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P.; Leszczyński, N. Symmetry and

Skewness in Weibull Modeling:

Optimal Grouping for Parameter

Estimation in Fertilizer Granule

Strength. Symmetry 2025, 17, 1566.

https://doi.org/10.3390/

sym17091566

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

Symmetry and Skewness in Weibull Modeling: Optimal
Grouping for Parameter Estimation in Fertilizer
Granule Strength
Wojciech Przystupa 1 , Paweł Kurasiński 1,* and Norbert Leszczyński 2
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Abstract

This study investigates Weibull distribution modeling for data under grouped observations.
Two data grouping methods (equal-width and optimal) were compared for estimating
parameters of the Weibull distribution using maximum likelihood estimation (MLE) in
each case. Methodologically, our contribution is twofold: First, we derive the correct
Fisher information matrix for grouped data in the two-parameter Weibull and use it to
compute optimal interval boundaries. Second, we derive maximum likelihood estimators
for data grouped under these optimal intervals. The fit of the assumed distributions was
evaluated using chi-squared goodness-of-fit tests. We also calculated Asymptotic Relative
Efficiency (ARE) to compare the precision of parameter estimates across different grouping
approaches. Optimal boundaries yielded systematically higher ARE than equal-width
grouping in 100% of comparisons for the shape parameter c. Gains for the scale parameter
b were smaller and occurred in about 62% of cases. Optimal grouping also produced
generally higher chi-squared

(
χ2) goodness-of-fit p-values than equal-width grouping,

indicating a better fit. From a symmetry standpoint, the Weibull distribution is inherently
asymmetric, with the degree of asymmetry governed by the shape parameter c. We show
that the choice of grouping affects the estimate of c and, thus, the inferred skewness, further
explaining why optimally designed intervals yield both higher precision and a more faithful
representation of failure behavior.

Keywords: Weibull modeling; grouped data; optimal grouping; maximum likelihood
estimation; chi-squared goodness-of-fit; asymptotic relative efficiency; skewness

1. Introduction
The Weibull distribution [1,2] is widely used in statistical analyses due to its versatility

and flexibility in modeling a variety of phenomena. It is particularly commonly applied in
reliability analysis [3–9] and material strength testing [10–17]. Weibull distribution is also
commonly used in the wind energy sector in order to assess wind resources and model
wind speed [18–20].

Grouping of observations is used both for estimating parameters of the distribu-
tion [5,6,21–23] and in statistical hypothesis testing problems [3,10,11,24]. Until now, group-
ing has normally referred to dividing the range of the random variable into intervals of
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constant width, constant probability, or asymptotically best intervals. The first two types of
data grouping both fall within the published literature [25,26].

The literature [27–34] studies asymptotically efficient data grouping for parameter
estimation across several distributions, mostly via MLE. Highlights include the follow-
ing: Kulldorff [27] on exponential and normal distributions; MLE equations and an
asymptotic variance–covariance procedure for the three-parameter Weibull [28]; optimal
(equal/unequal) group boundaries for the two-parameter gamma [29], two-parameter
Weibull [30], and scaled log-logistic distributions [31]; MLE for the exponentiated Fréchet
with computed asymptotic variance and optimal unequal groupings [32]; and Mohan
et al. [33], who estimated the two-parameter Weibull via least squares on optimally grouped
samples and compared efficiency to rank regression on ungrouped data, with a numeri-
cal example.

One of the goals of this paper is to find the correct formulae for the Fisher information
matrix for Weibull-grouped data. Papers [30] and [34] provide incorrect expressions for the
matrix. Additionally, [34], despite having a correct optimal interval table, was constructed
using incorrect formulae. This paper provides a clear derivation for the correct equations
and has an optimal grouping-intervals calculator.

This study also tries to bridge a literature gap by estimating the unknown parameters
b and c through the maximum likelihood estimation (MLE) method for optimally grouped
intervals. These parameters thus estimated are contrasted with equally spaced interval pa-
rameters. To the best of our knowledge, no earlier study has been conducted on estimating
Weibull distribution parameters using the MLE method based on optimally grouped data.
In earlier studies, the Weibull distribution had often been generated using fixed values of
the parameters b and c, rather than being estimated from group data. In this study, we
employ real experimental data, which fit the Weibull distribution well, thus enabling more
reliable analysis and practical conclusions.

Another objective of this research is to show that the choice of grouping intervals
may influence the size of the chi-squared (χ2) statistic. Some researchers [18,24], during
their research, compared certain distributions and chose the same intervals to come to
conclusions about which distribution best represented their data, and they may have been
misled by that information.

In addition, the relations developed in this research for the calculation of Weibull
distribution’s unknown parameters employing the maximum likelihood estimation (MLE)
technique are also valid for grouped data via sieving. This is reasonable because grouped
data via sieving are often encountered in the study of granular materials, where data tend
to be sorted by particle size.

Moreover, the techniques discussed in this paper are not limited to applying to the
Weibull distribution. Other two-parameter distributions, such as normal, log-normal,
gamma, and generalized exponential distributions, can be readily addressed by the pro-
posed method. This flexibility increases the usefulness of these results and provides an
orderly framework for further studies in many other areas of statistical modeling.

A distribution is called symmetric if there exists m such that f (m − δ) = f (m + δ);
the normal distribution is the canonical reference. The Weibull distribution has support
[0, ∞) and is fundamentally asymmetric: the shape parameter c governs departure from
symmetry—for c < 3.6 it is right-skewed (positive skewness), for c ≈ 3 − 4 it can be nearly
symmetric, and for c > 3.6 it becomes left-skewed (negative skewness). This has direct
consequences for inference from grouped data: binning interacts with skewness, altering
the Fisher information and the precision of the estimators

(
b̂, ĉ
)

. Therefore, we adopt an
optimal binning scheme to limit information loss relative to equal-width intervals.



Symmetry 2025, 17, 1566 3 of 22

2. Materials and Methods
2.1. Research Data

Lab tests were carried out on 21 commercial fertilizers produced by Polish manufac-
turers. After preliminary statistical analysis of compressive strength results, three fertilizers
best fit the two-parameter Weibull distribution. These three were selected for detailed anal-
ysis: FosdarTM calcium-enriched superphosphate from Grupa Azoty Gdańskie Zakłady
Nawóz Fosforowych “Fosfory” Sp. z.o.o., (Gdańsk, Poland), Salmag by Grupa Zakłady
Azotowe Kędzierzyn S.A. (Kędzierzyn-Koźle, Poland), and Polifoska 8 from Grupa Azoty
Zakłady Chemiczne Police S.A. (Police, Poland).

The goodness of fit was confirmed by the Anderson–Darling (AD) test, the coefficient
of determination (R2), the Kolmogorov–Smirnov (K–S) test, and the Akaike Information
Criterion (AIC).

Before the strength tests, the fertilizers were divided into the following particle size
fractions—1–2, 2–2.5, 2.5–3.15, 3.15–3.55, 3.55–4, 4–5, and 5–6 mm—in a Multiserw Morek
LPzE-2e sieve analyzer. From each fraction, approximately 100 granules were randomly
sampled for tests. For each selected fertilizer, the particle size fraction that most closely
fitted the Weibull distribution was used in the further statistical analysis.

The tests were conducted on a Zwick/Roell Z005 test machine using a 500 N compres-
sion load cell. The instrument is located at the University of Life Sciences in Lublin, Głęboka
28, 20-400 Lublin, Poland. The crosshead displacement rate was maintained constant at
3 mm·min−1, and no rotation of the compression plates was applied. The tests recorded
the force applied as a function of crosshead displacement up to the fracture of the granule.
The break point, corresponding to a sudden drop of the force–displacement curve, was
automatically identified using the testXpert II (V3.5) software (Zwick).

The test procedure is fully detailed in [35,36].
Data analysis and visualization were performed using the Google Colab Researcher

environment. The code was written in Python version 3.11.11 using the following libraries:
SymPy, NumPy, pandas, matplotlib, and SciPy (see Supplementary Materials for the
full code).

2.2. The Weibull Distribution for Ungrouped Data

The Weibull distribution represents a widely applied statistical model in the inter-
pretation of experimental data. Its probability density function can be described by the
following formula:

f (x; b, c) =
c
b

( x
b

)c−1
exp

[
−
( x

b

)c]
, x ≥ 0, (1)

where b > 0 is the scale parameter and c > 0 is the shape parameter.
The Weibull distribution is given by

F(x; b, c) = 1 − exp
[
−
( x

b

)c]
, x ≥ 0. (2)

To obtain the maximum likelihood estimators (MLEs) of the parameters of the Weibull
distribution from ungrouped data in Python, one can simply use the built-in function
scipy.stats.weibull_min.fit, which returns the MLEs of the shape and scale parameters.

The asymptotic variance–covariance matrix for the maximum likelihood parameters
is found by inverting the Fisher information matrix. For the two-parameter Weibull with
θ = (b, c)T , the Fisher information matrix I(θ) is given by [37]

Ibb =
nc2

b2 , (3)
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Ibc = Icb =
n
b
(γ − 1) ≈ −0.422784

n
b

, (4)

Icc =
n
c2

[
π2

6
+ (γ − 1)2

]
≈ 1.823680

n
c2 , (5)

where γ = 0.57721 is the Euler–Mascheroni constant.
Finally, the asymptotic variance–covariance matrix is

AsVar
(
θ̂
)
≡

 Var
(

b̂
)

Cov
(

ˆb, ĉ
)

Cov
(

b̂,ĉ
)

Var(ĉ)

 =

(
Vbb Vbc

Vbc Vcc

)
=

1
n

(
1.1087 b2

c2 0.2570b
0.2570b 0.6079c2

)
(6)

2.3. Weibull Distribution for Grouped Data

Suppose we have N independent observations of a random variable X that has a
Weibull distribution with a cumulative distribution function given by (2). These observa-
tions are divided into a finite number k of disjoint groups, assigning to the i-th group those
values that belong to the interval [ti−1, ti). Let us denote by 0 = t0 < t1 < . . . < tk = ∞ the
boundaries of these groups, and by ni the number of observations in the i-th interval.

The probability Pi that an observation xi of the random variable X falls into the given
interval [ti−1, ti) can be computed from the following expression:

Pi = P(ti−1 ≤ X < ti) = F(ti; b, c)− F(ti−1; b, c) = exp
(
−
(

ti−1

b

)c)
− exp

(
−
(

ti

b

)c)
, (7)

where F(t0; b, c) = 0 and F(tk; b, c) = 1.

For notational convenience, we set zi =
(

ti
b

)c
, and then

Pi = exp (−zi−1)− exp (−zi), (8)

In the case of grouped data, the likelihood function L takes a polynomial form [23,38]
and can be expressed as follows:

L = C ·
k

∏
i=1

Pni
i , (9)

where C = N!
∏k

i=1 ni!
, ∑k

i=1 ni = N, and∑k
i=1 Pi = 1, and its logarithm can be expressed

as follows:

ln L = ln C +
k

∑
i=1

niln Pi. (10)

To obtain the maximum likelihood estimators (MLEs) of the Weibull distribution
parameters from grouped data, we numerically maximize the log-likelihood function
defined in (10), using the scipy.optimize.minimize function from the SciPy library.

2.3.1. Fisher Information Matrix and Covariance Matrix for Grouped Data

In the literature, formulae for the elements of the Fisher information matrix for grouped
data from the Weibull distribution can be found; however, some of these formulae are
incorrect [30,34]. Therefore, in this work, the correct formulae are derived.

Since the expressions for the second partial derivatives of the logarithm of the likeli-
hood function are very complex, a well-known relationship proposed by Kendall and
Stuart [39] was used to determine the elements of the Fisher information matrix for
grouped data.

E

[
∂2lnL
∂θi∂θj

]
= −E

[
∂lnL
∂θi

∂lnL
∂θj

]
, (11)
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where E denotes expected value, and θi and θj are model parameters.
So, for grouped data, the elements of the Fisher information matrix can be expressed

as follows [25]:

IG
ij = N

k

∑
n=1

1
Pn

(
∂Pn

∂θi

)(
∂Pn

∂θj

)
, (12)

where

• Pn is the probability that an observation falls into the n-th interval;
• θi and θj are model parameters;
• k is the number of intervals;
• N is the number of total observations.

For the Weibull distribution, we have

∂Pi
∂b

=
c
b
( zi−1exp(− zi−1)−ziexp(−zi)), (13)

∂Pi
∂c

=
1
c
( ziexp(− zi)ln(zi)−zi−1exp(−zi−1)ln(zi−1)). (14)

Therefore, we obtain

IG
bb = N

( c
b

)2
[
(−z1 · exp(−z1))

2

1 − exp(−z1)
+

k−1

∑
i=2

(zi−1 · exp(−zi−1)− zi · exp(−zi))
2

exp(−zi−1)− exp(−zi)
+

(zk−1 · exp(−zk−1))
2

exp(−zk−1)

]
, (15)

IG
cc =

N
c2

[
(z1·exp(−z1)·ln(z1))

2

1−exp(−z1)
+

k−1
∑

i=2

(zi·exp(−zi)·ln(zi)−zi−1·exp(−zi−1)·ln(zi−1))
2

exp(−zi−1)−exp(−zi)

+
(zk−1·exp(−zk−1)·ln(zk−1))

2

exp(−zk−1)

] (16)

IG
bc =

N
b [

(−z1·exp(−z1))·(z1·exp(−z1)·ln(z1))
1−exp(−z1)

+
k−1
∑

i=2

(zi−1·exp(−zi−1)−zi ·exp(−zi))·(zi ·exp(−zi)·ln(zi)−zi−1·exp(−zi−1)·ln(zi−1))
exp(−zi−1)−exp(−zi)

− z2
k−1 · exp(−zk−1) · ln(zk−1)],

(17)

To simplify the notation, let us introduce the following notations:
For (i = 2, 3, . . . , k − 1), we define

Ai = zi−1exp(−zi−1)− ziexp(−zi), (18)

Bi = ziexp(−zi)ln(zi)− zi−1exp(−zi−1)ln (zi−1), (19)

Additionally, the boundary terms are given by

A1 = −z1 exp(−z1), B1 = z1 exp(−z1)ln(z1), Ak = zk−1 exp(−zk−1), Bk = −zk−1 exp(−zk−1)ln(zk−1), (20)

Now, the Fisher information matrix of the MLEs is given by

I
(

b̂G, ĉG

)
=

(
IG
bb IG

bc
IG
bc IG

cc

)
, (21)

where IG
bb = N

( c
b
)2

∑k
i=1

A2
i

Pi
, IG

bc =
N
b ∑k

i=1
Ai Bi

Pi
, IG

cc =
N
c2 ∑k

i=1
B2

i
Pi

.
The asymptotic variance–covariance matrix of the MLEs is given by

Var(b̂G, ĉG

)
=

[
IG
bb IG

bc
IG
bc IG

cc

]−1

≡
(

VG
bb VG

bc
VG

bc VG
cc

)
(22)
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where Var
(

b̂G

)
= VG

bb and Var(ĉG) = VG
cc represent the asymptotic variances of the estima-

tors b̂G and ĉG, respectively.

2.3.2. Optimal Grouping

Here, we introduce one method of finding optimal grouping intervals for the Weibull
distribution using D-optimality, which is aimed at maximizing the determinant of the
Fisher information matrix [40]. Step-by-step computation of optimal interval boundaries is
depicted with numerical tools that can be found in Python. Independent sample code that
allows optimization is provided as well (Appendix B).

The optimal intervals occur from maximizing the following expression:

Φ = IG
bbIG

cc −
(

IG
bc

)2
, (23)

where Φ represents the determinant of the Fisher information matrix for grouped samples.
Notably, parameters such as the scale parameter b, shape parameter c, and sample size n do
not influence the optimal interval selection, as they can be factored out of the formula. Thus,
the problem reduces to a numerical optimization task independent of these parameters. The
optimal boundaries are listed in Appendix C, Table A1, and the corresponding probabilities
in Table A2.

By maximizing the determinant of the Fisher information matrix, we are minimizing
the uncertainty of the parameter estimates, thereby meaning our results are more precise.
That is, we are minimizing the covariance matrix of the estimators, hence reducing the
range of potential values around the true parameters

2.3.3. Construction of Optimal Intervals from Raw Data

Now, to calculate class boundaries ti for grouped Weibull data, we employ the theoret-
ical probabilities Pi associated with each interval, which are commonly generated from the
CDF of the Weibull distribution. The probability of an observation in a given interval is

Pi = exp(−zi−1)− exp (−zi), (24)

where zi =
(

ti
b

)c
. The probabilities Pi for a fixed number of intervals k are provided in

Table A2. The corresponding values of zi used in this computation can be found in Table A1.
For a given total sample size N, the expected number of observations in each group

is calculated as n̂i = N · Pi. Since these theoretical counts are likely to be non-integers,
they must be converted into integer counts such that their summation will be precisely
equal to N, and the resulting allocation will remain as close to the theoretical proportions
as possible.

In order to accomplish this, each predicted count n̂i is first rounded down to the next
integer, producing initial group sizes ni. The sum of these is then compared with N, and the
number of units left to be distributed, r, is determined as N minus the sum of rounded-down
group sizes. Then, for every group, the fractional part of n̂i (i.e., n̂i − ni) is determined.
Then, the r units of measure are distributed to those groups with the largest fractional parts
by adding 1 to the respective ni. Thus, n1, n2, . . . , nk are made equal to N and give quite a
good approximation to the theoretical distribution of the observations. After calculating
the integer group sizes, the empirical class boundaries t1 < t2 < . . . < tk−1 are established
so that each interval [ti−1, ti) contains exactly ni observations in the ordered dataset. The
dividing point for two neighboring intervals is determined as the arithmetic average of
two successive data values: the last one in one group and the first one in the next one. In
case the last group size nk equals zero, the upper bound of the second-last interval, tk−1,
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is determined using the following formula: tk−1 = z1/ĉ
k−1 · b̂, where b̂ and ĉ are the MLEs

calculated from the raw (ungrouped) data (computed using scipy.stats.weibull_min.fit,
with floc = 0). These boundaries reconcile the empirical grouping into agreement with
the theoretical structure, making the definitions of the intervals and the observed data
distribution consistent.

Next, using the maximum likelihood estimation (MLE) method described in Sec-
tion 2.3, the estimators for the scale and shape parameters, b̂G and ĉG, are calculated.
Finally, the precise interval boundaries are obtained by inverting the standardization
formula, according to ti = z1/ĉG

i · b̂G.

2.3.4. Construction of Equal Intervals from Raw Data

In order to have equal-length intervals from the original data, first we find the greatest
integer less than or equal to the minimum value, along with the lowest integer greater than
or equal to the maximum value; then, this interval is divided into equal-length intervals.
After these intervals are formed, the lower boundary of the first interval is fixed at 0 and
the upper boundary of the last interval as infinity.

2.4. Analysis of Estimation Accuracy

This section is dedicated to the methods of measuring the performance of the Weibull
distribution parameter estimators. The confidence intervals and the Asymptotic Relative
Efficiency (ARE) were calculated using the variances of the estimators outlined in the
previous subsections. The analysis was performed considering different data grouping
methods and number of classes.

2.4.1. Asymptotic Relative Efficiency (ARE)

Asymptotic Relative Efficiency (ARE) was used to evaluate the relative loss of precision
in the estimation of the Weibull distribution parameters caused by data grouping. The ARE
was defined as the ratio of the variance in the parameter estimator using raw data to the
variance calculated from grouped data. The ARE was computed separately for the scale
parameter b and the shape parameter c, as follows:

AREb =
Var
(

b̂
)

Var
(

b̂G

) , (25)

AREc =
Var(ĉ)

Var(ĉG)
, (26)

where Var
(

b̂
)

and Var(ĉ) are the variances of the estimators of the scale parameter b and
shape parameter c calculated from raw data, respectively, as determined using Equation (6).
Similarly, Var

(
b̂G

)
and Var(ĉG) are the variances calculated from grouped data using

Equation (22).
The ARE was calculated for both equal-width and optimal grouping methods to

compare the influence of each binning method on the accuracy of the estimates of both
parameters.

2.4.2. Confidence Intervals

For ungrouped (raw) data, the approximate 100 (1 − α)% two-sided confidence inter-
vals for the Weibull distribution parameters b and c were calculated as follows:

b̂ ± Zα/2

√
Var
(

b̂
)

, (27)
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ĉ ± Zα/2

√
Var(ĉ), (28)

where b̂ and ĉ are the maximum likelihood estimators (MLEs) of the scale and shape
parameters, respectively, Var

(
b̂
)

and Var(ĉ) are their variances, and Zα/2 is the upper
(α/2)−th percentile of the standard normal distribution.

To obtain the confidence intervals for grouped data, in Formulas (27) and (28), it is
sufficient to replace b̂ and ĉ with b̂G and ĉG, respectively.

The confidence intervals were calculated for estimators obtained using the MLE
method for both ungrouped (raw) data and grouped data. With respect to grouped data,
the equal-width and optimal interval groupings were evaluated for a range of classes,
allowing a direct comparison of the widths of the confidence intervals and estimation
accuracy, across different grouping and class options.

2.5. Chi-Squared Test

This test of goodness of fit with chi-squared was applied to ascertain the consistency
between the two distributions, i.e., the empirical one and the theoretical Weibull distribution.
Consider that a result with a p-value less than 0.05 stands as statistically significant. During
the analysis, the standard assumption of the χ2 test was observed, namely, that the expected
frequency in each class should not be less than 5. In cases where this condition was not
met, the adjacent classes were combined to meet the assumption. Therefore, the number of
classes used in the test was likely lower than the chosen k value. In addition, this has an
impact on the degree of freedom, calculated as follows:

d f = number o f classes − number o f estimated parameters − 1. (29)

For the Weibull distribution, since two parameters are being estimated, degrees of
freedom were calculated as the number of classes minus three. In extreme cases, the process
could lead to the test not being feasible to carry out. The chi-squared test was performed
for equal-width and optimal interval groupings and for various class sizes in order to find
the impact of the grouping method and number of intervals on the outcome of the test.

Because the χ2 test is performed on grouped data, parameters are estimated by MLE
from the grouped likelihood. This satisfies the assumptions of Theorem 12.4.2 in [26];
estimating from raw data would violate them.

3. Results and Discussion
3.1. Estimation of the Parameters of the Weibull Distribution

In Table 1, for thee fertilizers (Polifoska 8, Salmag, and Superfosfat), their respective
scale (b) and shape (c) parameters of the Weibull distribution, along with 95% confidence
intervals, are presented. As discussed in the earlier sections, these parameter estimates
were derived using the maximum likelihood method on both raw and grouped datasets,
the latter grouped via optimal and equal-width binning for a range of class numbers
k = 4, 5, . . . , 11. In confidence estimation, both parameters are reported, which helps to
analyze the degree of estimation precision based on the data grouping technique and the
number of classification intervals. It can be said that parameter estimates for raw data
are benchmarks, and estimates based on grouped data are benchmarks for the effect of
grouping on parameter estimation accuracy. This is even more true when the number of
grouping intervals is large. In these cases, the resulting estimates are significantly closer to
those estimated from the ungrouped raw data.
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Table 1. Weibull distribution parameters b and c with 95% confidence intervals for Salmag, Superfos-
fat, and Polifoska 8 fertilizers, using optimal bin widths and equal bin widths (k = 4, 5, . . . , 11) and
raw data.

k

Polifoska 8 Salmag Superfosfat

Optimal Bin Width

b̂ ĉ 95% CI for
b̂

95% CI for
ĉ b̂ ĉ 95% CI for

b̂
95% CI for

ĉ b̂ ĉ 95% CI for
b̂

95% CI for
ĉ

4 19.779 3.990 19.779 ±
1.075 3.990 ± 0.723 47.470 8.318 47.470 ± 1.237 8.318 ± 1.506 31.941 4.341 31.941 ± 1.595 4.341 ± 0.786

5 19.642 4.446 19.642 ± 0.933 4.446 ± 0.739 47.039 8.299 47.039 ± 1.197 8.299 ± 1.378 31.572 3.782 31.572 ± 1.763 3.782 ± 0.628

6 19.827 4.382 19.827 ± 0.936 4.382 ± 0.709 47.649 8.342 47.649 ± 1.181 8.342 ± 1.35 31.792 4.181 31.792 ± 1.572 4.181 ± 0.677

7 19.976 4.414 19.976 ±
0.927 4.414 ± 0.696 47.413 8.068 47.413 ± 1.204 8.068 ± 1.272 31.829 4.133 31.829 ± 1.578 4.133 ± 0.652

8 19.830 4.354 19.830 ±
0.926 4.354 ± 0.677 47.333 8.141 47.333 ± 1.183 8.141 ± 1.266 31.808 4.213 31.808 ± 1.536 4.213 ± 0.655

9 19.913 4.353 19.913 ±
0.926 4.353 ± 0.67 47.400 8.330 47.400 ±1.152 8.330 ± 1.281 31.979 4.194 31.979 ± 1.544 4.1942± 0.645

10 19.745 4.434 19.745 ±
0.898 4.434 ± 0.677 47.354 8.275 47.354 ± 1.155 8.275 ± 1.263 31.719 4.079 31.719 ± 1.569 4.079 ± 0.623

11 19.891 4.430 19.891 ± 0.903 4.430 ±
0.672 47.441 8.287 47.441 ± 1.152 8.287 ± 1.257 31.860 4.230 31.860 ± 1.516 4.230 ± 0.642

Equal Bin Width

4 19.513 4.777 19.513 ± 0.877 4.777 ± 0.891 47.793 7.870 47.793 ± 1.352 7.870 ± 1.611 32.503 3.837 32.503 ± 1.961 3.837 ± 0.834

5 19.926 4.466 19.926 ± 0.933 4.466 ± 0.795 47.208 8.297 47.208 ± 1.205 8.297 ± 1.48 31.946 3.813 31.946 ± 1.865 3.813 ± 0.747

6 19.752 4.359 19.752 ± 0.932 4.359 ± 0.741 47.708 8.156 47.708 ± 1.219 8.156 ± 1.410 31.880 3.871 31.880 ± 1.804 3.871 ± 0.719

7 20.012 4.432 20.012 ± 0.922 4.432 ± 0.737 47.545 8.276 47.545 ± 1.181 8.276 ± 1.375 31.673 3.946 31.673 ± 1.739 3.9456 ± 0.705

8 19.815 4.425 19.815 ± 0.908 4.425 ± 0.717 47.645 8.087 47.645 ± 1.202 8.087 ± 1.323 32.073 4.133 32.073 ± 1.673 4.133 ± 0.724

9 19.859 4.441 19.859 ± 0.903 4.441 ± 0.711 47.448 8.144 47.448 ± 1.181 8.144 ± 1.181 31.878 4.157 31.878 ± 1.645 4.1574 ± 0.714

10 19.838 4.361 19.838 ± 0.916 4.361 ± 0.693 47.466 8.391 47.466 ± 1.143 8.391 ± 1.324 31.952 4.098 31.952 ± 1.668 4.098 ± 0.700

11 19.889 4.373 19.889 ± 0.914 4.373 ± 0.691 47.391 8.106 47.391 ± 1.178 8.106 ± 1.272 31.814 4.039 31.814 ± 1.681 4.039 ± 0.684

Raw
Data 19.849 4.438 19.849 ± 0.888 4.438 ± 0.653 47.427 8.297 47.427 ±

1.135 8.297 ± 1.220 31.808 4.196 31.808 ± 1.506 4.196 ± 0.617

The analysis of asymptotic relative efficiency (ARE) of the scale and shape parameters
of the Weibull distribution (Table 2) shows that there are considerable differences in estima-
tion accuracy between the scale (b) and shape (c) parameters. The values of ARE close to
one correspond to minimal information loss due to grouping, while lower values indicate
loss of precision for estimation.

Table 2. Asymptotic Relative Efficiency (ARE) for Weibull parameters b and c based on optimal and
equal bin widths (k = 4, 5, . . . , 11) for Polifoska 8, Salmag, and Superfosfat fertilizers.

k
Polifoska 8 Salmag Superfosfat

ARE
^

bG ARE
^

cG ARE
^

bE ARE
^
cE ARE

^
bG ARE

^
cG ARE

^
bE ARE

^
cE ARE

^
bG ARE

^
cG ARE

^
bE ARE

^
cE

4 0.683 0.816 1.026 0.537 0.842 0.656 0.704 0.573 0.891 0.616 0.663 0.616

5 0.906 0.781 0.907 0.673 0.899 0.784 0.887 0.679 0.729 0.965 0.733 0.767

6 0.901 0.847 0.908 0.776 0.924 0.817 0.868 0.748 0.917 0.832 0.784 0.828

7 0.918 0.879 0.928 0.785 0.889 0.920 0.924 0.787 0.91 0.896 0.843 0.861

8 0.919 0.929 0.957 0.828 0.921 0.928 0.892 0.850 0.961 0.886 0.911 0.818

9 0.920 0.950 0.967 0.843 0.971 0.907 0.923 0.875 0.951 0.915 0.942 0.840

10 0.978 0.930 0.940 0.886 0.967 0.933 0.986 0.850 0.921 0.982 0.916 0.875

11 0.967 0.943 0.944 0.893 0.971 0.942 0.929 0.920 0.987 0.924 0.902 0.914
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The behavior of the ARE values of scale parameter estimation was better than that of
the shape parameter; in most cases, the ARE values with any method of estimation and
number of classes k were close to one. The shape parameter estimation was worse than
that of the scale parameter, particularly with a limited number of classes, having lower
ARE values and greater information loss.

For the same number of classes, using optimal boundaries markedly improves the
efficiency of estimating the shape parameter c: ARE ˆcG is consistently higher than with
equal-width grouping. For the scale parameter b, the gain is smaller and occurs in only
about 62% of comparisons, indicating that boundary optimization primarily strengthens
information about c.

Also, with the increase in the number of classes, the tendency for the ARE to increase
was present, but with non-monotonic character due to small oscillations with the increase
in the number of intervals.

3.2. Chi-Squared Goodness-of-Fit Test for the Weibull Distribution

The charts (Figures 1–6) below show data for three fertilizers, grouped using equal-
width and optimal class intervals, for the number of intervals k = 4, 5 . . . , 11. The
estimators shown in Table 1 were used to plot the density function of the Weibull distribu-
tion and to construct class intervals both equal and optimal.

The requirement of each class having an expected count of over five leads to problems
in some cases (Table 3). In cases where k = 4 was the optimal grouping, there were only
three classes remaining after merging intervals, which presented an issue. In these cases,
since two Weibull parameters were estimated, the degrees of freedom of the model were
df = 0, so performing the χ2 tests was impossible.

Table 3. Chi-squared (χ2) values and p-values.

k

Polifoska 8 Salmag Superfosfat

Optimal
Grouping Equi-Class Optimal

Grouping Equi-Class Optimal
Grouping Equi-Class

χ2 p-Value χ2 p-Value χ2 p-Value χ2 p-Value χ2 p-Value χ2 p-Value

4 - - 0.415 0.519 - - 0.011 0.917 - - 1.957 0.168

5 1.416 0.234 3.124 0.210 0.439 0.508 0.900 0.343 4.315 0.038 3.241 0.198

6 0.809 0.667 0.950 0.622 4.086 0.130 1.720 0.423 6.972 0.030 9.573 0.02

7 2.056 0.561 1.976 0.577 2.817 0.421 4.720 0.193 1.019 0.313 4.202 0.2404

8 0.493 0.781 5.890 0.207 5.061 0.080 0.583 0.965 2.026 0.363 4.577 0.333

9 2.581 0.461 4.820 0.306 8.344 0.039 6.562 0.255 3.481 0.323 5.273 0.383

10 5.611 0.230 5.555 0.352 7.353 0.118 5.071 0.280 3.560 0.469 5.986 0.425

11 3.607 0.462 4.829 0.566 4.152 0.386 5.215 0.390 7.322 0.120 7.324 0.292

The test results indicate that both the grouping method and the number of classes
affected the value of the χ2 statistic and its corresponding p-value. Nevertheless, no pattern
was detected in the p-value in relation to k; the p-values fluctuated randomly.

For Polifoska 8, all p-values were >0.05 (range: 0.21–0.78), confirming a good Weibull
fit regardless of the grouping method (Figures 1 and 2). Optimal grouping sometimes
yielded higher p-values (e.g., k = 8, p = 0.781), but differences versus equal-width bins did
not change the χ2 tests’ conclusions.
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Figure 1. Weibull PDF and histogram with optimal interval widths for Polifoska 8 fertilizer data
(k = 4, 5, . . . , 11).
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Figure 2. Weibull PDF and histogram with equal-width bins for Polifoska 8 fertilizer data
(k = 4, 5, . . . , 11).
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Figure 3. Weibull PDF and histogram with optimal interval widths for Salmag fertilizer data
(k = 4, 5, . . . , 11).
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Figure 4. Weibull PDF and histogram with equal-width bins for Salmag fertilizer data
(k = 4, 5, . . . , 11).
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Figure 5. Weibull PDF and histogram with optimal interval widths for Superfosfat fertilizer data
(k = 4, 5, . . . , 11).
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Figure 6. Weibull PDF and histogram with equal-width bins for Superfosfat fertilizer data
(k = 4, 5, . . . , 11).
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For Salmag, the Weibull model also fitted well, with most p-values > 0.05 (Figures 3
and 4). The best fit occurred with equal-width grouping at k = 8 (p = 0.965). However, for
some values of k, optimal grouping produced lower p-values (e.g., k = 8, p = 0.08; k = 9,
p = 0.039), suggesting potential misfit under certain grouping choices.

For Superfosfat, the fit was weakest and strongly dependent on k and the grouping
method (Figures 5 and 6). At low k (5–6), both methods gave statistically significant results
(p < 0.05), indicating poor fit: k = 5, optimal, p = 0.038; k = 6, optimal, p = 0.03; k = 6,
equal-width, p = 0.02. Only with more classes (k ≥ 7) did the test stop rejecting the model
(typically p > 0.20), with the best result at k = 10 under optimal grouping (p = 0.469).
Consequently, the choice of k and grouping scheme is decisive in this case.

4. Conclusions
Grouping data will usually lead to information loss, which reduces the accuracy of

parameter estimation. However, some statistical analyses, such as the chi-squared test,
involve grouped data. Under such circumstances, how data are grouped matters. Optimal
grouping minimizes information loss, better fits the data distribution, and produces lower
estimation variance and narrower confidence intervals compared to equal-width grouping,
as per this research.

Because the Weibull distribution is asymmetric, binning influences the estimate of the
shape parameter c and, thus, the inferred skewness; optimally designed intervals mitigate
this distortion while improving precision.

The research carried out showed that both the method of data grouping and the
number of classes significantly affect the results of the Weibull distribution goodness-of-fit
test for experimental data. It was observed that too few or too many classes can deteriorate
the quality of the fit. With few classes, there were issues with too-small expected frequencies
in individual intervals, which made it impossible to use the χ2 test due to a lack of degrees
of freedom.

The best results (i.e., highest p-values) were most often obtained with a moderate
number of intervals (typically 6–9), and this is in line with the literature’s recommendations
on the selection of class numbers. Also, the results indicate that optimal grouping more
often led to higher p-values compared to equal-width grouping. The implication is that the
choice of an optimal data grouping method is beneficial in improving the goodness of fit of
the distribution and the validity of the Weibull model parameter estimates.

Therefore, when grouping is necessary, optimal grouping should be used.
Chi-squared test p-values are very sensitive to the number of intervals and how the

data were grouped, and this can greatly influence the assessment of the fit of a distribution.
To compare reliably the fit of different distributions to ungrouped data, therefore, one has
to determine the optimal intervals separately for each distribution and for varying numbers
of classes k and select those for which the p-value is a maximum. Only with such a strategy
can p-value comparisons form a valid foundation for model fit comparison.

In [18,24], the comparison was performed on a common set of intervals for all distri-
butions, which can benefit the model most suitable to the chosen grouping strategy rather
than the one that best fits the underlying data.
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Appendix A
Appendix A.1. Superfosfat, Fraction 1–2 mm, Data

10.8, 11.3, 13.2, 14.0, 14.1, 14.4, 14.5, 14.6, 14.6, 15.3, 15.6, 17.0, 18.6, 18.9, 19.2, 19.9, 20.5, 22.1,
22.1, 22.5, 23.0, 23.2, 23.3, 23.5, 24.1, 24.6, 25.3, 25.4, 25.7, 25.7, 25.9, 26.7, 26.7, 27.0, 27.3, 27.4,
27.5, 27.5, 27.6, 27.9, 28.0, 28.2, 28.4, 28.5, 28.7, 28.8, 28.8, 28.8, 29.3, 29.8, 30.0, 30.1, 30.2, 30.4,
30.5, 30.7, 31.1, 31.1, 31.7, 32.1, 32.1, 32.4, 32.5, 32.9, 33.1, 33.1, 33.2, 33.8, 34.1, 34.2, 34.3, 34.5,
34.7, 34.7, 35.3, 35.7, 36.9, 37.0, 37.0, 37.1, 37.2, 37.2, 37.5, 38.1, 38.3, 38.3, 38.8, 39.2, 39.2, 39.3,
40.4, 41.3, 42.0, 42.5, 44.2, 44.4

Appendix A.2. Polifoska 8, Fraction 1–2 mm, Data

7.46, 8.15, 9.02, 10.1, 10.2, 10.6, 10.9, 11.7, 12, 12.2, 12.3, 12.3, 12.3, 12.4, 12.4, 12.8, 13.2, 13.4,
13.5, 13.6, 13.6, 13.8, 14, 14.3, 14.4, 14.4, 14.4, 14.7, 14.9, 15, 15, 15, 15.2, 15.5, 15.7, 15.9, 16, 16,
16.1, 16.2, 16.5, 16.5, 16.6, 16.7, 17.1, 17.1, 17.2, 17.2, 17.2, 17.3, 17.5, 18.1, 18.5, 18.6, 18.6, 18.7,
18.9, 19, 19.2, 19.3, 19.5, 19.5, 19.6, 19.6, 19.6, 19.8, 19.9, 19.9, 19.9, 20.3, 20.3, 20.4, 20.4, 20.5,
20.6, 20.6, 20.7, 20.7, 20.8, 21, 21, 21.2, 21.4, 21.4, 21.6, 21.9, 22, 22.1, 22.2, 22.4, 22.4, 22.6, 22.6,
22.7, 22.8, 23.3, 23.7, 23.8, 23.9, 24.9, 25.3, 25.5, 25.7, 27.1, 27.4, 27.5, 27.7, 27.9

Appendix A.3. Salmag, Fraction 2.5–3.15 mm, Data

26.5, 27, 28.8, 30.7, 31.3, 31.7, 32.3, 34.4, 35.5, 35.7, 36.1, 36.2, 37, 37.1, 37.2, 37.3, 37.7, 38.5,
38.7, 38.8, 38.9, 39.2, 39.5, 39.5, 39.8, 40, 40, 40, 40.5, 40.6, 40.7, 41, 41.4, 42, 42.2, 42.2, 42.3,
42.3, 42.3, 42.4, 42.6, 42.8, 43, 43.1, 43.7, 43.8, 43.9, 44, 44.4, 44.7, 45.1, 45.2, 45.3, 45.5, 45.6,
45.6, 46, 46, 46.6, 46.6, 46.8, 47.1, 47.4, 47.6, 47.6, 47.9, 48, 48.1, 48.3, 48.7, 48.8, 48.8, 48.9, 49,
49.1, 49.4, 49.5, 49.6, 49.6, 49.7, 49.7, 49.8, 50.2, 50.2, 50.2, 50.3, 50.4, 50.6, 50.9, 50.9, 51, 51.1,
51.1, 51.1, 51.1, 51.3, 52.1, 52.2, 52.7, 52.9, 53, 53.1, 54.2, 54.2, 54.3, 54.9, 56.3, 57.5

Appendix B
The following is code that is designed to be easily adapted to other two-parameter

probability distributions, provided that the Fisher information matrix for a selected distri-
bution is known. The code, as demonstrated below, symbolically calculates the objective
function Φ, which is determined by the determinant of the Fisher information matrix for
the Weibull distribution, and then performs a numerical optimization to determine optimal
bin boundaries for binning data.

In order to obtain the code for some other distribution, one only has to redefine expres-
sions for the terms A, B, and P that are corresponding elements of the Fisher information
matrix. The system allows one and the same optimization algorithm to be used for a
wide range of distributions, such as gamma, normal, or log-normal distributions, with
minor adaptation.
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import sympy as sp
import numpy as np
from scipy.optimize import minimize
# Number of interval
k = 5
z = sp.symbols(f’z1:{k + 1}’, real = True, positive = True)
# Define expressions for A, B, P
A = [-z [0] * sp.exp(-z [0])]
for i in range(1, k − 1):
A.append(z[i − 1] * sp.exp(-z[i − 1])–z[i] * sp.exp(-z[i]))
A.append(z[k − 2] * sp.exp(-z[k − 2]))
B = [z [0] * sp.exp(-z [0]) * sp.ln(z [0])]
for i in range(1, k − 1):
B.append(z[i] * sp.exp(-z[i]) * sp.ln(z[i])–z[i − 1] * sp.exp(-z[i − 1]) * sp.ln(z[i − 1]))
B.append(-z[k − 2] * sp.exp(-z[k − 2]) * sp.ln(z[k − 2]))
P = [1 − sp.exp(-z [0])]
for i in range(1, k − 1):
P.append(sp.exp(-z[i − 1]) − sp.exp(-z[i]))
P.append(sp.exp(-z[k − 2]))
# Fisher information matrix determinant
phi = (sum(A[i]**2/P[i] for i in range(k)) *
sum(B[i]**2/P[i] for i in range(k)) -
sum(A[i] * B[i]/P[i] for i in range(k))**2)
phi_func = sp.lambdify(z, phi, modules = “numpy”)
def objective(z_vals):
return -phi_func(*z_vals)
z0 = np.linspace(0.1,10, k)
bounds = [(0.0001, None)] * k
constraints = {‘type’: ‘ineq’, ‘fun’: lambda x: np.diff(x)—0.0001}
methods = [“SLSQP”, “trust-constr”]
results = {}
for method in methods:
res = minimize(objective, z0, bounds = bounds, constraints = constraints, method =
method)
results[method] = res
print(f”\nMethod: {method}”)
print(“Status:”, res.success)
for i, val in enumerate(res.x[:−1], 1):
print(f”z_{i} = {val:.6f}”)
print(“phi =“, -res.fun)
best = max(results, key = lambda m: -results[m].fun if results[m].success else -np.inf)
print(f”\nBest method: {best}”)
for i, val in enumerate(results[best].x[:−1], 1):
print(f”z_{i} = {val:.6f}”)
print(“Maximum phi:”, -results[best].fun)

Appendix C
By maximizing the determinant of Fisher’s information matrix with grouped data,

we derive optimal boundary points of grouping intervals in the form zi =
(

ti
b

)c
, which
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are presented in Table A1. Table A2 presents suitable optimal probabilities of observation
occurrence in an interval.

The values of the Relative Asymptotic Information (A) are also presented in Table A1

and are defined as A =
|IG

F |
|IF |

.

Table A1. Optimal boundary points of intervals of grouping in the form of zi =
(

ti
b

)c
for simultaneous

estimation of two parameters of Weibull’s distribution and suitable values of Relative Asymptotic
Information (A).

i Z1 Z2 Z3 Z4 Z5 Z6 Z7 Z8 Z9 Z10 Z11 Z12 Z13 Z14 A

3
4
5
6
7
8
9

10
11
12
13
14
15

0.2731
0.2109
0.1044
0.0774
0.0501
0.0377
0.0275
0.0214
0.0165
0.0132
0.0106
0.0087
0.0072

2.6067
1.3998
0.5122
0.3653
0.2321
0.1737
0.1269
0.0723
0.0769
0.0617
0.0500
0.0412
0.0344

3.4137
1.9592
1.2266
0.6759
0.4836
0.3432
0.1378
0.2042
0.1636
0.1326
0.1093
0.0912

3.8608
2.5735
1.7189
1.1904
0.7828
0.5770
0.4347
0.3431
0.2755
0.2259
0.1878

4.4106
2.9924
2.2039
1.6027
1.1806
0.8561
0.6512
0.5105
0.4122
0.3392

4.7952
3.4271
2.5710
1.9933
1.5307
1.1785
0.9023
0.7109
0.5736

5.2048
3.7672
2.9273
2.3149
1.8562
1.4808
1.1788
0.9393

5.5258
4.1025
3.2261
2.6155
2.1406
1.7598
1.4436

5.8478
4.3866
3.5095
2.8812
2.4009
2.0130

6.1215
4.6581
3.7612
3.1276
2.6402

6.3843
4.9016
3.9988
3.3568

6.6212
5.1306
4.2193

6.8437
5.3470 7.0565

0.4079
0.5572
0.6836
0.7571
0.8109
0.8480
0.8756
0.8963
0.9123
0.9248
0.9349
0.9431
0.9498

Table A2. Optimal frequencies with simultaneous estimation of two parameters of Weibull’s distribution.

i P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15

3
4
5
6
7
8
9

10
11
12
13
14
15

0.2390
0.1901
0.0992
0.0745
0.0489
0.0370
0.0271
0.0211
0.0164
0.0131
0.0105
0.0087
0.0072

0.6872
0.5628
0.3016
0.2315
0.1582
0.1225
0.0921
0.0729
0.0577
0.0468
0.0383
0.0317
0.0265

0.0738
0.2142
0.4582
0.4012
0.2842
0.2240
0.1713
0.1378
0.1107
0.0910
0.0754
0.0632
0.0535

0.0329
0.1199
0.2164
0.3294
0.3125
0.2524
0.2066
0.1679
0.1395
0.1165
0.0986
0.0840

0.0211
0.0641
0.1291
0.1937
0.2558
0.2545
0.2215
0.1882
0.1592
0.1357
0.1165

0.0121
0.0419
0.0779
0.1250
0.1708
0.2095
0.2137
0.1947
0.1710
0.1488

0.0083
0.0270
0.0533
0.0827
0.1175
0.1515
0.1779
0.1835
0.1726

0.0055
0.0191
0.0370
0.0591
0.0831
0.1099
0.1356
0.1548

0.0040
0.0136
0.0273
0.0432
0.0615
0.0815
0.1025

0.0029
0.0102
0.0204
0.0329
0.0468
0.0622

0.0022
0.0078
0.0158
0.0255
0.0365

0.0017
0.0061
0.0124
0.0203

0.0013
0.0048
0.0099

0.0011
0.0039 0.0009
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