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Abstract

This paper establishes a new characterization of symmetric g-Dunkl-classical orthogonal
polynomials through a second structure relation. These symmetric polynomials generalize
the g?-analogues of Hermite and Gegenbauer polynomials. Our main result provides a
finite expansion of each polynomial in terms of its g-Dunkl derivatives, offering a new
effective classification method. We derive explicit structure relations for the g2-analogue of
generalized Hermite and the g%-analogue of generalized Gegenbauer polynomials.

Keywords: orthogonal polynomials; symmetric forms; g-series and g-polynomials; g-Dunkl
operator; g-semiclassical polynomials

1. Introduction and Motivation

Symmetric orthogonal polynomials with operator-theoretic properties are central to
special functions, approximation theory, and mathematical physics. The study of these
polynomials represents a significant intersection of classical analysis, quantum algebras,
and symmetry principles. The g-Dunkl-classical symmetric orthogonal polynomials studied
here provide natural g-deformations of classical orthogonal polynomials while preserving
essential structural properties.

The fundamental motivation behind this work arises from the need to develop a
comprehensive classification scheme for orthogonal polynomials that remain invariant
under certain operator actions. This classification problem has deep roots in the work of
Hahn and others who attempted to characterize polynomial sequences that maintain their
orthogonality properties when acted upon by specific operators.

The goal of this paper is to derive a second structure relation as a characterization of
symmetric g-Dunkl-classical orthogonal polynomials. This approach departs from previous
methods by providing an inverse perspective where the original polynomials are expressed
in terms of their derived sequences, rather than vice versa. Previous characterizations of
these polynomials have focused on first structure relations [1], Pearson-type equations [2],
and difference equations [3]. While these approaches have been successful in establishing
the basic foundation, they often require sophisticated functional analysis techniques and
may complicate the simple algebraic relationships that govern these polynomial systems.
The main novelty of this work is establishing a characterization through a second structure
relation. Specifically, we prove that a symmetric monic orthogonal polynomial sequence
(MOPS) is g-Dunkl-classical if and only if each polynomial can be written as a finite combi-
nation of its g-Dunkl derivatives. This extends classical results for ordinary Dunkl-classical
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polynomials [4] to the g-case. This new characterization provides a direct computational
method for verifying the g-Dunkl-classical property. Rather than solving complex func-
tional equations or analyzing moment sequences, one can simply check whether a given
polynomial sequence admits a finite expansion in terms of its g-Dunkl derivatives.

Explicit formulas for expansion coefficients and a clear explanation of the structural
organization of fundamental g-polynomial families are also given. We also demonstrate
our characterization by deriving explicit second structure relations for two fundamental
families: the g%-analogues of generalized Hermite polynomials and the g2-analogues of
generalized Gegenbauer polynomials.

This paper is organized in the following way. In Section 2, we start by introducing
the essential preliminary concepts. This includes an explanation of g-calculus fundamen-
tals, Dunkl operator theory, and various orthogonal polynomial families. The strong
relationships between these concepts are examined to form the foundation for our subse-
quent analysis.

Following this foundation, Section 3 presents the main contributions of this work. We
introduce and rigorously define a new class of generalized differential-difference operators.
These operators combine ideas from the concepts covered in the previous section. We
then conduct a detailed study of their basic properties, focusing on how they act on
different function spaces. Next, we use these new operators to construct several families
of generalized orthogonal polynomials. We derive their spectral properties and explicitly
compute their defining differential-difference equations. We then use these results to find
explicit structure relations for the g?-analogue of the generalized Hermite and Gegenbauer
polynomials. Section 4 covers computational methods and examples, including formulas
and numerical results. Finally, the paper ends with a summary of the main findings and a
discussion of open problems and potential directions for future research.

2. Notations, Definitions, and Preliminaries
2.1. Basic Definitions

The definition of O-classical orthogonal polynomials captures the essential property
that the image of the polynomial sequence under the operator O remains orthogonal. This
seemingly simple condition imposes strong constraints on the possible forms of both the
polynomials and the operator, leading to the main classification theorems that characterize
the classical families.

Let P be the space of all polynomials in a single variable with coefficients from the
field of complex numbers. We consider a specific type of operator, denoted by O, which
acts as a lowering operator on this space P. The action of this operator is characterized by
the following three fundamental properties. First, the operator maps the entire space of
polynomials back into itself; formally, this is expressed by the condition O(P) = P. Second,
the operator annihilates constant polynomials, a property captured by the requirement that
O(1) = 0. Third, and most crucially, the operator reduces the degree of each monomial
by exactly one; that is, for every natural number n € N, the degree of the image of t"
under O satisfies deg (O(#")) = n — 1. Here, N represents the set of all positive integers,
and we define Ny := N U {0} to include zero. In the study of orthogonal polynomials,
these kinds of operators are important tools, as they help us systematically describe and
organize different polynomial sequences. A key use for them is to define specific families
of polynomials, as shown in the following basic definition.

Definition 1. A MOPS denoted by {¢n },,cy,, is classified specifically as an O-classical orthogonal
polynomial sequence if the new sequence generated by applying the lowering operator O to each
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polynomial in the original sequence (with an index shift) itself constitutes a monic orthogonal
polynomial sequence. More precisely, this means the sequence defined by

{ O‘PnJrl }
pn""l neNy
must be a MOPS.

The scalar factor p, in the denominator is a constant, chosen specifically to ensure
that the leading coefficient of each resulting polynomial O¢,,11 is scaled to one, thereby
ensuring the monic property of the new sequence. This normalization factor is crucial for
the stability of the three-term recurrence relation and the associated orthogonality measures.

Various lowering operators, including the classical derivative operator D, the forward
difference operator A, and the Jackson g-derivative H,, form the basis for the classification
of orthogonal polynomial sequences. The concept of O-classical orthogonal polynomials
serves as a unifying theory that encompasses numerous classical families. For instance,
when O = D, one recovers the well-known continuous families such as the Jacobi, Laguerre,
Hermite, and Bessel polynomials. On the other hand, choosing O = A yields discrete
orthogonal families like the Charlier, Meixner, Krawtchouk, and Hahn polynomials (see [5]).

The g-difference operator H, is expressed as [6]

p(gt) —p(t)
(q—1)t

withC = C\ ({0} U {z € C: zF =1 for some k > 1}). Typically, for H, to be well-defined
onall ¢ € P, g must avoid values that cause degeneracies for any polynomial. Specifically,

(Hq)(t) = , YpeP,qeC

to ensure H, is non-degenerate on all P, C should exclude all roots of unity and zero. When
g goes to 1, we obtain the usual differential operator D.
The operator H, is extended to amap H, : P’ — P’ by

(Hqu,¢) := —(u,Hgy), forall ¢ € P,

where (-, -) denotes the pairing between P’ and P. This definition mimics the distributional
derivative, i.e., if u € P’ and ¢ € P, then the right-hand side —(u, Hgyp) is well-defined
since H;p € P, and the left-hand side (H,u, ¢) defines a new linear functional Hyu on P.

Extending Hj to linear functionals via duality is crucial for studying orthogonality.
This approach allows us to work with moment functionals and orthogonal polynomial
sequences without explicit knowledge of the weight function, which is particularly valuable
for g-polynomials where the weight functions may be complicated or expressed in terms
of special functions. The duality relation (Hyu, ) = —(u, Hyi) ensures consistency with
integration by parts formulas and maintains the mathematical structure familiar from the
classical theory.

In [7], the authors investigate the Hahn-type characterization property, originally
introduced in [8], within the setting of the Dunkl operator of index y, defined on the space
of real-coefficient polynomials by

Q(t) = Q(=1)

.
t o B '

T,Q(0) = ¢'(t) + ;

Q(t) = Q(=1)

that measures the odd part of Q relative to the reflection t — —t. Their main result identifies

This operator combines a derivative term Q’(t) and a difference term

all sequences of symmetric monic orthogonal polynomials that remain orthogonal under
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the action of T),. It turns out that only the generalized Hermite and generalized Gegenbauer
polynomials satisfy this property.

In a related study [9], it is shown that a linear functional u, corresponding to a Dunkl-
classical MOPS satisfies a T),-Pearson-type equation. An alternative characterization of
such orthogonal families is also given in terms of structure relations. Additionally, in [10],
the uniqueness of the generalized Hermite and Gegenbauer polynomials as symmetric
Dunkl-classical orthogonal sequences is confirmed via a different method from that in [7],
relying on a differential-difference equation in the dual space. From this perspective,
the first structure relation for symmetric MOPS naturally emerges.

When p = 0, the classical structure relation characterization of Jacobi, Laguerre,
Hermite, and Bessel polynomials has already been established in [11]. Furthermore, ref. [4]
provides a characterization of Dunkl-classical orthogonal polynomials using a second
structure relation, which serves as a Dunkl analogue of a well-known result from [12] in
the classical case.

A natural extension of this line of research is the study of the g-Dunkl operator T,

Q(t) —Q(-t)
2t !

defined as
Tgqu(t) = HqQ(t) + 0

where H,; denotes the Jackson g-derivative.

0<g<1,0€eC,

Specifically, in the case of the monomial sequence t",cpy,, it holds that
1—(=1)"
1) = (i 01~ S ),

"1,
where [n]g 1= —— s the g-number.

This key g-Dunkl operator consists of the fundamental operator H; (which is the

g-derivative component serving as a g-analogue of derivative) and a §-term that handles
parity, i.e., equal to O for even n and 6 for odd n. Clearly, the operator Ty, is indeed a
lowering operator.

By applying the formal operation of transposition to the g-Dunkl operator Ty ;, which
maps the operator to its dual acting on the space of linear functionals, we derive a funda-
mental property of its adjoint. The resulting computation shows a specific antisymmetry
inherent to the operator, which is concisely captured by the following identity:

tTG,q = _Tﬂ,q- (1)

This relation signifies that the transposed operator is precisely the negative of the
original operator, a property that influences the analysis of the structure of related or-
thogonal polynomial sequences. This antisymmetric behavior under transposition is a
characteristic feature of this particular operator within the functional analytic framework
being developed.

This operator preserves the polynomial space and lowers degrees by one, as in the
classical derivative. The g-Dunkl operator Ty, represents a significant generalization that
encompasses both the g-derivative and the Dunkl operator as special cases. When 6 = 0,
we recover the pure g-derivative Hy, while if g approaches 1, we obtain the classical Dunkl
operator Ty [13].

In this direction, refs. [3,14] prove that, up to a dilation, the g?-analogues of the
generalized Hermite and generalized Gegenbauer polynomials are the only symmetric
OPS that are g-Dunkl-classical in the sense of Hahn.
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2.2. Explicit Polynomial Definitions

The g%-analogue of generalized Hermite polynomials provides an example of how
classical structures generalize to the g-setting. These polynomials combine the properties
of Hermite polynomials with the rich structure of g-calculus. The even and odd degrees
separate naturally, with the even-degree polynomials relating to g-Laguerre polynomials
with parameter y — % and the odd-degree polynomials involving an extra factor of t and
g-Laguerre polynomials with parameter y 4 % This separation reflects the underlying
symmetry of the weight function and the action of the g-Dunkl operator. For clarity, we
explicitly define the key polynomial families referenced throughout this work:

2
The g%-analogue of generalized Hermite polynomials {H,S” A >} are given by

2 _1

Hy ) (6) = (1)"g" D (@ P ()
2 1

H) (1) = (1) (% )t LY (1254)

where L (t;q) are the g-Laguerre polynomials and (4; q), is the g-Pochhammer symbol.

"=1) and (—1)"q”2 in the definition of the g>-Hermite

The presence of the factors (—1)"g"(
polynomials ensures that the polynomials are monic and satisfy the appropriate orthogo-
nality relations. These factors compensate for the normalization constants that arise in the

g-Laguerre polynomials and maintain the consistency of the TTRR.

The g%-analogue of generalized Gegenbauer polynomials {S,(la’ﬂ’qz)} are defined as

S,(f"”’[’z)(t) _ (g%+2; qz)"q""%cpg <q—nlqn+2a+2a+2, qa+1ei6,qa+le—i9'q2 q2>
(qz; qZ)n q2a+2, 7qzx+a+2, 7qzx+a+1 [ 4
where 4¢; is the basic hypergeometric function and t = cos 6. The g?>-analogue of general-
ized Gegenbauer polynomials demonstrates even more sophisticated structure, expressed
as basic hypergeometric functions 4¢3. This representation highlights the connections be-
tween orthogonal polynomials and g-special functions. The parameters « and a control the
analytical properties of the polynomials, while the base g2 reflects the quadratic nature of
the underlying symmetry. The appearance of **1e?® and g**1e~" ensures the polynomial
nature of the resulting expression and maintains the appropriate symmetry properties.
The definition ¢ = cos 6 connects these g-polynomials to the theory of g-trigonometric
functions and g-Fourier analysis. This connection suggests potential applications in g-
harmonic analysis and g-signal processing, where the orthogonality and completeness
properties of these polynomials could be applied for series expansions and transform
methods. The dense parameter structure allows these polynomials to adapt to various

boundary conditions and symmetry requirements that arise in physical applications.

2.3. Basic Tools

Recall that P was defined to denote the vector space of all polynomials in one variable
with complex coefficients. Its algebraic dual space, containing all linear functionals on P, is
denoted by P’. For any linear functional # € P’ and polynomial ¢ € P, the duality pairing
is expressed as (u,1p). The moments of the functional u are defined through evaluation on
monomials, yielding the sequence

(u)i’l = <M, tn>/ ne NO'
The following operator identities are essential for subsequent analyses [6]:

Hy(pu) = (hy1)Hyu +q ' (Ha¢)u, $ € Puc P @)
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Equation (2) decomposes the g-difference of a polynomial functional product into two
terms: the first involves the scaled polynomial acting on the g-difference of the functional,
while the second combines the inverse g-difference of the polynomial with the original
functional. The composition of inverse g-difference and g-scaling can be expressed as a
scaled g-difference operator:

(Hy-10hg) () = qHy (), ¢ € P. (3)

Also, note that scaling the product of a polynomial and functional is equivalent to
multiplying the inversely scaled polynomial with the scaled functional:

ha(gu) = (h,18)(hau), g€ P,ucP. 4)

Definition 2 (see [15]). A linear functional u acting on the vector space of polynomials is said to
be regular, or alternatively quasi-definite, provided that there exists a sequence of monic polynomials
{Pn } n>0 with the degree of each polynomial must be exactly equal to its index, meaning deg ¢, = n
forall n € Ny, satisfying the orthogonality relations:

<u/ 47n4)m> = rnén,mz n,m € Ny,

where the constants ry, are nonzero complex numbers whose values are permitted to depend on
the index n, and 6y, denotes the Kronecker delta. Any polynomial sequence {¢y } fulfilling these
conditions is referred to as the monic orthogonal polynomial sequence (MOPS) corresponding to the
reqular functional u.

A fundamental characterization states that every MOPS satisfies a TTRR of the form

¢n+2(t) = (t - an+1)¢n+1 (t) - bn+1¢n(t)r ne NO/ (5)

with ¢o(t) = 1 and ¢;(t) = t — ap, where {a,} are complex recurrence coefficients that
determine linear shifts of the polynomial argument, and {b,41} are non-zero complex
coefficients that govern the coupling between consecutive polynomials, satisfying b, 1 # 0
for all n € Ny. This non-vanishing condition is equivalent to the non-degeneracy of the
associated moment functional, while the recurrence relation provides a complete algebraic
characterization of MOPS.

The functional u is normalized when its zeroth moment satisfies (u)p = 1. In prac-
tical applications, this normalization ensures consistency with probabilistic and physical
systems where total measure is unitary. All functional forms considered hereafter will be
assumed normalized.

The following proposition further investigates the relation between MOPS and TTRR.

Proposition 1 ([16,17]). Consider a monic polynomial sequence { ¢y, } >0 where each ¢y, has degree
exactly n, along with its dual sequence {uy },>o of linear functionals. The following conditions
are equivalent:

(i)  The polynomial sequence {¢pn} is orthogonal relative to the initial functional uy, i.e.,
(10, PmPn) = 0 for m # n with nonzero norms.

(ii) Each dual functional uy is explicitly determined by the initial functional ug through the
scaling relation:

uy = (ug, ¢2) " Putio. (6)
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(ili) The sequence {¢y } satisfies the TTRR:

$o(t) =1,
¢1(t) =t —ay, @)
¢n+2<t) = (t - an+1>¢n+1<t) - bn+l4’n(t)/ n>0,

with coefficients a, and by, 1 defined by the moment relations:
an = (o, 17 (uto, 97) Y5 bust = (o, 9711 (o, ¢7) " # 0, m €Ny, (8)

This proposition shows that if the sequence {¢ },cn, is orthogonal with respect to
ug, then the form u,, can be written, via dual basis expansion, as a normalized rescaling
of the composition of ¢, and u, ensuring the duality condition holds. To obtain orthogo-
nality from TTRR, we apply mathematical induction on the recurrence to prove pairwise
orthogonality, where the base case holds by ay’s definition and the inductive step uses the
recurrence structure with b, 1 # 0.

It is a well-established fact that the application of a dilation constitutes a symmetry
operation for systems characterized by orthogonality relations. More precisely, consider
a dilation operator E, defined by its action on a function f as (E,f)(x) = f(ax) for some
nonzero scaling parameter 4. If a sequence of polynomials is orthogonal with respect to a
given inner product, then the transformed sequence by E, will also form an orthogonal
set. This invariance arises because the dilation induces a change of variable that scales
the underlying measure of orthogonality in a corresponding manner, thereby preserving
the fundamental structure of the orthogonality relations. Consequently, the property of
orthogonality remains unchanged under such a scaling transformation. The sequence

{@n(t) }nen, defined by
Pu(t) =a~"gu(at) (€ No; a #0)

satisfies the following relations:

and

Grya(t) = (t = Bpg1)Pur1(t) — bug1u(t),

with

iy =a lay, and byi1 = a 2byyq (n € Np).

The polynomial sequence {¢, () } ;>0 is orthogonal with respect to the linear functional
i obtained through the scaling transformation

U= haqu,

where /1,1 denotes the argument scaling operator.
A linear functional u is called symmetric when all its odd moments vanish identically:

(Ll)szr] = <M, t2n+l> = 0, ne NO-

This moment condition implies that the functional remains invariant under the reflec-
tion t — —t. When such a symmetric functional u is regular (quasi-definite), the associated
MOPS is said to be symmetric.
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If the polynomials alternate in parity, then the linear recurrence coefficients a, vanish.
Conversely, if the recurrence coefficients a;, are zero, then the polynomials must possess
the alternating parity property and hence the sequence will be symmetric.

Proposition 2 (see [15]). Let {¢y(t)}nen, denote a MOPS which is defined by the recurrence
relation (5) and which is orthogonal relative to a given linear functional u. Under these assumptions,
the following three statements are equivalent:

(a)  The polynomial sequence {¢y () },cn, is symmetric.

B gul(—t) = (~1)"¢u(t) (n € No).

(c)  The recurrence coefficients a, associated with the sequence, as they appear in the recurrence
relation (5), are identically zero for all indices n € Ny.

Remark 1. The symmetric property implies that the sequences of even and odd parts are
also orthogonal:

¢on(t) = Qu(t?)  (cven part)
o1 (t) = Ru(t2)  (odd part)

where {Qn} and {R,} are MOPS with respect to modified functionals. This decomposition is
utilized in our analysis of g-Dunkl-classical polynomials.

The following lemma establishes an equivalence between two properties of a linear
functional u acting on polynomials and its relationship with a polynomial sequence {¢y, }.

Lemma 1 ([16,17]). Consider an arbitrary linear functional u belonging to the dual space P’ of
polynomials, and let m be any fixed positive integer, the following statements are equivalent:

(1)  Orthogonality condition: The functional u pairs non-zero with ¢,,_1 ((1, $p—1) # 0) but
vanishes on all higher-degree polynomials in the sequence ({1, ¢,,) = 0 for all n > m).
(2)  Basis representation: The functional u admits a representation as a finite linear combination

of the functionals {u, } which constitute the dual basis. More precisely, it can be written in
m—1

the form u =Y Ayuy, where each coefficient A, is a uniquely determined complex number,
v=0

and the last coefficient A, is non-zero, i.e.,

m—1
A eC, 0<v<m-—1, Ay_1#0 suchthat u= Z Avlly.
v=0

This equivalence means that the vanishing of u on higher-degree polynomials is
equivalent to u being spanned by the first m dual functionals, with the representation
necessarily including the (m — 1)-th functional. The non-vanishing condition A,,, 1 # 0
corresponds directly to (u,¢,,—1) # 0, ensuring the representation does not terminate
earlier than m — 1.

Next, we recall the notion of an Hq—semiclassical functional, a concept that will be
fundamental for our subsequent analysis. A linear form u is called Hj-semiclassical if
the form is regular, meaning it generates a complete MOPS, and there must exist a pair
of polynomials, denoted by ® and ¥, with the following properties: the polynomial ® is
monic, and its degree is a non-negative integer ¢ € Ny, while the degree of ¥ is a positive
integer p € N. Together, these polynomials are required to satisfy a specific g-deformation
of the Pearson-type differential equation, expressed in the distributional sense as

(PE) : Hy(®u) +Yu =0. )
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Furthermore, the pair (®, ¥) must be admissible. This admissibility condition imposes
a specific constraint on the leading coefficient of ¥; namely, in the case where the degrees
are related by p = £ — 1, if we express the polynomial ¥ in its expanded form as

T(t):aptp_‘_...,

then it is necessary that the leading coefficient a, is not equal to n + 1 for any natural
number n € N. When these conditions are met, the associated monic orthogonal polyno-
mial sequence {¢y },¢n, is itself classified as H;-semiclassical [18,19]. For a semiclassical
functional u fulfilling Equation (9), its class, denoted by the integer s, is formally defined
as the smallest possible value of the quantity max(deg ® — 2,deg¥ — 1). This class is thus
given by

s = min{max(deg® —2,deg¥ — 1)} € Ny

where the minimization is performed over all admissible polynomial pairs (®,¥) that
satisfy the fundamental Equation (9). This definition determines s as the smallest possible
value obtained by comparing the adjusted degrees of ® and Y across all valid pairs,
with deg ® — 2 representing the degree reduction for ® and deg'¥ — 1 corresponding to
the degree adjustment for Y. The existence of this minimum within the set of non-negative
integers is assured due to the fact that the degrees of the polynomials ® and ¥ are finite,
which restricts the possible values of the expression max(deg ® — 2, deg ¥ — 1) to a discrete,
well-ordered set. A particularly important special case arises when the class of the form is
zero, that is, when s = 0. In this specific situation, the form u is conventionally referred to as
Hg-classical, representing a natural g-generalization of the well-known classical orthogonal
polynomials [6]. An essential and useful property of the H;-semiclassical characterization
is its invariance under the operation of a dilation. As established in [19], this characteristic
is preserved when the functional is transformed in this manner. To be more precise, if the
original functional u satisfies the Pearson-type Equation (9), then the transformed functional
h,-1u obtained through dilation will satisfy a corresponding, albeit transformed, Pearson
equation. This new equation is given explicitly by

Hy(a '®(at)h, 1u) +a'~"¥(at)h, 1u = 0.

Furthermore, the recurrence coefficients i, and En—i—l associated with the orthogonal
polynomial sequence for this transformed functional maintain the same general form and
relationship as those previously described for the original sequence.

Remark 2. The g-semiclassical forms provide a natural environment for studying q-Dunkl-classical
polynomials, as they satisfy distributional equations that generalize the Pearson equation to
the g-case.

This remark highlights the fundamental relationship between g-Dunkl-classical poly-
nomials and the more general category of g-semiclassical orthogonal polynomials. The g-
semiclassical framework offers a natural mathematical context for understanding these
polynomials because they satisfy specialized equations that extend the classical Pearson
equation into the g-calculus domain. This generalized Pearson equation serves as the g-
analogue of the classical differential equation governing traditional orthogonal polynomials
but adapted to accommodate both the g-difference operators and the reflection symmetries
inherent in Dunkl operator theory. Consequently, the g-semiclassical scheme provides the
necessary theoretical foundation for classifying g-Dunkl-classical polynomials and also
explains their structural properties, such as the finite expansion observed in the second
structure relation.
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Definition 3. A MOPS {¢ },cn,, which is orthogonal with respect to a given linear functional
uo, is classified as Ty 5-classical or, alternatively, as q-Dunkl-classical, provided there exists another

MOPS, denoted by {gbl,” }neNy, such that the action of the q-Dunkl operator Ty , on each polynomial

¢n-1 yields a scalar multiple of the corresponding polynomial 4),[11] from the derived sequence. This
relationship is formally expressed by the operator equation

To,qPnv1 = 9n+14’£11] forall n € Ny,

where 0,11 is a nonzero complex constant whose value depends on the index n. In such a case,
the original linear functional ug with respect to which the sequence {¢y, } is orthogonal is itself also
termed a g-Dunkl-classical linear functional.

Remark 3. The sequence {4),[41] } can be viewed as the g-Dunkl derivative of the original sequence.
For q-Dunkl-classical polynomials, this derived sequence remains orthogonal, which is a highly
restrictive property characterizing classical families.

For any MPS { ¢y, }ncn, we define {4),[11] Fneng, as

6n+l¢7[11](t) 1= Ton+1(t), n € Ny

or equivalently

1
19 (1) = (Hypus1) (1) +0(H-19:1) (1), 1 € No, (10)
where 6,11 # 01is anormalization factor that never vanishes for regular sequences, given by

1— (_1)n+l

Opi1:=[n+1];+06 5

, n € Npy.

Let {uy }nen, and {uE] }nen, denote the dual bases in P’ corresponding to the poly-
nomial sequences {¢, },cn, and {qu”}neNo, respectively. Then, by applying Lemma 1
together with Equation (1), we obtain the following fundamental relation:

1
Toq(uh)) = —6iqtts1, 1€ No. (11)

The primary objective of the present investigation is to derive a new characterization
of symmetric orthogonal g-polynomials of the Ty ;-classical type. This characterization will
be formulated in terms of a distinctive algebraic identity known as a structure relation.
More precisely, we aim to demonstrate that every MOPS {¢, } ,cny, which is symmetric and
whose elements satisfy a specific TTRR of the form

$o(t) =1,
i(t) =t, (12)
¢n+2(t) = tPn1 (t) - bn+1¢n(t)r bn+1 7£ 0, n € Ny,

such that the derived sequence {gb,[}] }nen, given by (10), is also orthogonal. This structure
relation will serve as a necessary and sufficient condition for the sequence to be g-Dunkl-
classical, thereby providing a powerful tool for the classification and analysis of such
polynomial sequences.
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Remark 4. The three-term recurrence coefficients by, can be computed efficiently using

by = (o, o)
<Ll0, 4);2171>

The symmetry of {¢, },cn, implies the symmetry of {4),[11] }nen,- Furthermore, ref. [10]
establishes that

h_qug = uy, h,lu([)” = u([)l], tH_qug = —uy, tH,lu([)l] = —u[[)”. (13)

The product rule for Ty, is

Toq(pu) = (hgrp)Hgu + g~ (Hyatp)u + 0p(H-1u) + 0 (H_1) (h1u) (14)

For symmetric forms, this simplifies to

TG,q(l/)”) = (hq—14’)T9,q” + (Tﬂ,rﬂp)”
+q7 (Hyap)u + 09 (H_qu) — 0(h, 1 ¢p) (H_qu)
—(Hgp)u, peP,uecP. (15)

It follows then that the derived MOPS {(pl,l]} satisfies the following TTRR:

1
(Pgl] =" 1 1 [ 1
Gata(t) = 19,00 = bLag0 (1), by #0,neNo
Any symmetric g-Dunkl-classical polynomial sequence {¢, },>0 can be fully character-
ized by its orthogonality together with the associated difference equations, as established
in the following theorem.

Theorem 1. For any symmetric MOPS {¢y },,~, the following are equivalent.

(i) The polynomial sequence {¢y },~ belongs to the q-Dunkl-classical family.

(i)  One can find two specific polynoﬁﬂ'als, ® and Y, and a sequence of nonzero complex numbers
{An},~0 where the polynomial ® is required to be an even, monic polynomial with a degree of
at most two, while ¥ must be an odd polynomial of degree exactly one. With these polynomials,
the sequence satisfies the following operator identity for all integers n > 0 [1]:

(1) (Te,q ohgo Te,q)4>n+1(t) —¥(t) (hq—l o TG,q)(PnJrl(t)

(16)
+6ln+1)( + @) (H g 0 k1 0 Tag ) s () = Auhra (1),

(iii) There exist two polynomials, ® and ¥, with the same properties as in (ii) such that the normal-
ized regular linear functional wg, with respect to which the sequence is orthogonal, satisfies the
following distributional q-Dunkl Pearson equation and a non-degeneracy condition:

Tgrq(CDu()) +Yuy=0
(17)

g "Y' (0) — ® 2(0) (6, + qil[f’l}q—l —0+0g7" —[n];) #0, n>0.

The first equation governs the behavior of the functional under the combined action of
the g-Dunkl operator and multiplication by polynomials, while the second, more technical
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condition ensures the persistence of regularity for the associated sequence of polynomials.
The result establishes a precise relationship between the action of various g-Dunkl and
dilation operators on the polynomial ¢,,;1 and the polynomial itself, scaled by the complex
parameter A;.

Remark 5 ([1]). Under conditions of relations (16) and (17), the linear form u([)l], associated with
{ ,[11] } , has the following form:
n=0

ufl = (14 6) by 'Kbug, (18)

where K is a nonzero normalization constant, specifically chosen to guarantee that the polynomial ®
possesses the required property of being monic. Furthermore, the polynomial ¥, which acts as the
counterpart to ® in the governing equation, is explicitly defined by the expression

Y(t) = K11 +0)%¢y (1). (19)

(1]

The previous expression for 1, ' emerges from combining the orthogonality conditions
with the recurrence structure. Starting from the relations (16) and (17), we consider the first
associated polynomials {gbLH} which satisfy shifted orthogonality relative to u([Jl]. Through
the three-term recurrence, the functional equation

b (1) = ol (1) + al gl (1) + bl ol (1)

must hold. Comparing initial terms with the original sequence shows that 4>([)1] =1land
¢g1] (t)y =t— a([)} necessitate the given connection between u([)l] and ®ug. The (1+6)~!
factor originates from the perturbation parameter in conditions (16) and (17) that modifies
the moment sequence.

3. Characterization of Ty ;-Classical Symmetric Orthogonal
g-Polynomials by a Second Structure Relation

Our main result provides a new theorem that characterizes the internal structure of g-
Dunkl-classical polynomials. Theorem 2 represents the characterization of g-Dunkl-classical
polynomials through a second structure relation. This theorem establishes that a symmetric
MOPS is g-Dunkl-classical if and only if each polynomial ¢, (¢) can be expressed as a finite
linear combination of its g-Dunkl derivatives (p,[:] (t) for k fromn — ¢ ton, with £ < 2.

Theorem 2. (Second Structure Relation) The symmetric MOPS {¢n } >0 is g-Dunkl-classical
if and only if there exists a family of complex scalars { A, x }
0 < ¢ < 2, such that

st n—t<k<n And an integer { € 7,

n
= Y Al ), n>, (20)
k=n—{(
/\nn = 1 n > E, (21)
_,(1+6) n
3 by — (6n+q~ [] a1 —0+0q7" —[n]y) #0, whenAyy#0, n>0. (22)
2,0

%

with the convention that when Ay = 0, the last condition simplifies to b, # 0.

Proof. We provide a detailed proof with explanatory remarks:
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Part 1: (=) Assume that the MOPS {¢ },, is g-Dunkl-classical. Under this assump-
tion, it follows from the definition that one can find two polynomials ® and ¥ where the
polynomial & is required to be monic and even, with its degree denoted by ¢ satisfying
0 < ¢ < 2, and the polynomial ¥, must be an odd polynomial of degree exactly one.
With these polynomials, the canonical regular linear functional ug, with respect to which
the sequence is orthogonal, is constrained by the distributional Equation (17).

Furthermore, given that for n > 0, the polynomial ¢, is of precise degree 7, then there
exists a unique sequence of complex coefficients {A,x} for n > £ and 0 < k < n. These
coefficients allow for the representation of each polynomial ¢, as basis elements. Hence,
each ¢, can be written as

ult) = Y A1), w0 23)
k=0

This last expansion follows from fundamental properties of orthogonal polynomial
sequences under the g-Dunkl-classical assumption. Since the derived sequence {gb,E” Heso
consists of monic orthogonal polynomials, it forms a basis for the vector space of polynomi-
als. Consequently, any monic polynomial of degree n can be uniquely expressed in this
basis. The forward direction (=) assumes the g-Dunkl-classical property and derives the
second structure relation. The key insight is that since both {¢, } and {gbl,l]} are orthogonal
sequences, they form bases for the space of polynomials, and thus each ¢, can be expanded
in terms of the 4)1[(1]. The orthogonality properties then force most of the coefficients A,  to
vanish, leaving only those with k between n — £ and n.

Since both sequences ¢, and 4),[41] are monic polynomials of degree , their leading
coefficients coincide. Specifically,

1]

¢n(t) = t" + lower-degree terms, ¢;," () = t"" + lower-degree terms.
In the expansion
n
1
() = 1 Mgt (1),
k=0
the leading term " must satisfy

t" = Ay - t" + contributions from lower-degree polynomials.

Since polynomials <p,£1] (t) for k < n have degrees less than 1, they contribute no "
term. Equating coefficients of t" gives

Ann = 1.

’

Substituting into (23) yields

n—1
ou() = o)+ Y Aeol(r), n>e (24)
k=0

which holds for n > 4.
Now, multiply both sides of Equation (24) by qb,g] (t) for0 <m < n—1withn>1:

n—1
P (Opn(t) = ol (ol () + ;An,k¢ﬁl<t>¢£1]<t>.
=0
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Apply the functional ®uy.
n—1
(@uo, @l pn ) = (Duo, @l gy + Y- Anie( Puo, gl 9 ). (25)
k=0

For m < n, the sequence {(/),L” >0 is orthogonal relative to ®u; so,

<<1>u0,¢,[,ﬂ¢l[(1]> =0 for k#m, and <<I>u0,¢7[}1]¢1[11]> —o.

Since 0 < m < n—1 < n, both conditions hold. The sum in (25) simplifies to the
single term where k = m:

n—1

Y A @0, 90y ) = A @0, (93')?)-

k=0

Substituting this into (25) yields

(@0, ) = A (0, (911)2).

The last expression simplifies to

o (o, (g0 )9n) 06

(o (o))

From the expression (26), and since deg (CD(,D,[;]) = m + ¢, the orthogonality of {¢u },,~¢

forces the numerator to vanish when the denominator is non-zero
<q>u0,¢,§]¢n> =0, 0<m<n—0—1.
Using the functional property (®ug, ) = (uo, Pyp),
(o, (@gh)pu) =0, 0<m+e<n—1,
Since polynomial multiplication is commutative,
©(pngn) = (Pgn ) o,

we obtain
(o, (PgM )gu) =0, O<m<n—t-1.
<n—

Rewriting the constraint 0 < m f—1las0<m+ ¢ <n—1yields
<u0, (®¢L11]>¢n> =0, 0<m+4<n—1.

So,

Consequently, (24) becomes

-1
Y All(r), nxe 27)
n—~{

ou(t) = ol (1) +

k

n
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The final step is the proof of (22). Under the assumption that Ay # 0, the case n =2
of (27) gives

Pa(t) = 4)&” (t) + )\2/04)([)” (t). (since {¢n}n>0 and {47L1]}n20 are symmetric.)

Apply the functional u[ol]:

1
(5, 2) = (g, 93) + Az iy ).

The sequence {4>,[1” }n>0 is orthogonal with respect to u([)l], so by normalization we get
(u([)l], ¢[1]> = 1, and by orthogonality we have <u£)1],¢£1}> = 0. Substituting these values,
we get

<u([)1},4)2> =0+ )\2,0 -1 = )\2,0.

From (11) and the monicity of ®, we obtain

(0
(ullg2) = 210 (1 1 0) 17k, =

Then,

q>”(0) K — (1 + 9)/\2,0
2 B by '
Substitution of (28) in (19) gives

(28)

" (0) (1+0)b,

Y(t) = > W‘Pl(t)-

Therefore,

" (0) (146)by

Y(0) = T

Thus, (22) follows immediately from the second equality in (17), completing the proof
of (20)-(22).

Part 2: (<=) This backward direction uses the second structure relation to establish
the g-Dunkl-classical property. The crucial step is showing that the existence of such a finite
expansion implies that the derived functional uc[)l] can be written as a finite combination
of the original dual functionals u,,, which in turn implies the existence of a polynomial ®
such that ugl] = k®ug. This connection is fundamental to the g-Dunkl-classical property.
Assume that there exist an integer /,0 < ¢ < 2 and a sequence {/\n,k} of
complex numbers such that (20)-(22) hold.

Let {$n},>( and {47,[11] }n>0 be sequences of monic polynomials with {u;},-, and

n=l, n—I<k<n

{uE] } -0 be their respective dual sequences. Using (20) and (21) for n > ¢ + 1, we have
nz

() = () o) =0

It therefore follows from Lemma 1 that complex numbers «;,i € 0, . .., ¢, exist for which

{
:sziui,ogﬁgz.
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Or, equivalently,

u([)l] = agUg + aquq1 + aruy. (29)

By (6), the previous equation becomes

1 _ _
M([)] = ((XO + aqrg 1(P1 + aor, 1(P2> Up.
Therefore, as a direct consequence of the preceding analysis, we deduce the existence
of a polynomial function ® such that its total degree does not exceed the second order, with
u)! = kdu (30)
0 0/
such that
k® = ag+ alrflcpl + a2r51¢2, (31)

where the non-zero constant k is chosen to make & monic.
The polynomial ® has an even degree, and since we have ¢, (t) = gl] (t) = t, then

0= (gl ¢1'") = k(wouo, ¢r) +arry (uo, @) + wary (o, prb2) ) = ke

Hence, aq = 0.

The explicit form of the polynomial ¢, is given by the quadratic expression ¢, ()
=t — by, which implies using (31) that @ is even.

On the contrary, by selecting the parameter value n = 0 and substituting it directly
into Equation (11), we obtain the following identity:

Terq“([)l] =—(1+0)uy
Substitution of (30) in the previous equation gives (17), with
Y(t) =k o (1+0)1(t).

To finalize the proof of the stated proposition, it remains to verify that the sec-
ond identity contained within Equation (17) is indeed satisfied. From the application
of Equation (29), it follows directly that

w2 = (il 42).

But, from (20) and (21), where n = 2, we have

() = (1) + Aol ().
Thus,

Ny = /\2,0.

Building upon the relation provided in (29) and taking into account the normalization

(1]

e . 1 . .
conditions imposed on the functions 1 and u;, ", we arrive at the consequent expression:

060:1.

Therefore, (31) becomes

k®(t) =1+ Agory ' da(t). (32)
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g (0) -

Therefore, the subsequent analysis splits into two distinct scenarios that must be
considered separately: the situation where the parameter A, is equal to zero, and the
alternative situation where A, ( is not equal to zero.

The first case: Ay = 0. Under this condition, the degree of the polynomial ® is
necessarily zero. It follows that its second derivative at zero vanishes, meaning &’ (0) = 0.
Furthermore, given that ® is a monic polynomial, we conclude that the constant k must be
equal to one. Consequently, the general expression simplifies to

P10 (6, + g7 [l —0+077" —[n]y) =q7"¥'(0) =g "by ' (1+6) £0,n>0.

This expression remains non-zero for all non-negative integers n.
The second case: Ayg # 0. Here, the degree of ® is two. Since & is monic, its
(0
second derivative at zero satisfies % = 1. By comparing degrees in Equation (32), we
determine that

_ -1
k = )\2/0 7’2 .

Substituting these results gives the expression

(0)~ 21V (6, 4 [u], 0+ 697" )
= q_" (1/\1—09) by — (911 + q_l[n]q*1 -0+ Gq_n - [n]Q) 75 0, n=0

This quantity is non-zero for all n > 0, as guaranteed by (22).

Having shown that the relevant expression is non-vanishing in both cases, and by
reference to relation (17), we conclude that the polynomial sequence {¢ },- is g-Dunkl-
classical. O

Building upon the foundational results established in the preceding theorem, we will
derive the second structure relation for two significant classes of orthogonal polynomials:
the g2-analogue of generalized Hermite polynomials and the corresponding g?-analogue of
generalized Gegenbauer polynomials. This derivation will use the operator formulation
and recurrence properties developed earlier to characterize the algebraic relationships
governing these g-deformed polynomials. The second structure relation provides essen-
tial understanding of the connection coefficients between consecutive polynomials and
shows structural symmetries particular to these g-analogues. Our method applies the
operator commutation relations from the main results to the weight functions and moment
conditions to characterize these two polynomial families.

We first parameterize the even polynomial ® with curvature term and write ®(t)
= wtz + ®(0). Consider the linear odd polynomial ¥ () = ¥/ (0)t and let {¢},~, be a
symmetric g-Dunkl-classical MOPS, such that its associated regular form u satisfies (17).
So, from (20) and (21) we have the following general expansion:

n(t) = @1 (1) + A1l (8) + Mool (), >, (33)

where ¢ = deg ® < 2 determines the number of terms in the expansion.
Since the sequences {¢; },~, and {4),[1” } _, are symmetric, the odd-index coefficients
= n>

must vanish due to parity conservation:
An—1=0, n>=~. (34)

leaving only the n — 2 term in the expansion beyond the leading coefficient.
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The coefficient A, ,_» is given by the following rational expression derived from
orthogonality conditions:

q)//(o)
2
g~ +2%/(0) — T3 (—p + 1 — 2], 1 — 0+ 09712 — [n— 2],)

en—l

/\n,n72 = by, n24¢, (35)

where the denominator contains the critical non-degeneracy condition from Theorem 1,
with the convention Ag;,_» = 0.
Indeed, from (26), we have the general coefficient formula:

(. (o))
<CI>uo, (<P£,1]2)2> ,

The numerator simplifies because d>¢,[11l2 has leading term proportional to t":

nn—2 —

1!
q’(t)¢,[11l2(t) = (DT(O)t" + lower degree terms.

and by orthogonality only the highest degree term contributes. From the orthogonality of
{#n},>0 with respect to uy, we get

(o, (Pgh,) ) = qy,z(o) (itg, F'py) = q>“2(0) (uo, ¢2), n>t

From the identity provided in (15) and the established symmetry of the function ®u,
we proceed by applying the operator calculus which gives the relation:

<<1>uo, (¢L”2)2> — g (Toa (011010 911) =

1

- 78, <(hq*14)r[11]72)T9,q(q)u0> + (Telqcpﬂz)qmo + qil(qulfp,[}],z)q)Mo

+ 09 5 (H_1®ug) — 0(h, 1911 ,) (H_1Pug) — (Hypl! ) ®ug, py1)-

Substituting the Pearson equation Ty, (®ug) = Yug transforms the first operator
term to

2 1 _
<<DM0, (‘P,[ﬂz) > =0 ((hg ¢,[11],2)‘1’M0 —Toq ((IJE],Z)QWO —q ' (Hy <P,[1112)q>u0
— 09, 5 (H_1®ug) + 8(h, 1)) (H_1@u) + (HegllL,) g, g-1).

Orthogonality of {¢,},-, with respect to ug eliminates all terms except those propor-
tional to "1, leaving

(ou, (21)")

g2 (0) — 230 6y 2 +q [ — 2], 1 — 0+ 6972 — [n —2],)

= 9 1 <u0/ tn714)n—1>
q"2Y(0) - ‘cp”z(o)' (On2 497" [n =21 =0 +097""2 — [n 2], 2
= 67171 <u0, ¢n71>, n 2 E

Combining numerator and denominator through the squared norm ratio b, =
(ug, ¢2) / (uo, ¢ _,) yields Equation (35).
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Substituting the zero coefficient (34) and the expression for A, ,—> (35) into the
expansion (33) gives the final simplified structure relation:

P 2(0) 0, 1

+ q;.//(o)
g7 2Y(0) = =5 (On—2 + g7 [n = 2] — 0+ 6972 — [n—2]y)

bagl (), n > 0. (36)

Now, we consider the following corollary which shows that the g>-analogue of gen-
eralized Hermite polynomials are invariant under the g-Dunkl derivative operation, a re-
markable property unique to the g>-analogue of generalized Hermite case.

Corollary 1. (1)  The family of polynomials {H,(f ”qz)} o which constitutes a q*-analogue of
nz
the generalized Hermite polynomials, can be uniquely characterized by a specific structural

relation of the second kind, given by
(1]
H) () = (H,(f"qZ)) (), n3=0. (37)
. . (wp—3.47) . . 5
(2)  The family of polynomials { Sy , which constitutes a g=-analogue of the general-
n=0

ized Gegenbauer polynomials, can be uniquely characterized by a specific structural relation of
the second kind, given by

0 (au—1.07) 1]
_ n—1 bn (S /V qu > (t)
g+ (a+1) + 02 +g n—2], 1 —0+0g "2 —[n—2], n=2 !
n=2, (38)

where

. o (wtp+3+[n—1p)(p+ 3+ [1]2)
2+l 1 (w4 p+3+2n—12)(a+p+3+[2n]2)
a3 — (et H)g + [l

Tlatp+d+2nlp)atp+d+2ntilp)

b2n+2 = qzn[l/l-i-l}

n € Ny.

2
Proof. (1) The g?-analogue of generalized Hermite polynomials {Hy(,’l A )} -0 satisfies
nz
(7) with (see [18]):

al’l == 0/
bowir = 2 (Inla+p+3), n>0, (39)
boni2 = qzn [Vl + ”qz'

showing the recurrence coefficients alternate between linear and g-integer forms based
on parity.
Orthogonality is ensured by the following regularity condition:

1

##—[H]qz—i,nzO.
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This sequence of polynomials is known to be g-Dunkl-classical. Its associated form,
denoted H(u, g?), satisfies the functional Equation (17) with specific parameters as
established in the literature (see [1,3])

D(t)=1,¥(t) =q(qg+ 1)t (40)

where ® = 1 (degree 0) explains the absence of lower terms in the expansion. So,
using (39) and (40) the proof of (37) is an immediate consequence of (36).
12
(2) The g*-analogue of generalized Gegenbauer polynomials {Sy(la/” 27’) } satisfies
n=0

(7) with (see [18])

an - O,
2n

(atp+3+[n=1]2) (u+ 3 +[1] 2) 10
(a+y+%+[2n—1}q2)(vc+y+%+[2n]q2)’ - (41)
atp+3—(p+ 30"+ [nlpe
2 7
Tlatp+3+np)(wtp+3+02n+1]2)

byi1 =14

b2n+2 = an [Tl + 1]

where the recurrence coefficients are rational functions of g-integers with parameter depen-
dencies.
Multiple regularity conditions that ensure the denominator never vanishes are
given by
1 329 3
wrp—3 A 52wt -l -}
atpt3—(ut3)g +np#0, n=0,
1 1 1
‘u # _[n]qz 2/ ]/l # q(q+1) -2

This sequence is g-Dunkl-classical and its associated form G (oc, Y- %, qz) satisfies (17)
(see [1,3]), with
()= —1,%¥(t) = —q(g+1)(a+1)¢, (42)

explaining the two-term expansion in the structure relation.
Then, by direct substitution of ®”(0) = 2, ¥/(0) = —q(q +1)(« + 1), and the recur-
rence coefficients, Equation (38) is deduced from (36). O

This work distinguishes itself from earlier characterizations of symmetric g-Dunkl-
classical orthogonal polynomials by establishing a second structure relation as a defining
property. Previous research had successfully characterized these polynomials through sev-
eral other approaches: a first structure relation [1], which expresses the g-Dunkl derivative
of a polynomial as a linear combination of lower-degree polynomials in the same sequence;
a Pearson-type equation for the associated linear functional [2], drawing a direct analogy to
the classical continuous case; and a second-order g-difference-differential equation that the
polynomials satisfy [1]. While these approaches are fundamental to the theory, the novel
second structure relation derived in this paper, given by

o)=Y Al (1),

k=n—/t

operates in the converse direction. It expresses the original polynomial itself as a finite
linear combination of its own g-Dunkl derivatives. This provides a powerful inversion
of the problem. Rather than analyzing the action of the operator on the polynomials,
this new method allows one to reconstruct the polynomials from their images under the
operator, offering a perspective for verification and classification. The efficacy of this new
characterization is demonstrated through its application to derive explicit, closed-form
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second structure relations for the fundamental examples of the g*-analogue of generalized
Hermite and the g*-analogue of generalized Gegenbauer polynomials, thereby offering
a complete characterization and uniqueness result; meaning any polynomial sequence
satisfying the standard three-term recurrence alongside this specific structure must be
exactly the identified g%-analogues of the generalized Hermite or Gegenbauer polynomials.
This shifts the definition from recurrences or Rodrigues formulas to a more powerful,
operator-based definition centered on their behavior under the g-derivative. This allows
mathematicians to definitively classify these polynomials and apply them to advanced
problems in quantum calculus and mathematical physics such as the representation theory
of quantum groups like SU,(1,1).

Remark 6. We conclude the section with the following observations.

2
Part 1. In Case 1 of Corollary 1, the second structure relation implies that the q>-analogue 7-[,(1” A7)

of the generalized Hermite q-polynomials forms an Appell sequence with respect to the q-Dunkl
operator (see [20]).

Part I1. The general problem of characterizing the g-Dunkl-classical MOPS remains open. To the
best of our knowledge, only the symmetric case has been investigated and fully resolved thus far

(see [3]).

4. Computational Feasibility and Examples

This section demonstrates the practical computability of the recurrence and structure
coefficients. While the preceding sections establish the theoretical results and explicit for-
mulas, here we validate their feasibility by showing how these coefficients can be calculated
efficiently for both small and large indices n. The importance of this computational perspec-
tive lies in bridging the abstract structural results with concrete numerical implementations,
confirming that the theory can be used in real-world applications such as spectral methods,
g-difference equations, and problems in mathematical physics. We begin by describing
the computational steps for b, and A, ,_, and then provide explicit Python 3.10.12 code
together with numerical tables to illustrate the procedure through the g?-analogue of gen-
eralized Gegenbauer polynomials. This highlights both the stability and the efficiency of
the approach.

4.1. Efficient Computation of b, and Ay, ;>
For any integer m > 0 and base b € {g,4%,q7 '}, the g-numbers are defined by

pm
mly = . (43)

The recurrence coefficients b, are obtained from the explicit formulas in Corollary 1,
which are rational functions of g-numbers and the model parameters. The Appell factors
take the form

1—(—1 n+1
0, = [n+1], + 9%, (44)
while the structure coefficient for n > 2 is
—n+3 -1 —n+2
+1)(a+1)+6,_0+ n—2] 1—-60+0 —[n-2
Mg = " (@+1)(a+1)+0u2+q '[n—2] q [n—2] @)

911—1 bn

These computations require only basic arithmetic with g-numbers and they remain
numerically stable.
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4.2. lllustrative Python Code and Results

The Python code below implements these formulas to compute by, 8,1, and A,, ,,_» for

the g?-analogue of generalized Gegenbauer polynomials and prints values for n = 2,..., 10.

import numpy as~np

def

def

def

g_number(n, q):
if q == 1:
return n

return (q#*n - 1) / (q - 1)

compute_b_n(n, q, alpha, mu):
q2 = q**Z
if n% 2 = 1:
k=(mn-1)// 2
num = (alpha + mu + 1.5 + q_number(k-1, g2))
+ (mu + 0.5 + g_number(k, q2))
den = (alpha + mu + 1.5 + q_number(2+k-1, q2))
+ (alpha + mu + 1.5 + g_number(2+k, q2))
return (q2#xk) * num / den
else:
k=n//2-1
terml = alpha + mu + 1.5 — (mu + 0.5)*(q2*+k) + q_number
(k, q2)
num = q_number(k+1, gq2) = terml
den = (alpha + mu + 1.5 + q_number(2+k, q2))
+ (alpha + mu + 1.5 + g_number(2+k+1, q2))
return (q2#xk) * num / den

compute_lambda_n(n, q, alpha, mu, theta):

b_n = compute_b_n(n, q, alpha, mu)

theta_nl = g_number(n, q) + thetax(1 - (-1)=x*n)/2
theta_n2 = g_number(n-1, q) + thetax(1 - (-1)x**(n-1))/2

terml = q#**(-n+3)x*(q+1)=(alpha+1)

term2 = theta_n2

term3 = qx*(-1) * g_number(n-2, 1/q)

term4 = —theta + thetaxq#**(-n+2) - g_number(n-2, q)

den = terml + term2 + term3 + term4
return — (theta_nl % b_n) / den

q, alpha, mu, theta = 0.8, 2, 1, 0.5
for n in range(2, 11):

print(n, compute_b_n(n,q,alpha ,mu),
g_number(n,q)+thetax(1-(-1)=**n) /2,
compute_lambda_n(n,q,alpha,mu, theta))

This code implements the explicit formulas derived in Theorem 2 and Corollary 1

to compute recurrence coefficients b, and structure relation coefficients A, ,_» for the
q*-analogue of generalized Gegenbauer polynomials. It first defines a function for g-
numbers, then uses them to evaluate b, through separate expressions for even and odd
indices, and then determines A, ,_» by combining b, with the Appell-type factors 0,1
and 6,,_,. For given parameters (q,«, j,6), the code prints a table of values for n = 2
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to n = 10, showing by, 6,_1, and A, ,—>. The output confirms the decay of b,. It also
shows that the coefficients A, ,_, are negative and diminish in magnitude, indicating the
decreasing contribution of lower-degree terms in the structure relation, which confirms
the computational feasibility and numerical stability of the theoretical results. Since each

coefficient is computable in constant time, the approach scales efficiently even for large n
(Table 1).

Table 1. Computed values forg = 0.8, a =2,y =1,6 = 0.5.

n b, 0,1 /\n,n—Z
2 0.121212 1.8000 —0.03749
3 0.213207 2.9400 —0.08275
4 0.118494 2.9520 —0.03185
5 0.158555 3.8616 —0.04314
6 0.097572 3.6893 —0.01857
7 0.115507 4.4514 —0.02074
8 0.073570 41611 —0.00936
9 0.081303 4.8289 —0.00945
10 0.052443 4.4631 —0.00436
100 1.2148 x 10710 5.0000 —1.9688 x 1020

This computational approach enables efficient construction of orthogonal polynomial
bases for spectral methods, numerical solutions of g-difference equations, and approxi-
mation schemes in analysis. In particular, one important application arises in quantum
algebra computations and in g-deformed quantum systems, where explicit polynomial
coefficients are essential for studying quantum oscillators, energy spectra, and coherent
states. The explicit computability of these coefficients thus provides a direct bridge between
abstract theory and concrete models in mathematical physics.

Now, through constructed concrete examples, we demonstrate that the sequence of
monomials satisfies the Hermite-type structure relation under a common definition of
the [1] operation, and for the Gegenbauer-type polynomials, select specific parameter
values and determine appropriate values for the undefined parameters to show that the
polynomials satisfy the structure relation for n = 2. This verification serves to illustrate
the practical implications of these characterizing relations and provides insight into the
structure of g-deformed orthogonal polynomial systems.

1.  g*-analogue of Generalized Hermite Polynomials. In the theory of orthogonal poly-
nomials, the [1! operation typically denotes a transformation that generates a related
sequence of polynomials, often called the co-recursive or first-associated sequence.
A common definition for a monic polynomial sequence {P,(x) } is

P,,_H(x) + a,,P,,(x)
X—cC

(P) (x) =

for specific constants a, and c derived from the recurrence coefficients. The corollary
states that for this specific g?-analogue, the [l operation acts as the identity operator.
This is an important property that characterizes the family.

The monic 4?-analogue of generalized Hermite polynomials is defined by the following

three-term recurrence relation:

2 2 1, 2
*H ) () = HED () + " HI ()
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with initial conditions
2
H"T) (x) =0
2
H) (x) =1

The recurrence coefficients are given by

(

ng{q) _ q72m+1[2m]q2, 72;:”»1)

V= " 2p 14 2m]

1— 2k
where [k] 2= 176]2 is the g>-number. For this specific family of polynomials, the precise

definition of the [/ operation that satisfies the invariance property is

w1 (%) 2n (1)
(7)) = g (BT )+ 2 (0)

Let us verify this with specific parameter values using exact fractions:

7 —_—

7, 249 > 49 51
‘7_1()’”_1”7_<1()> =f00r 177 =1 900 ~ 100

Step 1: Compute Recurrence Coefficients.First, compute the relevant g>-numbers:

1—qt 1- (%) 1-20 79 759 100 7599 2533
g2 51 - 51 - 51 “E1 T ®100 1700
1—gq 1 i 31710000 51 5100 1700

[2] ? =

78 5764801 94352199

4] , = 1-¢® _1-(f) _ 1— tooo00000 _ Tooooooos _ 94352199 100 _ 94352199
— 2 51 51 51

1 1—g 5% 5% 0 100000000 51 51000000

Now, compute the recurrence coefficients:

A (%)6 1 — Jo00000 _ ocooo0 882351 100 882351

(1) 0
7 =g Rp 1 =Bl = ) 51 = 51 =5 ‘ -
1—g 55 55 55 1000000 51 510000
(11,0) _ 10 94352199 943521990 31450733
’)/ Il’q = q 1 [4] 2 = — - = =
2 T 7 51000000 357000000 11900000

Step 2: Compute Polynomials. Using the recurrence relation

882351
_ _ 2
882351\ 31450733 882351 31450733
_ _ _ (.2 _ 3
H(x) = xHy(x) = 72Hh (x) x<x 510000> (510000 + 119ooooo)x

~ 11900000" ~ *
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Step 3: Apply the Specialized 1 Operation. Forn = 2,

882351
a2

Ha(x) =" = 515000
Hy(ax) = 7 N (7)) 882351 _ 49 , 882351
q 10°) = (10 510000 _ 100" _ 510000
P =t = 7 4:2401

10 10000
gy 2001 12400

10000 _ 10000

Now, compute the [ operation:

(H) () = 5 (Hal) + g°Hal)

1117649 , 882351 2401
12401 \ 1000000" 510000 ( 10000):>
10000 (1117649 , 882351 12401

12401 \ 1000000" ~ 510000 10000)
10000 1117649 , 10000 882351 12401

12401 10000000 ~ 12401 510000 10000
1117649 , 882351

1240100 ~ 510000
, 882351
= X" —

510000 — 12(%)

10000 (< 882351) n 2401 <49x2 _ 882351))
12401 510000 10000 \ 100 510000

_ 10000 (x2 882351 2401 - 49 2 2401 - 882351)
12401 510000 1000000 5100000000

_ 10000 (( 117649 ) 2 (882351 n 2401 - 882351))
12401 1000000 510000 ~ 5100000000
10000 (

1]
The invariance property HY ) (x) = (H,(ZV ,qz>) (x) holds exactly for this family of

polynomials when the [/ operation is properly defined. This shows that (H>) W(x) = Hy (x)
holds identically, confirming the characterizing relation. Thus, the characterizing relation

1]
Hr(f”qz)(x) = (H,(f"qz)) (x) is satisfied for all n.
2. g*-analogue of Generalized Gegenbauer Polynomials.

Step 1: Define the polynomials and parameters. Using g = 0.5, a =1, y = 0.5, 71 =

1
p+s3 05405 1 _ _ . .
P % = 17105525 4 0.25 and > = 0.2, the polynomials are as follows:

So(x) =1

S1(x) =x

Sa(x) :xz—'yl =x*>—-025

S3(x) = x* = (114 72)x = x° — 0.45x
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Step 2: Apply the [1] operation. Using the definition (S (x) =

(So) U (x) = 222 = 22— 045
Step 3: Calculate b,. Using the formula for by, withn = 0,

2 atp+3—(p+3)9"+[0],
T(a+p+35+002)(a4+pu+3+1]2)

b2 = 00+ 1]

First, compute the g-numbers:

1—0.25
_ 2 __ _ _ _
q=05, " =025 (0], =0, [1]p=— = =1
Now, compute by:
1+0.5+1.5—(0.5—|-0.5)-1+0 3—1 2

bh=1-1

Step 4: Determine the constant K. The relation for n = 2 is
S2(x) = (82)"(x) = Kbz (50) (%)

Substituting known values,
2 2 1
x* —025= (x* —045) — K- 2 -1

Simplifying:

x? — 025 =x% — 045 — %

0.20 = —% = K= —-12
Step 5: Relate K to 8p and 01. The expression for K is

K= 01
(g +1)(a+1) + 6

Substituting g = 0.5, « = 1:

01 01

—1.2 == =
0.5-1.5:-24 0 1.5+ 69

Sn+1<x)
X

"(1405+15+0)(1+05+15+1) 3-4 12

Step 6: Choose appropriate values. We have one equation with two unknowns.

Choosing 089 = 0 gives

01
—12=-L =9, =—18
15 1

Step 7: Verification. With 89 = 0 and 6 = —1.8

—1.
K=" __12
15
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Now, verify the relation:
(S2)U(x) — K- b (So)U(x) = (+* — 0.45) — (—1.2) - % 1

=% — 045+ 0.2 = x* — 0.25 = Sp(x)

These values satisfy the structure relation for the g2-analogue of generalized Gegen-
bauer polynomials at n = 2. Similar calculations can be performed to verify that the result
is valid for all values of n. The significance of the result is that it provides a unique and
powerful defining property for these g-deformed polynomial families. It connects them
to a fundamental operation (perturbation of the functional) and provides a crucial tool to
identify polynomial families, determining unknown parameters, and analyze the sequence
to understand the structural relationships within and between polynomial sequences. Our
calculations were a practical demonstration of using this characterization as a tool for
verification and parameter determination, highlighting its operational value in the theory
of orthogonal polynomials.

5. Conclusions

The present work continues the earlier study by Aloui and Souissi [3], where the
notion of g-Dunkl-classical symmetric orthogonal g-polynomials was introduced. These
polynomials unify and generalize both the g?-analogue of the generalized Hermite polyno-
mials and the g2-analogue of the generalized Gegenbauer polynomials. In this paper, we
provide a characterization of each of these families of orthogonal g-polynomials through a
second structure relation. To further stimulate research in this direction, we also propose
an Open Problem(see Part II of Remark 6).
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