, for Gaussian membership function
values computed from normalized sample features, A = 10~° already works well across all
datasets. For these four methods, k-means was run with an independent random initial-
ization for each method and each repetition. Therefore, OA-TSK and TSK-Batch were not
constrained to share identical rule centers in these experiments.

Table 1. Data Stream Characteristics.

# Data Stream No. of No. of No. of Classes
Samples Features
1 SEA 100,000 3 2
2 Sine 100,000 2 2
3 Hyperplane 100,000 10 2
4 Electricity 45,312 8 2
5 Covertype 200,000 54 2
6 GasDrift 13,910 128 6

The hyperparameter settings of FP-ELM, HAT, and ARF were adopted from the rec-
ommendations in their respective references [39-41] and kept fixed during evaluation.
For the TSK-based methods, K, §, and W were selected by grid search in validation ex-
periments, with the selected configurations reported in Table 2. O-DIA-TSK used the
same K, 6, and ridge parameter as OA-TSK, while W determined only its initialization
size. For the TSK-based methods, the search spaces were K € {15,20,25,30,35,40} and
0 €{1.5,2.0,2.5,3.0,3.5}. The search space for W was {100, 200, 500, 600, 1000, 1500, 2000,
2500, 3000, 5000}. For each stream setting, the first W samples were used as a common
initialization block for all methods. For the TSK-based methods, this block constituted
the initial training set Dy, so that Ny = W. The samples in the initialization block were
excluded from the reported prequential accuracies, and evaluation began with the next
sample. All comparison models were initialized and trained on the data streams used in
this study. FP-ELM, HAT, and ARF used the first W labeled samples for initialization and
subsequently performed online updates after each prediction and label revelation. TSK-
Batch and TSK-A-Batch obtained their initial consequent parameters by ridge-regularized
least squares and recomputed them on the updated active window after each labeled sam-
ple. TSK-Batch retained fixed rule centers, whereas TSK-A-Batch additionally performed
reclustering when the monitoring criteria were satisfied. For OA-A-TSK and TSK-A-Batch,
the threshold on the mean normalized firing strength used to define an inactive rule, the
threshold on the proportion of inactive rules, and the coefficient-of-variation threshold
were fixed at 0.1/K, 0.2, and 1.5, respectively. The monitoring intervals for SEA, Sine, and
Hyperplane were 500/5000/10000, 500 /2000 /5000, and 1000/3000/8000 samples for drift
intervals of 1K/10K/50K, respectively; those for Electricity, Covertype, and GasDrift were
5000, 10,000, and 2000 samples, respectively. For FP-ELM, a sigmoid activation function
and a regularization coefficient of App = 0.02 were used. For SEA, Sine, and Hyperplane,
the selected numbers of hidden nodes were 20, 25, and 30, respectively. The correspond-
ing values of the forgetting parameter were 0.950/0.980/0.995, 0.960/0.987/0.997, and
0.970/0.990/0.9975, respectively, where the three values in each group correspond to drift
intervals of 1K/10K/50K. For Electricity, Covertype, and GasDrift, the selected (number
of hidden nodes, forgetting parameter) settings were (30,0.9975), (35,0.998), and (35,0.998),
respectively.

For HAT, the selected grace period, split-confidence parameter, and tie-breaking
threshold were 200, dyat = 1077, and T = 0.05, respectively. Adaptive Naive Bayes was
used for leaf prediction, with no maximum-depth constraint. ARF was implemented using
the River library with 10 trees and a resampling parameter of 6. At each split, the number

https://doi.org/10.3390/sym18101759


https://doi.org/10.3390/sym18101759

Symmetry 2026, 18, 1759

19 of 28

of randomly selected candidate features was set to approximately the square root of the
total number of input features. ADWIN was used for drift and warning detection with
confidence parameters of 0.001 and 0.01, respectively. The grace period was 50, the split-
confidence parameter was 0.01, and the tie-breaking threshold was 0.05. Adaptive Naive
Bayes was used for leaf prediction. This configuration was fixed across all stream settings.
For comparison with OA-TSK, we used a ridge-regularized implementation of O-DIA-TSK
with the same K and & values listed in Table 2 and A = 10~°. Its rule centers were initialized
by k-means on the first Ny = W samples and remained fixed thereafter. O-DIA-TSK
performed only incremental updates, retaining the contributions of all observed samples
without sample removal or antecedent reclustering. Here, W determines the initialization
size only and does not impose a training-window limit on O-DIA-TSK.

Table 2. Selected Hyperparameter Configurations for the TSK-Based Methods.

# Data Stream Drift Interval K ) w

1 SEA 1K/10K/50K 20 2.0 200/1500/3000
2 Sine 1K/10K/50K 25 2.5 200/500/1000
3 Hyperplane 1K /10K /50K 30 3.0 600/1500/2500
4 Electricity - 30 2.0 1000

5 Covertype - 35 2.5 1500

6 GasDrift - 35 3.0 1500

All methods were evaluated under the prequential test-then-train protocol [42]. After
initialization, samples are processed one at a time, with prediction performed before the
corresponding label is used for learning. For OA-TSK, OA-A-TSK, TSK-Batch, and TSK-
A-Batch, the active training window contains the most recent W samples and advances
by one sample at each online step. Thus, W specifies the training-window capacity rather
than the interval between updates. The drift interval N; controls the drift schedule of the
synthetic generators, whereas the monitoring interval L specifies how often the reclustering
criteria are evaluated. These quantities are measured in numbers of samples. The 500-
prediction moving window is used only to evaluate recent classification accuracy and is
separate from the training window. Feature standardization was determined from the
initialization block and subsequently fixed for the remaining stream. Moving-window
accuracy was computed over the 500 most recent predictions, whereas global accuracy
was computed over all streaming samples evaluated after initialization. Macro-F1, defined
as the unweighted mean of the class-wise F1 scores, was additionally reported to assess
classification performance across classes. For each run, macro-F1 was computed from all
post-initialization prequential predictions. Each experiment was independently repeated
ten times. The results are reported as the mean + standard deviation over the ten runs. All
methods were evaluated on the same computing platform equipped with an Intel Core i5-
10300H CPU and 16 GB RAM, using Python 3.8. The reported per-sample processing time
includes prediction and online model updating, but excludes data loading, initialization,
metric calculation, and file operations.

5.2. Classification Performance

Table 3 reports the classification accuracy of all compared methods. Each entry presents
the final moving-window accuracy in the first row and the global accuracy in the second
row, expressed as the mean =+ standard deviation over ten runs. The best global accuracy
for each stream setting is highlighted in bold. Because the rule centers were initialized
independently, OA-TSK and TSK-Batch are not expected to produce identical accuracies in
Table 3. Their numerical equivalence under an identical antecedent mapping is examined
separately in Section 5.5.
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Table 3. Classification Accuracy Comparison.

Method SEA SEA SEA Sine Sine Sine Hyperplane Hyperplane Hyperplane Electricity Covertype GasDrift
IIE:Ii'fItal 1K 10K 50K 1K 10K 50K 1K 10K 50K - - -

0.870 £0.007  0.876 £0.015 0.880 =0.014 0.731 £0.025 0.849 £0.021 0.876 £0.010 0.816 £0.017 0.831 £0.013 0.832+0.014 0.556 +0.000 0.274 + 0.000  0.859 %+ 0.023
OATSK 0.859 &+ 0.002 0.876 £ 0.001  0.883 +0.001 0.716 £0.002  0.857 & 0.001 0.873 £ 0.001  0.836 +0.008  0.849 £0.002  0.853 +£0.003 0.575+0.001 0.407 £0.000 0.764 £ 0.023
OA-ATSK 0.883 £ 0.007  0.882 £0.007 0.876 =0.014 0.742 £0.019 0.705£0.012 0.832 £0.007 0.865+£0.036 0.863 £0.037 0.862 +0.037 0.893 +£0.013 0.736 &+ 0.003  0.870 & 0.020
0.850 +£0.001  0.870 £0.001  0.88540.001 0.747 £0.002 0.719 +£0.001 0.844 £0.001 0.865 4 0.020 0.864 + 0.022 0.862 +0.016  0.756 £0.001  0.817 4+ 0.002  0.824 + 0.008
0.796 +£0.014 0.822+£0.028 0.848 £0.011 0.765+0.015 0.804 +0.015 0.820 £0.012 0.734 £0.022 0.772+0.011 0.807 +0.011  0.814 £0.024 0.747 +£0.003  0.979 + 0.006
FP-ELM 0.787 £0.005 0.826 +£0.005 0.856 + 0.005 0.764 & 0.004 0.798 £ 0.009 0.825+0.010 0.738 £0.020 0.778 £0.018  0.821 +0.008 0.733 £0.007 0.810 £ 0.004  0.969 =+ 0.003
0.888 £0.012  0.882+0.016 0.882 +£0.011 0.756 +£0.013  0.775+0.030 0.777 £0.033  0.840 + 0.014 0.837 £0.008 0.836 +0.009 0.849 £0.049 0.747 +0.019  0.240 + 0.000
HAT 0.850 +0.000 0.856 +0.001 0.876 +£0.003 0.745+0.002 0.772 +0.007 0.817 £0.006 0.848 +£0.013 0.847 +£0.014 0.847 £0.013 0.817 £ 0.005 0.840 £ 0.006  0.550 + 0.002
0.872+£0.010 0.871+£0.011 0.868 +£0.010 0.746 £0.012 0.841 +£0.019 0.851 £0.014 0.828 £0.014 0.825+0.013 0.828 £0.012  0.556 £ 0.000  0.499 +0.108  0.887 £ 0.020
TSK-Batch 0.851 +£0.001 0.876 4= 0.001 0.878 +0.002 0.746 +0.001  0.838 +£0.001  0.850 & 0.001  0.844 +0.004 0.844 +0.004 0.845+0.004 0572 +£0.001 0.617 +0.016  0.801 + 0.017
TSK.A_Batch 0.871 £0.010 0.869 £0.011  0.870 £0.010  0.750 £0.012  0.852 +£0.019  0.849 £0.014 0.830 £0.014 0.821 £0.013 0.827 £0.012 0.883 £0.011 0.735+0.005  0.993 + 0.001
0.853 £0.002  0.874 £0.001  0.880 =0.002  0.732 £0.001  0.840 £0.001  0.849 £0.001 0.856 £0.004 0.834 £0.004 0.850 £0.004 0.759 £0.003 0.814 £ 0.001  0.921 + 0.003
ARF 0.883 £0.012  0.889 £0.014 0.890 £0.010 0.723+0.018 0.800 +0.022 0.835+0.020 0.830 £0.035 0.833+£0.032 0.825+0.037 0.922+0.009 0.793 +£0.013  0.973 £ 0.008
0.852 +£0.000 0.875+0.001 0.881 +0.001 0.725+0.002 0.806 + 0.004 0.850 +£0.002 0.838 +0.032 0.838 £0.032 0.838 +0.031  0.782 £0.002 0.834 +0.001  0.957 + 0.002
O-DIA-TSK 0.887 £0.010 0.888 £0.012  0.865 £ 0.016  0.750 £0.013  0.742 £0.021 0.742 £0.021 0.849 £0.026 0.845+0.031 0.843 +0.032 0.638 = 0.106  0.726 + 0.002  0.457 4+ 0.031

0.853 +£0.001  0.857 +£0.001 0.870 £0.002  0.747 £0.001  0.747 £0.001  0.750 £0.001 0.831 £0.016 0.830 £0.017 0.849 £0.017 0.638 £0.057 0.494 £ 0.007  0.697 £ 0.007
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Table 4. Comparison of Macro-F1 and Per-Sample Processing Time.
Method SEA SEA SEA Sine Sine Sine Hyperplane Hyperplane Hyperplane Electricity Covertype GasDrift
IrE:Ii'frtal 1K 10K 50K 1K 10K 50K 1K 10K 50K - - -
OA- 0.831 £0.001 0.862 £0.001  0.877 £ 0.001 0.698 £ 0.001 0.841 4 0.002  0.850 4= 0.001  0.789 + 0.068 0.787 £ 0.083  0.789 £ 0.087  0.530 & 0.061 0.393 £+ 0.001 0.726 £ 0.003
TSK 0.276 £0.065  0.180 +0.042  0.284 4 0.046 0.277 £+ 0.046 0.275+£0.018 0.260 £0.031  0.216 +0.028  0.282 +£0.049 0.261 +0.041  0.212 £ 0.058 0.202 £ 0.064 0.438 £+ 0.070
OA-A- 0.833 +£0.002  0.863 &= 0.001  0.877 4+ 0.001 0.698 £ 0.001 0.701 £0.001 0.840 £0.001 0.769 £0.066  0.778 £0.081  0.781 £0.087  0.671 £ 0.006 0.810 £ 0.001 0.810 £ 0.016
TSK 0.335 +£0.047 0.414+£0.009 0.305+0.005 0.311+£0.020 0.292+0.014 0404 £0.018 1.590+0.011 1.568 £0.024 1.576 +£0.007 0.660 £ 0.006  2.984 + 0.018 2.196 £ 0.005
EP-ELM 0.764 = 0.005 0.806 +0.005  0.846 4 0.005 0.764 4 0.004 0.798 £0.009  0.825 +0.010 0.666 +0.060  0.701 +0.069  0.741 +£0.087  0.569 £ 0.012 0.799 £+ 0.003 0.966 £ 0.004
0.203 £0.029  0.206 = 0.036  0.261 £ 0.046 0.229 £+ 0.030 0.225+0.040 0223 £0.040 0.281 £0.031  0.277 £0.039  0.275 £ 0.029  0.276 £ 0.057 0.314 + 0.034 0.321 £+ 0.088
HAT 0.833 £0.001  0.841 £0.001 0.868 +£0.002  0.745+0.002 0.763 +0.005 0.811 £0.003 0.779 £0.051 0.779 £0.050  0.779 +0.050  0.809 = 0.006  0.828 =+ 0.009 0.544 + 0.002
0.263 £0.029  0.226 +£0.028  0.247 £+ 0.040 0.235 £ 0.063 0.234 £0.031 0219 £0.074 0.381 £0.078 0378 £0.066 0.373 £0.052 0.313 + 0.037 1.018 £ 0.239 5.979 £+ 0.251
TSK- 0.832 £0.001 0.862+0.001 0.877£0.002 0.738£0.001  0.812+0.002 0.850 £ 0.001 0.770 +0.067 0.777 £0.082 0.785+0.078 0.561 £0.006  0.594 + 0.000 0.790 £ 0.007
Batch 2217 £0.072 2194 £0.144 2.176 £ 0.026 2.400 £ 0.021 2371 £0.042 2368 £0.047 4456 £0.033 4470 £0.063 4456 £0.032 3438 +£0.112 14.222 +£0.119 64.576 + 2.813
TSK-A- 0.833+0.001  0.863 +0.001 0.878 +0.001  0.730 +0.002  0.840 +0.002  0.847 +0.001  0.762 £0.075 0.777 £0.085 0.779 £0.085 0.670 +0.006  0.810 % 0.001 0.808 £+ 0.011
Batch 2449 £0.058 2431 £0.052  2.388 £+ 0.080 2.365 £ 0.032 2.305+0.058 2423 +£0.071 4532 +0.309 4906 £ 0.020 4.802 £0.078 4.741 £0.067 25.825+2.878 114.604 £ 11.936
ARF 0.835 +£0.000 0.859 £0.001 0.88140.001 0.725+0.002  0.806 +0.004 0.850 £ 0.002 0.660 + 0.122  0.660 £0.123  0.659 +0.124  0.778 £0.002  0.824 £ 0.002 0.956 + 0.002
3545+ 0203 2573+£0.057 2759 +0.058 19.198 +£2.010 3.641 +1.434 4.672+0.188 3.378+0.284 3.348 £0.352 3221 +£0261 2.332+£0.046  3.374 £ 0.088 4.186 + 0.085
O-DIA- 0.836 £ 0.001  0.841 4+ 0.001  0.860 £ 0.002 0.747 £ 0.001 0.747 £0.001  0.750 £0.001  0.700 £0.142  0.689 £0.155  0.686 = 0.155  0.593 £ 0.081 0.424 £+ 0.005 0.660 £ 0.009
TSK 0.133 £0.001  0.134£0.001 0.136 £0.006  0.137 £0.001  0.144 +0.007 0.153 £0.003 0.156 +0.001  0.156 £0.002  0.142 +0.001 0.162 £0.016  0.159 + 0.004 0.173 £ 0.002

The first row of each entry reports macro-F1, and the second row reports the average processing time per sample in milliseconds. Values are presented as mean +
standard deviation over ten runs. The highest mean macro-F1 for each stream setting is highlighted in bold.
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Window Accuracy

On the synthetic streams, OA-TSK achieves accuracy comparable to TSK-Batch while
avoiding repeated batch retraining. On the real-world streams, fixed rule centers become
less effective, especially for high-dimensional data streams. Compared with O-DIA-TSK,
OA-TSK achieves higher global accuracy in eight of the nine synthetic stream settings,
with Sine at N; = 1000 being the exception. However, O-DIA-TSK achieves higher global
accuracy on Electricity and Covertype. HAT obtains the highest global accuracy and
macro-F1 on Electricity and Covertype. Table 4 provides complementary macro-F1 results.
OA-A-TSK substantially improves over OA-TSK on Electricity and Covertype by realigning
the rule centers with the current input distribution. On GasDrift, TSK-A-Batch achieves the
highest moving-window accuracy, whereas FP-ELM achieves the highest global accuracy.
OA-A-TSK nevertheless achieves higher moving-window and global accuracies than HAT
while preserving the interpretable TSK rule structure.

5.3. Computational Efficiency

The second row of each entry in Table 4 reports the average processing time per
sample. O-DIA-TSK is the fastest method across all evaluated settings, with processing
times of 0.133-0.173 ms per sample. OA-TSK requires 0.180-0.438 ms per sample and is
faster than ARF and both batch TSK baselines in all reported settings. Its processing time is
comparable to that of FP-ELM. The difference between O-DIA-TSK and OA-TSK reflects
the additional work associated with maintaining and updating the active window.

OA-A-TSK incurs additional cost from monitoring the mean normalized firing
strengths and performing k-means reclustering. This overhead is relatively small on
SEA and Sine and becomes more pronounced on Hyperplane, Covertype, and GasDrift.
Nevertheless, reclustering is triggered only when a severe imbalance among the mean
normalized firing strengths of the rules is detected, so the additional cost is amortized
over multiple online updates. These results are consistent with the complexity analysis in
Section 4.3. ARF requires approximately 3.53, 1.13, and 1.91 times the average per-sample
processing time of OA-A-TSK on Electricity, Covertype, and GasDrift, respectively.

5.4. Moving-Window Accuracy Evolution

Figures 2 and 3 show the moving-window accuracy curves on synthetic and real-world
streams, respectively.
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Figure 2. Moving-window accuracy evolution on synthetic data streams under varying drift intervals
(N; € {1K, 10K, 50K }): (a) SEA, (b) Sine, and (c) Hyperplane.
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Figure 3. Moving-window accuracy evolution on real-world data streams: (a) Electricity, (b) Cover-
type, and (c) GasDrift. The compared methods are OA-A-TSK, O-DIA-TSK, FP-ELM, HAT, ARF, and
TSK-A-Batch.

On the synthetic streams, OA-TSK and OA-A-TSK show competitive moving-window
accuracy under the evaluated drift settings. On SEA, OA-TSK closely follows TSK-Batch,
while OA-A-TSK maintains an advantage over OA-TSK on Hyperplane. On the real-world

streams, OA-A-TSK tracks TSK-A-Batch closely on Electricity and Covertype and maintains

higher moving-window accuracy than HAT on GasDrift. Although ARF generally exhibits

higher moving-window accuracy and smoother trajectories than OA-A-TSK on the real-

world streams, OA-A-TSK requires less processing time per sample on all three streams

(Table 4) while retaining an explicit TSK rule structure.
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5.5. Numerical Equivalence and Ranking Analysis

To verify the theoretical equivalence between OA-TSK and ridge-regularized batch
retraining, we conduct a numerical validation on the SEA stream. Unlike the general
performance comparison in Table 3, this numerical validation used exactly the same
initialization block, feature standardization parameters, rule centers, Gaussian widths,
active windows, and ridge parameter for OA-TSK and batch retraining. Consequently,
both methods operated on identical normalized firing-strength matrices. For the SEA
stream setting with N; = 1000 and W = 200, comparisons are made at stream indices
t € {1000, 5000, 10, 000, 50,000, 100, 000}. Here, t denotes the absolute sample index in the
original stream, and the first W samples constitute the initialization block. Therefore, an
absolute stream index f corresponds to online time step t — W in Algorithm 3. At each check-
point, the matrices P; and A; maintained by OA-TSK are compared with the corresponding

-1

batch quantities recomputed on the same active window: PPh — (GIG; + /\IK) ,
A 7Abatch P 7Pbatch

Abatch — phatchGTy, Define RE, (t) = w, REp(t) = w. The compari-
t E t F

son includes the absolute and relative Frobenius norms of the errors in A; and P;, the mean
squared error (MSE) between the output-score matrices, and the prediction agreement (PA)
on the active window.

As shown in Table 5, the relative errors of A; range from 1.00 x 10100 1.27 x 1078,
while those of P; range from 3.70 x 107! t0 9.26 x 10~!1. Prediction agreement is 100% at
all five checkpoints. These results support close numerical agreement between OA-TSK
and ridge-regularized batch retraining under the tested shared-antecedent setting.

Table 5. Numerical Equivalence Between OA-TSK and Ridge-Regularized Batch Retraining on SEA.

t H A;—Abatch . RE, Hpt_pyatch . REp MSE PA
1000 541 x107%  1.00x1071° 998 x107® 926x10"1 220x 10~ 100%
5000 261x1077 588x10710 381x10° 506x10"1 133x10°1 100%

10,000 392x1077  978x10710 572x10°® 638x10°1 120x 10718 100%
50,000 251x107%  9.29 x10~° 287 x107%  370x10711 375 x 10718 100%
100,000 3.08 x 107 1.27 x 10~8 577 x107%  732x10711  1.62x10°Y 100%

We further perform a ranking analysis of all eight methods over the nine synthetic
stream settings formed by three synthetic streams and three drift intervals. Following
the ranking procedure in [43], methods are ranked by mean global accuracy within each
setting, with rank 1 assigned to the highest accuracy and average ranks assigned to ties.
The average ranks over the nine settings are reported in Table 6. The average ranks over
the nine settings are reported in Table 6 where the lowest (best) average rank is highlighted
in bold.

Table 6. Average Ranks Over Nine Synthetic Stream Settings.

OA-A- TSK- TSK-A- O-DIA-
Method OA-TSK TSK Batch Batch HAT FP-ELM ARF TSK
Rank 2.72 3.44 3.89 3.72 5.39 6.67 4.50 5.67

OA-TSK obtains the best average rank, followed by OA-A-TSK in second place and
TSK-A-Batch in third place, while TSK-Batch ranks fourth. Thus, the two proposed methods
occupy the top two positions over the nine synthetic stream settings.
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5.6. Local Hyperparameter Sensitivity

We assess the local sensitivity of OA-A-TSK using independently generated SEA,
Sine, and Hyperplane validation streams, each containing 20,000 samples. This length
corresponds to 20% of the respective 100,000-sample stream used in the main experiments;
the validation streams are generated separately rather than extracted from those streams.
The drift intervals are 1000, 10,000, and 10,000 samples, respectively. Six parameters are
varied one at a time: window capacity W, monitoring interval L, inactive-rule coefficient
a, inactive-proportion threshold b, coefficient-of-variation threshold c, and ridge regular-
ization parameter A. A supplementary assessment uses the complete GasDrift stream,
containing 13,910 samples and 128 features, to examine 4, b, ¢, and A. This assessment is
used for sensitivity analysis and does not retune the reference configuration.

The reference window capacities for SEA, Sine, Hyperplane, and GasDrift are 200, 500,
1500, and 1500 samples, respectively; the corresponding monitoring intervals are 500, 2000,
3000, and 2000 samples. The reference values area = 0.1, b =0.2,c =1.5,and A = 10-°,
consistent with the main experiments. Here, a determines the inactive-rule threshold
a/K, where K is the number of rules. The denominator tolerance is fixed at ¢ = 1078
throughout this analysis. The window capacity and monitoring interval are varied over
W € {0.5Whef, Wret, 2Wier } and L € {0.5L f, Lyef, 2Ly }, respectively, where Wyer and Ly
denote the reference values for each stream. The remaining parameters are varied over
a € {0.05,0.1,0.2}, b € {0.1,0.2,03}, c € {1.0,1.5,2.0},and A € {1077,107%,107°}. The
values of K and J are retained from Table 2 for each corresponding stream setting. All other
settings retain their reference values unless otherwise specified in this subsection.

Each configuration is evaluated over ten runs, with random seeds matched across
parameter levels. For each synthetic stream, the same generated sample sequence is used
across levels within a run. GasDrift retains its original sample order, with seeds controlling
stochastic model initialization. To compare window capacities over a common evaluation
interval, window scans use a shared initialization block of Ny = 0.5W,¢ samples and begin
scoring after sample 2W,¢. Online updates continue between initialization and the start of
scoring. Other scans use Ny = W,.f, with scoring beginning immediately after initialization.
These initialization and scoring choices apply specifically to this local analysis. Feature
standardization is estimated from the corresponding initialization block and remains fixed
thereafter. Each run is scored by the proportion of correct prequential predictions over its
entire scoring interval. Figure 4 reports the mean and sample standard deviation across the
ten runs. The experiments use the same computing platform as the main evaluation.

The monitoring thresholds define criteria for antecedent adaptation, although input
dimensionality can still influence rule activations. Within each configuration, the positive
ridge coefficient remains fixed, while the consequent weights continue to change as labeled
samples arrive and the active window is updated. Thus, varying A compares different
regularization strengths without changing it during an individual run.

Figure 4 shows that the mean prequential accuracy varies modestly across most tested
parameter levels, although the response depends on the data stream. More noticeable
changes are observed for the window capacity on SEA, the inactive-proportion threshold
on GasDrift, and the ridge coefficient on Sine. Within the tested ranges, increasing W
improves the mean accuracy on SEA, increasing b improves that on GasDrift, and increasing
A reduces that on Sine. These observations characterize local sensitivity under one-at-a-time
parameter changes.
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Figure 4. Local hyperparameter sensitivity of OA-A-TSK: (a) window capacity W; (b) monitoring
interval L; (c) inactive-rule coefficient a; (d) inactive-proportion threshold b; (e) coefficient-of-variation
threshold ¢; and (f) ridge coefficient A. All six parameters are examined on independently generated
20,000-sample SEA, Sine, and Hyperplane validation streams; panels (c—f) additionally include the
complete GasDrift stream. Points and error bars represent the mean prequential accuracy and sample
standard deviation over ten runs, respectively. Dotted vertical lines indicate the reference settings.
Window-capacity scans use a different initialization size and scoring interval from the other scans.

6. Conclusions

This paper proposes OA-TSK, an online adaptive TSK fuzzy classifier for non-
stationary data streams. OA-TSK integrates incremental and decremental closed-form
updates within a sliding-window mechanism, enabling efficient sample insertion and
removal while maintaining, in exact arithmetic, equivalence to ridge-regularized batch
retraining on the active window. The decremental update applies the Sherman—Morrison
formula to sample removal, and the resulting incremental-decremental update protocol
reduces the per-sample update cost to O(K? + KC). To address severe shifts in the input
distribution, we further propose OA-A-TSK with adaptive antecedent reclustering. By
monitoring the mean normalized firing strength of each rule and re-estimating the rule
centers from the samples in the active window when these values are severely imbalanced,
OA-A-TSK realigns the rule centers with the evolving input distribution while preserving
the interpretable rule-based structure of TSK fuzzy systems. Experiments on synthetic
and real-world data streams demonstrate that OA-TSK achieves classification accuracy
comparable to ridge-regularized batch retraining at a substantially lower computational
cost. Future work will investigate more adaptive sample-removal policies beyond FIFO
and extend the proposed incremental-decremental update protocol to higher-order TSK
fuzzy systems.
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