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Abstract

This paper investigates the pth moment exponential stability of random impulsive de-
layed nonlinear systems (RIDNS) with multiple periodic delayed impulses. Moreover,
the continuous dynamics are described by random delay differential equations whose
random disturbances are driven by second-order moment processes. Using the periodic
impulsive intensity (PII), average delay time (ADT), average impulsive delay (AID), as well
as the Lyapunov method, we present some pth exponential stability criteria for impulsive
random delayed nonlinear systems with multiple delayed impulses. Furthermore, the
criterion is unified, which is not only applicable to stable or unstable original systems
but also takes into account the coexistence of stabilizing and destabilizing impulses. The
periodic structure of impulses and their intensities introduces an intrinsic temporal sym-
metry, which plays a critical role in determining the stability behavior of the system. This
symmetry-based perspective highlights the fundamental impact of regularly recurring
impulsive actions on system dynamics. Several illustrated examples are given to verify the
effectiveness of our results.

Keywords: impulsive random delayed nonlinear systems; exponential stability; multiple
periodic delayed impulses; periodic impulsive intensity; average-delay impulse

MSC: AMS 2000 Subject Classification

1. Introduction

Symmetry is a fundamental organizing principle in the analysis of dynamical systems.
In particular, temporal symmetry—recurrence of structures or actions with a fixed cadence—
often endows complex systems with regularity that can be harnessed for stability and
control. Periodic impulsive actions are a canonical embodiment of temporal symmetry: they
inject discrete, structured interventions into a continuous-time evolution, creating a hybrid

s

dynamic where the flow is periodically “reset,” “amplified,” or “damped” depending on
the impulse magnitude and timing. In many engineered and natural processes—networked
control loops, cyber—physical architectures, sampled-data implementations, biochemical
rhythms—such periodic interventions are not incidental but intrinsic. Understanding how
this temporal symmetry interacts with delays and randomness to preserve or break stability

is therefore a central question.
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From a stability perspective, impulses and delays have a delicate, bidirectional influence.
Impulses can be designed to contract trajectories and recover robustness lost in the continuous
flow; they can also inject energy and push trajectories away from equilibria if too strong
or too frequent. Delays, likewise, may encode essential memory and filtering effects but
also degrade phase information and worsen feedback mismatch. The situation is further
compounded by random disturbances—ubiquitous in realistic environments—which may
be better modeled by finite second-moment random processes than by idealized white noise.
The resulting hybrid systems marry continuous dynamics, discrete jumps, time delays in
both media, and random fluctuations—a combination that challenges classical Lyapunov and
comparison-based analyses.

A substantial literature has addressed individual facets of this problem. Impulsive
and hybrid stability theories are well established and have produced a variety of sufficient
criteria for stability and performance [1-6]. For time-delay dynamics, many results handle
delays in the continuous flow, including improved bounds via average delay time (ADT)
or auxiliary functionals [7-10]. On the random side, there has been sustained progress for
random differential equations (RDEs) driven by second-moment processes—an expressive
framework beyond white-noise SDEs and more suitable in many applications—covering
stability, noise-to-state properties, and switching [11-25]. However, most available results
treat these components in isolation or impose structural limitations for tractability.

The limitations are most evident when one focuses on periodic impulsive mechanisms.
First, existing studies that explicitly incorporate periodic impulses often remain either
deterministic [26] or stochastic without delays inside the impulses [27]. Second, even when
impulses are allowed to vary, a global restriction such as [T, #; < 1 over a period is
routinely enforced, effectively presuming that impulses are stabilizing on aggregate and
thereby excluding regimes where stabilizing and destabilizing impulses coexist. Third,
delays are typically confined to the continuous dynamics [9,20-25] or taken to be constant
and thus less representative of real timing jitter; the impact of time-varying delays in
the impulsive channel itself has been largely overlooked. These gaps matter in practice:
sampled controllers and event schedulers frequently exhibit periodic yet heterogeneous
“impulse intensities,” while network and actuation pipelines induce time-varying offsets
both in streaming data and in discrete updates.

Motivated by these observations, we revisit the stability of random impulsive delayed
nonlinear systems (RIDNS) subject to multiple periodic delayed impulses. Our viewpoint
is symmetry-driven: the periodic pattern of impulses introduces a discrete time-translation
symmetry over each period, and the question is whether the combined effect of the continu-
ous evolution, the random disturbance, and the delayed impulses preserves this symmetry
as a stabilizing regularity or breaks it as a destabilizing resonance. To make this interaction
quantitative, we aggregate the per-impulse intensities over a period into a single scalar that
measures the net symmetry effect of the periodic resetting; we complement this with aver-
age impulsive delay (AID) to account for timing asymmetries within the period and with
average delay time (ADT) to encode the cadence of interventions. This trinity—periodic
intensity, average delay, average cadence—coupled with a Lyapunov construction tailored
to RDE-driven flows, yields concise conditions that transparently expose the trade-offs
among impulse design, delay budget, and disturbance level.

Our analysis operates at the level of pth-moment exponential stability, a natural
yardstick for random systems that balances tractability with strength of guarantee. In
contrast to frameworks that require uniformly stabilizing impulses or restrict delays to
the flow, we allow (i) coexistence of stabilizing and destabilizing impulses across a period,
(ii) time-varying delays in both continuous and impulsive channels, and (iii) random
disturbances modeled by finite second-moment processes. The resulting criteria read as
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inequalities that combine the aggregated impulse effect, the average delay burden, the
dwell-time budget, and a disturbance-dependent term; importantly, they specialize cleanly
in both directions—when the underlying continuous part is contractive, the inequalities
quantify how much destabilizing impulse energy and delay can be tolerated; when the
underlying flow is expansive, they specify how frequent and strong the stabilizing impulses
must be to restore symmetry and enforce stability.

Beyond their conceptual economy, the criteria are practically interpretable. The aggre-
gate periodic intensity (defined via a logarithmic sum over one period) is the symmetry
proxy: its sign distinguishes symmetry-preserving (stabilizing) versus symmetry-breaking
(destabilizing) impulse patterns. The AID term quantifies where the impulse acts relative
to the flow—longer average delays shift effective actuation further “out of phase,” weak-
ening contraction or amplifying expansion. The ADT term encodes when the impulse
acts—shorter delay times increase corrective cadence but raise bandwidth and energy
costs. These levers align with the design knobs available in networked control and embed-
ded implementations, and they provide clear guidelines for balancing performance with
resource constraints.

In terms of related work, our results unify and generalize several strands. Com-
pared with analyses that treat only delays in the continuous dynamics [9,20-25], we
explicitly allow delays to enter the impulsive map, capturing latency in actuation
or sample-hold pipelines. Compared with studies of periodic impulses that require
TIY, ui < 1[26,27], we remove this global restriction by working with the periodic im-
pulsive intensity and by coupling it with AID and ADT; this reveals stability regimes
with mixed stabilizing / destabilizing impulses that prior criteria could not certify. Relative
to RDE-based stability results [11-25], we incorporate a hybrid impulsive structure with
time-varying delays in both channels while keeping the disturbance model at the finite
second-moment level, which is broad enough for many real signals but still amenable
to Lyapunov estimates. The upshot is a compact set of sufficient conditions that are di-
rectly computable in typical applications and that we corroborate with simulations on
two-dimensional RIDNS featuring stable and unstable continuous parts, respectively.

Applications of the framework span multiple domains. In networked and cyber—
physical systems, periodic transmissions and controller updates are constrained by sched-
ulers; AID captures network and computation latency, whereas ADT reflects scheduling
cadence. In intelligent manufacturing, periodic inspection/actuation cycles interact with
transport and processing delays; our criteria gauge how much throughput jitter can be
tolerated without sacrificing stability. In biological and medical contexts, periodic dosing
or stimuli act as impulses with non-negligible administration delays; the analysis clarifies
when such protocols entrain (stabilize) a rhythm or disrupt it. Across these settings, the
symmetry lens helps explain and design periodic interventions that are robust to random
disturbances and timing imperfections. The contributions of this paper are threefold.

(1) Symmetry-based quantification via periodic impulsive intensity (PII).

We introduce PII as a single scalar that aggregates impulse intensities over one period
(the logarithmic sum), thereby serving as a temporal-symmetry metric for periodic interven-
tions. Unlike approaches that reason about each impulse in isolation or require TTN; p; < 1,
PII accommodates mixed sequences with stabilizing and destabilizing impulses and ties
their net effect to stability in a transparent way. This provides a compact language to
compare and design periodic impulse patterns.

(2) A unified pth-moment exponential stability criterion for RIDNS with delayed impulses.

By coupling PII, AID, and ADT with a Lyapunov construction for RDE-driven flows,
we derive sufficient conditions for pth-moment exponential stability that hold for both
stable and unstable continuous subsystems and that permit time-varying delays in both
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continuous and impulsive channels. The inequalities explicitly display disturbance contri-
butions, delay burdens, and cadence trade-offs, thereby generalizing and unifying prior
criteria that either forbade destabilizing impulses, ignored delays within impulses, or
confined delays to be constant.

(3) Dual roles of delayed impulses and design implications.

Our analysis characterizes when delayed impulses stabilize an otherwise unstable
flow (symmetry restoration) and when they destabilize an otherwise stable flow (symme-
try breaking). This duality refines the common intuition that “more frequent/stronger
impulses help”: the benefit depends critically on where (AID) and when (ADT) impulses
act relative to the continuous dynamics and the disturbance level. The resulting guidance
translates directly into scheduling and timing constraints in networked, embedded, and
biological applications.

2. Preliminaries

Notations: Pbeo ((—v,0],R") denotes the family of all Fy-measurable bounded
PC((—v,0],R")-valued random variables with sup_,_ .o E[¢(s)|P < oo, where
PC((—v,0],R") represent the set of all piecewise right continuous function ¢ with
its norm ||¢||=sup_,<s<o|¢(s)| from (—v,0] to R". ||.|| and |.| represent the spec-
tral norm and Euclidean norm, respectively. Let Z; = {1,2,..}, N = {0,1,2,...},
pV q = max{p,q}. For any matrix A, AT and A, (A) represent the transpose and the
largest eigenvalue of A, respectively.

In this paper, we examine the following RIDNS with multiple periodic delayed impulses:

x(t) = f(tx(t),x(t = (b)) + (6, x(t), x(t = T(#)))¢(t), ¢ # bt > 1o

x(t) :Ik<x(tk)_1x(tk_9k)_)r t=tkeZy ey

x(t) =¢(t), to—v<t<k
where T(t) : [to, +-00) — [0, 7], v = supy.z, {0k T}, x(t), and x(t) present the system state and
its right-hand derivative, respectively. x(f7) = limg_ ;- x(s), 0y € Ry, tpq < tp — 6 < fy,
limy_, oty = 400,k € Z. Assume that f and g are locally Lipschitz. For all t > t;, suppose
f(t,0,0) =0, g(£,0,0) = 0, and I;(0,0) = 0in order to guarantee the existence and uniqueness
of the trivial solution for system (1) [9]. Moreover, (t) € R™ is a stochastic process that follows
the assumption outlined below:

(A1): Regarding the stochastic process ¢(t) € R, it is independent of the initial value

¢(t) and has a finite second-order moment, specified by:

sup E|E(1)]? < % < oo,
>t

where O is a positive constant.

Definition 1. For the initial value ¢ € PC’}U ((—v,0],R™), if there exist two positive constants
M > 0and A > 0 satisfying

Elx()[P < Me ") sup Elg(s)|?,

—v<s<0

then the trivial solution of system (1) is said to be pth moment exponentially stable (p-ES).

Definition 2 ([28]). Let N(to, t) denote the number of impulses in the interval (to,t]. If there exist
positive constants Ny and Ty such that
t—1tp
To

t—tp

—No < Nt t) <

+ Np.
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Then Ny is called the elasticity number, and Ty is referred to as the average delay time (ADT).

Definition 3 ([29]). Let N(to, t) represent the number of impulses in (to, t]. If there exist positive
constants 6 and 0%, such that for any sequence of impulsive instants t; in (t,t] the following
inequality holds:

N(to,t)
ON(to, t) — 0% < 0; < ON(to,t) + 6%,
i=1

then 0* is called the preset value, and 0 is referred to as the average impulsive delay (AID).

Definition 4 ([30]). A function f(t) is defined as a uniformly asymptotically stable function
(UASF) if there exist constants ¢ > 0 and d > 0 such that for any to > t; > to,

t
/zf(s)ds < —c(ty —t1) +d.
t

Definition 5. For any impulsive intensity sequence { py}, if un = s, k € Zy, then {x(ty)} is
called periodic impulses. Let YN | In y; = In i, then In {1 is called periodic impulsive intensity (PII).

Remark 1. The introduction of the periodic impulse intensity (PII) provides a concise quantita-
tive measure to evaluate the cumulative effect of impulses over a cycle. Specifically, [TN., p; =
eE Nk = pInf ghere In fi > 0 indicates that the periodic impulses may be destabilizing, while
Inji < 0 implies stabilizing effects. This criterion offers an intuitive and powerful tool for clas-
sifying impulse sequences, simplifying the analysis of complex interactions into a single scalar
value. Compared with traditional single-impulse analysis, the PIl-based framework captures the
aggregated impact of periodic impulses, thereby enhancing both theoretical understanding and
practical applicability across various domains such as control theory and biological systems.

3. Main Results

In this section, we will develop a set of sufficient conditions for the pth moment
exponential stability of system (1) by employing the concepts of periodic impulsive intensity
(PII), average impulsive delay (AID), average delay time (ADT), and the Lyapunov method.
In addition, the criterion is comprehensive, as it applies to both stable and unstable original
systems, while also considering the coexistence of stabilizing and destabilizing impulses.

Assumption 1. Assume that exist U(t, ¢): R" x [0,00) — RT, with ¢ € PCé’TO((—v, 0],R"),a
piecewise continuous function A(t) € R, and real parameters by > 0,by >0, Ag > 0, py > 0,k €
Z.+ such that
(A2) by|@(0) [P < U(t, x) <basup_, <o |@(s)]7
U (t, U t,
(43 B o S (1, 2(0),x(1 = ) < AOU(1x(0),
LW o (¢, x(t), x(t — 7)) < AU(E x(t)), t # b
(A4) Uty x(t)) < pd (B — 0~ x (B — 0c)7)-
(A5) there is a function & such that ]Eeffo Aolé(s)ds < e9(20)(t=to)
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Remark 2. Based on (A3), for any t € [ty, tyy1), we obtain

D U(tx)] = limsup A ALX(ELAD) Z UL ()
At—0+ At

= W)y D) 20,2~ 1), + gx(0), 2t~ 0)E)

(A(E) + AolS()U(E, x).

IN

This indicates that if A(t) + Ag|E(t)| < O, the continuous system is stable; if A(t) + Ag|G(t)| > 0,
the continuous system maybe unstable.

Remark 3. In fact, there exist processes that satisfy assumption (A5). For instance, if () is a
zero-mean wide-sense stationary process and there exists a parameter co > 0 such that

/: l|cov(&(s), &(H))||ds < co,

then based on Remark 5 in [18], the function 6 can be chosen as
1
(5(/\0) = EAO(Z@ + coMo).-

Theorem 1. Suppose that Assumption 1 holds, with A* > 0 and the following additional assumptions:

(A6) A(t) is UASF with parameters c and d;
(A7) 6(Ag) — ¢ + ML ),
the system (2.1) is p-ES.

Proof. We first prove that for Vt € [ty, +00), the number of impulses is N(t, t), there is

N(to,t) N(to.t); ot ot ot
Ut x(1) < TT il (to, x(to))e” 50" Ui MBIl OIS Jg A1 @
i=1

For any t € [tg, t1), it follows from (A3) that we obtain
DY U(tx)] < (A(t)+AolS()U(E, x).
According to Gronwall inequality, we get
Ut x(1)) < Ulto, x(to))ela O N ®
When t € [t1,12), it follows from (3) that
Ut (1)) < Uty x(ty))eln HEHR0EEIDE
and

-t —0
U((h = 01)7, (8= 1)) < Ulto, x(tg))eo HETHRIEEDE,
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then it can be checked from (A4) that

UL < Ul x(ty))es OIS
< mU((t—601) ,x((t1 —61)7))e ftl s)+A0[&(s)[)ds
< Uty x(tg))en A I M)+ AalE(o))as
= Uty x(t))e L el(/\ $)+A0lE () )ds i (A(s)+Aol5(s) )ds
< ml(t, (fo))eif'l oy A5 i (ME) +A0lZ ) s

For any t € [t, ty41), we obtain

Ut x(H) < Uk, x(t))e Sy M)+ A0z () )ds
<l ((t —6) " x((t — gk)—))eftj(()‘(s)ﬂo\é(S)l)ds
= ﬂk[“(fk—l/x(tk_l))effkkfk“@)ﬂolé( s Ji (A5) 0l (5) )ds
(e x(b))e o MO RIS | (Al +Aolz (o))
S uku(tk_l,x(tk_l))e‘-ﬁlkek s fi_ (V&) +olg(s) s

For Vt € [ty, +00), by iterating from 0 to N(to, t), where N (ty, t) is the number of impulses,
it can be verified that

N(to,t)

Ut x(t)) < [T wild(to, x(to))e = X [ g, (M) +A012(5) )ds] i (A(s) +olé(s) s
i=0
N /' ot
< ﬁt) yiuuo,x(to))efi?:ﬂléiei )] iy (A(5)+AolZ () ).
i=0

thus Theorem 1 holds.
The floor function of w(t) denoted |w(t)] is the largest integer less than or equal to
w(t). Obviously, ( ) - 1 < |w(t)|] < w(t). Define B = maxlglsSN]_[i;é Ukrr, My =

max{Be e ,Be

Nﬁf) 4 < Mle}f’%(tftg)
i=0
In fact, if In fi > 0, we have
Nﬁt) I N N(tg.t) In i

i=0
< el M)
< BelnﬁN(;(f)'t)
< BeN (RN
< MMt
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ifInfi < 0wehave

H Hi = 6): anI

i=0
< BenAlTHY
< Bemi Mgt 1)
< pe-lnf,N lny(t to “Np)
< MleNTO(t fo).

By taking the expectations on both sides of Theorem 1, it follows that

N(to,t) N(tg,t) ot
TT i, x(rg))e " Uil Ol I, A fy el

EU(t, x(t)) <
i=0
< M]eNTa (t=t0) [~ L ST A MS)ds]e‘S(AU)(t_t")EU(to,x(to))
< Mle): ") [c6;] —c(t—to)+dN (o )] LO (M) + x5 )dsEu(to,x(to))
< MyeleN(toh)o+07)+d(N(to,1)] f‘U o) “EU (to, x(to))
< My BTNy (O +”7T};)dSEU(f0/x(f0))
< M1e[59*+(‘:é+d)N°]ejfo (Ro) _C+£‘T};+%d>dsEu(tO,x(to))
< Me M UTRIEU ko, x(t0)),

where M = Mle[CQ*Jr(Cé*d)NO]. According to (A2), we have

B < 2Me 0 sup  Blg(s)l.

1 to*VSSStO

Using (A2) and Definition 1, we can conclude that system (1) exhibits exponential stability in the pth
moment. [

Remark 4. This criterion in Theorem 1 is comprehensive, as it applies to both stable and unstable
original systems, while also considering the coexistence of stabilizing and destabilizing impulses.

Remark 5. When 6(Ag) — ¢ < 0, it indicates that the original system is stable. The condition in
(A7) further suggests several key requirements for maintaining stability: In fi should not be too
large, implying that the periodic impulsive intensity (PII) must be controlled to avoid destabilizing
effects. 0 should not be too large, meaning that impulsive delays should not be excessive, as long
delays could undermine system stability. T, should not be too small, meaning that impulses should
not occur too frequently, as frequent impulses could also destabilize the original system.

Remark 6. When 6(Ag) — ¢ > 0, it indicates that the original system is unstable. We must rely

on the stabilizing effects of periodic impulses. To achieve stability, the term W must be

controlled carefully. This condition suggests the following: The numerator an” + c0 + d must be
less than zero. Specifically, In fi (the periodic impulsive intensity (PII)) needs to be sufficiently small
to counteract the destabilizing effects. Additionally, 0, representing the average impulsive delay
(AID), should not be too large, as longer delays could exacerbate instability. The average delay
time(ADT) T, should be small enough, meaning that stabilizing impulses must occur frequently.
A shorter T, ensures that the stabilizing effects of the impulses are applied reqularly enough to
overcome the system’s inherent instability.
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When A(t) = A, we obtain the following corollary.

Corollary 1. Suppose that Assumption 1 holds, A(t) = A, pxn = g, A* > 0 and the following
additional assumptions:

(A8) A + A +38(Ao) + Bh < —A%,
then system Definition 1 is p-ES.

Proof. Similar to Theorem 1, we have

ot N(to ) 1) ;- AL N(to,t) 0; ft /\+o(/\0)dsEu(t X(to))

BU(t x(f) <
< Mo (0 Mo N0 0 4y, (1))
—Ad Inpi
< M1M2M3€ft0 To MH(AOHNTOdsEU(to,x(to))
< eiA*(titO)EU(i‘o,x(to)),

where M = M;MyMs, My = max{e?®",e=2%"}, M3 = max{e~ AGNo ewNO} Based on (A2)
and Definition 1, it follows that system (1) achieves pth moment exponential stability. [

Remark 7. Through (A8), we can see that AID has a dual effect: it can stabilize unstable systems
as well as destabilize stable systems.

When 0 = 0, the periodic impulses are not affected by delays, and we obtain the following
corollary.

Corollary 2. Suppose that Assumption 1 holds, with 6, = 0, upn = My, and the following
additional assumptions:

(A8) A(t) +6(Ao) + § ln” is UASF with parameters c and d,

then system Definition 1 zs p-ES.

Proof. Similar to Theorem 1, we have

(¢

BU(t () < ebno” Mgl MOH0 gy gy

< Mle;%(t_to) ft (A(s) +§(Ao))dsEu(tO/x(tO))
= Me Jiy M&)+8(h0)+ Ry s "EBU (o, x (o))
< Me UEY (ty, x(ky)),

where M = M;e?. Based on (A2) and Definition 1, it follows that system (1) achieves pth
moment exponential stability. [

Remark 8. RIDNS have been studied in the literature [9,20-25]. However, in [9,20-24], delays
were only considered in continuous dynamics. Furthermore, in [25], the time delay in the continuous
system was treated as a constant, whereas in our work, the delay is modeled as a time-varying
function. In [21,22,25], all impulsive intensities y; are the same constant. The impact of multiple
impulses is considered in [9,24]. However, we consider the effect of multiple periodic delayed
impulses on the system.

Remark 9. Periodic impulses have been studied in the literature [26,27]. In [26], periodic impulses
were analyzed in a deterministic system, while ref. [27] focused on a stochastic system. However,
neither of these works considered delays within the impulsive system itself: they only dealt with
delays in the continuous dynamics. Additionally, both studies required TTN., p; < 1, which is
equivalent to the condition in our system where the periodic impulsive intensity (PII) Inji < 0,
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whereas in our work, the PII is more flexible, allowing for a broader range of conditions. In particular,
our concept of PII can be applied to both deterministic and stochastic systems. In this sense, we
have addressed the lingering issue in these two works regarding how to remove the restriction

T, i < 1.

4. Examples

We examine the following two-dimensional RIDNS with multiple periodic delayed
impulses:

{ 2(t) = Ax(t) + Bf(x(t)) + Cf(x(t — T(t)))dt + Dx()E(F), t# t, "

x(t) = mHx(te —0k) =, t=ty,

fx(6) = (ila (1), falx ( )T = (tanh(x1(t)), tanh(x2(t)))T, T(t) = 3(1 +sint) € [0,1]
with () < 3 < 1. &(t) = 4 cos(t + T), here T is a uniformly distributed random variable
on [0,271]. Since E|¢|* = g,Ee-ffo Aole(s)lds _ ,2.(—1) thus (A1) and (A5) holds with ©2 — 1

d(Ag) = 2

Remark 10. Although the above example is presented in a purely mathematical form, it is closely
related to practical problems. For instance, system (4) can be viewed as a simplified model of
networked control systems subject to time-varying transmission delays, random disturbances, and
impulsive updates caused by scheduling or packet dropout events. Such dynamics are common in
engineering applications such as spacecraft attitude control and secure communication systems.
Therefore, this example not only illustrates the applicability of our theoretical criteria but also reflects
potential engineering relevance.

Let the Lyapunov function

Ut x) = %x(t)Tx(t) + 262 /t 26D x(s)Tx(s)ds.

t—1(t)

On the one hand, it follows from the mean value theorem that there exists a constant
€ [t —7(t),t] that

1 t
Ut x(t)) = Ex(t)Tx(t)+2€2/t7T(t)ez(s_t)x(s)Tx(s)ds
= x(B)Tx() + 220 ()x(0) x(a)
< E sup x(t+s) x(t+5)+22T(t) sup x(t+s) x(t+s)
2 —1<s<0 —T<s<0
< (%4-62) sup x(t+s) x(t+s).
—1<5<0

On account of U (t, x(t)) > %x(t)Tx(t), then condition (A2) is satisfied with b; = 1, b, = 1 +¢2,

p = 2. On the other hand, we can get



Symmetry 2025, 17, 1481

11 of 14

U +Us f = Us + U [Ax(t) + Bf (x(t)) + cf (x(t — T(t)))]
< x(8)[Ax(t) + Bf (x(t)) +cf (x(t = 7(1))] + 2e%x(£) Tx(t)
=267 (1 — #(8))x(t — () Tx(t — T(1))

ey t O IxE) x(5) ds
< x()T[A+ B +2e21)x(t) + x(t) TCx(t — T(t))
—x(t—7(t))Tx(t — T(t)) — 4e? /t A5 x(s) x(s) ds
t—1(t)
<x()T[A+ B+ 1CTC +221)x(t) — 4¢? /tt " 26 Dx(s)Tx(s)ds  (5)
We can further derive
UxDx(t) < Amax (D) U(t, x(t)) (6)

Regarding condition (A4), for all t # t;, we have

1 t
Ut x(tr)) = Ex(tk)Tx(tk)JrZeZ/t i )ez(s_tk)x(s)Tx(s)ds
k— k

< (e —06) 7, x((be— k) 7)),

thusyk:q]%,
Case 1. Lettk:k,ek:0_2+\Silr(‘)k\,and
a=| 7100 _ |80 c_ |10 o250
1 —10 B 2 _8 4 0 1 7 — 1 02 ,
H=| 1 %]
01

From (5), we have U; + Uy f < —2U(t, x(t)), thatis u(t) = —2, thus c = 2,d = 0. From (6)
we have UsDx(t) < 1U(t,x(t)), Ag = . Thus (A3), (A6) holds. Additionally, 6(Ag) = £=;
this indicates that the continuous system is stable. We have Ty = 1, § = 0.2. To ensure that
(A7) holds, namely

Infi/N+c0+d

5(/\0) —Cc+ TO

<0,

it is sufficient to
Inj

N
If welet N =3, 3511 = 1.1, 312 = 0.4, 73, = 1.8, thus In fi = In0.63, this indicates (A7)
holds. Thus the condition in Theorem 1 is satisfied, which verifies that system Definition 1
is p-ES, and its simulation is shown in Figure 1.

< 1.52.
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x1
x2| |

solution x

0.4 1 1 1 1 1 1 1 L

Figure 1. The behaviors of the system (4) in Case 1.

Case 2. Let A, B,C, H same in case 1, i.e. A(t) = —2, jip = 77, and let D =

7 0
1 25 |
then from (4), UxDx(t) < 7U(t,x(t)), i.e. A\g = 7, 5(Ag) = Z. This indicates that the

continuous system is unstable. Letting t, = k, 6y = 0.2 + ‘Silrékl ,wehave Tp = 1,0 = 0.2. To
ensure that (A7) holds, namely

+1nﬁ/N+cé+d -

(Ag) —c T 0,
it is sufficient to In
N~ < —0.63.
We can let N = 3, 3,41 = 1.1, 113040 = 0.8, 173 = 0.4, thus lnT” = —0.7 < —0.63. this

indicate (A7) also holds. Thus, the condition in Theorem 1 is satisfied, which verifies that
system Definition 1 is p-ES, and its simulation is shown in Figure 2.

Remark 11. This numerical simulation example verifies the correctness of our Theorem 1. If we
let N =3, y3k41 = 1.5, 13420 = 1.2, i3 = 0.8 in Case 1, thus Infi = In2.07; this indicates
(A7) also holds. When the continuous system is stable, the system remains stable even under the
influence of destabilizing periodic delayed impulses, i.e., PII In fi > 0. When the continuous system
is unstable, stabilizing periodic delayed impulses, i.e., PII In fi < 0 can stabilize the system.
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References

x1
x2

0.8 1

solution x

04r 1

0 /W—
_02 1 1 1 1 1 1 1 1

Figure 2. The behaviors of the system (4) in Case 2.

5. Conclusions

In this paper, we have introduced the concept of periodic impulsive intensity (PII) and
developed new stability criteria for the pth moment exponential stability of RIDNS with
multiple periodic delayed impulses. Our results show that periodic delayed impulses can
both stabilize unstable systems and destabilize stable ones, highlighting the dual effects
of impulse intensity and delay length. By addressing random disturbances, time-varying
delays in continuous flow, and time delays in impulsive dynamics, our approach extends
previous works and removes restrictive conditions, offering greater flexibility for both
deterministic and stochastic systems.
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