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Abstract

This paper establishes a new characterization of symmetric q-Dunkl-classical orthogonal
polynomials through a second structure relation. These symmetric polynomials generalize
the q2-analogues of Hermite and Gegenbauer polynomials. Our main result provides a
finite expansion of each polynomial in terms of its q-Dunkl derivatives, offering a new
effective classification method. We derive explicit structure relations for the q2-analogue of
generalized Hermite and the q2-analogue of generalized Gegenbauer polynomials.

Keywords: orthogonal polynomials; symmetric forms; q-series and q-polynomials; q-Dunkl
operator; q-semiclassical polynomials

1. Introduction and Motivation
Symmetric orthogonal polynomials with operator-theoretic properties are central to

special functions, approximation theory, and mathematical physics. The study of these
polynomials represents a significant intersection of classical analysis, quantum algebras,
and symmetry principles. The q-Dunkl-classical symmetric orthogonal polynomials studied
here provide natural q-deformations of classical orthogonal polynomials while preserving
essential structural properties.

The fundamental motivation behind this work arises from the need to develop a
comprehensive classification scheme for orthogonal polynomials that remain invariant
under certain operator actions. This classification problem has deep roots in the work of
Hahn and others who attempted to characterize polynomial sequences that maintain their
orthogonality properties when acted upon by specific operators.

The goal of this paper is to derive a second structure relation as a characterization of
symmetric q-Dunkl-classical orthogonal polynomials. This approach departs from previous
methods by providing an inverse perspective where the original polynomials are expressed
in terms of their derived sequences, rather than vice versa. Previous characterizations of
these polynomials have focused on first structure relations [1], Pearson-type equations [2],
and difference equations [3]. While these approaches have been successful in establishing
the basic foundation, they often require sophisticated functional analysis techniques and
may complicate the simple algebraic relationships that govern these polynomial systems.
The main novelty of this work is establishing a characterization through a second structure
relation. Specifically, we prove that a symmetric monic orthogonal polynomial sequence
(MOPS) is q-Dunkl-classical if and only if each polynomial can be written as a finite combi-
nation of its q-Dunkl derivatives. This extends classical results for ordinary Dunkl-classical
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polynomials [4] to the q-case. This new characterization provides a direct computational
method for verifying the q-Dunkl-classical property. Rather than solving complex func-
tional equations or analyzing moment sequences, one can simply check whether a given
polynomial sequence admits a finite expansion in terms of its q-Dunkl derivatives.

Explicit formulas for expansion coefficients and a clear explanation of the structural
organization of fundamental q-polynomial families are also given. We also demonstrate
our characterization by deriving explicit second structure relations for two fundamental
families: the q2-analogues of generalized Hermite polynomials and the q2-analogues of
generalized Gegenbauer polynomials.

This paper is organized in the following way. In Section 2, we start by introducing
the essential preliminary concepts. This includes an explanation of q-calculus fundamen-
tals, Dunkl operator theory, and various orthogonal polynomial families. The strong
relationships between these concepts are examined to form the foundation for our subse-
quent analysis.

Following this foundation, Section 3 presents the main contributions of this work. We
introduce and rigorously define a new class of generalized differential-difference operators.
These operators combine ideas from the concepts covered in the previous section. We
then conduct a detailed study of their basic properties, focusing on how they act on
different function spaces. Next, we use these new operators to construct several families
of generalized orthogonal polynomials. We derive their spectral properties and explicitly
compute their defining differential-difference equations. We then use these results to find
explicit structure relations for the q2-analogue of the generalized Hermite and Gegenbauer
polynomials. Section 4 covers computational methods and examples, including formulas
and numerical results. Finally, the paper ends with a summary of the main findings and a
discussion of open problems and potential directions for future research.

2. Notations, Definitions, and Preliminaries
2.1. Basic Definitions

The definition of O-classical orthogonal polynomials captures the essential property
that the image of the polynomial sequence under the operator O remains orthogonal. This
seemingly simple condition imposes strong constraints on the possible forms of both the
polynomials and the operator, leading to the main classification theorems that characterize
the classical families.

Let P be the space of all polynomials in a single variable with coefficients from the
field of complex numbers. We consider a specific type of operator, denoted by O, which
acts as a lowering operator on this space P . The action of this operator is characterized by
the following three fundamental properties. First, the operator maps the entire space of
polynomials back into itself; formally, this is expressed by the condition O(P) = P . Second,
the operator annihilates constant polynomials, a property captured by the requirement that
O(1) = 0. Third, and most crucially, the operator reduces the degree of each monomial
by exactly one; that is, for every natural number n ∈ N, the degree of the image of tn

under O satisfies deg
(
O(tn)

)
= n − 1. Here, N represents the set of all positive integers,

and we define N0 := N ∪ {0} to include zero. In the study of orthogonal polynomials,
these kinds of operators are important tools, as they help us systematically describe and
organize different polynomial sequences. A key use for them is to define specific families
of polynomials, as shown in the following basic definition.

Definition 1. A MOPS denoted by {ϕn}n∈N0
, is classified specifically as an O-classical orthogonal

polynomial sequence if the new sequence generated by applying the lowering operator O to each
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polynomial in the original sequence (with an index shift) itself constitutes a monic orthogonal
polynomial sequence. More precisely, this means the sequence defined by{

Oϕn+1

ρn+1

}
n∈N0

must be a MOPS.

The scalar factor ρn in the denominator is a constant, chosen specifically to ensure
that the leading coefficient of each resulting polynomial Oϕn+1 is scaled to one, thereby
ensuring the monic property of the new sequence. This normalization factor is crucial for
the stability of the three-term recurrence relation and the associated orthogonality measures.

Various lowering operators, including the classical derivative operator D, the forward
difference operator ∆, and the Jackson q-derivative Hq, form the basis for the classification
of orthogonal polynomial sequences. The concept of O-classical orthogonal polynomials
serves as a unifying theory that encompasses numerous classical families. For instance,
when O = D, one recovers the well-known continuous families such as the Jacobi, Laguerre,
Hermite, and Bessel polynomials. On the other hand, choosing O = ∆ yields discrete
orthogonal families like the Charlier, Meixner, Krawtchouk, and Hahn polynomials (see [5]).

The q-difference operator Hq is expressed as [6]

(Hqψ)(t) =
ψ(qt)− ψ(t)
(q − 1)t

, ψ ∈ P , q ∈ C̃,

with C̃ = C \
(
{0} ∪ {z ∈ C : zk = 1 for some k ≥ 1}

)
. Typically, for Hq to be well-defined

on all ψ ∈ P , q must avoid values that cause degeneracies for any polynomial. Specifically,
to ensure Hq is non-degenerate on all P , C̃ should exclude all roots of unity and zero. When
q goes to 1, we obtain the usual differential operator D.

The operator Hq is extended to a map Hq : P ′ → P ′ by

⟨Hqu, ψ⟩ := −⟨u, Hqψ⟩, for all ψ ∈ P ,

where ⟨·, ·⟩ denotes the pairing between P ′ and P . This definition mimics the distributional
derivative, i.e., if u ∈ P ′ and ψ ∈ P , then the right-hand side −⟨u, Hqψ⟩ is well-defined
since Hqψ ∈ P , and the left-hand side ⟨Hqu, ψ⟩ defines a new linear functional Hqu on P .

Extending Hq to linear functionals via duality is crucial for studying orthogonality.
This approach allows us to work with moment functionals and orthogonal polynomial
sequences without explicit knowledge of the weight function, which is particularly valuable
for q-polynomials where the weight functions may be complicated or expressed in terms
of special functions. The duality relation ⟨Hqu, ψ⟩ = −⟨u, Hqψ⟩ ensures consistency with
integration by parts formulas and maintains the mathematical structure familiar from the
classical theory.

In [7], the authors investigate the Hahn-type characterization property, originally
introduced in [8], within the setting of the Dunkl operator of index µ, defined on the space
of real-coefficient polynomials by

TµQ(t) = ϕ′(t) + µ
Q(t)− Q(−t)

t
, µ > −1

2
.

This operator combines a derivative term Q′(t) and a difference term
Q(t)− Q(−t)

t
that measures the odd part of Q relative to the reflection t 7→ −t. Their main result identifies
all sequences of symmetric monic orthogonal polynomials that remain orthogonal under
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the action of Tµ. It turns out that only the generalized Hermite and generalized Gegenbauer
polynomials satisfy this property.

In a related study [9], it is shown that a linear functional u, corresponding to a Dunkl-
classical MOPS satisfies a Tµ-Pearson-type equation. An alternative characterization of
such orthogonal families is also given in terms of structure relations. Additionally, in [10],
the uniqueness of the generalized Hermite and Gegenbauer polynomials as symmetric
Dunkl-classical orthogonal sequences is confirmed via a different method from that in [7],
relying on a differential-difference equation in the dual space. From this perspective,
the first structure relation for symmetric MOPS naturally emerges.

When µ = 0, the classical structure relation characterization of Jacobi, Laguerre,
Hermite, and Bessel polynomials has already been established in [11]. Furthermore, ref. [4]
provides a characterization of Dunkl-classical orthogonal polynomials using a second
structure relation, which serves as a Dunkl analogue of a well-known result from [12] in
the classical case.

A natural extension of this line of research is the study of the q-Dunkl operator Tθ,q,
defined as

Tθ,qQ(t) = HqQ(t) + θ
Q(t)− Q(−t)

2t
, 0 < q < 1, θ ∈ C,

where Hq denotes the Jackson q-derivative.
Specifically, in the case of the monomial sequence tn

n∈N0 , it holds that

Tθ,q(tn) =

(
[n]q + θ

1 − (−1)n

2

)
tn−1,

where [n]q :=
qn − 1
q − 1

is the q-number.

This key q-Dunkl operator consists of the fundamental operator Hq (which is the
q-derivative component serving as a q-analogue of derivative) and a θ-term that handles
parity, i.e., equal to 0 for even n and θ for odd n. Clearly, the operator Tθ,q is indeed a
lowering operator.

By applying the formal operation of transposition to the q-Dunkl operator Tθ,q, which
maps the operator to its dual acting on the space of linear functionals, we derive a funda-
mental property of its adjoint. The resulting computation shows a specific antisymmetry
inherent to the operator, which is concisely captured by the following identity:

tTθ,q = −Tθ,q. (1)

This relation signifies that the transposed operator is precisely the negative of the
original operator, a property that influences the analysis of the structure of related or-
thogonal polynomial sequences. This antisymmetric behavior under transposition is a
characteristic feature of this particular operator within the functional analytic framework
being developed.

This operator preserves the polynomial space and lowers degrees by one, as in the
classical derivative. The q-Dunkl operator Tθ,q represents a significant generalization that
encompasses both the q-derivative and the Dunkl operator as special cases. When θ = 0,
we recover the pure q-derivative Hq, while if q approaches 1, we obtain the classical Dunkl
operator Tθ [13].

In this direction, refs. [3,14] prove that, up to a dilation, the q2-analogues of the
generalized Hermite and generalized Gegenbauer polynomials are the only symmetric
OPS that are q-Dunkl-classical in the sense of Hahn.
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2.2. Explicit Polynomial Definitions

The q2-analogue of generalized Hermite polynomials provides an example of how
classical structures generalize to the q-setting. These polynomials combine the properties
of Hermite polynomials with the rich structure of q-calculus. The even and odd degrees
separate naturally, with the even-degree polynomials relating to q-Laguerre polynomials
with parameter µ − 1

2 and the odd-degree polynomials involving an extra factor of t and
q-Laguerre polynomials with parameter µ + 1

2 . This separation reflects the underlying
symmetry of the weight function and the action of the q-Dunkl operator. For clarity, we
explicitly define the key polynomial families referenced throughout this work:

The q2-analogue of generalized Hermite polynomials {H(µ,q2)
n } are given by

H(µ,q2)
2n (t) = (−1)nqn(n−1)(q2; q2)nL(µ− 1

2 )
n (t2; q2)

H(µ,q2)
2n+1 (t) = (−1)nqn2

(q2; q2)ntL(µ+ 1
2 )

n (t2; q2)

where L(α)
n (t; q) are the q-Laguerre polynomials and (a; q)n is the q-Pochhammer symbol.

The presence of the factors (−1)nqn(n−1) and (−1)nqn2
in the definition of the q2-Hermite

polynomials ensures that the polynomials are monic and satisfy the appropriate orthogo-
nality relations. These factors compensate for the normalization constants that arise in the
q-Laguerre polynomials and maintain the consistency of the TTRR.

The q2-analogue of generalized Gegenbauer polynomials {S(α,a,q2)
n } are defined as

S(α,a,q2)
n (t) =

(q2α+2; q2)n

(q2; q2)n
q−αn

4ϕ3

(
q−n, qn+2α+2a+2, qα+1eiθ , qα+1e−iθ

q2α+2,−qα+a+2,−qα+a+1 ; q2, q2

)

where 4ϕ3 is the basic hypergeometric function and t = cos θ. The q2-analogue of general-
ized Gegenbauer polynomials demonstrates even more sophisticated structure, expressed
as basic hypergeometric functions 4ϕ3. This representation highlights the connections be-
tween orthogonal polynomials and q-special functions. The parameters α and a control the
analytical properties of the polynomials, while the base q2 reflects the quadratic nature of
the underlying symmetry. The appearance of qα+1eiθ and qα+1e−iθ ensures the polynomial
nature of the resulting expression and maintains the appropriate symmetry properties.

The definition t = cos θ connects these q-polynomials to the theory of q-trigonometric
functions and q-Fourier analysis. This connection suggests potential applications in q-
harmonic analysis and q-signal processing, where the orthogonality and completeness
properties of these polynomials could be applied for series expansions and transform
methods. The dense parameter structure allows these polynomials to adapt to various
boundary conditions and symmetry requirements that arise in physical applications.

2.3. Basic Tools

Recall that P was defined to denote the vector space of all polynomials in one variable
with complex coefficients. Its algebraic dual space, containing all linear functionals on P , is
denoted by P ′. For any linear functional u ∈ P ′ and polynomial ψ ∈ P , the duality pairing
is expressed as ⟨u, ψ⟩. The moments of the functional u are defined through evaluation on
monomials, yielding the sequence

(u)n := ⟨u, tn⟩, n ∈ N0.

The following operator identities are essential for subsequent analyses [6]:

Hq(ψu) = (hq−1 ψ)Hqu + q−1(Hq−1 ψ)u, ψ ∈ P , u ∈ P ′. (2)



Symmetry 2025, 17, 1526 6 of 28

Equation (2) decomposes the q-difference of a polynomial functional product into two
terms: the first involves the scaled polynomial acting on the q-difference of the functional,
while the second combines the inverse q-difference of the polynomial with the original
functional. The composition of inverse q-difference and q-scaling can be expressed as a
scaled q-difference operator:

(Hq−1 ◦ hq)(ψ) = qHq(ψ), ψ ∈ P . (3)

Also, note that scaling the product of a polynomial and functional is equivalent to
multiplying the inversely scaled polynomial with the scaled functional:

ha(gu) = (ha−1 g)(hau), g ∈ P , u ∈ P ′. (4)

Definition 2 (see [15]). A linear functional u acting on the vector space of polynomials is said to
be regular, or alternatively quasi-definite, provided that there exists a sequence of monic polynomials
{ϕn}n≥0 with the degree of each polynomial must be exactly equal to its index, meaning deg ϕn = n
for all n ∈ N0, satisfying the orthogonality relations:

⟨u, ϕnϕm⟩ = rnδn,m, n, m ∈ N0,

where the constants rn are nonzero complex numbers whose values are permitted to depend on
the index n, and δn,m denotes the Kronecker delta. Any polynomial sequence {ϕn} fulfilling these
conditions is referred to as the monic orthogonal polynomial sequence (MOPS) corresponding to the
regular functional u.

A fundamental characterization states that every MOPS satisfies a TTRR of the form

ϕn+2(t) = (t − an+1)ϕn+1(t)− bn+1ϕn(t), n ∈ N0, (5)

with ϕ0(t) = 1 and ϕ1(t) = t − a0, where {an} are complex recurrence coefficients that
determine linear shifts of the polynomial argument, and {bn+1} are non-zero complex
coefficients that govern the coupling between consecutive polynomials, satisfying bn+1 ̸= 0
for all n ∈ N0. This non-vanishing condition is equivalent to the non-degeneracy of the
associated moment functional, while the recurrence relation provides a complete algebraic
characterization of MOPS.

The functional u is normalized when its zeroth moment satisfies (u)0 = 1. In prac-
tical applications, this normalization ensures consistency with probabilistic and physical
systems where total measure is unitary. All functional forms considered hereafter will be
assumed normalized.

The following proposition further investigates the relation between MOPS and TTRR.

Proposition 1 ([16,17]). Consider a monic polynomial sequence {ϕn}n≥0 where each ϕn has degree
exactly n, along with its dual sequence {un}n≥0 of linear functionals. The following conditions
are equivalent:

(i) The polynomial sequence {ϕn} is orthogonal relative to the initial functional u0, i.e.,
⟨u0, ϕmϕn⟩ = 0 for m ̸= n with nonzero norms.

(ii) Each dual functional un is explicitly determined by the initial functional u0 through the
scaling relation:

un = ⟨u0, ϕ2
n⟩−1ϕnu0. (6)
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(iii) The sequence {ϕn} satisfies the TTRR:
ϕ0(t) = 1,

ϕ1(t) = t − a0,

ϕn+2(t) = (t − an+1)ϕn+1(t)− bn+1ϕn(t), n ≥ 0,

(7)

with coefficients an and bn+1 defined by the moment relations:

an = ⟨u0, tϕ2
n⟩⟨u0, ϕ2

n⟩−1; bn+1 = ⟨u0, ϕ2
n+1⟩⟨u0, ϕ2

n⟩−1 ̸= 0, n ∈ N0. (8)

This proposition shows that if the sequence {ϕn}n∈N0 is orthogonal with respect to
u0, then the form un can be written, via dual basis expansion, as a normalized rescaling
of the composition of ϕn and u0, ensuring the duality condition holds. To obtain orthogo-
nality from TTRR, we apply mathematical induction on the recurrence to prove pairwise
orthogonality, where the base case holds by a0’s definition and the inductive step uses the
recurrence structure with bn+1 ̸= 0.

It is a well-established fact that the application of a dilation constitutes a symmetry
operation for systems characterized by orthogonality relations. More precisely, consider
a dilation operator Ea defined by its action on a function f as (Ea f )(x) = f (ax) for some
nonzero scaling parameter a. If a sequence of polynomials is orthogonal with respect to a
given inner product, then the transformed sequence by Ea will also form an orthogonal
set. This invariance arises because the dilation induces a change of variable that scales
the underlying measure of orthogonality in a corresponding manner, thereby preserving
the fundamental structure of the orthogonality relations. Consequently, the property of
orthogonality remains unchanged under such a scaling transformation. The sequence
{ϕ̃n(t)}n∈N0 defined by

ϕ̃n(t) = a−nϕn(at) (n ∈ N0; a ̸= 0)

satisfies the following relations:

ϕ̃0(t) = 1 and ϕ̃1(t) = t − ã0

and

ϕ̃n+2(t) = (t − ãn+1)ϕ̃n+1(t)− b̃n+1ϕ̃n(t),

with
ãn = a−1an and b̃n+1 = a−2bn+1 (n ∈ N0).

The polynomial sequence {ϕ̃n(t)}n≥0 is orthogonal with respect to the linear functional
ũ obtained through the scaling transformation

ũ = ha−1 u,

where ha−1 denotes the argument scaling operator.
A linear functional u is called symmetric when all its odd moments vanish identically:

(u)2n+1 = ⟨u, t2n+1⟩ = 0, n ∈ N0.

This moment condition implies that the functional remains invariant under the reflec-
tion t 7→ −t. When such a symmetric functional u is regular (quasi-definite), the associated
MOPS is said to be symmetric.
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If the polynomials alternate in parity, then the linear recurrence coefficients an vanish.
Conversely, if the recurrence coefficients an are zero, then the polynomials must possess
the alternating parity property and hence the sequence will be symmetric.

Proposition 2 (see [15]). Let {ϕn(t)}n∈N0 denote a MOPS which is defined by the recurrence
relation (5) and which is orthogonal relative to a given linear functional u. Under these assumptions,
the following three statements are equivalent:

(a) The polynomial sequence {ϕn(t)}n∈N0 is symmetric.
(b) ϕn(−t) = (−1)nϕn(t) (n ∈ N0).
(c) The recurrence coefficients an associated with the sequence, as they appear in the recurrence

relation (5), are identically zero for all indices n ∈ N0.

Remark 1. The symmetric property implies that the sequences of even and odd parts are
also orthogonal:

ϕ2n(t) = Qn(t2) (even part)

t−1ϕ2n+1(t) = Rn(t2) (odd part)

where {Qn} and {Rn} are MOPS with respect to modified functionals. This decomposition is
utilized in our analysis of q-Dunkl-classical polynomials.

The following lemma establishes an equivalence between two properties of a linear
functional u acting on polynomials and its relationship with a polynomial sequence {ϕn}.

Lemma 1 ([16,17]). Consider an arbitrary linear functional u belonging to the dual space P ′ of
polynomials, and let m be any fixed positive integer, the following statements are equivalent:

(1) Orthogonality condition: The functional u pairs non-zero with ϕm−1 (⟨u, ϕm−1⟩ ̸= 0) but
vanishes on all higher-degree polynomials in the sequence (⟨u, ϕn⟩ = 0 for all n ≥ m).

(2) Basis representation: The functional u admits a representation as a finite linear combination
of the functionals {uν} which constitute the dual basis. More precisely, it can be written in

the form u =
m−1

∑
ν=0

λνuν, where each coefficient λν is a uniquely determined complex number,

and the last coefficient λm−1 is non-zero, i.e.,

∃λν ∈ C, 0 ≤ ν ≤ m − 1, λm−1 ̸= 0 such that u =
m−1

∑
ν=0

λνuν.

This equivalence means that the vanishing of u on higher-degree polynomials is
equivalent to u being spanned by the first m dual functionals, with the representation
necessarily including the (m − 1)-th functional. The non-vanishing condition λm−1 ̸= 0
corresponds directly to ⟨u, ϕm−1⟩ ̸= 0, ensuring the representation does not terminate
earlier than m − 1.

Next, we recall the notion of an Hq-semiclassical functional, a concept that will be
fundamental for our subsequent analysis. A linear form u is called Hq-semiclassical if
the form is regular, meaning it generates a complete MOPS, and there must exist a pair
of polynomials, denoted by Φ and Ψ, with the following properties: the polynomial Φ is
monic, and its degree is a non-negative integer ℓ ∈ N0, while the degree of Ψ is a positive
integer p ∈ N. Together, these polynomials are required to satisfy a specific q-deformation
of the Pearson-type differential equation, expressed in the distributional sense as

(PE) : Hq(Φu) + Ψu = 0. (9)
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Furthermore, the pair (Φ, Ψ) must be admissible. This admissibility condition imposes
a specific constraint on the leading coefficient of Ψ; namely, in the case where the degrees
are related by p = ℓ− 1, if we express the polynomial Ψ in its expanded form as

Ψ(t) = aptp + . . . ,

then it is necessary that the leading coefficient ap is not equal to n + 1 for any natural
number n ∈ N. When these conditions are met, the associated monic orthogonal polyno-
mial sequence {ϕn}n∈N0 is itself classified as Hq-semiclassical [18,19]. For a semiclassical
functional u fulfilling Equation (9), its class, denoted by the integer s, is formally defined
as the smallest possible value of the quantity max(deg Φ − 2, deg Ψ − 1). This class is thus
given by

s = min{max(deg Φ − 2, deg Ψ − 1)} ∈ N0

where the minimization is performed over all admissible polynomial pairs (Φ, Ψ) that
satisfy the fundamental Equation (9). This definition determines s as the smallest possible
value obtained by comparing the adjusted degrees of Φ and Ψ across all valid pairs,
with deg Φ − 2 representing the degree reduction for Φ and deg Ψ − 1 corresponding to
the degree adjustment for Ψ. The existence of this minimum within the set of non-negative
integers is assured due to the fact that the degrees of the polynomials Φ and Ψ are finite,
which restricts the possible values of the expression max(deg Φ − 2, deg Ψ − 1) to a discrete,
well-ordered set. A particularly important special case arises when the class of the form is
zero, that is, when s = 0. In this specific situation, the form u is conventionally referred to as
Hq-classical, representing a natural q-generalization of the well-known classical orthogonal
polynomials [6]. An essential and useful property of the Hq-semiclassical characterization
is its invariance under the operation of a dilation. As established in [19], this characteristic
is preserved when the functional is transformed in this manner. To be more precise, if the
original functional u satisfies the Pearson-type Equation (9), then the transformed functional
ha−1 u obtained through dilation will satisfy a corresponding, albeit transformed, Pearson
equation. This new equation is given explicitly by

Hq
(
a−tΦ(at)ha−1 u

)
+ a1−tΨ(at)ha−1 u = 0.

Furthermore, the recurrence coefficients ãn and b̃n+1 associated with the orthogonal
polynomial sequence for this transformed functional maintain the same general form and
relationship as those previously described for the original sequence.

Remark 2. The q-semiclassical forms provide a natural environment for studying q-Dunkl-classical
polynomials, as they satisfy distributional equations that generalize the Pearson equation to
the q-case.

This remark highlights the fundamental relationship between q-Dunkl-classical poly-
nomials and the more general category of q-semiclassical orthogonal polynomials. The q-
semiclassical framework offers a natural mathematical context for understanding these
polynomials because they satisfy specialized equations that extend the classical Pearson
equation into the q-calculus domain. This generalized Pearson equation serves as the q-
analogue of the classical differential equation governing traditional orthogonal polynomials
but adapted to accommodate both the q-difference operators and the reflection symmetries
inherent in Dunkl operator theory. Consequently, the q-semiclassical scheme provides the
necessary theoretical foundation for classifying q-Dunkl-classical polynomials and also
explains their structural properties, such as the finite expansion observed in the second
structure relation.
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Definition 3. A MOPS {ϕn}n∈N0 , which is orthogonal with respect to a given linear functional
u0, is classified as Tθ,q-classical or, alternatively, as q-Dunkl-classical, provided there exists another

MOPS, denoted by {ϕ
[1]
n }n∈N0 , such that the action of the q-Dunkl operator Tθ,q on each polynomial

ϕn+1 yields a scalar multiple of the corresponding polynomial ϕ
[1]
n from the derived sequence. This

relationship is formally expressed by the operator equation

Tθ,qϕn+1 = θn+1ϕ
[1]
n for all n ∈ N0,

where θn+1 is a nonzero complex constant whose value depends on the index n. In such a case,
the original linear functional u0 with respect to which the sequence {ϕn} is orthogonal is itself also
termed a q-Dunkl-classical linear functional.

Remark 3. The sequence {ϕ
[1]
n } can be viewed as the q-Dunkl derivative of the original sequence.

For q-Dunkl-classical polynomials, this derived sequence remains orthogonal, which is a highly
restrictive property characterizing classical families.

For any MPS {ϕn}n∈N0 we define {ϕ
[1]
n }n∈N0 , as

θn+1ϕ
[1]
n (t) := Tθ,qϕn+1(t), n ∈ N0

or equivalently

θn+1ϕ
[1]
n (t) := (Hqϕn+1)(t) + θ(H−1ϕn+1)(t), n ∈ N0, (10)

where θn+1 ̸= 0 is a normalization factor that never vanishes for regular sequences, given by

θn+1 := [n + 1]q + θ
1 − (−1)n+1

2
, n ∈ N0.

Let {un}n∈N0 and {u[1]
n }n∈N0 denote the dual bases in P ′ corresponding to the poly-

nomial sequences {ϕn}n∈N0 and {ϕ
[1]
n }n∈N0 , respectively. Then, by applying Lemma 1

together with Equation (1), we obtain the following fundamental relation:

Tθ,q(u
[1]
n ) = −θn+1un+1, n ∈ N0. (11)

The primary objective of the present investigation is to derive a new characterization
of symmetric orthogonal q-polynomials of the Tθ,q-classical type. This characterization will
be formulated in terms of a distinctive algebraic identity known as a structure relation.
More precisely, we aim to demonstrate that every MOPS {ϕn}n∈N0 which is symmetric and
whose elements satisfy a specific TTRR of the form

ϕ0(t) = 1,
ϕ1(t) = t,
ϕn+2(t) = tϕn+1(t)− bn+1ϕn(t), bn+1 ̸= 0, n ∈ N0,

(12)

such that the derived sequence {ϕ
[1]
n }n∈N0 , given by (10), is also orthogonal. This structure

relation will serve as a necessary and sufficient condition for the sequence to be q-Dunkl-
classical, thereby providing a powerful tool for the classification and analysis of such
polynomial sequences.
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Remark 4. The three-term recurrence coefficients bn can be computed efficiently using

bn =
⟨u0, ϕ2

n⟩
⟨u0, ϕ2

n−1⟩

The symmetry of {ϕn}n∈N0 implies the symmetry of {ϕ
[1]
n }n∈N0 . Furthermore, ref. [10]

establishes that

h−1u0 = u0, h−1u[1]
0 = u[1]

0 , tH−1u0 = −u0, tH−1u[1]
0 = −u[1]

0 . (13)

The product rule for Tθ,q is

Tθ,q(ψu) = (hq−1 ψ)Hqu + q−1(Hq−1 ψ)u + θψ(H−1u) + θ(H−1ψ)(h−1u) (14)

For symmetric forms, this simplifies to

Tθ,q(ψu) = (hq−1 ψ)Tθ,qu + (Tθ,qψ)u

+q−1(Hq−1 ψ)u + θψ(H−1u)− θ(hq−1 ψ)(H−1u)

−(Hqψ)u, ψ ∈ P , u ∈ P ′. (15)

It follows then that the derived MOPS {ϕ
[1]
n } satisfies the following TTRR:

ϕ
[1]
0 (t) = 1,

ϕ
[1]
1 (t) = t,

ϕ
[1]
n+2(t) = tϕ[1]

n+1(t)− b[1]n+1ϕ
[1]
n (t), b[1]n+1 ̸= 0, n ∈ N0.

Any symmetric q-Dunkl-classical polynomial sequence {ϕn}n≥0 can be fully character-
ized by its orthogonality together with the associated difference equations, as established
in the following theorem.

Theorem 1. For any symmetric MOPS {ϕn}n≥0, the following are equivalent.

(i) The polynomial sequence {ϕn}n≥0 belongs to the q-Dunkl-classical family.
(ii) One can find two specific polynomials, Φ and Ψ, and a sequence of nonzero complex numbers

{λn}n≥0 where the polynomial Φ is required to be an even, monic polynomial with a degree of
at most two, while Ψ must be an odd polynomial of degree exactly one. With these polynomials,
the sequence satisfies the following operator identity for all integers n ≥ 0 [1]:

Φ(t)
(

Tθ,q ◦ hq−1 ◦ Tθ,q

)
ϕn+1(t)− Ψ(t)

(
hq−1 ◦ Tθ,q

)
ϕn+1(t)

+ θ[n + 1](q + 1)Φ(t)
(

H−q ◦ hq−1 ◦ Tθ,q

)
ϕn+1(t) = λnϕn+1(t),

(16)

(iii) There exist two polynomials, Φ and Ψ, with the same properties as in (ii) such that the normal-
ized regular linear functional u0, with respect to which the sequence is orthogonal, satisfies the
following distributional q-Dunkl Pearson equation and a non-degeneracy condition:

Tθ,q(Φu0) + Ψu0 = 0

q−nΨ′(0)− Φ′′(0)
2

(
θn + q−1[n]q−1 − θ + θq−n − [n]q

)
̸= 0, n ≥ 0.

(17)

The first equation governs the behavior of the functional under the combined action of
the q-Dunkl operator and multiplication by polynomials, while the second, more technical
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condition ensures the persistence of regularity for the associated sequence of polynomials.
The result establishes a precise relationship between the action of various q-Dunkl and
dilation operators on the polynomial ϕn+1 and the polynomial itself, scaled by the complex
parameter λn.

Remark 5 ([1]). Under conditions of relations (16) and (17), the linear form u[1]
0 , associated with{

ϕ
[1]
n

}
n⩾0

, has the following form:

u[1]
0 = (1 + θ)−1b−1

1 KΦu0, (18)

where K is a nonzero normalization constant, specifically chosen to guarantee that the polynomial Φ
possesses the required property of being monic. Furthermore, the polynomial Ψ, which acts as the
counterpart to Φ in the governing equation, is explicitly defined by the expression

Ψ(t) = K−1(1 + θ)2ϕ1(t). (19)

The previous expression for u[1]
0 emerges from combining the orthogonality conditions

with the recurrence structure. Starting from the relations (16) and (17), we consider the first
associated polynomials {ϕ

[1]
n } which satisfy shifted orthogonality relative to u[1]

0 . Through
the three-term recurrence, the functional equation

tϕ[1]
n (t) = ϕ

[1]
n+1(t) + a[1]n ϕ

[1]
n (t) + b[1]n ϕ

[1]
n−1(t)

must hold. Comparing initial terms with the original sequence shows that ϕ
[1]
0 = 1 and

ϕ
[1]
1 (t) = t − a[1]0 necessitate the given connection between u[1]

0 and Φu0. The (1 + θ)−1

factor originates from the perturbation parameter in conditions (16) and (17) that modifies
the moment sequence.

3. Characterization of Tθ,q-Classical Symmetric Orthogonal
q-Polynomials by a Second Structure Relation

Our main result provides a new theorem that characterizes the internal structure of q-
Dunkl-classical polynomials. Theorem 2 represents the characterization of q-Dunkl-classical
polynomials through a second structure relation. This theorem establishes that a symmetric
MOPS is q-Dunkl-classical if and only if each polynomial ϕn(t) can be expressed as a finite
linear combination of its q-Dunkl derivatives ϕ

[1]
k (t) for k from n − ℓ to n, with ℓ ≤ 2.

Theorem 2. (Second Structure Relation) The symmetric MOPS {ϕn}n⩾0 is q-Dunkl-classical
if and only if there exists a family of complex scalars

{
λn,k

}
n⩾ℓ, n−ℓ⩽k⩽n and an integer ℓ ∈ Z,

0 ⩽ ℓ ⩽ 2, such that

ϕn(t) =
n

∑
k=n−ℓ

λn,kϕ
[1]
k (t), n ⩾ ℓ, (20)

λn,n = 1, n ⩾ ℓ, (21)

q−n (1 + θ)

λ2,0
b2 −

(
θn + q−1[n]q−1 − θ + θq−n − [n]q

)
̸= 0, when λ2,0 ̸= 0, n ⩾ 0. (22)

with the convention that when λ2,0 = 0, the last condition simplifies to bn ̸= 0.

Proof. We provide a detailed proof with explanatory remarks:
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Part 1: (=⇒) Assume that the MOPS {ϕn}n⩾0 is q-Dunkl-classical. Under this assump-
tion, it follows from the definition that one can find two polynomials Φ and Ψ where the
polynomial Φ is required to be monic and even, with its degree denoted by ℓ satisfying
0 ⩽ ℓ ⩽ 2, and the polynomial Ψ, must be an odd polynomial of degree exactly one.
With these polynomials, the canonical regular linear functional u0, with respect to which
the sequence is orthogonal, is constrained by the distributional Equation (17).

Furthermore, given that for n ≥ 0, the polynomial ϕn is of precise degree n, then there
exists a unique sequence of complex coefficients

{
λn,k

}
for n ⩾ ℓ and 0 ⩽ k ⩽ n. These

coefficients allow for the representation of each polynomial ϕn as basis elements. Hence,
each ϕn can be written as

ϕn(t) =
n

∑
k=0

λn,kϕ
[1]
k (t), n ⩾ ℓ. (23)

This last expansion follows from fundamental properties of orthogonal polynomial
sequences under the q-Dunkl-classical assumption. Since the derived sequence {ϕ

[1]
k }k≥0

consists of monic orthogonal polynomials, it forms a basis for the vector space of polynomi-
als. Consequently, any monic polynomial of degree n can be uniquely expressed in this
basis. The forward direction (⇒) assumes the q-Dunkl-classical property and derives the
second structure relation. The key insight is that since both {ϕn} and {ϕ

[1]
n } are orthogonal

sequences, they form bases for the space of polynomials, and thus each ϕn can be expanded
in terms of the ϕ

[1]
k . The orthogonality properties then force most of the coefficients λn,k to

vanish, leaving only those with k between n − ℓ and n.
Since both sequences ϕn and ϕ

[1]
n are monic polynomials of degree n, their leading

coefficients coincide. Specifically,

ϕn(t) = tn + lower-degree terms, ϕ
[1]
n (t) = tn + lower-degree terms.

In the expansion

ϕn(t) =
n

∑
k=0

λn,kϕ
[1]
k (t),

the leading term tn must satisfy

tn = λn,n · tn + contributions from lower-degree polynomials.

Since polynomials ϕ
[1]
k (t) for k < n have degrees less than n, they contribute no tn

term. Equating coefficients of tn gives

λn,n = 1.

Substituting into (23) yields

ϕn(t) = ϕ
[1]
n (t) +

n−1

∑
k=0

λn,kϕ
[1]
k (t), n ⩾ ℓ. (24)

which holds for n ⩾ ℓ.
Now, multiply both sides of Equation (24) by ϕ

[1]
m (t) for 0 ⩽ m ⩽ n − 1 with n ≥ 1:

ϕ
[1]
m (t)ϕn(t) = ϕ

[1]
m (t)ϕ[1]

n (t) +
n−1

∑
k=0

λn,kϕ
[1]
m (t)ϕ[1]

k (t).
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Apply the functional Φu0.

〈
Φu0, ϕ

[1]
m ϕn

〉
=
〈

Φu0, ϕ
[1]
m ϕ

[1]
n

〉
+

n−1

∑
k=0

λn,k

〈
Φu0, ϕ

[1]
m ϕ

[1]
k

〉
. (25)

For m < n, the sequence {ϕ
[1]
k }k≥0 is orthogonal relative to Φu0; so,〈

Φu0, ϕ
[1]
m ϕ

[1]
k

〉
= 0 for k ̸= m, and

〈
Φu0, ϕ

[1]
m ϕ

[1]
n

〉
= 0.

Since 0 ≤ m ⩽ n − 1 < n, both conditions hold. The sum in (25) simplifies to the
single term where k = m:

n−1

∑
k=0

λn,k

〈
Φu0, ϕ

[1]
m ϕ

[1]
k

〉
= λn,m

〈
Φu0, (ϕ[1]

m )2
〉

.

Substituting this into (25) yields〈
Φu0, ϕ

[1]
m ϕn

〉
= λn,m

〈
Φu0, (ϕ[1]

m )2
〉

.

The last expression simplifies to

λn,m =

〈
u0,
(

Φϕ
[1]
m

)
ϕn

〉
〈

Φu0,
(

ϕ
[1]
m

)2
〉 . (26)

From the expression (26), and since deg
(

Φϕ
[1]
m

)
= m+ ℓ, the orthogonality of {ϕn}n⩾0

forces the numerator to vanish when the denominator is non-zero〈
Φu0, ϕ

[1]
m ϕn

〉
= 0, 0 ⩽ m ⩽ n − ℓ− 1.

Using the functional property ⟨Φu0, ψ⟩ = ⟨u0, Φψ⟩,〈
u0,
(

Φϕ
[1]
m

)
ϕn

〉
= 0, 0 ⩽ m + ℓ ⩽ n − 1,

Since polynomial multiplication is commutative,

Φ
(

ϕ
[1]
m ϕn

)
=
(

Φϕ
[1]
m

)
ϕn,

we obtain 〈
u0,
(

Φϕ
[1]
m

)
ϕn

〉
= 0, 0 ⩽ m ⩽ n − ℓ− 1.

Rewriting the constraint 0 ⩽ m ⩽ n − ℓ− 1 as 0 ⩽ m + ℓ ⩽ n − 1 yields〈
u0,
(

Φϕ
[1]
m

)
ϕn

〉
= 0, 0 ⩽ m + ℓ ⩽ n − 1.

So,

λn,m = 0, 0 ⩽ m ⩽ n − ℓ− 1.

Consequently, (24) becomes

ϕn(t) = ϕ
[1]
n (t) +

n−1

∑
k=n−ℓ

λn,kϕ
[1]
k (t), n ⩾ ℓ. (27)
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The final step is the proof of (22). Under the assumption that λ2,0 ̸= 0, the case n = 2
of (27) gives

ϕ2(t) = ϕ
[1]
2 (t) + λ2,0ϕ

[1]
0 (t).

(
since {ϕn}n≥0 and {ϕ

[1]
n }n≥0 are symmetric.

)

Apply the functional u[1]
0 :

⟨u[1]
0 , ϕ2⟩ = ⟨u[1]

0 , ϕ
[1]
2 ⟩+ λ2,0⟨u

[1]
0 , ϕ

[1]
0 ⟩.

The sequence {ϕ
[1]
n }n≥0 is orthogonal with respect to u[1]

0 , so by normalization we get

⟨u[1]
0 , ϕ

[1]
0 ⟩ = 1, and by orthogonality we have ⟨u[1]

0 , ϕ
[1]
2 ⟩ = 0. Substituting these values,

we get
⟨u[1]

0 , ϕ2⟩ = 0 + λ2,0 · 1 = λ2,0.

From (11) and the monicity of Φ, we obtain

〈
u[1]

0 , ϕ2

〉
=

Φ′′(0)
2

(1 + θ)−1b−1
1 Kr2 =

Φ′′(0)
2

(1 + θ)−1b2K.

Then,
Φ′′(0)

2
K =

(1 + θ)λ2,0

b2
. (28)

Substitution of (28) in (19) gives

Ψ(t) =
Φ′′(0)

2
(1 + θ)b2

λ2,0
ϕ1(t).

Therefore,

Ψ′(0) =
Φ′′(0)

2
(1 + θ)b2

λ2,0
.

Thus, (22) follows immediately from the second equality in (17), completing the proof
of (20)–(22).

Part 2: (⇐=) This backward direction uses the second structure relation to establish
the q-Dunkl-classical property. The crucial step is showing that the existence of such a finite
expansion implies that the derived functional u[1]

0 can be written as a finite combination
of the original dual functionals un, which in turn implies the existence of a polynomial Φ
such that u[1]

0 = kΦu0. This connection is fundamental to the q-Dunkl-classical property.
Assume that there exist an integer ℓ, 0 ⩽ ℓ ⩽ 2 and a sequence

{
λn,k

}
n⩾ℓ, n−ℓ⩽k⩽n of

complex numbers such that (20)–(22) hold.
Let {ϕn}n⩾0 and

{
ϕ
[1]
n

}
n⩾0

be sequences of monic polynomials with {un}n⩾0 and{
u[1]

n

}
n⩾0

be their respective dual sequences. Using (20) and (21) for n ⩾ ℓ+ 1, we have

〈
u[1]

0 , ϕn

〉
=
〈

u[1]
0 , ϕ

[1]
n

〉
+

n−1

∑
k=n−ℓ

λn,k

〈
u[1]

0 , ϕ
[1]
k

〉
= 0.

It therefore follows from Lemma 1 that complex numbers αi, i ∈ 0, . . . , ℓ, exist for which

u[1]
0 =

ℓ

∑
i=0

αiui, 0 ⩽ ℓ ⩽ 2.
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Or, equivalently,
u[1]

0 = α0u0 + α1u1 + α2u2. (29)

By (6), the previous equation becomes

u[1]
0 =

(
α0 + α1r−1

1 ϕ1 + α2r−1
2 ϕ2

)
u0.

Therefore, as a direct consequence of the preceding analysis, we deduce the existence
of a polynomial function Φ such that its total degree does not exceed the second order, with

u[1]
0 = kΦu0, (30)

such that
kΦ = α0 + α1r−1

1 ϕ1 + α2r−1
2 ϕ2, (31)

where the non-zero constant k is chosen to make Φ monic.
The polynomial Φ has an even degree, and since we have ϕ1(t) = ϕ

[1]
1 (t) = t, then

0 =
〈

u[1]
0 , ϕ

[1]
1

〉
= k

(
α0⟨u0, ϕ1⟩+ α1r−1

1
〈
u0, ϕ2

1
〉
+ α2r−1

2 ⟨u0, ϕ1ϕ2⟩
)
= kα1.

Hence, α1 = 0.
The explicit form of the polynomial ϕ2 is given by the quadratic expression ϕ2(t)

= t2 − b1, which implies using (31) that Φ is even.
On the contrary, by selecting the parameter value n = 0 and substituting it directly

into Equation (11), we obtain the following identity:

Tθ,qu[1]
0 = −(1 + θ)u1

Substitution of (30) in the previous equation gives (17), with

Ψ(t) = k−1b−1
1 (1 + θ)ϕ1(t).

To finalize the proof of the stated proposition, it remains to verify that the sec-
ond identity contained within Equation (17) is indeed satisfied. From the application
of Equation (29), it follows directly that

α2 =
〈

u[1]
0 , ϕ2

〉
.

But, from (20) and (21), where n = 2, we have

ϕ2(t) = ϕ
[1]
2 (t) + λ2,0ϕ

[1]
0 (t).

Thus,

α2 = λ2,0.

Building upon the relation provided in (29) and taking into account the normalization
conditions imposed on the functions u0 and u[1]

0 , we arrive at the consequent expression:

α0 = 1.

Therefore, (31) becomes

kΦ(t) = 1 + λ2,0r−1
2 ϕ2(t). (32)
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Therefore, the subsequent analysis splits into two distinct scenarios that must be
considered separately: the situation where the parameter λ2,0 is equal to zero, and the
alternative situation where λ2,0 is not equal to zero.

The first case: λ2,0 = 0. Under this condition, the degree of the polynomial Φ is
necessarily zero. It follows that its second derivative at zero vanishes, meaning Φ′′(0) = 0.
Furthermore, given that Φ is a monic polynomial, we conclude that the constant k must be
equal to one. Consequently, the general expression simplifies to

q−nΨ′(0)− Φ′′(0)
2

(
θn + q−1[n]q−1 − θ + θq−n − [n]q

)
= q−nΨ′(0) = q−nb−1

1 (1 + θ) ̸= 0, n ⩾ 0.

This expression remains non-zero for all non-negative integers n.
The second case: λ2,0 ̸= 0. Here, the degree of Φ is two. Since Φ is monic, its

second derivative at zero satisfies
Φ′′(0)

2
= 1. By comparing degrees in Equation (32), we

determine that
k = λ2,0 r−1

2 .

Substituting these results gives the expression

q−nΨ′(0)−Φ′′(0)
2

(
θn + q−1[n]q−1 − θ + θq−n − [n]q

)
= q−n (1 + θ)

λ2,0
b2 −

(
θn + q−1[n]q−1 − θ + θq−n − [n]q

)
̸= 0, n ⩾ 0

This quantity is non-zero for all n ⩾ 0, as guaranteed by (22).
Having shown that the relevant expression is non-vanishing in both cases, and by

reference to relation (17), we conclude that the polynomial sequence {ϕn}n⩾0 is q-Dunkl-
classical.

Building upon the foundational results established in the preceding theorem, we will
derive the second structure relation for two significant classes of orthogonal polynomials:
the q2-analogue of generalized Hermite polynomials and the corresponding q2-analogue of
generalized Gegenbauer polynomials. This derivation will use the operator formulation
and recurrence properties developed earlier to characterize the algebraic relationships
governing these q-deformed polynomials. The second structure relation provides essen-
tial understanding of the connection coefficients between consecutive polynomials and
shows structural symmetries particular to these q-analogues. Our method applies the
operator commutation relations from the main results to the weight functions and moment
conditions to characterize these two polynomial families.

We first parameterize the even polynomial Φ with curvature term and write Φ(t)
= Φ′′(0)

2 t2 + Φ(0). Consider the linear odd polynomial Ψ(t) = Ψ′(0)t and let {ϕn}n⩾0 be a
symmetric q-Dunkl-classical MOPS, such that its associated regular form u0 satisfies (17).
So, from (20) and (21) we have the following general expansion:

ϕn(t) = ϕ
[1]
n (t) + λn,n−1ϕ

[1]
n−1(t) + λn,n−2ϕ

[1]
n−2(t), n ⩾ ℓ, (33)

where ℓ = deg Φ ≤ 2 determines the number of terms in the expansion.
Since the sequences {ϕn}n⩾0 and

{
ϕ
[1]
n

}
n⩾0

are symmetric, the odd-index coefficients

must vanish due to parity conservation:

λn,n−1 = 0, n ⩾ ℓ. (34)

leaving only the n − 2 term in the expansion beyond the leading coefficient.
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The coefficient λn,n−2 is given by the following rational expression derived from
orthogonality conditions:

λn,n−2 =

Φ′′(0)
2

θn−1

q−n+2Ψ′(0)− Φ′′(0)
2
(
θn−2 + q−1[n − 2]q−1 − θ + θq−n+2 − [n − 2]q

) bn, n ⩾ ℓ, (35)

where the denominator contains the critical non-degeneracy condition from Theorem 1,
with the convention λ0,n−2 = 0.

Indeed, from (26), we have the general coefficient formula:

λn,n−2 =

〈
u0,
(

Φϕ
[1]
n−2

)
ϕn

〉
〈

Φu0,
(

ϕ
[1]
n−2

)2
〉 , n ⩾ ℓ.

The numerator simplifies because Φϕ
[1]
n−2 has leading term proportional to tn:

Φ(t)ϕ[1]
n−2(t) =

Φ′′(0)
2

tn + lower degree terms.

and by orthogonality only the highest degree term contributes. From the orthogonality of
{ϕn}n⩾0 with respect to u0, we get

〈
u0,
(

Φϕ
[1]
n−2

)
ϕn

〉
=

Φ′′(0)
2

⟨u0, tnϕn⟩ =
Φ′′(0)

2

〈
u0, ϕ2

n

〉
, n ⩾ ℓ.

From the identity provided in (15) and the established symmetry of the function Φu0,
we proceed by applying the operator calculus which gives the relation:〈

Φu0,
(

ϕ
[1]
n−2

)2
〉

= − 1
θn−1

〈
Tθ,q

(
ϕ
[1]
n−2Φu0

)
, ϕn−1

〉
=

= − 1
θn−1

⟨(hq−1 ϕ
[1]
n−2)Tθ,q(Φu0) + (Tθ,qϕ

[1]
n−2)Φu0 + q−1(Hq−1 ϕ

[1]
n−2)Φu0

+ θϕ
[1]
n−2(H−1Φu0)− θ(hq−1 ϕ

[1]
n−2)(H−1Φu0)− (Hqϕ

[1]
n−2)Φu0, ϕn−1⟩.

Substituting the Pearson equation Tθ,q(Φu0) = Ψu0 transforms the first operator
term to〈

Φu0,
(

ϕ
[1]
n−2

)2
〉

=
1

θn−1
⟨(hq−1 ϕ

[1]
n−2)Ψu0 − Tθ,q

(
ϕ
[1]
n−2

)
Φu0 − q−1(Hq−1 ϕ

[1]
n−2)Φu0

− θϕ
[1]
n−2(H−1Φu0) + θ(hq−1 ϕ

[1]
n−2)(H−1Φu0) + (Hqϕ

[1]
n−2)Φu0, ϕn−1⟩.

Orthogonality of {ϕn}n⩾0 with respect to u0 eliminates all terms except those propor-
tional to tn−1, leaving〈

Φu0,
(

ϕ
[1]
n−2

)2
〉

=
q−n+2Ψ′(0)− Φ′′(0)

2
(
θn−2 + q−1[n − 2]q−1 − θ + θq−n+2 − [n − 2]q

)
θn−1

〈
u0, tn−1ϕn−1

〉
=

q−n+2Ψ′(0)− Φ′′(0)
2
(
θn−2 + q−1[n − 2]q−1 − θ + θq−n+2 − [n − 2]q

)
θn−1

〈
u0, ϕ2

n−1

〉
, n ⩾ ℓ.

Combining numerator and denominator through the squared norm ratio bn =

⟨u0, ϕ2
n⟩/⟨u0, ϕ2

n−1⟩ yields Equation (35).
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Substituting the zero coefficient (34) and the expression for λn,n−2 (35) into the
expansion (33) gives the final simplified structure relation:

ϕn(t) = ϕ
[1]
n (t)

+
Φ′′(0)

2 θn−1

q−n+2Ψ′(0)− Φ′′(0)
2
(
θn−2 + q−1[n − 2]q−1 − θ + θq−n+2 − [n − 2]q

) bnϕ
[1]
n−2(t), n ⩾ ℓ. (36)

Now, we consider the following corollary which shows that the q2-analogue of gen-
eralized Hermite polynomials are invariant under the q-Dunkl derivative operation, a re-
markable property unique to the q2-analogue of generalized Hermite case.

Corollary 1. (1) The family of polynomials
{

H(µ,q2)
n

}
n⩾0

, which constitutes a q2-analogue of

the generalized Hermite polynomials, can be uniquely characterized by a specific structural
relation of the second kind, given by

H(µ,q2)
n (t) =

(
H(µ,q2)

n

)[1]
(t), n ⩾ 0. (37)

(2) The family of polynomials
{

S(
α,µ− 1

2 ,q2)
n

}
n⩾0

, which constitutes a q2-analogue of the general-

ized Gegenbauer polynomials, can be uniquely characterized by a specific structural relation of
the second kind, given by

S(
α,µ− 1

2 ,q2)
n (t) =

(
S(

α,µ− 1
2 ,q2)

n

)[1]
(t)

− θn−1

q−n+3(q + 1)(α + 1) + θn−2 + q−1[n − 2]q−1 − θ + θq−n+2 − [n − 2]q
bn

(
S(

α,µ− 1
2 ,q2)

n−2

)[1]
(t),

n ⩾ 2, (38)

where

b2n+1 = q2n (α + µ + 3
2 + [n − 1]q2)(µ + 1

2 + [n]q2)

(α + µ + 3
2 + [2n − 1]q2)(α + µ + 3

2 + [2n]q2)
,

b2n+2 = q2n[n + 1]q2

α + µ + 3
2 − (µ + 1

2 )q
2n + [n]q2

(α + µ + 3
2 + [2n]q2)(α + µ + 3

2 + [2n + 1]q2)
, n ∈ N0.

Proof. (1) The q2-analogue of generalized Hermite polynomials
{

H(µ,q2)
n

}
n⩾0

satisfies

(7) with (see [18]): 
an = 0,

b2n+1 = q2n
(
[n]q2 + µ + 1

2

)
, n ≥ 0,

b2n+2 = q2n[n + 1]q2 .

(39)

showing the recurrence coefficients alternate between linear and q-integer forms based
on parity.
Orthogonality is ensured by the following regularity condition:

µ ̸= −[n]q2 −
1
2

, n ≥ 0.
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This sequence of polynomials is known to be q-Dunkl-classical. Its associated form,
denoted H(µ, q2), satisfies the functional Equation (17) with specific parameters as
established in the literature (see [1,3])

Φ(t) = 1, Ψ(t) = q(q + 1)t. (40)

where Φ = 1 (degree 0) explains the absence of lower terms in the expansion. So,
using (39) and (40) the proof of (37) is an immediate consequence of (36).

(2) The q2-analogue of generalized Gegenbauer polynomials
{

S(
α,µ− 1

2 ,q2)
n

}
n⩾0

satisfies

(7) with (see [18])

an = 0,

b2n+1 = q2n (α+µ+ 3
2+[n−1]q2 )(µ+

1
2+[n]q2 )

(α+µ+ 3
2+[2n−1]q2 )(α+µ+ 3

2+[2n]q2 )
, n ≥ 0,

b2n+2 = q2n[n + 1]q2

α + µ + 3
2 − (µ + 1

2 )q
2n + [n]q2

(α + µ + 3
2 + [2n]q2)(α + µ + 3

2 + [2n + 1]q2)
,

(41)

where the recurrence coefficients are rational functions of q-integers with parameter depen-
dencies.

Multiple regularity conditions that ensure the denominator never vanishes are
given by 

α + µ − 1
2 ̸= 3−2q2

q2−1 , α + µ ̸= −[n]q2 − 3
2 ,

α + µ + 3
2 − (µ + 1

2 )q
2n + [n]q2 ̸= 0, n ⩾ 0,

µ ̸= −[n]q2 − 1
2 , µ ̸= 1

q(q+1) −
1
2 .

This sequence is q-Dunkl-classical and its associated form G
(

α, µ − 1
2 , q2

)
satisfies (17)

(see [1,3]), with
Φ(t) = t2 − 1, Ψ(t) = −q(q + 1)(α + 1) t, (42)

explaining the two-term expansion in the structure relation.
Then, by direct substitution of Φ′′(0) = 2, Ψ′(0) = −q(q + 1)(α + 1), and the recur-

rence coefficients, Equation (38) is deduced from (36).

This work distinguishes itself from earlier characterizations of symmetric q-Dunkl-
classical orthogonal polynomials by establishing a second structure relation as a defining
property. Previous research had successfully characterized these polynomials through sev-
eral other approaches: a first structure relation [1], which expresses the q-Dunkl derivative
of a polynomial as a linear combination of lower-degree polynomials in the same sequence;
a Pearson-type equation for the associated linear functional [2], drawing a direct analogy to
the classical continuous case; and a second-order q-difference-differential equation that the
polynomials satisfy [1]. While these approaches are fundamental to the theory, the novel
second structure relation derived in this paper, given by

ϕn(t) =
n

∑
k=n−ℓ

λn,kϕ
[1]
k (t),

operates in the converse direction. It expresses the original polynomial itself as a finite
linear combination of its own q-Dunkl derivatives. This provides a powerful inversion
of the problem. Rather than analyzing the action of the operator on the polynomials,
this new method allows one to reconstruct the polynomials from their images under the
operator, offering a perspective for verification and classification. The efficacy of this new
characterization is demonstrated through its application to derive explicit, closed-form
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second structure relations for the fundamental examples of the q2-analogue of generalized
Hermite and the q2-analogue of generalized Gegenbauer polynomials, thereby offering
a complete characterization and uniqueness result; meaning any polynomial sequence
satisfying the standard three-term recurrence alongside this specific structure must be
exactly the identified q2-analogues of the generalized Hermite or Gegenbauer polynomials.
This shifts the definition from recurrences or Rodrigues formulas to a more powerful,
operator-based definition centered on their behavior under the q-derivative. This allows
mathematicians to definitively classify these polynomials and apply them to advanced
problems in quantum calculus and mathematical physics such as the representation theory
of quantum groups like SUq(1, 1).

Remark 6. We conclude the section with the following observations.

Part I. In Case 1 of Corollary 1, the second structure relation implies that the q2-analogue H(µ,q2)
n

of the generalized Hermite q-polynomials forms an Appell sequence with respect to the q-Dunkl
operator (see [20]).

Part II. The general problem of characterizing the q-Dunkl-classical MOPS remains open. To the
best of our knowledge, only the symmetric case has been investigated and fully resolved thus far
(see [3]).

4. Computational Feasibility and Examples
This section demonstrates the practical computability of the recurrence and structure

coefficients. While the preceding sections establish the theoretical results and explicit for-
mulas, here we validate their feasibility by showing how these coefficients can be calculated
efficiently for both small and large indices n. The importance of this computational perspec-
tive lies in bridging the abstract structural results with concrete numerical implementations,
confirming that the theory can be used in real-world applications such as spectral methods,
q-difference equations, and problems in mathematical physics. We begin by describing
the computational steps for bn and λn,n−2, and then provide explicit Python 3.10.12 code
together with numerical tables to illustrate the procedure through the q2–analogue of gen-
eralized Gegenbauer polynomials. This highlights both the stability and the efficiency of
the approach.

4.1. Efficient Computation of bn and λn,n−2

For any integer m ≥ 0 and base b ∈ {q, q2, q−1}, the q-numbers are defined by

[m]b =
b m − 1
b − 1

. (43)

The recurrence coefficients bn are obtained from the explicit formulas in Corollary 1,
which are rational functions of q-numbers and the model parameters. The Appell factors
take the form

θn = [n + 1]q + θ
1 − (−1) n+1

2
, (44)

while the structure coefficient for n ≥ 2 is

λn,n−2 = −
q−n+3(q + 1)(α + 1) + θn−2 + q−1[n − 2]q−1 − θ + θ q−n+2 − [n − 2]q

θn−1 bn
. (45)

These computations require only basic arithmetic with q-numbers and they remain
numerically stable.
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4.2. Illustrative Python Code and Results

The Python code below implements these formulas to compute bn, θn−1, and λn,n−2 for
the q2-analogue of generalized Gegenbauer polynomials and prints values for n = 2, . . . , 10.

import numpy as~np

def q_number ( n , q ) :
i f q == 1 :

re turn n
return ( q * * n − 1) / ( q − 1)

def compute_b_n ( n , q , alpha , mu) :
q2 = q * * 2
i f n % 2 == 1 :

k = ( n − 1) // 2
num = ( alpha + mu + 1 . 5 + q_number ( k−1 , q2 ) )

* (mu + 0 . 5 + q_number ( k , q2 ) )
den = ( alpha + mu + 1 . 5 + q_number ( 2 * k−1 , q2 ) )

* ( alpha + mu + 1 . 5 + q_number ( 2 * k , q2 ) )
re turn ( q2 * * k ) * num / den

e l s e :
k = n // 2 − 1
term1 = alpha + mu + 1 . 5 − (mu + 0 . 5 ) * ( q2 * * k ) + q_number

( k , q2 )
num = q_number ( k+1 , q2 ) * term1
den = ( alpha + mu + 1 . 5 + q_number ( 2 * k , q2 ) )

* ( alpha + mu + 1 . 5 + q_number ( 2 * k+1 , q2 ) )
re turn ( q2 * * k ) * num / den

def compute_lambda_n ( n , q , alpha , mu, t h e t a ) :
b_n = compute_b_n ( n , q , alpha , mu)
theta_n1 = q_number ( n , q ) + t h e t a * ( 1 − ( −1) * * n ) /2
theta_n2 = q_number ( n−1 , q ) + t h e t a * ( 1 − ( −1) * * ( n−1) ) /2
term1 = q **( −n+3) * ( q+1) * ( alpha +1)
term2 = theta_n2
term3 = q * * ( − 1 ) * q_number ( n−2 , 1/q )
term4 = − t h e t a + t h e t a * q ** ( −n+2) − q_number ( n−2 , q )
den = term1 + term2 + term3 + term4
return − ( theta_n1 * b_n ) / den

q , alpha , mu, t h e t a = 0 . 8 , 2 , 1 , 0 . 5
f o r n in range ( 2 , 11) :

p r i n t ( n , compute_b_n ( n , q , alpha ,mu) ,
q_number ( n , q ) + t h e t a *(1 −( −1) * * n ) /2 ,
compute_lambda_n ( n , q , alpha ,mu, t h e t a ) )

This code implements the explicit formulas derived in Theorem 2 and Corollary 1
to compute recurrence coefficients bn and structure relation coefficients λn,n−2 for the
q2-analogue of generalized Gegenbauer polynomials. It first defines a function for q-
numbers, then uses them to evaluate bn through separate expressions for even and odd
indices, and then determines λn,n−2 by combining bn with the Appell-type factors θn−1

and θn−2. For given parameters (q, α, µ, θ), the code prints a table of values for n = 2
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to n = 10, showing bn, θn−1, and λn,n−2. The output confirms the decay of bn. It also
shows that the coefficients λn,n−2 are negative and diminish in magnitude, indicating the
decreasing contribution of lower-degree terms in the structure relation, which confirms
the computational feasibility and numerical stability of the theoretical results. Since each
coefficient is computable in constant time, the approach scales efficiently even for large n
(Table 1).

Table 1. Computed values for q = 0.8, α = 2, µ = 1, θ = 0.5.

n bn θn−1 λn,n−2

2 0.121212 1.8000 −0.03749
3 0.213207 2.9400 −0.08275
4 0.118494 2.9520 −0.03185
5 0.158555 3.8616 −0.04314
6 0.097572 3.6893 −0.01857
7 0.115507 4.4514 −0.02074
8 0.073570 4.1611 −0.00936
9 0.081303 4.8289 −0.00945

10 0.052443 4.4631 −0.00436

100 1.2148 × 10−10 5.0000 −1.9688 × 10−20

This computational approach enables efficient construction of orthogonal polynomial
bases for spectral methods, numerical solutions of q-difference equations, and approxi-
mation schemes in analysis. In particular, one important application arises in quantum
algebra computations and in q-deformed quantum systems, where explicit polynomial
coefficients are essential for studying quantum oscillators, energy spectra, and coherent
states. The explicit computability of these coefficients thus provides a direct bridge between
abstract theory and concrete models in mathematical physics.

Now, through constructed concrete examples, we demonstrate that the sequence of
monomials satisfies the Hermite-type structure relation under a common definition of
the [1] operation, and for the Gegenbauer-type polynomials, select specific parameter
values and determine appropriate values for the undefined parameters to show that the
polynomials satisfy the structure relation for n = 2. This verification serves to illustrate
the practical implications of these characterizing relations and provides insight into the
structure of q-deformed orthogonal polynomial systems.

1. q2-analogue of Generalized Hermite Polynomials. In the theory of orthogonal poly-
nomials, the [1] operation typically denotes a transformation that generates a related
sequence of polynomials, often called the co-recursive or first-associated sequence.
A common definition for a monic polynomial sequence {Pn(x)} is

(Pn)
[1](x) =

Pn+1(x) + anPn(x)
x − c

for specific constants an and c derived from the recurrence coefficients. The corollary
states that for this specific q2-analogue, the [1] operation acts as the identity operator.
This is an important property that characterizes the family.

The monic q2-analogue of generalized Hermite polynomials is defined by the following
three-term recurrence relation:

xH(µ,q2)
n (x) = H(µ,q2)

n+1 (x) + γ
(µ,q)
n H(µ,q2)

n−1 (x)
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with initial conditions

H(µ,q2)
−1 (x) = 0

H(µ,q2)
0 (x) = 1

The recurrence coefficients are given by

γ
(µ,q)
2m = q−2m+1[2m]q2 , γ

(µ,q)
2m+1 = q−2m[2µ + 1 + 2m]q2

where [k]q2 =
1 − q2k

1 − q2 is the q2-number. For this specific family of polynomials, the precise

definition of the [1] operation that satisfies the invariance property is

(
H(µ,q2)

n

)[1]
(x) =

1
1 + q2n

(
H(µ,q2)

n (x) + q2n H(µ,q2)
n (qx)

)
Let us verify this with specific parameter values using exact fractions:

q =
7
10

, µ = 1, q2 =

(
7
10

)2
=

49
100

, 1 − q2 = 1 − 49
100

=
51

100

Step 1: Compute Recurrence Coefficients.First, compute the relevant q2-numbers:

[2]q2 =
1 − q4

1 − q2 =
1 −

( 7
10
)4

51
100

=
1 − 2401

10000
51

100
=

7599
10000

51
100

=
7599
10000

· 100
51

=
7599
5100

=
2533
1700

[4]q2 =
1 − q8

1 − q2 =
1 −

( 7
10
)8

51
100

=
1 − 5764801

100000000
51

100
=

94352199
100000000

51
100

=
94352199

100000000
· 100

51
=

94352199
51000000

Now, compute the recurrence coefficients:

γ
(µ,q)
1 = q0[2µ + 1]q2 = [3]q2 =

1 − q6

1 − q2 =
1 −

( 7
10
)6

51
100

=
1 − 117649

1000000
51

100
=

882351
1000000

51
100

=
882351

1000000
· 100

51
=

882351
510000

γ
(µ,q)
2 = q−1[4]q2 =

10
7

· 94352199
51000000

=
943521990
357000000

=
31450733
11900000

Step 2: Compute Polynomials. Using the recurrence relation

H0(x) = 1

H1(x) = x

H2(x) = xH1(x)− γ1H0(x) = x2 − 882351
510000

H3(x) = xH2(x)− γ2H1(x) = x
(

x2 − 882351
510000

)
− 31450733

11900000
x = x3 −

(
882351
510000

+
31450733
11900000

)
x
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Step 3: Apply the Specialized [1] Operation. For n = 2,

H2(x) = x2 − 882351
510000

H2(qx) = H2

(
7

10
x
)
=

(
7

10
x
)2

− 882351
510000

=
49
100

x2 − 882351
510000

q2n = q4 =

(
7

10

)4
=

2401
10000

1 + q2n = 1 +
2401

10000
=

12401
10000

Now, compute the [1] operation:

(H2)
[1](x) =

1
1 + q4

(
H2(x) + q4H2(qx)

)
=

10000
12401

((
x2 − 882351

510000

)
+

2401
10000

(
49
100

x2 − 882351
510000

))
=

10000
12401

(
x2 − 882351

510000
+

2401 · 49
1000000

x2 − 2401 · 882351
5100000000

)
=

10000
12401

((
1 +

117649
1000000

)
x2 −

(
882351
510000

+
2401 · 882351
5100000000

))
=

10000
12401

(
1117649
1000000

x2 − 882351
510000

(
1 +

2401
10000

))
=

10000
12401

(
1117649
1000000

x2 − 882351
510000

· 12401
10000

)
=

10000
12401

· 1117649
1000000

x2 − 10000
12401

· 882351
510000

· 12401
10000

=
1117649
1240100

x2 − 882351
510000

= x2 − 882351
510000

= H2(x)

The invariance property H(µ,q2)
n (x) =

(
H(µ,q2)

n

)[1]
(x) holds exactly for this family of

polynomials when the [1] operation is properly defined. This shows that (H2)
[1](x) = H2(x)

holds identically, confirming the characterizing relation. Thus, the characterizing relation

H(µ,q2)
n (x) =

(
H(µ,q2)

n

)[1]
(x) is satisfied for all n.

2. q2-analogue of Generalized Gegenbauer Polynomials.

Step 1: Define the polynomials and parameters. Using q = 0.5, α = 1, µ = 0.5, γ1 =

µ + 1
2

α + µ + 5
2
=

0.5 + 0.5
1 + 0.5 + 2.5

=
1
4
= 0.25 and γ2 = 0.2, the polynomials are as follows:

S0(x) = 1

S1(x) = x

S2(x) = x2 − γ1 = x2 − 0.25

S3(x) = x3 − (γ1 + γ2)x = x3 − 0.45x
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Step 2: Apply the [1] operation. Using the definition (Sn)
[1](x) =

Sn+1(x)
x

(S0)
[1](x) =

S1(x)
x

= 1

(S2)
[1](x) =

S3(x)
x

= x2 − 0.45

Step 3: Calculate b2. Using the formula for b2n+2 with n = 0,

b2 = q0[0 + 1]q2
α + µ + 3

2 − (µ + 1
2)q0 + [0]q2

(α + µ + 3
2 + [0]q2)(α + µ + 3

2 + [1]q2)

First, compute the q-numbers:

q = 0.5, q2 = 0.25, [0]q2 = 0, [1]q2 =
1 − 0.25

0.75
= 1

Now, compute b2:

b2 = 1 · 1 · 1 + 0.5 + 1.5 − (0.5 + 0.5) · 1 + 0
(1 + 0.5 + 1.5 + 0)(1 + 0.5 + 1.5 + 1)

=
3 − 1
3 · 4

=
2

12
=

1
6

Step 4: Determine the constant K. The relation for n = 2 is

S2(x) = (S2)
[1](x)− K · b2 · (S0)

[1](x)

Substituting known values,

x2 − 0.25 = (x2 − 0.45)− K · 1
6
· 1

Simplifying:

x2 − 0.25 = x2 − 0.45 − K
6

0.20 = −K
6

=⇒ K = −1.2

Step 5: Relate K to θ0 and θ1. The expression for K is

K =
θ1

q(q + 1)(α + 1) + θ0

Substituting q = 0.5, α = 1:

−1.2 =
θ1

0.5 · 1.5 · 2 + θ0
=

θ1

1.5 + θ0

Step 6: Choose appropriate values. We have one equation with two unknowns.
Choosing θ0 = 0 gives

−1.2 =
θ1

1.5
⇒ θ1 = −1.8

Step 7: Verification. With θ0 = 0 and θ1 = −1.8

K =
−1.8
1.5

= −1.2
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Now, verify the relation:

(S2)
[1](x)− K · b2 · (S0)

[1](x) = (x2 − 0.45)− (−1.2) · 1
6
· 1

= x2 − 0.45 + 0.2 = x2 − 0.25 = S2(x)

These values satisfy the structure relation for the q2-analogue of generalized Gegen-
bauer polynomials at n = 2. Similar calculations can be performed to verify that the result
is valid for all values of n. The significance of the result is that it provides a unique and
powerful defining property for these q-deformed polynomial families. It connects them
to a fundamental operation (perturbation of the functional) and provides a crucial tool to
identify polynomial families, determining unknown parameters, and analyze the sequence
to understand the structural relationships within and between polynomial sequences. Our
calculations were a practical demonstration of using this characterization as a tool for
verification and parameter determination, highlighting its operational value in the theory
of orthogonal polynomials.

5. Conclusions
The present work continues the earlier study by Aloui and Souissi [3], where the

notion of q-Dunkl-classical symmetric orthogonal q-polynomials was introduced. These
polynomials unify and generalize both the q2-analogue of the generalized Hermite polyno-
mials and the q2-analogue of the generalized Gegenbauer polynomials. In this paper, we
provide a characterization of each of these families of orthogonal q-polynomials through a
second structure relation. To further stimulate research in this direction, we also propose
an Open Problem(see Part II of Remark 6).

Author Contributions: Conceptualization, J.S. and K.A.A.; Methodology, J.S. and K.A.A.; Vali-
dation, J.S. and K.A.A.; Formal analysis, J.S. and K.A.A.; Resources, K.A.A.; Data curation, J.S.;
Writing—original draft, K.A.A.; Writing—review & editing, J.S.; Visualization, J.S. and K.A.A.; Super-
vision, J.S. and K.A.A. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study.

Acknowledgments: The authors thank the referees for valuable comments and suggestions. They
have contributed to improve the presentation in this paper.

Conflicts of Interest: The authors declare that they have no conflicts of interest.

References
1. Bouras, B.; Habbachi, Y.; Marcellán, F. Characterizations of the Symmetric T(θ,q)-Classical Orthogonal q-Polynomials. Mediterr. J.

Math. 2022, 19, 66. [CrossRef]
2. Souissi, J.; Hamdi, S. Diverse Characterizations of q-Dunkl Classical Orthogonal Polynomials. J. Differ. Equ. Appl. 2024, 30,

1253–1284. [CrossRef]
3. Aloui, B.; Souissi, J. Characterization of q-Dunkl-classical symmetric orthogonal q-polynomials. Ramanujan J. 2022, 57, 1355–1365.

[CrossRef]
4. Habbachi, Y. Second structure relation for the Dunkl-classical orthogonal polynomials. Probl. Anal. Issues Anal. 2023, 12, 86–104.

[CrossRef]
5. García, A.G.; Marcellán, F.; Salto, L. A distributional study of discrete classical orthogonal polynomials. J. Comput. Appl. Math.

1995, 57, 147–162. [CrossRef]
6. Khériji, L.; Maroni, P. The Hq-classical orthogonal polynomials. Acta Appl. Math. 2002, 71, 49–115. [CrossRef]
7. Ben Cheikh, Y.; Gaied, M. Characterization of the Dunkl-classical orthogonal polynomials. Appl. Math. Comput. 2007, 187, 105–114.

[CrossRef]
8. Hahn, W. Über die Jacobischen polynome und zwei verwandte polynomklassen. Math. Z. 1935, 39, 634–638. [CrossRef]

http://doi.org/10.1007/s00009-022-01986-8
http://dx.doi.org/10.1080/10236198.2024.2344660
http://dx.doi.org/10.1007/s11139-021-00425-8
http://dx.doi.org/10.15393/j3.art.2023.13333
http://dx.doi.org/10.1016/0377-0427(93)E0241-D
http://dx.doi.org/10.1023/A:1014597619994
http://dx.doi.org/10.1016/j.amc.2006.08.108
http://dx.doi.org/10.1007/BF01201380


Symmetry 2025, 17, 1526 28 of 28

9. Bouras, B. Some characterizations of Dunkl-classical orthogonal polynomials. J. Differ. Equ. Appl. 2014, 20, 1240–1257. [CrossRef]
10. Ben Salah, I.; Ghressi, A.; Khériji, L. A characterization of symmetric Tµ-classical monic orthogonal polynomials by a structure

relation. Integral Transform. Spec. Funct. 2014, 25, 423–432. [CrossRef]
11. Al-Salam, W.A.; Chihara, T.S. Another characterization of the classical orthogonal polynomials. SIAM J. Math. Anal. 1972, 3,

65–70. [CrossRef]
12. Geronimus, Y.L. On polynomials orthogonal with respect to numerical sequences and on Hahn’s theorem. Izv. Akad. Nauk. 1940,

4, 215–228.
13. Dunkl, C.F. Integral kernels with reflection group invariance. Canad. J. Math. 1991, 43, 1213–1227. [CrossRef]
14. Souissi, J. Re-examining symmetric q-Dunkl-classical orthogonal polynomials. J. Differ. Equ. Appl. 2025, 31, 1193–1210. [CrossRef]
15. Belmehdi, S. On semi-classical linear functionals of class s = 1. Classification and integral representations. Indag. Math. 1992, 3,

253–275. [CrossRef]
16. Maroni, P. Une théorie algébrique des polynômes orthogonaux: Application aux polynômes orthogonaux semi-classiques (in

French) [An algebraic theory of orthogonal polynomials: Applications to semi-classical orthogonal polynomials]. IMACS Ann.
Comput. Appl. Math. 1991, 9, 130.

17. Maroni, P. Fonctions Eulériennes, Polynômes Orthogonaux Classiques. Tech. L’ingénieur Sci. Fondam. 1994, 154, A154.1–A154.30.
[CrossRef]

18. Ghressi, A.; Khériji, L. The symmetrical Hq-semiclassical orthogonal polynomials of class one. SIGMA Symmetry Integr. Geom.
Methods Appl. 2009, 5, 76. [CrossRef]

19. Khériji, L. An introduction to the Hq-semiclassical orthogonal polynomials. Methods Appl. Anal. 2003, 10, 387–411. [CrossRef]
20. Bouanani, A.; Khériji, L.; Ihsen Tounsi, M. Characterization of q-Dunkl Appell symmetric orthogonal q-polynomials. Expo. Math.

2010, 28, 325–336. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1080/10236198.2014.906590
http://dx.doi.org/10.1080/10652469.2013.870339
http://dx.doi.org/10.1137/0503007
http://dx.doi.org/10.4153/CJM-1991-069-8
http://dx.doi.org/10.1080/10236198.2025.2509781
http://dx.doi.org/10.1016/0019-3577(92)90035-J
http://dx.doi.org/10.51257/a-v1-a154
http://dx.doi.org/10.3842/SIGMA.2009.076
http://dx.doi.org/10.4310/MAA.2003.v10.n3.a5
http://dx.doi.org/10.1016/j.exmath.2010.03.003

	Introduction and Motivation
	Notations, Definitions, and Preliminaries
	Basic Definitions
	Explicit Polynomial Definitions
	Basic Tools

	Characterization of T,q-Classical Symmetric Orthogonal q-Polynomials by a Second Structure Relation
	Computational Feasibility and Examples
	Efficient Computation of bn and n,n-2
	Illustrative Python Code and Results

	Conclusions
	References

