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Abstract

The Lerch transcendent is a three-parameter special function containing the Riemann zeta,
Hurwitz zeta, Dirichlet eta, and polylogarithm functions as distinguished specializations.
This study develops a defect-based framework for comparing fractional differentiation with
parameter transformations and authentic functional covariances of Lerch-type functions.
The fractional operator is fixed throughout as the right Weyl-Marchaud derivative in the
spectral variable. First, this study separates arbitrary comparison pullbacks from genuine
weighted covariance operators and establish explicit conditions under which the Lerch
series may be differentiated termwise, including an integrable tail estimate that justifies
interchange with the unbounded Weyl integral in the regimes used in the paper. Then,
the full commutator of the fractional derivative with a weighted composition operator is
analyzed, including the pullback contribution. Beyond the general formalism, the Hurwitz
zeta duplication formula is studied as a concrete non-elementary covariance. Its fractional
symmetry defect is obtained both as a convergent Marchaud integral and as an explicit
Dirichlet series. For 0 < a« < 1, a > 2, and real s > 1, this defect is strictly positive,
showing that the classical duplication covariance is not preserved by the chosen fractional
operator in that region. The geometrically forced fixed-point line used in the comparison
examples and the numerical experiments is retained as a calibration benchmark rather than
as evidence for a shifted critical strip. A concrete spectral-zeta realization is also provided
for the affine-spectrum operator whose spectral zeta function is the Hurwitz zeta function.

Keywords: Lerch transcendent; Lerch zeta function; fractional calculus; Weyl-Marchaud
derivative; symmetry defects; functional covariance; commutators; special functions

1. Introduction

Symmetry is a central organizing principle in mathematical analysis. For special
functions, it often appears through reflection formulas, functional equations, conjugation
laws, translation identities, and transformations of parameters. Such relations are not
merely formal: they connect values in distinct regions of the complex plane, constrain
zero sets, guide analytic continuation, and provide efficient numerical representations.
The Riemann zeta functional equation is the best-known example, but it belongs to a
broader network of identities involving the Hurwitz zeta function, periodic zeta functions,
polylogarithms, Dirichlet series, and the Lerch transcendent [1—4].

The Lerch transcendent is defined by [2,5,6]

®(z,5,a) = ;7(713-{1)5 1)
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in a domain where the series converges and where the chosen branch of the power is
well defined. For |z| < 1, the series converges absolutely for every s € C (away from the
excluded values of a). If |z| = 1, absolute convergence requires Re(s) > 1; when |z| =1
and z # 1, conditional convergence extends to Re(s) > 0 by Dirichlet-Abel summation
under the standard branch restrictions on a. Analytic continuation extends the function
well beyond the disk of absolute convergence [6-8]. The three variables play distinct roles:
z determines the geometric weight, s is the spectral exponent, and a shifts the underlying
lattice. Consequently, the Lerch transcendent provides a unified framework containing
the Riemann zeta function, the Hurwitz zeta function, the Dirichlet eta function, and the
polylogarithm as special cases.

Fractional calculus extends differentiation and integration to non-integer orders and
has become an important tool in the analysis of nonlocal phenomena [9-12]. In the complex
plane, however, fractional differentiation is not unique: different operators, branch con-
ventions, and differentiation directions lead to different analytical properties [13,14]. This
operator dependence becomes particularly relevant for special functions and motivates the
present investigation.

Several authors have investigated fractional derivatives of the Riemann, Hurwitz,
and Lerch zeta functions, deriving fractional representations and related analytic formu-
las [15-18]. These developments motivate the present study, but they also make the choice
of fractional operator mathematically decisive. Accordingly, this paper fixes one operator
from the outset and does not infer a universal displacement of the classical critical strip
from the fractional order. For the Weyl-Marchaud operator adopted below, fractional
differentiation of the Dirichlet modes introduces logarithmic weights; such weights do not
change the abscissa of absolute convergence of the Riemann/Hurwitz Dirichlet series. The
purpose of the paper is therefore more specific: to quantify the failure (or preservation)
of covariance when a fractionally differentiated Lerch-type function is compared with a
parameter-transformed value. We distinguish an arbitrary comparison transformation
from a genuine classical symmetry. In the latter case, the functional equation, including
any multiplicative factor, is encoded in a weighted symmetry operator and the fractional
defect is a commutator. We use the term critical structure only as an umbrella description for
analytically distinguished sets; convergence boundaries, fixed-point sets, defect-zero sets,
stationary sets, and threshold sets are defined separately and are not assumed to coincide.
In this paper, the term fractional symmetry and comparison structures is used as a collective
designation for the objects generated by these two distinct constructions. Genuine symme-
try structures arise from an authentic functional covariance of the underlying Lerch-type
function, whereas comparison structures arise from a prescribed parameter transformation
and need not represent a pre-existing symmetry. In both cases, the corresponding defect,
its zero set, and the associated normalized indices provide a common analytical language.
The distinction between the two interpretations is maintained throughout the paper.

The main contributions of the paper are the following;:

* A right Weyl-Marchaud fractional derivative is fixed in the spectral variable and
explicit sufficient conditions for termwise differentiation of the Lerch series are pro-
vided. In the absolutely convergent regimes used below, an integrable tail estimate is
provided to justify interchange of the Lerch sum with the unbounded Weyl integral.

¢ Arbitrary comparison pullbacks are distinguished from authentic weighted covariance
operators. For genuine covariance, the fractional defect is a commutator. The full
weighted-composition commutator is further decomposed into its multiplier and
pullback contributions and the pullback term for affine maps in the spectral variable
is computed.
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¢  The covariance notation is extended to finite weighted transfer operators and applied
to the classical Hurwitz zeta duplication formula. For this non-elementary identity,
an explicit fractional defect is derived in both Marchaud-integral and Dirichlet-series
form and strict positivity on the real half-plane is proven s > 1 for a > 2.

*  Geometrically forced fixed-point zeros are separated from intrinsic, function-dependent
defect zeros and regularity, analytic-rigidity, and local-stability statements are formu-
lated for the latter. These structural results are used as organizing tools rather than as
the principal source of novelty.

* and numerical comparison maps are

e The solvable specialization ®(0,s,4) = a~
retained as calibration benchmarks, local and global normalized indices are introduced,

and a concrete spectral-zeta realization is presented for an affine-spectrum operator.

The paper is organized as follows. Section 2 introduces the analytical background,
the adopted Weyl-Marchaud operator, and the comparison and covariance operators.
Section 3 develops the fractional-defect and commutator formalism, including the full
weighted-composition commutator. Section 4 studies the geometry, regularity, and stability
of defect-zero sets. Section 5 contains both the exactly solvable comparison benchmark
and the non-elementary Hurwitz duplication covariance. Section 6 presents numerical
calibration of the comparison defect. Section 7 gives a concrete spectral-zeta realization,
and Section 8 concludes the paper.

2. Mathematical Background and Notation
2.1. The Lerch Transcendent

Letz,s,a € C, witha ¢ {0,—1,—2,...} whenever the denominators in Equation (1)
would otherwise vanish. The Lerch transcendent is initially defined by Equation (1).
Throughout this paper, complex powers are interpreted as

(n+a)”° = exp|—s Log(n + a)],

where Log denotes a fixed branch of the complex logarithm. Branch choices will be stated
explicitly whenever a transformation crosses a branch cut.

For |z| < 1, the geometric decay implies absolute convergence for every s € C,
provided that the singular values of a are excluded. On the unit circle, convergence
depends on both z and s. At z = 1, the series reduces to the Hurwitz zeta series and
converges absolutely for Re(s) > 1. When |z| = 1 and z # 1, Dirichlet’s test provides
convergence for Re(s) > 0, while absolute convergence still requires Re(s) > 1. Outside
these initial domains, the function is defined through analytic continuation [2,6,7].

A basic integral representation of (1) is

1 o0 tsflefat
®(zs,0) = I'(s) /0 1—zet d

under standard restrictions such as Re(a) > 0, Re(s) > 0, and parameter values for which
the integration path does not meet a pole of the integrand. This representation follows
by expanding (1 — ze ™)~ as a geometric series and using the Gamma integral term by
term. It is especially useful for continuation, asymptotic analysis, and numerical evaluation,
although additional care is required when z lies on or beyond the positive real branch
cut [6,7,19].
The translation of the lattice parameter yields
D(z,s,a) —a*

CD(z,s,a—i—l):f, z #0.
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Differentiation with respect to 2, where justified, yields
d
$¢(z, s,a) = —s®(z,s+1,a).

These relations already show that translations and derivatives act nontrivially on the
spectral parameter s, an interaction that becomes important when fractional differentiation
is introduced.

2.2. Classical Specializations

The principal specializations used later are collected in Table 1. They are understood
in their initial domains of convergence and elsewhere by analytic continuation.

Table 1. Selected special cases of the Lerch transcendent.

Parameter Choice Resulting Function Identity

z=1 Hurwitz zeta ®(1,s,a) =(s,a)

z=1a=1 Riemann zeta D(1,s,1) =L(s)

z=-1,a=1 Dirichlet eta Pd(—1,5,1) = 5(s)

a=1 Polylogarithm Lis(z) = z®(z,s5,1)

z=e¥* A eR Lerch zeta form Y e (n+a)*
n>0

The Riemann zeta function has a meromorphic continuation to C, with a simple pole
ats = 1, and satisfies a functional equation relating s to 1 — s [20,21]. Its nontrivial zeros are
contained in 0 < Re(s) < 1, the classical critical strip. The Hurwitz zeta function retains
the pole at s = 1, but its reflection relations involve the parameter 2 and periodic zeta
functions [1,22]. The Dirichlet eta function removes the pole through

n(s) = (1-27°)¢(s),

and its alternating series converges in the larger half-plane Re(s) > 0. The polylogarithm
changes the role of s: for fixed s, it is an analytic function of z in the unit disk and is
continued beyond it with a branch structure inherited from the logarithm [23,24].

These specializations illustrate why no single classical symmetry can be imposed
uniformly without qualification. The reflection symmetry of {(s), the parameter-coupled
transformations of {(s,a), the alternating structure of 7(s), and the branch geometry of
Lis(z) are different manifestations of the broader Lerch theory. Accordingly, the symmetry
operators introduced later will act on the full parameter vector

¢ =(z5,0) 2

rather than on s alone.
When z = ¢ the Lerch transcendent reduces to the classical Lerch zeta function:

L(A,a,s) = ®(e2™,5,a).
This notation will occasionally be used throughout the paper.

2.3. The Adopted Weyl-Marchaud Fractional Derivative in the Spectral Variable

The analysis and the numerical experiments use the right Weyl-Marchaud fractional
derivative [12]. The choice of the Weyl-Marchaud operator is motivated by the spectral

https://doi.org/10.3390/sym18101656
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structure of the Lerch transcendent. Its defining series is composed of exponential modes
in the spectral variable,
(n+4a)~° = exp[—sLog(n +a)].

For such modes, the right Weyl-Marchaud derivative has a simple eigenfunction
action, multiplying the mode by a fractional power of its spectral rate. Consequently,

Wi (n+a)™® = [Log(n+a)|*(n+a)*°

whenever the branch and domain conditions stated below are satisfied. This diagonal
action preserves the Dirichlet-series structure and makes it possible to study termwise
fractional differentiation, convergence, and covariance defects within a single consistent
operator framework. For this reason, the Weyl-Marchaud derivative is particularly well
adapted to the spectral-variable formulation used in the present study. For 0 < & < 1, let
U C Cbe a domain that is invariant under positive real translations,s € U = s +r € U
for r > 0. On the class of holomorphic functions for which the following integral converges
locally uniformly, define the right Weyl-Marchaud fractional derivative by

NG = g P ®)

Equivalently, when f’ has sufficient decay along the positive real ray,

VPO =~y o £+ @

For higher noninteger orders m — 1 < & < m, the standard right Weyl extension is

WAN() = s [ £+ e ®

whenever the integral exists. Thus, the operator is not a finite-base Caputo derivative. For
an exponential mode e~ #5 with Re(y) > 0, Equation (3) yields

Whe ' =pe 1, u* = exp(aLogu), (6)
where Log denotes the principal logarithm. For a Lerch mode,
(n+a)”° = exp[—sLog(n+a)],

we therefore obtain, on any parameter domain on which Re Log(n + a) > 0 for the modes
to which the integral representation is applied,

Wi (n+a)™° =[Log(n+a)|*(n+a)>. (7)
In particular, this is rigorous for the numerical regime a > 1 used below. We define

<I>$N)(zsa) Wi®(z,s,a) :iw

(8)

whenever termwise application is justified by Proposition 1 below. For complex a, the
branch convention used in Equation (8) is

[Log(n + a)]* := exp(a Log(Log(n + a))). 9)
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Hence, one must avoid the preimages of the principal logarithmic cut. A convenient
common domain is a € C\ (—co, 1]; other regions may be treated by choosing and keeping
a different branch consistently. The Riemann specialization 2 = 1 is treated separately at the

n = 0 mode: since (n+a)~°

= 1forn = 0, this term is constant in s, and its Weyl-Marchaud
derivative is zero. For n > 1, Log(n + 1) > 0, so that [Log(n + 1)]* is unambiguously
defined on the principal branch. No statement involving analytic continuation is intended

to assert that the Weyl integral (3) exists at every analytically continued parameter value.

Proposition 1 (Uniform convergence and termwise Weyl differentiation). Let 0 < a < 1, let
K C C be compact, and write

0y = inf Rs.
sek

The following statements hold:

(i) If a ranges in a compact interval A = [ag,a1] C (1,00) and |z| < rg < 1, then the
Lerch series may be interchanged with the right Weyl-Marchaud integral, uniformly for
(s,a) € Kx A, and

> z"[log(n +
W+ Zsﬂ ZW

(ii) Ifae A=layg,m] C (1,00),z=1,and op > 1, the same interchange and formula hold
uniformly on K x A.

(i)  Ifa € A = [ap,a1] C (1,00), z = € with |8] > 6y > 0 modulo 27t and oy > 0, the
logarithmically weighted series

=2 2" [log(n + a)]“
= (n+a)s

converges locally uniformly on compact subsets, under the same branch convention as above,
by the Abel summation. In this conditionally convergent regime, however, interchange with
the unbounded Weyl integral is not asserted without an additional integrable tail majorant.

Proof. For the interchange statements, let 2 > 1 and put
un =log(n+a) >0, Fals) =2"(n+a)~* = z"e s,

Forr > 0,
fu(s) = fa(s + 1) < |2]"(n + a) ™ min{2, rp, }.

Splitting the Marchaud integral at r = y,, ! yields

& /°° |fn(5)_fn(5+”)|dr
0

[(1—ua) rlta
< Calz|"(n +a) s,

C —L L‘i‘%
Tl -a)\1-a  a)

Consequently, uniformly for (s,a) € K x A,

where, for example,

[ 8 OB gy < 3 ot ) logn-+a)
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The series on the right is summable when |z| < ry < 1, for arbitrary finite oy, and also
when z = 1 and 0y > 1. Tonelli’s theorem and dominated convergence therefore justify
interchange of the Lerch sum with the Weyl integral. Since

Wie s = e,

the asserted formula follows in (i) and (ii). For (iii), the partial sums of z" are uniformly
bounded by 2/|1 — z|, whereas

bu(s,a) = [Log(n+a)|*(n+a)®

tends to zero and satisfies, uniformly on compact subsets with §s > ¢ > 0,

byi1— by, = O(n_l_g(log n)"‘).

The Abel summation therefore yields the local uniform convergence of the weighted
series. This argument does not, by itself, control the integral over the unbounded positive
ray, which is why no Weyl-integral interchange is claimed in the merely conditionally
convergent regime. [

For the Riemann/Hurwitz specialization, the additional factor (logn)* is sub-
polynomial. Hence,
y (logn)*

o
n>2 n

converges exactly for o > 1. Thus, the Weyl-Marchaud operator adopted here does not shift
the abscissa of absolute convergence from 1 to 1 4 «. Any order-dependent comparison
axis introduced later is a geometric choice of transformation and is not a convergence
boundary.

2.4. Convergence and Distinct Critical Structures

The convergence effect of the Weyl-Marchaud derivative adopted here depends
strongly on the Lerch parameter z. For |z| < 1, geometric decay dominates every fixed loga-
rithmic weight and the fractionally weighted series in Equation (8) converges absolutely for
every s € C, apart from excluded singular parameter values. For z = 1, the additional fac-
tor (logn)* does not change the abscissa of absolute convergence, which remains R(s) = 1.
When |z| = 1 and z # 1, oscillation permits conditional convergence in larger regions,
subject to the hypotheses of Proposition 1. For |z| > 1, the defining series is no longer the
appropriate representation and analytic continuation or transformed representations are re-
quired. Accordingly, the fractional order a does not generate a shifted convergence strip for
the operator considered in this paper. Any order-dependent axis introduced below arises
from the chosen comparison transformation and must be distinguished from a convergence
boundary. The preceding convergence analysis already shows that several notions which
may be informally associated with “critical structure” must be kept logically distinct. In the
remainder of the paper, we shall separately consider convergence boundaries, fixed-point
sets of prescribed parameter transformations, zero sets of comparison defects, zero sets
of genuine symmetry defects, and threshold regions defined by normalized defect levels.
These objects arise from different analytical mechanisms and are not assumed to coincide.

https://doi.org/10.3390/sym18101656
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2.5. Comparison and Symmetry Operators

Functional covariances and comparison transformations associated with the Lerch
transcendent act on its parameter vector

&= (zs,a)eX, (10)

where
X CC, x Cs x Cy (11)

denotes an admissible parameter domain. Typical examples of symmetries include reflec-
tions in the spectral variable, translations of the lattice parameter, complex conjugation,
and phase transformations of the variable z.

Let T : X — X be a smooth transformation of the parameter space. In the classical
setting, such a transformation acts on a function F : X — C through composition,

F+— FoT.

When fractional differentiation is introduced, the action of the symmetry transforma-
tion must be combined with the chosen fractional operator.

Throughout the remainder of this paper, the fractional Lerch function is defined using
the right Weyl-Marchaud operator introduced in Section 2.3:

F(@) = Wi, &=(zsa)€X. 12)

Definition 1 (Comparison pullback). Let T : X — X be a prescribed parameter transformation.
Its pullback is

(PrF)(§) = F(T¢).

For an arbitrary T, Pr is called a comparison operator; no symmetry is implied.

Operators acting by composition with a prescribed transformation are standard com-
position operators on function spaces. Their weighted counterparts, obtained by multi-
plying the composed function by a parameter-dependent factor, form the classical class
of weighted composition operators; see, for example, ref. [25]. Motivated by functional
equations of zeta- and Lerch-type functions, which generally involve both a transformation
of the parameters and a nontrivial multiplicative factor, we use the following terminology.

Definition 2 (Functional covariance). A pair (T, J1), with
T:X =X, Jr: X — C\ {0},
is said to define a functional covariance of ® if
®(8) = Jr(5)®(T¢) (13)
holds throughout the admissible domain.

The associated weighted pullback is

(S1,5.F)(&) = JT(§)F(TQ). (14)

https://doi.org/10.3390/sym18101656
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Only when Equation (13) is an authentic identity of the underlying special function
do we call Stj,. a symmetry operator. If T is involutive, the natural cocycle condition

Jr(8)Jr(Tg) =1

implies S%JT =L

For example, the Riemann functional equation is not represented by the unweighted
comparison {(s) <> {(1 —s); its gamma and power factors must be absorbed into Jr, or
alternatively, one works with the completed zeta function. The same principle applies to
the coupled transformations occurring in the Lerch family.

The same operator language extends naturally to finite multiplication formulas, which
involve a finite sum of weighted pullbacks rather than a single one. If

N
(SF)(%) = Z;]j(g)F(Tj@
=

and an authentic identity of the special function has the form
D =S,

we call S a finite weighted covariance (or transfer-covariance) operator. The associated
fractional symmetry defect is

AYS = WiP — SWED = [WS, S|,

provided all terms belong to the relevant Weyl domains. The single weighted pullback of
Definition 2 corresponds to N = 1. This extension will be used below for the Hurwitz zeta
duplication formula.

The formal pullback construction introduced here is independent of the particular
fractional derivative. In the present paper, however, F, is always understood as the frac-
tional Lerch function generated by the Weyl-Marchaud-type operator fixed in Section 2.3. If
another fractional operator is adopted, the corresponding fractional function, convergence
properties, commutator relations, and numerical behavior must be reconsidered separately.

3. Fractional Symmetry Defects

Classical symmetry analysis is commonly formulated through transformation groups
and their associated operators; see, for example, [26]. In the present setting, it is important
to distinguish between two different notions. First, an arbitrary parameter transformation
may be used simply to compare values of the fractionally differentiated Lerch function at
different points. Second, a transformation may arise from a genuine functional covariance of
the classical Lerch transcendent, possibly involving a nonconstant multiplier. Accordingly,
we distinguish below between a comparison defect and a genuine fractional symmetry defect.
The abstract defect construction is independent of the particular fractional operator, but all
analytical results in the present paper refer to the Weyl-Marchaud operator introduced in
Section 2.3.

3.1. Comparison and Genuine Symmetry Defects

Let F, = W4 ® denote the Weyl-Marchaud fractional Lerch function introduced in
Section 2.3.

https://doi.org/10.3390/sym18101656
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Definition 3 (Comparison defect). Let T : X — X be an arbitrary prescribed parameter
transformation. The corresponding comparison defect is defined by

AT (&) = Fu(E) — Fu(TE). (15)

This quantity measures the lack of covariance of Fy under the chosen transformation T. Unless
T is known to arise from a genuine functional identity of the classical Lerch transcendent, a nonzero
value of Azn%p should not be interpreted as the breaking of a pre-existing symmetry.

Definition 4 (Genuine fractional symmetry defect). Assume that the classical Lerch transcen-
dent satisfies a covariance relation

@(¢) = Jr(8)®(TE), (16)

where T : X — X is a parameter transformation and Jp : X — C\ {0} is the corresponding
multiplier. Let

(S F)(8) = Jr(§)F(TE) (17)
denote the associated weighted pullback. The genuine fractional symmetry defect is then defined by
Aryy = Fo = Sk a8)

The classical symmetry is said to be preserved by the fractional operator whenever

sym __
T Jr = 0.
Otherwise, the nonzero defect measures the failure of the fractional operator to preserve the
classical covariance relation.

The distinction between A;%P and Azy;n J, is essential. The former may be constructed
for any parameter transformation and therefore provides a comparison diagnostic. The lat-
ter is meaningful as a symmetry-breaking quantity only when Equation (16) is an authentic
functional identity of the underlying special function.

Definition 5 (Relative defect). Let A denote either a comparison defect or a genuine symmetry
defect. For e > 0, define the regularized relative defect by

B )]
O = E@T SR @ e a9)

where S denotes the corresponding transformed term: PrFy, = Fy o T in the comparison case,
and St ;. Fy in the genuine-symmetry case. The regularization parameter e prevents numerical
singularities near common zeros. Whenever the quantities involved are finite,

0< () < 1.

3.2. Defect-Zero Sets

Definition 6 (Comparison zero set). The zero set of the comparison defect is
20— {g e X:A0P(@) = o}. (20)
This set contains the geometrically forced fixed points of T, since

TE=¢ = AF(§)=0

https://doi.org/10.3390/sym18101656
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for every function Fy.

Definition 7 (Genuine symmetry-preserving set). For a classical covariance pair (T, 1), define

Moz, = {g €X: A (8) = o}. @1)

Whenever a connected component of this set is a smooth manifold, it will be called a fractional
symmetry-preserving manifold.

The preceding definitions deliberately separate geometrically enforced zeros from
function-dependent zeros. In particular, a fixed-point set of an arbitrary comparison
transformation is not, by itself, evidence of a new analytical property of the fractional Lerch
transcendent.

3.3. Commutator Formulation

The genuine symmetry defect admits a natural operator interpretation.
Theorem 1 (Commutator characterization of a genuine symmetry). Assume that the classical
covariance ® = St ;D holds and that all functions involved belong to the domain of VWY . Then,

sym

Ary = VL Sty @ (22)
where
WS, S| = Wi St jr = St Wi
Consequently, the classical covariance is preserved after fractional differentiation if the commu-
tator vanishes on ®.
Proof. Since

® = S1,9,

application of WY yields
WLD = Wi St .

Therefore,
AT = WE® = Spp Wi
= WiSr ;@ = St Wi ®
= Wi, St ] @
O

Theorem 2 (Explicit multiplier commutator for the Weyl-Marchaud operator). Let 0 < a <
1, let

(Myf)(s) = J(s)f(s),
and assume that f and | f belong to the domain of WY. Then,

WL MIFE) = s [ O TG0 pstryar. (23)

rlt+a

In particular, constant multipliers commute with WY, whereas a nonconstant multiplier
generally produces a nonzero commutator.

https://doi.org/10.3390/sym18101656
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Proof. Using the Weyl-Marchaud representation,

WERE) = F7 I fOZeED,,

we obtain

WE(Tf)(s) = r(llx_a) /O"° I(S)f(S)—ﬁi;H)f(err) 0

JEWESS) = =3 I (OTOR(C)(LEd Py

Subtracting the second expression from the first yields

WEMLF) = g [ L vy,

as claimed. O

The preceding theorem treats the multiplier part of a weighted pullback. To analyze a
genuine weighted composition operator, one must also account for the interaction between
the fractional derivative and the pullback itself. Write

(Crf)(s) = f(T(s)),  (Myf)(s) =J(s)f(s).
Whenever all terms are defined,
Wi, M)Cr] = [WS, Mj]Cr + Mj[WE, Cr). (24)

Thus, the multiplier commutator is, in general, only one contribution to the full
symmetry defect.

Theorem 3 (Affine pullbacks in the spectral variable). Let 0 < a < 1, and let T(s) = Bs +
with B > 0. If f and f o T belong to the corresponding right Weyl-Marchaud domains, then

WE(foT)(s) = B*(WEF)(T(s))-

Consequently,
(WL, Crlf = (B* = 1)Cr(WLf).
For the weighted affine pullback S = M;Cr,

WS = iy [ DL s )
+J(s)(B* = (WLA)(T(s))- (25)
Proof. Using the Marchaud representation and the substitution u = fr,
WG = i [ ETEL ST 4B,
= B (WE)(T(s))-

The commutator formulas then follow from Equation (24) and Theorem 2. [

https://doi.org/10.3390/sym18101656
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Remark 1 (Reflection changes the Weyl orientation). For the reflection R¢(s) = ¢ — s, the
preceding theorem cannot be extended by simply setting p = —1 while retaining the same right-sided
operator. Instead, whenever the two one-sided operators exist,

W& Cg, = C, WY,

where W® denotes the left Weyl-Marchaud derivative. Thus, a reflection functional equation
changes the orientation of the nonlocal operator. This is why the pullback contribution must be
checked explicitly rather than assumed to commute with W .

Theorem 2 identifies the contribution generated by a nonconstant multiplier, whereas
Theorem 3 makes explicit the second possible source of symmetry breaking, namely the
pullback in the spectral variable. Accordingly, a genuine covariance calculation must verify
both pieces of the weighted-composition commutator. In the Hurwitz duplication example
developed in Section 5, the parameter pullbacks act only on a and therefore commute
with W¢, while the nonconstant multiplier 27° produces a nonzero defect. This provides a
concrete realization of the abstract commutator mechanism.

4. Geometry of Defect-Zero Sets

The defects introduced in Section 3 define subsets of the Lerch parameter space
through their zero sets. Their interpretation depends essentially on the origin of the
defect. Zeros of a genuine symmetry defect describe parameter values at which a classical
covariance survives the action of the fractional operator, whereas zeros of a comparison
defect may include components that are forced solely by fixed points of the prescribed
parameter transformation. It is therefore useful to study the local geometry of defect-zero
sets without identifying them a priori with the classical critical strip of the Riemann zeta

1
function. In particular, the order-dependent line R(s) = a + 5 used later is a fixed-point
set of a comparison transformation and not a convergence boundary generated by the
Weyl-Marchaud derivative.

Let A : X — C denote either a comparison defect Azn%p or a genuine symmetry defect

Azy;n J;» and identify

X c C® ~ RS,
Associate with A the real map
A:X— R, AQ) = (RAG), SAQ)).

Theorem 4 (Regularity of defect-zero sets). Assume that A is of class C' in the real sense
and that
A(&) =0, rank DA (&) = 2.

Then, there exists a neighborhood U of ¢y, such that

{cel:A(g)=0}
is a C! real submanifold of X of codimension two.

Proof. The complex equation A(¢) = 0 is equivalent to the two real equations
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The stated rank condition makes 0 € R? a regular value of A locally at {p. The
conclusion therefore follows from the regular-value theorem [27]. O

A codimension-one hypersurface may nevertheless arise when the zero condition is
enforced by a single independent real equation, as occurs for the fixed-point condition

1
§R(S) =0+ E

Such a hypersurface is a geometrically enforced subset of the complete complex zero
set and need not exhaust it.

4.1. Geometric Fixed-Point Baseline and Intrinsic Defect Zeros

A prescribed comparison map can force zeros of an unweighted defect independently
of the function under study. This must be separated from function-dependent information.

Definition 8 (Geometrically forced zero set). For a weighted transformation (T, J1) define
Grjp, ={0€X:T¢=¢, Jr(¢) =1}
Every point of Gr ;. is a zero of F — St ;. F for every function F.
Definition 9 (Intrinsic defect-zero set). For a genuine symmetry defect, define
Mg = Mt \ Grjp-
For a purely unweighted comparison defect, define analogously
ZM = ZP \ Fix(T).

Only these residual sets can encode zeros that are not forced solely by the geometry of the
chosen transformation.

The order-dependent antiholomorphic comparison
Tu(s) =1+2a—5

has the fixed-point set
Fix(Ty) = {5 : Re(s) = a + 3 }.

Accordingly, the vertical line used in the numerical section is retained only as a
geometric calibration axis: the identity Fy(s) = Fx(Txs) on that line is true for every F, and is
not presented as a new analytical property of the Lerch transcendent. Its translation with «
is likewise a property of the chosen map, not a fractional displacement of the convergence
strip. For completeness, a two-variable antiholomorphic comparison may be defined by

1
Tu(z,5) = (z' 1+ 2« —s).
Its fixed-point set contains
|z| =1, R(s)=a+ =,

because 1/z = z whenever |z| = 1. This set is again a geometrically enforced baseline. It
may be used for analytical or numerical calibration, but it is not interpreted as an intrinsic
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symmetry-preserving manifold unless an independent Lerch covariance identity provides
such an interpretation.

Theorem 5 (Analytic rigidity of nontrivial defect zeros). Fix admissible z and a, and let
D C Cs be connected. Suppose that Fy(s), T(s), and J1(s) are holomorphic on the relevant
domains and that

AZ{?},T(S) = Fu(s) — Jr(s)Ex(T(s))

is not identically zero. Then, its zeros in D are isolated. Consequently, a non-discrete zero curve in
a one-complex-dimensional s-slice cannot arise from a nonzero holomorphic defect; it must be caused
by an antiholomorphic/geometric constraint, an identically vanishing covariance, or a loss of the
stated holomorphic assumptions.

Proof. Under the hypotheses, the defect is holomorphic on D. The identity theorem for
holomorphic functions implies that any zero set with an accumulation point in D forces
the defect to vanish identically. Therefore, if the defect is not identically zero, all zeros are
isolated. 0O

4.2. Local Stability of Regular Defect-Zero Sets

Regularity also provides a natural notion of local stability under perturbations. Let
A:X — R?

be the real representation of either a comparison defect or a genuine symmetry defect, and
consider a perturbed map
Ae = A+¢R,

where R : X — R? is of class C.
Definition 10 (Local stability). A regular zero & of A is locally stable if, under every sufficiently

small C' perturbation, the corresponding local zero set remains a smooth submanifold of the same
codimension.

Theorem 6 (Local stability of regular zeros). Suppose that
A(Z) =0, rank DA (&) = 2.

Then, every sufficiently small C! perturbation A has, locally near the corresponding perturbed
zero, a zero set of codimension two, provided the perturbed zero remains in the chosen neighborhood.

Proof. Surjectivity of the differential is an open condition in the C! topology. Hence,
sufficiently small C! perturbations preserve the rank-two condition near &. The conclusion
follows from the regular-value theorem. [J

Thus, changes in the local topology of a defect-zero set can occur only through loss of
regularity, for example, when
rank DA < 2.

Such points are natural candidates for branch creation, merging, or other local transi-
tions of the zero set.

5. Defect-Based Comparison and Symmetry Indices

The defect indices introduced below can be applied either to a comparison defect
or to a genuine symmetry defect. We first retain the comparison transformation T, as an
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exactly solvable calibration benchmark. Its fixed-point line is geometrically enforced and
is not interpreted as a newly discovered Lerch symmetry manifold. The purpose of that
calculation is to quantify the transverse decay of comparison covariance away from the
baseline. After the benchmark calculation, we turn to the non-elementary Hurwitz-zeta
duplication formula, which is an authentic classical covariance and therefore provides
a genuine fractional symmetry defect. The two examples have different logical roles:
the former calibrates the comparison geometry, while the latter tests whether the chosen
fractional operator preserves an actual zeta identity. In either case, the normalized index
maps the magnitude of the corresponding defect to a dimensionless covariance measure.
Throughout this subsection, the local comparison index is defined by

Iloc(g) =1- 5a,T(g)/ (26)

where

_ |R() — R (TE)|
[Fu(@)[ + [E(TE)

whenever the denominator is nonzero. For the exact analytical computations in this section,

‘Sa,T(g)

we set ¢ = 0 and restrict attention to points at which the denominator is nonzero. The
regularized definition with & > 0 is retained in the numerical computations.
For a measurable domain (), the corresponding global index is

. 1/2
) =1 | o [ @2 an@)] @)

5.1. Exact Transverse Comparison Profile

A closed analytical expression for the transverse comparison profile can be obtained
from the Lerch specialization:

®(0,s,a) =a?, a>1.

Although elementary, this specialization belongs to the Lerch family and provides a
useful exactly solvable benchmark. Let

Fy(s;a) =Wha®. (28)
Since a > 1, Equation (7) yields
Fy(s;a) = (loga)*a™®. (29)

The factor (loga)“ is real, positive, and independent of s, and therefore cancels out in
from the normalized comparison defect.
As a comparison transformation, consider the antiholomorphic reflection:

Ta(s) =1+2a —5. (30)

Writing
1 .
ca:oc—i—i, S =rcy+x+it,

we obtain
Tu(s) = cy — x + it
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Thus, x measures the signed transverse distance from the geometrically forced fixed-
point line R(s) = c,.

Theorem 7 (Exact transverse comparison profile). For the specialization ®(0,s,a) = a~*, with
a > 1, the relative comparison defect is

(5ac,T (S) =

tanh [log(a) (?R(s) . ;)} ’ (31)
Consequently, the local comparison index is

1

lioe(s) =1 — |tanh {log(a) (é]%(s) —a— 2)] ‘ (32)

Proof. From Equation (29),
Fy(s;a) = (loga)“a*‘f"‘*"*”,
whereas
Fy(Ty(s);a) = (loga)*a et

The common factor
—cy—it

(loga)*a
cancels in the normalized comparison defect. Therefore,

o~ " —a|
a—*+a*
e—xlog(a) _ pxlog(a)

5a,T (S) =

e—xlog(a) 4 pxlog(a)
= |tanh(x log(a))].

Since x = R(s) —a — % , Equation (31) follows. The local index is then obtained
from (26). O

Corollary 1 (Maximum comparison covariance and transverse decay). The local comparison
index satisfies

Iloc(s) =1
if and only if
1
%(S) =+ E .
Moreover,
lim Iioe(s) = 0. (33)

‘%(S)*D&*%|~)OO

Proof. The hyperbolic tangent vanishes only at zero and satisfies
lim |tanhy| = 1.
ly|—eo

The result follows directly from Equation (32). O
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The parameter a controls the transverse rate at which comparison covariance is lost
away from the fixed—point baseline. Indeed, expansion of Equation (31) near the fixed—point
baseline yields

0y,7(s) = log(a) 5

m(s)—a—1’+o<‘m(s)—a—

Thus, larger values of a produce a narrower high-covariance region, whereas values
of a close to unity produce a broader region of approximate comparison covariance.

5.2. Exact Global Index in a Tubular Neighborhood

To quantify approximate comparison covariance around the fixed—point baseline,
consider the symmetric rectangular neighborhood:

Qh"‘%: {s:a+it:

1
—a—=|<h, |t <T5y,
e LR
where h > 0 is the transverse half-width.

Theorem 8 (Exact global comparison index). For the fractional Lerch specialization

®(0,s,a) = a*, the global comparison index over Q,(f% is

@)\ _ tanh(h log(a))
Tgon (O4) = 1- \/ T gl (34)

The result is independent of the vertical half-height T of the rectangular domain and of the
fractional order .

Proof. Using the transverse coordinate x = o —a — %, Equation (31) yields
8,,7(s)? = tanhX(x log(a)).

The area of the rectangular domain is ‘Qé”‘%‘ = 4hT.
Since the defect is independent of the imaginary coordinate ¢,

1

1 h
/Q o bur(sPdAGs) = 5 /f tanh’(xlog(s)) dx.

Using tanh®y = 1 — sech®y,

h -h -h
/ tanh? (bx) dx = / L / sech? (bx) d.

Since 1
/ sech? (b) dx =, tanh(bx),
we obtain X
/ tanh? (bx) dx = 25 - %tanh(bh).
Therefore,
1 [h 2 B tanh(bh)

which yields Equation (34) after setting b = loga. [
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Corollary 2 (Thin-neighborhood asymptotics). Ash — 0T,
() _ 4 _ Plog(a) 3
Tgon (Q4) =1 - 73 TOu):
Proof. Fory — 0,
tanhy e 4
=1-=4+0(y").
y 7 o)
Setting y = hlog(a) in Equation (34) yields the result. [
Corollary 3 (Large-domain behavior). Ash — oo,
@)y, 1
Tgtob (Qh'T) 2hlog(a) (35)

Thus, the global comparison index approaches zero when increasingly large regions away from
the fixed-point baseline are included.

The preceding calculation separates the geometry of the prescribed comparison map
from the transverse behavior of the function. The condition

1
R(s) =a+ 5
locates the geometrically forced fixed-point baseline of Tj, but contains no function-specific
information by itself. In contrast, Equation (31) measures how rapidly equality between
Fy(s) and F,(Tgs) is lost away from that baseline, while Equation (34) quantifies the corre-
sponding average comparison covariance in a finite tubular neighborhood. The parameter
a does not alter the location of the fixed-point line, but it changes both the transverse profile
and the global index. Thus, the indices contain function-dependent information even
when the exact zero on the baseline is geometrically enforced. This solvable specialization
therefore provides a useful analytical benchmark for the numerical comparison-defect
calculations of Section 6.

5.3. A Genuine Non-Elementary Covariance: The Hurwitz Duplication Formula

The preceding calculations deliberately use an elementary specialization as a compari-
son benchmark. We now consider an authentic, non-elementary covariance of a Lerch-type
function. For a > 0 and initially s > 1, the Hurwitz zeta function satisfies the duplica-

tom=22¢(s5) +e(s 5 ) | @)

a

Colsa =f(s5).  @AH6n =5 3),

and the finite weighted covariance operator

tion formula:

Define

S» = My—s(Co + C1).

Equation (36) is precisely the authentic covariance S»{ = ¢. For a > 2, both trans-
formed lattice parameters exceed 1, so Proposition 1 applies in the half-plane s > 1.

Put
>, [log(n + a)]""

F,X(s,a) = Wj"rC(s,a) = ZO (n+a)s
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Theorem 9 (Fractional defect of the Hurwitz duplication covariance). Let 0 < a <1,a > 2,
and RNs > 1. The genuine fractional symmetry defect associated with the classical duplication
covariance is

1
Agup(s,a) = Fy(s,a) —27° [Fa<s, g) + Fa(s, a—;)]

_ i [log(m +a)]* — [log((m +a)/2)]*

37
P -+ ) 7
Equivalently,
dup _ « © (2" =1)l(s+71,a)
Ayt (s,a) = Ti—a) /0 Tra dr. (38)

In particular, for real s = o > 1,
Agup(a,a) > 0.

Hence, the classical Hurwitz duplication covariance is not preserved by the right Weyl—
Marchaud derivative on the real half-plane o > 1.

Proof. The pullbacks Cy and C; act only on the lattice parameter a and therefore commute
with W% on the stated domain. Consequently,

(WL, Sa] = [WE, My-s](Co + Cr).

Since 5,¢ = (, the genuine symmetry defect equals this commutator applied to .
Using Theorem 2,

u o ©275(1 -2 [(Cy+ C S+r,4a
AS p(s,a) _ Ti—w /O ( )[(r&_a 1)C( >d1’.

Applying the duplication formula at s + r yields
[(Co+C1)Cl(s+71a) =2 (s +1,a);

therefore, Equation (38) follows. Near r = 0, 2" — 1 = O(r), whereas for r — coand a > 2,
the product (2" — 1){(s + r,a) decays exponentially, locally uniformly in s > 1; hence, the
integral converges. For the Dirichlet-series representation, reindex the even and odd terms:

2 [F“(S@ + le(S,aH)} _ 5 log((m +a)/2)]

2 0 (m+a)s

Subtracting this expression from F,(s,a) yields Equation (37). If s = ¢ > 1 is real and
a > 2, then
log(m + a) > log((m+a)/2) >0,

so every term of the series in Equation (37) is strictly positive. [
Corollary 4 (A quantitative upper bound). For 0 < a <1,a > 2, and real 0 > 1,
0 < A3 (0,a) < do(a) {(0,a),

where
du(a) = (loga)* — [log(a/2)]".
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Moreover, dy(a) — 0as a — 0.
Proof. For x > log2, define
Qu(x) = x* — (x —log 2)".

Since 0 < a < 1, g is positive and decreasing. Hence, every coefficient difference in
Equation (37) is bounded above by its m = 0 value d, (a). Summation yields the estimate.
The final assertion follows from the mean-value theorem, since

du(a) = O((loga)* 1) (a— oo).
O]

Theorem 9 supplies information that is not forced by a fixed-point geometry. The defect
is attached to an authentic Hurwitz zeta identity, depends nontrivially on the fractional
order, and its strict positivity excludes zeros of the genuine duplication defect on the
real region

{(c,a):0>1,a>2}.

The elementary specialization of Sections 5.1 and 5.2 therefore retains the role of a
solvable calibration benchmark, whereas the duplication formula provides the principal
genuine-symmetry example.

5.4. Composite Defect-Based Indices

The local and global indices introduced in the previous subsections quantify com-
plementary aspects of defect reduction. Depending on the underlying transformation,
they may measure either comparison covariance or genuine symmetry preservation. The
local index characterizes the behavior at an individual point of parameter space, whereas
the global index provides an averaged measure over a prescribed domain. It is therefore
natural to combine these quantities into a single indicator.

Definition 11 (Composite defect-based index). Let Ij,.(¢) denote the local normalized index
and Igop the corresponding global index. The composite defect-based index is defined by

Ieomp = Mgiob + (1 = A)hoe,  0< A<,

where A controls the relative importance of the local and global contributions. When A = 0,
the composite index reduces to the local index, whereas A = 1 recovers the global measure. The
weighting parameter may be selected according to the intended application. Local investigations
of isolated defect zeros naturally favor smaller values of A, while large-scale numerical studies are
better represented by values close to unity.

5.5. Comparison of Fractional Operators

One of the principal motivations for introducing defect-based covariance indices is to
compare different fractional differential operators acting on the same special function.

Definition 12 (Operator covariance score). Let Dy, D5 be two fractional differential operators.

If I and I denote their corresponding defect-based indices, the operator producing the larger
value of 1 is said to exhibit greater covariance preservation with respect to the prescribed transforma-
tion. When the transformation represents a genuine functional symmetry, this may be interpreted
as greater symmetry preservation.
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Such a comparison is meaningful only when the operators are evaluated for the same
underlying covariance or comparison transformation, on the same parameter domain
and with compatible normalization conventions. The present paper develops the ana-
lytical details only for the Weyl-Marchaud operator. Application of the same index to
Riemann-Liouville, Caputo, Griinwald-Letnikov, or other fractional derivatives requires a
separate verification of their domains, branch conventions, and corresponding fractional
Lerch representations.

The defect-based indices transform the framework developed in the previous sections
into computable quantitative descriptors. Whereas the corresponding defect measures the
local departure from covariance, the proposed indices provide normalized quantities that
facilitate comparison between different fractional orders, parameter values, and fractional
operators. When the underlying transformation is an authentic functional covariance, these
quantities measure genuine symmetry preservation; for a prescribed comparison map,
they measure comparison covariance. The following section illustrates the comparison
case numerically.

6. Numerical Experiments

The objective of this section is not to perform an exhaustive numerical investigation of
the fractional Lerch transcendent, but rather to illustrate the practical applicability of the
theoretical framework developed in the previous sections. In particular, we demonstrate
how the proposed comparison defects and normalized indices (Algorithm 1) can be com-
puted numerically, how the geometrically forced fixed-point baseline provides an exact
calibration test, and how the off-axis defect profile captures function-dependent departures
from comparison covariance.

The closed-form expressions obtained in Sections 5.1 and 5.2 provide an analytical
benchmark against which the numerical comparison defect and normalized index compu-
tations can be validated.

The numerical experiments are intended as a computational illustration of the defect-
based comparison framework rather than as a new general-purpose algorithm for evalu-
ating the Lerch transcendent. The fractional Lerch function was computed by truncating
Equation (8) after N terms. The truncation level and the spatial grid were independently
refined until the variations of the fractional Lerch function and of the global comparison
index fell below the prescribed tolerances. All complex powers were evaluated on the
principal branch, consistently with Section 2.3.

6.1. Numerical Methodology and Reproducibility

For fixed z, a, and «, the computational domain
Q = [Omin, Omax] X [tmin, tmax]
is discretized by the uniform grid
sij = 03 + it} 0 = Opmin + ihy, tj = tmin + jht.
At each grid point, the truncated fractional Lerch series is evaluated as

N=1 n [Log(n + a)]*

n=0 (” + a)sij (39)

F(J(,N(Z/ Sij/ a) =
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For the numerical choice 2 = 1.2, one has n +a > 1 for every n > 0, so that Log(n +
a) > 0 and the factor [Log(n + a)]* is unambiguous on the principal branch. The reflected
point is
55 = Tu(sij) = 1+ 20 — 5,

and the discrete comparison defect is

N
A,iT) (sij) = Fan(z,si,a) — Fa,N(Z,Sgrﬂ)- (40)

Its normalized form is

A (i) ‘

Sii) = 41)
|Fun (2, Sij,ﬂ)| +

FyN (z, 53}/ a) ’ + €reg

Because exact equality is inappropriate in floating-point arithmetic, we define the
numerical low-defect comparison region by

e = {si]- e: 8N (s < r}. (42)
(N7)
,T

14
of approximate comparison covariance and should not, in general, be identified with a

Here, T > 0 is a prescribed numerical threshold. The set C represents a region
genuine symmetry-preserving manifold.
The local index is evaluated pointwise as
N N
foe (55) = 1= 0,7 (53,

whereas the global index is approximated by the two-dimensional composite trape-

zoidal rule:
2-1/2

Y wij ((5%) (Sij))
N - |2

glob Z wjj ’
ij

(43)

where w;; denotes the trapezoidal weights.
For the representative computations, we used

z=065"", a=12 N =450
The comparison transformation was
Tu(s) =1+2a—5,

so that
Tu(o+it) =142a — o +it
and its fixed-point locus is
1
oc=ua+ >

The normalized comparison defect was evaluated using Equation (41), with the regu-
larization parameter specified below.
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Algorithm 1 The fractional comparison defect and normalized indices

Require: Parameters z, a, a; domain (); grid sizes N, N;; truncation N; tolerances Ereg, T
Ensure: Comparison-defect map, low—defect comparison region, and normalized indices

1: Generate sij = 0 + it}

2: for each grid point s;; do

3: Evaluate F, n(z,si,4)

4:  Compute ST = T,X(si]')

5 Evaluate F, N(z sz/, a)

6:  Compute Ai T) (sij

7. Compute (55‘1\9 (sif)

8: Set I( )(Sz]) =1- 55\9 (Sij)

loc
9: end for N
10: Extract COE T’T)

N
11: Compute I g(l Ol))

12: Produce defect maps and contour plots

All computations (Figure 1) were performed in Python 3.12 using the NumPy and
Matplotlib libraries in the IEEE double-precision complex arithmetic.

Choose z, 4, x, domain, grid,
truncation, and tolerances

'

Generate s;; = 0; + it;

!

Evaluate F, y(z, sl],

¢

J
|
1
J
|
|

¢

E
E
[ Evaluate Fy (2
[
E

l]’

¢

Compute AN 0T ) and

'

Extract (5( ) <T

!

ECompute local and global indices}

!

[Generate defect maps and Contours}

5

Figure 1. Workflow of the numerical computation.

The computational domain was discretized using a 400 x 400 uniform grid in the
complex plane.
The computations reported below used

N =450, Ny=N; =400, epg=10""  t=10""%
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Numerical stability was assessed by comparing the results with those obtained after
increasing the truncation level N and refining the spatial grid.

Convergence and Validation

The truncation error was monitored through

En = max|Fyan (2,84, a) — Fun(2,sij,4) |,
Si]'GQ

whereas the grid-refinement error was estimated by

_ | +(2Ng,2Ny) (No/)Np)
Egrid o ‘Iglob - Iglob

The computations were repeated after doubling the truncation level and refining
the spatial grid. No significant changes were observed in the reported defect maps or
in the global comparison index within the displayed numerical precision. These tests
were used as a practical assessment of numerical stability for the illustrative computations
presented below. As an internal validation, the numerical defect was required to vanish, up
to truncation and roundoff errors, on the analytically known fixed-point line R(s) = a + 3.
The numerical parameters were increased until no significant changes were observed in
either the defect maps or the comparison indices. Consequently, the reported computations
may be regarded as numerically resolved for the purposes of the present work.

6.2. Comparison—Defect Maps and Calibration

The first numerical experiment illustrates the spatial behavior of the comparison defect
associated with T,. At the fixed-point line

1
R(s)=a+ =,

() =a+y

the defect vanishes identically for purely geometric reasons. Accordingly, the role of this
line is to provide an exact calibration of the numerical implementation. The informative
quantity is the off-axis variation of the normalized defect, which describes the function-
dependent loss of comparison covariance. A representative defect map is shown in Figure 2.

=3(s)

t

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
o=R(s)

Figure 2. Normalized numerical comparison defect (55\}) (o +it) fora = 0.5,z = 0.65¢*7/, and a = 1.2.

The vertical zero line o = 1 is the geometrically forced fixed-point set of T, and is used as a calibration
of the implementation; the off-axis profile is function-dependent.
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Figures 2 and 3 show, respectively, the normalized comparison-defect map and repre-
sentative contour levels. Since the zero on Fix(T,) is geometrically enforced, the function-
dependent information is carried by the off-axis profile and by any additional zeros not
belonging to the fixed-point set.

2= -

t=3(s)

| __— 0500
5200
[ 0.050

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

o=R(s)
Figure 3. Contours of the normalized numerical comparison defect (50(%) for the same parameters. The
central line is the fixed-point baseline. The surrounding contours quantify approximate covariance

away from that baseline and are not interpreted as a shifted critical strip.

6.3. Defect-Based Indices

The proposed indices provide a compact quantitative description of the comparison
defect. The local index approaches unity in low-defect regions and decreases as the normal-
ized discrepancy increases. The global index, being domain dependent, requires particular
care when values corresponding to different fractional orders are compared. Indeed, the
reflection transformation

Ta(s) =1+2a—5

has the order-dependent fixed-point axis

1

R(s) =a+ >

Consequently, if the global index is evaluated over a fixed domain in the s-plane while

« varies, part of the observed variation may result from the displacement of the comparison

axis relative to the computational domain rather than from the fractional deformation of

the Lerch function itself. For this reason, in the present work we restrict the numerical

discussion to the pointwise defect maps and low-defect contours, for which the geometrical

meaning is unambiguous. A quantitative comparison of global defect-based indices across

different fractional orders should instead be performed on co-moving domains centered on
the corresponding reflection axis, for example,

Qu(h, T) = {s:a—i—it:

1
a—a—z‘ <h, |t|§T}.

Such a construction separates, as far as possible, the intrinsic dependence on the
fractional order from the purely geometrical displacement of the comparison axis. A
systematic investigation of this order-dependent global index is left for future studies.

The numerical experiments confirm the practical computability of the proposed defect-
based framework. They reproduce the analytically prescribed comparison axis, illustrate the
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variation of the normalized defect away from it, and show how local regions of approximate
comparison covariance can be represented through contour sets. These computations
should be interpreted as numerical illustrations of the defect geometry rather than as
evidence for an intrinsic order-dependent shift of a classical critical strip. More extensive
comparisons between fractional orders and between different fractional operators require
order-adapted computational domains and will be considered in future work.

7. A Concrete Spectral-Zeta Realization

To provide a concrete spectral realization of the preceding formulas, consider, for
a > 2, the diagonal operator

Aqg: D(A,) C P2(Ny) — 2(Ny),
defined by
Agen = (n+a)ey, n=20,12,...,
with domain
D(A,) = {x = (xn)nz0 € L(No) : Y (n+a)*[xuf* < 00}-
n=0

The operator A, is positive and self-adjoint, with discrete spectrum [28,29]
0(Ag) ={n+a:neNg}.

Its spectral zeta function is

[e.0)

Ta,(s) =Te(A°) = ) (n+a)~° ={(s,a), Rs > 1.

Thus, the Hurwitz zeta function appearing in Section 5.3 is the spectral zeta function
of an explicit operator rather than only a formal specialization of the Lerch transcendent.
Proposition 1 yields

W54, (s Z log(n +a)]*(n+a)~>.

The parameter shift a — a 4 1 has a direct spectral interpretation. The spectrum of
Agy1 is obtained from that of A, by deleting the lowest eigenvalue a and relabelling the
remaining eigenvalues. Therefore,

CA,(8) = Cap(s) =a".

Applying the right Weyl-Marchaud derivative and using the termwise formula proved
above yields the exact relation

WG4, (s) = Wila,,, (s) = (loga)*a™. (44)

Equation (44) provides a specific spectral conclusion: deleting the ground-state eigen-
value changes the fractionally differentiated spectral zeta function by precisely the Weyl
weight associated with that eigenvalue.

There is also a direct spectral interpretation of the duplication identity. The spectrum
{n-+a:n >0} decomposes into its even and odd subsequences,

{2n+a:n>0} and {2n+a+1:n>0}.
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Factoring the scale 2 from the even and odd subsequences yields

i (2n+4a)° = 27S§(s, %),

n=0

and

Y @n+a+1)"° :2s§<s,a;1>.
n=0

Their sum is precisely the duplication identity in Equation (36). The nonzero defect ob-
tained in Theorem 9 therefore quantifies the failure of the right Weyl-Marchaud derivative
to preserve this even—odd spectral splitting covariance.

8. Conclusions

In this paper, a defect-based framework has been developed for studying the inter-
action between a fixed fractional derivative and comparison or covariance structures of
Lerch-type functions. The construction deliberately separates arbitrary parameter compar-
isons from authentic functional identities. The former provide useful calibration diagnos-
tics, whereas the latter are the appropriate setting in which a nonzero commutator can be
interpreted as fractional symmetry breaking.

A principal analytical addition of the revised formulation is the explicit treatment of
the full weighted-composition commutator. The multiplier term and the pullback term
are distinct, and affine pullbacks in the spectral variable can be computed explicitly. In
particular, a reflection reverses the orientation of the one-sided Weyl operator, which
prevents an automatic commutation argument for reflection-type functional equations.

The general formalism is complemented by a non-elementary example based on
the classical Hurwitz-zeta duplication formula. This identity defines an authentic finite
weighted covariance. For 0 < &« < 1,2 > 2, and Rs > 1, its fractional defect admits both a
convergent Marchaud-integral representation and an explicit Dirichlet-series representation.
On the real half-plane s > 1, the defect is strictly positive. Hence the chosen right Weyl-
Marchaud derivative does not preserve the classical duplication covariance there, and
the region contains no zeros of the corresponding genuine duplication defect. This is
a function-dependent consequence and is logically different from the fixed-point zeros
generated by the prescribed comparison map.

The convergence argument has also been sharpened. In the absolutely convergent
regimes used for the analytical applications, an explicit integrable majorant justifies inter-
change of the Lerch sum with the unbounded Weyl integral. In the conditionally conver-
gent unit-circle regime, local uniform convergence of the logarithmically weighted series
is retained, but the stronger interchange claim is no longer made without an additional
tail hypothesis.

The elementary specialization ®(0,s,4) = a—° and the numerical defect maps remain
useful as calibration benchmarks. In particular, the line ®s = a« + 1/2 remains the fixed-
point set of the prescribed comparison map and is not interpreted as a displacement of the
Riemann critical strip or of an abscissa of convergence. Finally, the affine-spectrum operator
of Section 7 provides a concrete spectral-zeta realization of the Hurwitz formulas and gives
an exact fractional relation for ground-state deletion. Further work may investigate other
authentic Lerch covariances and other fractional operators, but such extensions require
their operator domains and commutators to be verified separately.
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