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Abstract

In this study, the complete discrimination system for the polynomial method (CDSPM) is
employed to analyze the integrable Gardner Equation (IGE). Through a traveling wave
transformation, the model is reduced to a nonlinear ordinary differential equation, enabling
the derivation of a wide class of exact solutions, including trigonometric, hyperbolic,
rational, and Jacobi elliptic functions. For example, a bright soliton solution is obtained
for parameters A = 1.3, B = —0.1, and vy = 0.8. Qualitative analysis reveals diverse phase
portraits, indicating the presence of saddle points, centers, and cuspidal points depending
on parameter values. Chaos and quasi-periodic dynamics are investigated via Poincaré
maps and time-series analysis, where chaotic patterns emerge for values like v; = 1.45,
vy = 218, Eg = 4, and A = 27. Sensitivity analysis confirms the model’s sensitivity to
initial conditions x = 2.2,2.4, 2.6, reflecting real-world unpredictability. Additionally, the
energy balance method (EBM) is applied to approximate periodic solutions by conserving
kinetic and potential energies. These results highlight the IGE’s ability to capture complex
nonlinear behaviors relevant to fluid dynamics, plasma waves, and nonlinear optics.

Keywords: soliton waves; integrability; qualitative analysis; energy analysis

1. Introduction

Nonlinear partial differential equations (NLPDEs) play a fundamental role in model-
ing a wide range of complex physical, biological, and engineering systems. Unlike their
linear counterparts, NLPDEs can capture intricate behaviors such as soliton formation,
shock waves, turbulence, and chaotic dynamics. These equations have become central
to understanding time-dependent phenomena in diverse domains, including fluid dy-
namics, plasma physics, optical fiber communications, quantum mechanics, geophysics,
and nonlinear control systems. The ability of NLPDEs to describe localized structures,
energy exchange, and wave propagation under nonlinear effects makes them indispensable
tools for both theoretical exploration and practical applications [1-3]. Many techniques
have been developed to obtain various types of solitary wave solutions to NLPDEs. The
Ricatti-Bernoulli sub-ODE method [4], homogeneous balance method [5], hyperbolic tan-
gent function method [6,7], CK method [8], Lie symmetry analysis [9,10], and the inverse
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scattering transform [11] are some of the conventional techniques for determining ex-
act solutions to NLEEs. Although each has advantages, they frequently only produce a
small class of solutions, are restricted to integrable systems, or rely on assumed solution
forms. On the other hand, many of these drawbacks are addressed by the methodical and
algebraic CDSPM.

The CDSPM was first created by Liu and associates [12-14] and examines the dis-
criminant structure of the reduced polynomial ODE that is derived from a traveling wave
transformation. This enables the full classification of all real-valued solutions—including
periodic solutions, solitary waves, and structures based on Jacobi elliptic functions
(JEFs)—without presuming their form beforehand. Moreover, the CDSPM allows for
a thorough phase portrait analysis when the PDE is converted into a dynamical system,
exposing the presence of bifurcations, multi-stability, and parameter-driven transitions.
In particular, the FDGM exhibits rich dynamical behavior because of the interaction of
damping, dispersion, external forcing, and nonlinearity. The model’s parameter-sensitive
structures and polynomial nonlinearities make it a perfect fit for the CDSPM.

Among the most influential models in the field of nonlinear science are the Korteweg—
de Vries (KdV) equation, the modified KdV (mKdV), and the Gardner equation—a hybrid
model that includes both quadratic and cubic nonlinearities. These models describe wave
motion in shallow water, ion-acoustic waves in plasma, and envelope solitons in nonlinear
optics. In particular, the Gardner equation provides a unified framework that extends the
applicability of both KdV and mKdV equations by capturing rich dynamical structures,
including solitons, breathers, and multi-wave interactions [15,16]. The IGE can be connected
to the KdV equation via the Miura transformation, which links solutions of integrable
systems and reveals the underlying integrability structure. It has direct relevance in
modeling internal waves in stratified fluids, nonlinear electric transmission lines, plasma
waves, and fiber optics where energy input and losses coexist [17].

The novelty and justification of this research are clearly articulated through the uni-
fied and comprehensive application of the CDSPM [18,19], sensitivity analysis, chaos
detection [20,21], and the EBM [22,23] tools to the IGE, a combination not previously
explored in the literature. This study aims to advance the understanding of nonlinear wave
dynamics by not only deriving diverse analytical solutions [24,25] (including trigonometric,
hyperbolic, elliptic, and rational forms) but also validating their stability and physical rele-
vance through phase portraits, energy balance analysis, and time-series diagnostics [26,27].
The Introduction section highlights these goals, while Table 1 and Figure 1 contrast this
work with earlier studies that focused on more restricted versions of the Gardner equation,
lacking damping or forcing effects. Unlike those, our model incorporates broader physical
realism. Each step in the solution process is justified by variational principles, energy formu-
lations, and chaos-detecting tools such as Poincaré maps and time-series trajectories. These
validations are embedded throughout the manuscript and visually supported by multiple
Figures 1-5 and Tables 14, ensuring mathematical rigor and physical interpretability.

Table 1. Summary of previous works related to the IGE.

Author(s) Methodology/Contribution Ref.

Wang Founded the traveling wave solutions to Gardner [28]
equation in dusty plasmas

Mathanaranjan Investigated the soliton solutions of de- [29]
formed nonlinear Schrodinger equations using
Ansatz method
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Table 1. Cont.

Author(s) Methodology/Contribution Ref.

Liu et al. Studied the integrability, bilinearization, Back- [30]
lund transformations, and solutions for a gener-
alized variable-coefficient Gardner equation

Zhang et al. Explored some non-traveling wave solutions for [31]
the IGE

Raur et al. Discussed a non-autonomous Gardner equa- [32]
tion and its integrability: solitons, positons
and breathers

Present Work Derived multiple soliton solutions using the CD-

SPM, performed phase portrait analysis and sen-
sitivity analysis, and demonstrated chaotic and
quasi-periodic dynamics and energy analysis of
the IGE model.

Start Define IGE Model EENEERE
Wave Transform

Figure 1. Enhanced flowchart representing the methodological framework of the study.

Apply Energy
Balance Method

{Apply CDSPM Method }ﬁ Derive Exact Solutions }
Qualitative & Chaos & Sensi-
Phase Analysis tivity Analysis

{ Results & Conclusion }

The remainder of the paper is structured as follows: Section 2 formulates the IG

and performs a detailed qualitative analysis, identifying equilibrium points and bifur-

cation structures using the discriminant system. Section 2.2 then applies the CDSPM to

obtain exact analytical solutions, including trigonometric, hyperbolic, and JEF solutions.

Section 3 explores the quasi-periodic and chaotic dynamics of the system by deriving and

analyzing a reduced phase space model, revealing intricate patterns of complex behav-

ior. Section 4 conducts a sensitivity analysis by varying initial conditions to assess the

robustness and reliability of wave propagation and soliton dynamics under perturbation
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conditions. Section 5 employs the EBM to investigate the energy evolution of the system,
offering insights into periodicity and dynamical balance where exact solutions become
intractable. Section 6 presents a detailed graphical discussion and phase portraits to inter-
pret the stability and transition behaviors of the system with varying parameters. Finally,
Section 7 concludes the study by emphasizing the novelty of applying the CDSPM and
EBM to the IGE, highlighting the discovery of exact solutions, identification of chaotic
and periodic regimes, and the enhanced understanding of energy dynamics and nonlinear
wave behavior.

2. Mathematical Model
Here, we investigate the well-known IGE [27,33-35],

0, (2o 0%
g“‘(””l "’vq)a‘l'ww—(), 1)
where the function g(x, t) represents the wave profile or amplitude of a nonlinear wave as

it evolves in both space x and time t. The term % describes the time evolution of the wave,

while the spatial derivatives g—z and % account for the wave’s local slope and dispersive
effects, respectively. The nonlinear coefficients u and v govern the strength of the quadratic
and linear nonlinearities within the system, and the parameter w determines the degree of
dispersion due to the third-order spatial derivative. While previous studies mainly focused
on traveling or non-traveling wave solutions of the IGE, they often overlooked the combined
influence of external forcing, damping, and sensitivity to initial conditions. Moreover,
limited attention has been given to the chaotic and quasi-periodic dynamics of the IGE.
Our work addresses this gap by not only deriving a broader class of soliton solutions
using the CDSPM and trial equation method but also by conducting a comprehensive
qualitative, sensitivity, and energy-based analysis—thereby advancing the understanding
of IGE behavior under realistic physical conditions. To simplify the analysis, a traveling
wave transformation is introduced as g(x,t) = x(1), where = wx + pt + 1o defines
a moving frame of reference. Here, w represents the wave number (controlling spatial
oscillation), p denotes the wave speed, and 7y is an initial phase shift. The function x(7)
characterizes the wave profile in the traveling frame, and its derivatives x’ and x”’ capture
the slope and dispersive features of the wave in this reduced form.

X (uwx? +vwx + p) + waw’x” =0, ()

Integrating Equation (2) once over 7, where d is the constant of integration, we get the
Helmholtz-Duffing equation:

P

+
w? | wadk

7 v 2 u 3
=0
Xt * 2wz * 3wz ! ®)

Equation (3) can also be written in the following form.
" 2 3 _
X taotax +ax” +azx” =0, 4)
which is integrated after multiplying Equation (4) by x’.

1 a3 i) o
S WP+ xSt +aox +E=0, (5)



Symmetry 2025, 17, 1529

50f26

where E is the integration constant. Let A = %D&gr,, B = %zxz, C=w,and D = %ao, then
Equation (5) turns into

(X)*=—-Ax*-Bx>—Cx* - Dx—E, 6)

By considering B = 0, we get

Equation (7) becomes
(X')? = —A(X* +vax® + vix +w), (8)

where v, = %, = % and vp = %.
We now deal with both A < 0 and A > 0 cases in Equation (8). The integral form of
Equation (8) is

dx
=+VAWm—m), 9
/\/X4+V2)(2+V1x+vo VA7) )

#1 is an integration constant. Here we denote K(x) = x* +vox? + vix + vp and CDSPM
as follows:

Fi=4, b= -1y, F5=—2v3+8u1y— 973, (10)
—27
Fy = —3v3 4+ 4v3v + 36vpv31 — 321319 — Tv% + 6313,

Gy = 91/% — 32uy1,

The dynamical system of Equation (8) is shown below:

X/ = M(ﬂ)’ (11)
M' = =5 (4 +2ux +11),

The Hamiltonian and potential energy of the system is mentioned below: Hamiltonian:

M2 A, 5
H(x, M) = ==+ 5 (X" +vax” +v1x + o). (12)
Potential energy:
A
Ux) = 5(?(4 +vox* + v1X + vp). (13)

2.1. Qualitative Analysis

It is essential to obtain the roots of U’()) to analyze the dynamic characteristics of
Equation (9),

U'(x) =2A0¢ + ux + ), (14)

We have 17 = 2 and 19 = % . Since

0 1

= —2A(3)? ) 15
2462+ 1) 0 (3" +7) (15)

](Xr M) =
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It is demonstrated that the eigenvalues at the unique point (), 0) are now trivial:

7+ (x,0) =+/2A0Bx2+ 1), (16)

Therefore, if J(x, M) < 0, then (x,0) represents the saddle point, a center for J(x,0) > 0,
and a cuspidal point if J(x,0) = 0. The system’s CDS is given by

2 3
A——(TO-f—Tl). (17)
Consider the following cases regarding the U’(v) form:

Casel: A=0& 11 =0,
U'(x) =2Ax°. (18)

The only equilibrium point is the saddle point (0, 0), with the conditions 1) = 73 = 0.
Case2: A <0

U'(x) =24 —r)[(x —n)?>+42],(r+2n=0). (19)

In the dynamic system, there is just one equilibrium point at (r,0). The equivalent GPP
may be observed in Figure 2 when 1o = 0 and 7 = 4.

Enhanced Phase Portrait for Case 1 (A = 0) Enhanced Phase Portrait for Case 1 (A = 0)

X Cuseidal it [0,0) o> X, Cusgtal in 0,01 |

7
/

=

/

3
2
0

W
-1
Bl

L

(a) (b)
Figure 2. Global phase portrait (GPP) for Equation (11) in Case 1 with the parameters (a) A = %,
by A=—-1.

Case3: A>0 & 13 <0,
U'(x) =2Ax —MN(x—9)(x—0),(A+9+6=0). (20)

where A > ¢ > 6. In the dynamic system, there are three equilibrium points: (A, 0), (¢,0),
and (6,0). For instance, when 7y = -1, 79 =0, A =1, ¢ = —1, and 6 = 0 are present. The
GPP is shown in Figure 3.

Case4: A=0 & 1 <0,

U'(x) =2A(x — B1)*(x — B2), (2B1 + 2 = 0). (21)

There are two equilibrium points in this dynamic system: (f1,0) and (B3, 0). For instance,
when 11 = =3, 190 =2, 1 = 1, and fp = —2 are present, the corresponding global phase
portraits are shown in Figure 4.
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Enhanced Phase Portrait for Case 2 (A< 0) Enhanced Phase Portrait for Case 2 (A < 0)

(a) (b)
Figure 3. Equation (11) shows a GPP for Case 2 with parameters (a) A = %, (b) A = —%.

Enhanced Phase Portrait for Case 3 (A > 0) Enhanced Phase Portrait for Case 3 (A>0)
SR

T
X saddle Point (0, 0)
X Center Point (-4, 0)

X Saddle Point (0, 0)
X Center Point (-4, 0)

(a) (b)

Figure 4. Equation (11) represents the GPP that illustrates its behavior in Case 3 (a) A = %,
(b)A=— %

Phase Portrait for Case 4 (A =0, < 0)
[T Evierumeorts N

2 -1 0 1 H 3 i

(@) (b)

Figure 5. The dynamical system (11) displays a global phase portrait that exhibits its behavior in
Cased(a) A=1,(b) A=—4i.

2.2. Exact Solutions
Case1: F, < 0, F5 =0, and F; = 0. Since

K(x) = ((x - B> +7)% (22)
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where v > 0, putting Equation (22) into Equation (9) leads to
X =B+ vrtan(y=Ay(n—m)), (23)
Therefore, we find the solution
q(x,1) = B+ ytan(y/=Ay((wx +pt + o) = 11))- (24)
Case2: F, >0,F; =0,F =0,and G, > 0. Since
K(x) = (x—p*(x—-1? (25)
where p < I, x > p,and x < I, we can get
X = l_zp(coth (p_l)‘/?(”_m) ~1)+1, (26)
when | < x < p, then we have
X:l_zp(tanh (P—l)\/—?(’?—ﬂl) 14, @)
Therefore, we have the following solutions
a(rt) = . L (coth (r— l)x/j((av;rpf ) =m) gy 28)
and
a(r,t) = - L (tanh (p— l)ﬂ((w§+pt ) =m) gy 29)
Case3: [, =0, =0,and F; = 0. Then,
K(x0) =x* (30)
Since we have
-1 .
x=—r—m), (31)
we get the following solution
q(x,t) = %((wx+pt+no)—m)’1- (32)
Case4: F, >0,F5=0,F =0,and G, = 0. Since
K(x) = (x = KP’(x =), (33)
where x > K, x >k, or x < K, x < x, we have
e e o
Y= 4/A(K —x) LK (35)

— (k= K)?(n —m)*>—4
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Furthermore, we have two solutions
o) = et pr T 0
and
q(x,t) = 4VA(K —x) K 37)

—(x = K)>((wx +pt +170) —11)> — 4

Table 2. Geometry and physical interpretation of soliton solutions.

Figure Equation Geometry Type  Graphical Features Physical Interpretation

Figure 6  Equation (24) Shock Soliton Steep wavefront with sharp incline; Models abrupt transitions in medium
prominent localization in contour and ~ properties; applicable in fluid
3D surface dynamics and optical shocks

Figure7  Equation (28)  Singular Soliton =~ Rapid spike formations with Represents finite-time blow-up;
infinite-like behavior in 3D and occurs in nonlinear optics or plasma
contour projections singularities

Figure8  Equation (29) Kink Soliton Smooth but steep step-like transition ~ Illustrates domain wall movement or

from one level to another interface propagation between two

steady states

i o

Figure 6. The 3D visual display of q(x,t) in Equation (24): p = —0.1, y =08, A =13, w =1,
7o = 05,71 = 3,and p = 0.46.

Figure 7. The 3D plot of q(x, t) in Equation (28): | =8, p =2, A= -1, w =4,1y =5,11 = 1, and
p = 2.6.
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q(x,t)

Figure 8. The 3D graph of q(x,t) in Equation (29): | = =8, p= -2, A=1, w=4,1=5m = -1,
and p = 2.46.

Case 5: F,F3 < 0, and Fy = 0. Thus,
K(x) = (x =N*((x = ))* + ), (38)
where N, ], and I are real numbers. Hence, we have

B (exp:t\/(N—])Z'-i-ﬂ\/Z(q—nl) 9+ /(N=])2+122-19) 39)
X (expi\/ (N_])z""[z\/z(']_’ﬁ) _19)2 -1 ’

N-2]

where ¢ = \/ﬁ
(exp:l:\/(N7])2+12\/Z((wx+pt+170)7171) —9)4+/(N=])2+122-9)

)= 40
9(x.t) (expi\/(N7])2+12\/Z((wx+pt+110)7171) —9)2 -1 (40)
Case 6: F, > 0, F; > 0, and F; > 0. Then, we have

K(x) = (x —01)(x — 02) (x — 03) (x — 04), (41)

where 01, 02, 03, and g4 are real numbers and ¢; > 02 > 03 > 04. If x > 01 or ¥ < 04, then
we have the following transformations

\/f
vieze)e o) Ay - yy), )

_02(01 — a4)sn*( —01(02 — 04)

(01 — 04)sn%(

= V/(01-05)(02-04) ' “
(01— @a)sn? (=521 = A0 — 1), 8) — (02— 04)
Similarly, if 93 < x < 02,
\/f
. 0102 — 03)sr? (MU=BEL = A (y — 1), 8) — 0302 — 04) .
\/f /
(2~ g3)sm2 (O EZ A — 1), 8) (02— 03)
where ¢ = % Furthermore, we get the following solution
\/f
02(01 — 0a)s? (UG A (cx + pt +150) — 1), 9) — 0102 — 08) )

VAot ZA (wx + pt+ o) — 1), 8) — (02— 1)

and
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q(x,t) =

0402 = 3)sn? (VA=) /A ((wx + pt + 10) = 11), 8) — 03(02 — 04)

(2 — 03)sn? (MA@ /7 (cox 4 pt + 179) — 1), 8) — (02 — 04)

Case 7: [L,F; > 0,and F; < 0. So, we have

K(x)=(x—b)(x —a)((x —m)*+5%),

where b, a, m, and s are real numbers. If b > a, s > 0, then we indicate

1 1
E(b + a)Zg - E(b - a)Z4,
1
= 5(g+h)ga - f(g h)4s,
z3=b—m— l,
Y2

z4 =b—1i—sy,
24+ (b—m)(a—m)
s(b—a) ’

y2=d2:|:\/d%+1,

Since

\/WF(W M), %) +z

zien( %20

X= ,
+2sy, (b—
(LI S ), 0) + 24

where ¢ =, / szz and y, > 0, we have the following solution
2

zion(Y=2270 £25y2(b=a) V=A((wx+ pt+10) —11),8) + 22

2]/2 T 28

q(x/ t) - v/ £2sy>(b—a)

z3en(F—5 75—V —A((wx +pt +10) —11),8) + 24

Case 8: [,F; < 0,and F; > 0. Thus,

K(x) = ((x = 61)* + o) ((Z = &2)* + 03),
where ¢1, G2, 01, 07 are real numbers and oy > 0, > 0. We express

= G123 + 0124
23 = {124 — 0123,
Z3 = —01 — E
z4 = G¢1— G2,
(61-82)° +0f +03
26180 ’
yo=dy+ VA2 -1,

dy =

(45)

(46)

(47)

(48)

(49)

(50)

(51)
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Then,
_ asn(uv —A(y —m),8) + zocen(puv —A(y —m), 8)
zgsn(pv —A(n =), 9) + zaen(pv/' = Ay —m), 8)
2 VED) (RA+D)
where ¢ = %, and y = 2 (Z3+224)(2y 2215) Furthermore, we have
¥2 Z3+7)
a(x, 1) = zisn(puy/ —A((wx + pt +19) — 1), ) + zocn(uy/ — A((wx + pt +19) — 1), 9) (53)
zzsn(py/ —A((wx + pt +10) = 111),8) + zaen(py —A((wx + pt +170) —171), 9)
Case9: 5 >0,F =0,and F, > 0. Thus, we have
K(x) = (x = @1)*(x — @) (x — @3), (54)
where @1, @;, @3 are real numbers, @7 = % and g = (@1 — @2) (@ — @3).
If x > @, and @, > @1 > @3, then we have
28
X= , , (55)
23 + (@2 — @3) sinh(\/gA(17 —111))
if @1 > @, and @1 < @3, then we have
28
X= , (56)
2wy + (@3 — @3) cosh(y/—gA(n —11))
Consequently, we have
28
q(x,t) = . : (57)
2 + (@2 — @3) sinh(y/gA((wx + pt +110) —111))
and
28
g(x,t) = . (58)
2wy + (@2 — @3) cosh(/—gA((wx + pt +19) — 171))
Table 3. Geometry and physical interpretation of soliton solutions (Figures 9-11).
Figure Equation Geometry Type Graphical Features Physical Interpretation
Figure9  Equation (44) Multi-Lobed Soliton Wavy structure with Indicates nonlinear interference
multi-lobed contours; from multiple wave sources in
clearly oscillatory bounded media
Figure 10 Equation (45) Chaotic Soliton Pattern Highly oscillatory sur- Describes chaotic or turbulent
face with overlapping soliton flows; relevant in plasma
wavefronts and cross- or waveguide instabilities
directional interference
Figure 11 Equation (49) High-Frequency Oscillatory Soliton Tightly packed crest- Represents high-frequency en-

trough wave trains with ergy transport with consistent
narrow width waveforms in narrow bands
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Figure 9. The 3D shape of ¢(x, t) in Equation (44): 01 = 0.5, 0, = 0.2, 03 = 0.6, 04 = 0.8, A = —1,
w=29,1m=4m=-15andp=7.

Figure 10. The 3D shape profile of q(x, ) in Equation (45): 91 = 0.5, 02 = 0.2, 03 = 0.6, 04 = 0.8,
A=1lw=29,n=4mnm=-15andp=7.

Figure 11. The 3D figure of q(x,t) in Equation (49): s =9,b=7,0 =05, A= -1, w =29,179 =4,
n =—15andp=7.

2.3. Double Hyperbolic Type-1
When ¢ — 1 is utilized as the limit in Equations (44) and (45), the function turns into

sV —e)e—a) —

2 Y@ -e)e-e) —

((wx + pt +10) = 11),8) — tanh? 5 (wx+pt+10) = 1m)),

that offers the SW solution:

sty = 2@ =) tanh?(MU—)0) A (wx + pt + 110) = 1)) — 01(02 — 02). 59)
(02— 0a) tanh? (OB A (wx + pt +0) — ) — (02— )

and
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04(02 — 03) tanh® (B A ((cox 4 pt + o) — 1)) — 032 — @) )
(02 — 03) tanh?(ME=BNEL A (wx + pt +110) — 1)) — (02 — 04)

q(x,t) =

2.4. Double Periodic Type-I
If & — 0 is the limit in Equations (44) and (45), the function yields

SnZ(\/(Ql _93)2)(@2_@4) \/j((wx—}—pi’—i-ﬂo) _771)/19) N sinZ(\/<Ql _QC;)(QZ_Q4) \/j((wx+pt+170) _’71))/

which shows the SW solutions:

02(01 — 0a) sin? (M A=BN @) TF (((ox 1 pt + 179) — 1)) — 01 (02 — 04)

0= S TEmrE - 61
(01— a) sin? (VU= e A (cox + pt 4 0) = 1)) — (02— 04)
and
_ Viei— 93 )(02—04) ¢ _
a(r,t) = & (02 — g3) sin® (M5 —— V—A((wx +pt+10) — 1)) — 03(e2 — 04) 62)
(02 — @) sin?(MAU=HEZGL A (cox + pt +170) = 1)) — (02— 04)
2.5. Double Hyperbolic-1I SW
By having the limit ¢ — 1 in Equation (49), the function transfers into
\ /£2 \/£2
VE2ya(b—a) \/ A((wx +pt+19) —111),8) — sech( vE2y(b—a) V A((wx +pt+10) —m)),
2]/219 2]/219
which shows the SW solution:
(x z1 sech (Y ﬂzsyyzﬂb i V—A((wx+pt+mn9) —1m)) + 22 )
q\x,t) = .
23 sech(V3 20 /A (wx + pt + 7o) — 1)) + 24
2.6. Double Periodic-1I SW
By having the limit ¢ — 0 in Equation (49), the function transfers into
/2515 (b— /2512 (b—
en( VR0 A (wx o+ pt+ o) — 1), 8) — cos(VEREID A (wx + pt + 10) — ),
which shows the SW solution:
21 cos(~ izzsyyzﬁb L= A((wx + pt +10) — 1)) + 22 6

g(x,t) = .
23cos(\/m\/7((wx+pt+ﬂo) m))+z4

2,0

2.7. Double Hyperbolic Type-I11
When ¢ — 1 is the limit in Equation (62), the functions becomes
sn(pv —A((wx +pt+10) —m),8) — tanh(pv —A((wx + pt +170) — 1)),

and

cen(uy/—A((wx + pt +179) — 171),8) — sech(uv/—A((wx + pt +179) — 11)),
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which exhibit the SW solution

_ zitanh(uv/—A((wx + pt +170) — 171)) + 2z sech(uv/— A((wx + pt + 170) — 171))
z3 tanh (uv/—A((wx + pt + 170) — 1)) + z4 sech(uv/— A((wx + pt +10) — 1))

q(x, ) (65)

0 (z%Jrzﬁ) (y%z%Jrzi)
22+z22

where y =

2.8. Double Periodic Type-I11
With the limit ¢ — 0 in Equation (62), the functions convert into

sn(pv/=A((wx +pt +10) —m1),9) = sin(pv/=A((wx + pt +170) = 11)),

and

en(uvV —A((wx + pt +10) —111),8) — cos(uv —A((wx + pt +10) —171)),
that exhibit the SW solution:

gl ) = 50U ZAUwx +pt+150) = m)) + 2 cos(puy/— A((wx + pt +10) = 1)) (66)
" zasin(py/=A((wx + pt+10) — 1)) + zg cos(puv/ = A((wx + pt + 170) = 111))

oo/ (Z428) (y575+23)

where y = T2

Table 4. Geometry and physical interpretation of soliton solutions (Figures 12-15).

Figure Equation Geometry Type Graphical Features Physical Interpretation
Figure 12 Equation (59) Steep Kink Soliton Sloped wavefronts with sharp kink edges  Describes nonlinear domain wall formation or
and semi-periodic troughs soliton interfaces under asymmetric boundary
effects

Figure 13 Equation (60)  Multi-Striped Oscillatory Soliton =~ Layered oscillations forming strip- Represents strong nonlinear wave interactions in
like modulation bands with regular spatially periodic or layered media

high peaks

Figure 14  Equation (61) Banded Periodic Soliton Uniform amplitude waves aligned with ~ Models repetitive wave propagation in optical or
sin? profiles, forming rippled bands acoustic bandgap structures

Figure 15  Equation (62) Diagonal Wave Packet Soliton Diagonal wave trains with periodic  Suggests anisotropic wave transport across struc-
high-low structures in contour and sur-  tured media with direction-dependent behavior
face plots

Figure 12. The 3D graphical representation of g4(x, t) in Equation (59): 01 = 0.5, 02 = 0.2, 03 = 0.6,
04=08A=-1,w=29,1n=4mnm=-15andp=7.
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] -

Figure 13. The 3D plot of q(x,t) in Equation (60): 01 = 0.5, 00 = 0.2, 03 = 0.6, 04 = 08, A =1,
w=29,1m=4m=-15andp=7.

Figure 14. The 3D shape profile of q(x,t) in Equation (61): 01 = 0.5, 02 = 0.2, 03 = 0.6, 04 = 0.8,
A=-1,w=29n =41 =-15andp=7.

W -
! -5

Figure 15. The 3D figure of q(x,t) in Equation (62): ¢1 = 0.5, 0 = 0.2, 03 = 0.6, 04 = 08, A =1,
w=29,1n=4mnm=-15andp=7.

3. Phase Patterns for Quasi-Periodic Behavior

Quasi-periodic activity is analogous to a combination of regular and chaotic patterns.
It occurs when more than two wavy movements do not link properly. As a result, the
pattern deviates from its fundamental structure, becoming complex and non-repetitive. It
is not strictly ordered, yet it is also not as chaotic as chaos. We may be able to analyze it by
examining certain parts of these patterns and determining a specific structure inside the
complexity. The intricate and exact phase patterns of quasi-periodic activity provide a fresh
perspective on dynamic systems. Following that, we look at the system’s quasi-periodic
and chaotic behavior, which is as follows:

{ X = M(n),

67
M — ,%(4X3+2v2)(+1/1)+EoCOS(A77)r 7
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where A = 2,1, = %, v = %, and C =r, D = %0 Here in Equation (67), # is the
frequency and E( determines the disruption of strength. The term = cos(A7) can refer to
a periodic external influence such as wind forcing, electromagnetic waves, or mechanical
vibrations, depending on the context in which the FDGM is used. This kind of forcing
is often seen in real-world systems such as ocean surface waves, optical pulses in fibers,
and plasma waves. To study how external periodic drivers affect soliton formation, wave
modulation, or resonance phenomena, as well as how they interact with nonlinear wave
behavior, we introduce this term. In order to examine the chaotic and periodic patterns
of Equations (11) and (12), system (67) has an external periodic force of & cos(Ay). We
address this problem using a variety of methods, including time-series profiling, the portrait
approach, and phase Poincaré maps. To address the issue from many perspectives, we
will explore the effects of the parameters vy, 15, g, and A for different possibilities. We
will keep E(y = 4 unchanged in the first scenario as we examine the effects of v1, v, and A.
Also, in the second scenario, we will examine the impact of altering the remaining variables
while keeping Zy = 4 unchanged.

Figure 16 exhibits time analysis graphs, 2D and 3D phase plots, and Poincaré maps
with the following values: v; = 2.0, v, = 1.53, Eg = 4, and A = 2. Figure 17 illustrates
time-series profiles, Poincaré maps, and 3D and 2D plots for the following values: A = 27,
v = 0.25, 1, = 1.5, and &g = 4. While quasi-periodic patterns have been described for
System (67), the Poincaré section suggests chaotic motion for the given parameters by
displaying many chaotic outcomes. For v; = 1.45, v, = 2.18, Zg = 4, and A = 27, Figure 18
provides time-series profiles, Poincaré maps, and 3D and 2D plots, and in Figure 19 we
have v; = 0.28, v, = 2.6, g = 4, and A = 271. There are several irregular patches in the
Poincaré map, which exhibit chaotic activity compared to the quasi-periodic pattern of
system (67).

Figure 16. For v; = 2.0, 1, = 1.53, A = —1.5, and &y = 4, the nonlinear dynamical system (67) is
initiated with the initial condition (0.2, 0.2) set to a range of chaos-detecting techniques.
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Figure 17. For v; = 0.25, 1, = 1.5, A = —2.2, and &y = 4, the nonlinear dynamical system (67) is
initiated with the initial condition (0.3, 0.3) set to a range of chaos-detecting techniques.

=

|
v

‘\

Figure 18. For v; = 1.45, v, = 2.18, A = —2.75, and & = 4, the nonlinear dynamical system (67) is
initiated with the initial condition (0.4, 0.4) set to a range of chaos-detecting techniques.



Symmetry 2025, 17, 1529

19 of 26

Figure 19. For v; = 0.28, 1p = 2.6, A = —3.5, and &y = 4, the nonlinear dynamical system (67) is
initiated with the initial condition (0.5, 0.5) set to a range of chaos-detecting techniques.

4. Sensitivity Analysis

Sensitivity analysis plays a vital role in evaluating how variations in initial parameters
affect the overall behavior of nonlinear dynamical systems. In the context of the studied
model, it helps determine the robustness and reliability of wave propagation patterns,
soliton dynamics, and stability under uncertain conditions. Sensitivity analysis rigorously
investigates the influence of input parameter changes on model outputs, delivering vital
information on system behavior under uncertain conditions. For Equation (67), three initial
conditions (x, M) = (2.2,0), (2.4,0), and (2.6,0) were tested by varying parameters to test the
response of the model to perturbations. The sensitivity of wave propagation features, pulse
formation dynamics, and pattern stability to variations in initial conditions is shown in
the analysis, with divergence of output among the red (2.2, 0), yellow (2.4, 0), and purple
(2.6, 0) curves as a measure of this sensitivity. These results show the model to be sensitive
to accurate initial conditions while determining its boundaries of robustness, essential for
successful use in real-world applications where parameter uncertainties are bound to exist.
We assess our model’s sensitivity at this phase:

5. Energy Balance Method

With the EBM, kinetic-like and potential-like energy expressions are equated over a
wave cycle to approximate solutions of nonlinear differential equations. Equations such as
the Gardner model may have exact solutions, although they are frequently complicated and
case-specific. The EBM gives important physical insight into the dynamics of the system
and creates simplified, tractable correlations between wave parameters. It is nevertheless
helpful for managing perturbed or generalized models, studying periodic behavior, and
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confirming results in situations where exact solutions are hard to find or explain. To apply
the EBM, we first rewrite Equation (4) as [36]:

X" +osx® +aox® +arx +ag=0 (68)

Its variational principle is as follows:

_ (i (1 a4 M5 m oo
T(X)—'/O (2;( F X X oy ) dy (69)
Now
i1 ” X3 4 Q2 3 QK1 o
= — —_ | —— _—— _ — — 7
Y(x) /0(2)( (4)( e g LU (70)
Y0 = [ (v =Wy )

Here Y is kinetic energy, and W is potential energy, so

_1n _ k3 4 &2 3 &1 o
Y=3x"W=-7 T (72)
Its Hamiltonian invariant is as follows:
1 p N3 4 K2 3 Q&1 o
S B2 Tl 73
H X +( . S e wox) (73)

Now, we consider the solution of Equation (68) as

x(n) = Qcos(¢r) (74)

We examine the cosine-type trial function x (1) = Q cos(¢7) in order to investigate periodic
behaviors in a more manageable manner. Although this decision was not made directly
from the equation’s nonlinear terms, it was driven by the method’s capacity to simplify
the energy expressions and approximate periodic waveforms. These trial functions are
frequently employed in nonlinear dynamics to strike a balance between physical relevance
and analytical simplicity. According to the EBM, the Hamilton invariant is required to
be unchanged:

L n X3 4 %2 3 &1 >
H W= - B - - H 75
Y 5 X ( X 305X txox) 0 (75)

The initial conditions of Equation (74) are
x'(0) =0,x(0) = O (76)

Putting Equation (76) into Equation (75),

-2t - %03 - %02 — Q= Hy (77)

Next, putting Equations (74) and (77) into Equation (75), we get

(—Ogsin(gn))® — =2 (Qcos(gy))* — 22 (Qcos(gn))® — 2L (Qcos(gn))? — xo(Qeos(ey)) = —20F — 203 — 2L _ gy (78)
4 3 2 4 3 2
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On substituting ¢y = 7 into Equation (78), we get
0?2 3a30f  (4—V2)a®  a10? (2—V2)aQ2
7
4 + 16 + 12 4 + 2 @)
Hence, we have
3302 (4—V2)a () 4—2v2)a
g—\/— 1 = 3)2 —al—% (80)
So, the periodic solution of Equation (4) is
02 (4—2)aO) 4—-2+/2
xn) = Acos | [~ 202 BV (@222 ), @)
4 3 Q
3a302 (4 —V2)a O 4-2v2
g(x,t) = Qcos \/— lxz — ( \3/)“2 -0 — % (wx + pt+1p) (82)

6. Results and Discussion

To analyze the qualitative behavior of the system, various phase portraits were gener-
ated with different parameter settings. When A = % and A = 0, the system reveals a saddle
point geometry centered at the origin, as shown in Figure 2a. The hyperbolic trajectories
diverging from this point signify instability, indicating that small perturbations grow over
time. A similar pattern is observed in Figure 2b for A = —1, though the orientation of the
flow reverses due to the negative value of A, maintaining instability. In the case where
A < 0, as in Figure 3, the system exhibits center-type behavior. The closed orbits for
both A = % and A = f% (Figure 3a,b)) indicate stable oscillations about the center point,
demonstrating either periodic or quasi-periodic behavior with bounded perturbations. For
A > 0, a broader spectrum of behaviors is observed in Figure 4. Specifically, when A = %,
the phase portrait consists of both a center and a saddle point. The diagram shows circular
loops around the center point, which indicate stable behavior. These loops are surrounded
by special curves coming from the saddle point that show unstable behavior. This confirms
that both stable and unstable motions exist together in the system. In Figure 4b, where
A=— %, we see a reversed version of the saddle-center pattern. The gap between the center
and saddle paths is larger, showing how changing the sign of the parameter affects the
shape of the system. Lastly, Figure 5 reveals mixed phase portraits arising in the degenerate
case A = 0 and 7y < 0, resulting in two equilibrium points. The portraits indicate complex
dynamics where trajectories are influenced by both saddle and center characteristics. In
Figure 5a, for A = %, saddle-type divergence coexists with closed orbits, while in Figure 5b
with A = — %, streamlines suggest dominant saddle effects with directionally repelling tra-
jectories. Collectively, these figures emphasize how the sign and magnitude of parameters
like A and discriminant A govern the system’s geometric structure, stability, and sensitivity
to initial conditions.

The nonlinear dynamical system governed by Equation (67) exhibits a rich va-
riety of geometric behaviors depending on parameter variations, as illustrated in
Figures 16-19. In Figure 19, a toroidal phase surface emerges, showing nested toroidal
loops with mild quasi-periodic modulation. This indicates quasi-periodic oscillations com-
monly driven by external periodic forcing, relevant to systems like mechanical vibrations
and electromagnetic wave propagation. Figure 17 reveals densely wound phase coils,
suggesting amplified oscillations and heightened sensitivity to initial conditions, signal-
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ing proximity to chaotic dynamics typically observed in complex oscillatory frameworks.
Figure 18 displays irregular mixed orbit structures with asymmetric loops and scattered
points. This configuration reflects a transitional regime between quasi-periodic and chaotic
states, implying dynamic instability under nonlinear excitation conditions. Finally, Fig-
ure 19 presents circular-lobed quasi-periodic orbits, featuring intricate inner loops and
modulated envelopes. This suggests a well-balanced interaction between nonlinearity and
periodic external influences, characteristic of moderately perturbed systems. Collectively,
these geometric interpretations provide deep insight into the system’s complex temporal
evolution and its route from order to chaos.

The sensitivity analysis reveals critical insights into the system’s response to initial
perturbations, as governed by Equation (67). In Figure 20, with initial conditions (2.2,0),
(2.4,0), and (2.6,0), the overlaid red, yellow, and purple oscillatory curves exhibit minor
but noticeable divergence, demonstrating the system'’s sensitivity to even slight variations
and its robust nature. Figure 21 highlights waveform deformation for initial values (3.0,0),
(3.2,0), and (3.4,0) shown in green, purple, and orange, where the symmetry and ampli-
tude shift due to nonlinear effects, revealing how small changes can distort pulse dynamics.
Figure 22, with initial inputs (4.4,0), (4.6,0), and (4.8,0) represented in red, green, and
black, shows amplified oscillations and peak deviations, indicating growing instability at
higher input energies. Lastly, Figure 23 depicts trajectories for (5.0,0), (5.2,0), and (5.4,0)
using black, green, and orange, respectively, and captures pronounced high-frequency
oscillations and phase separation, signaling critical sensitivity at high-energy states. Over-
all, the geometric interpretation underlines how overlaid sinusoidal curves, phase shifts,
and amplitude changes contribute to understanding the system’s stability, reliability, and
nonlinear dynamics under parameter uncertainty conditions.

M
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Figure 20. With initial values of (2.2,0) in red, (2.4,0) in yellow, and (2.6,0) in purple, the system
Equation (67) sensitivity profile has the following variables: 5y =4, A = —2.5,v; = 1.32, 1, = 9.32,
and A = 271,

The EBM offers a powerful analytical framework for examining nonlinear dynamical
systems by equating kinetic and potential energy components over a wave cycle. In the
present study, the EBM is applied to Equation (68) to approximate the behavior of the
nonlinear model using the trial function x(7) = Qcos(g#). The method simplifies the
analysis of complex nonlinearities, enabling derivation of approximate solutions when
exact ones are hard to obtain. By evaluating the Hamiltonian and constructing a variational
formulation, the method provides insights into system dynamics, energy distribution,
and oscillatory behaviors. The resulting analytical profile g(x,t), shown in Figure 24,
reveals tilted wave ridges, parabolic energy curves, and a periodic density distribution.
These visualizations confirm spatial-temporal regularity, energy symmetry, and wavefront
propagation patterns with specific parameters. The advantage of the EBM lies in its



Symmetry 2025, 17, 1529 23 of 26

versatility—it allows exploration of perturbative or generalized models and facilitates
understanding of periodic phenomena in systems where direct solution techniques may
fail. Moreover, it helps validate the consistency and physical realism of the obtained

results through energy-based arguments, bridging mathematical abstraction with physical
interpretation.

M

Figure 21. With initial values of (3.0,0) in green, (3.2,0) in purple, and (3.4,0) in orange, the system
Equation (67) sensitivity profile has the following variables: 5y = 4, A = —3.3, v; = 0.45, 1, = 0.69,
and A = 271,

Figure 22. With initial values of (4.4,0) in red, (4.6,0) in green, and (4.8,0) in black, the system
Equation (67) sensitivity profile has the following variables: &g = 4, A = —1.0, v; = 4.0, 1, = 1.1,
and A = 271.

M

Figure 23. With initial values of (5.0,0) in black, (5.2,0) in green, and (5.4,0) in orange, the system
Equation (67) sensitivity profile has the following variables: 59 =4, A = —1.5,v; = 2.66, 1, = 2.2,
and A = 271,
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Figure 24. The figure outline of q(x, t) in Equation (52): ag = —6, 01 =24, a5 =3, a3 = =5, wp =1,
170 = —4,p = 3, and Q = 03

7. Conclusions

In this paper, we thoroughly analyzed the IGE using the CDSPM and the EBM.
Through a systematic approach, we derived exact analytical solutions—including periodic,
singular, and JEF solutions—which hold significant value in modeling nonlinear wave
phenomena in plasma physics, optical fibers, and fluid dynamics. The qualitative analy-
sis provided a deeper understanding of the system’s critical points and phase structures,
which are essential in predicting the long-term behavior and stability of nonlinear systems.
Our investigation into chaotic dynamics revealed irregular wave behavior sensitive to
initial conditions, reflecting real-world complexity in laser systems, weather modeling,
and biological rhythms. The sensitivity analysis demonstrated how small perturbations in
parameters could drastically alter wave structures, making this study relevant for designing
robust communication systems, climate prediction algorithms, and control mechanisms
in engineering. Moreover, the application of the EBM enabled an intuitive understanding
of energy distribution over wave cycles, offering a useful tool for energy-based control in
mechanical and electrical oscillatory systems. Collectively, the integration of the CDSPM
and EBM not only advances the theoretical analysis of the IGE but also provides valuable
insights and predictive capabilities for real-life applications where nonlinear and complex
wave behavior is prominent.
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