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Abstract

We present a short review of the methodology and applications of the Simple Equations
Method (SEsM) for obtaining exact solutions to nonlinear differential equations. The
applications part of the review is focused on the simple equations used, with examples of the

1 r
P+9XP(¢7§)} ,for
the function 1/ cosh”, and for the function tanh”. We list several propositions and theorems

use of the differential equations for exponential functions, for the function [

that are part of the SEsM methodology. We show how SEsM can lead to multisoliton
solutions of integrable equations. Furthermore, we note that each exact solution to a
nonlinear differential equation can, in principle, be obtained by the methodology of SEsM.
The methodology of SEsM can be based on different simple equations. Numerous methods
exist for obtaining exact solutions to nonlinear differential equations, which are based on
the construction of a solution using certain known functions. Many of these methods are
specific cases of SEsM, where the simple differential equation used in SEsM is the equation
whose solution is the corresponding function used in these methodologies. We note that
the exact solutions obtained by SEsM can be used as a basis for further research on exact
solutions to corresponding differential equations by the application of methods that use
the symmetries of the solved equation.

Keywords: nonlinear differential equations; exact solutions; simple equations method
(SEsM); method of the inverse scattering transform; method of Hirota; specific simple
equations; specific cases of SEsM connected to other methodologies

MSC: 34A05; 35C05; 35Qxx

1. Short Overview of the Literature and Research on SEsM

Complex systems are everywhere [1-6] and their study is complicated by their non-
linearity [7-9]. In many cases, time series analysis and differential or difference equations
are used in the study of such systems [10-16]. The focus of this review is on one aspect
of the use of nonlinear differential equations for modeling such systems: obtaining exact
solutions to model nonlinear differential equations. This research has a long history [17-22].
One reason for this sustained attention are the exact solutions connected to nonlinear
waves [23-32]. Several areas of occurrence of nonlinear waves are fluids [33-37], interaction
of nonlinear waves and offshore structures [38], nonlinear optical waves [39], nonlinear
waves in chemical systems [40], nonlinear waves in plasmas [41], etc. A special class of
nonlinear waves are the solitons [42-57]. They are observed in numerous systems such
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as plasmas [58] and helium films [59], and can be used, for example, in long-distance
communications [60].

Below we discuss the SEsM (Simple Equations Method) for obtaining exact solutions
to nonlinear differential equations. the SEsM is connected to other much-used methods
such as the Inverse Scattering Transform Method and the Method of Hirota.

1.  The most famous method in the list of methods for obtaining the exact solutions
of nonlinear differential equations is the Inverse Scattering Transform Method [61].
An introduction to the method is given in [62,63]. We note

(@)  The work of Lax [64], who proposed a general principle for associating nonlin-
ear equations evolutions with linear operators so that the eigenvalues of the
linear operator are integrals of the nonlinear equation.

(b) The contribution of Zakharov and Shabat [65,66]

(c) The results of Fokas and Ablowitz [67]; Dod and Bullough [68]; Ablowitz,
Kruskal, and Segur [69]; and Kaup and Newell [70,71].

2. The Inverse Scattering Transform Method has many applications to

(@) Nonlinear waves in dispersive systems [72].

(b) Solitons [73-78].

(o) Integrability of evolution equations [79-83].

(d)  Construction of higher-dimensional integrable systems [84].

(e) Spectral transformation method for solving nonlinear evolution equations [85],
etc. [86].

3. A classic example of another method for obtaining exact solutions of nonlinear partial
differential equations is the method of Hirota [87-90].

Exact solutions to many nonlinear partial differential equations are obtained by these
methods. Examples of such equations are

Korteweg-de Vries equation [91-105].

Sh-Gordon equation and Benney-Newell equation [106,107].
Sine-Gordon equation [108-111].

Nonlinear Schrodinger equation [112-136].

Boussinesq equation [137-139].

Kadomtsev-Petviashvili equation [140,141].

Benjamin-Ono equation [142].

Camassa-Holm equation [143-145].

X NoU =

Nonlinear Klein-Gordon equations [146], Degasperis —Processi equation [147], inter-
nal wave equation [148], etc. [149].

The obtained exact solutions are used for the description of various phenomena.
Selected examples include

1. Optical pulses [150-154], propagation of optical solitons in fibers [155-161], discrete
solitons in optical systems [162].

2. Solitons in lattices [163-173].

3. Solitons in a sea [174], internal waves in the atmosphere and atmospheric
solitons [175], water waves [176-181], solitary waves in large blood vessels [182].

4.  Dissipative solitons [183], breaking solitons [184], solitons in Heisenberg chains [185-189].

5. Solitons in liquid crystals [190], solitons in film flows [191], solitons and collapses [192],
solitary waves and liquid drops [193].

6. Spin wave solitons in magnetic films [194], solitons in non-uniform media [195],
nonlinear soliton wave-beach interaction [196], bifurcations of solitons [197], long
internal waves in deep fluids [198].
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Dynamics of solitons under random perturbations [199], solitary excitations in
muscle proteins [200].

Ocean waves [201], solitary waves in a two-fluid medium [202], collisions of soli-
tary waves [203], propagation of bores [204,205], interaction between short and
long waves [206].

Solitons under perturbations [207], Peregrine soliton [208], solitons connected to
Thirring model [209].

This very short survey of the literature shows the interest and the importance of the

research into exact solutions to nonlinear differential equations. Next, we will focus our

attention on the research on the SEsM methodology and its applications.

It is well known that at the beginning of studies on exact solutions to nonlinear

differential equations, researchers tried to remove the nonlinearity of the studied equation

by a transformation.

1.
2.

The classic example is the Hopf—Cole transformation [210,211].

Another such transformation connected the nonlinear Korteweg—de Vries equation
to the linear Schrodinger equation, and thus the method of Inverse Scattering Trans-
form [212] emerged.

Transformations are also used within the scope of the method of Hirota [87-90].
Another line of research was connected to the truncated Painleve expansions [213-215].

An important step in the development of the methodology for obtaining exact solutions

to nonlinear differential equations was the Method of Simplest Equation (MSE) formulated

by Kudryashov [216]. For a description of this method and its applications, see [217-230].

Fifteen years ago, we started intensive work on a methodology for obtaining exact and

approximate solutions of nonlinear differential equations. Nowadays, the methodology is
called SEsM (Simple Equations Method) [231-248].

1.
2.

Elements of this methodology can be shown in our early articles. [249-252].

The systematic development of the methodology was initiated in 2009 and 2010 [253,254]:
the ODE of Bernoulli was used as the simplest equation [255], and this version
of the method was called Modified Method of Simplest Equation (MMSE). An ap-
plication of the methodology to population dynamics and ecology followed. [256].
The MMSE [257,258] has two main points:

¢ It uses the concept of the balance equation for fixation of the simplest equation.
Note that, in MMSE, one uses a single balance equation.

¢ The solution of the solved equation is represented as a truncated power series of
the solution of the simplest equation.

In contemporary notation, MMSE is denoted as SEsM(1,1) (SEsM for obtaining
an exact solution to a single nonlinear differential equation by means of a single
simplest equation).

We note that SEsM(1,1), where the solution is searched as a power series of the solution
of the simple equation, leads to results equivalent to those that can be obtained by the
Method of Simplest Equation.

SEsM(1,1) (MMSE) was widely used till 2018 [259-264]. The main extension of the
methodology in this period was described in [263]. There, the methodology was

! :
extended by the use of a class of simple equations ( %) = g dig/, wherek =1,...,
j=0

I'=1,..., and m and d; are parameters. The solution to this equation contains as

specific cases many well-known functions, such as

. exponential functions,
. hyperbolic functions,
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. trigonometric functions,
¢ elliptic functions of Weierstrass,
¢ elliptic functions of Jacobi,

etc.
6. The methodology has been extended in the last 7 years, as follows:

(@)  The current version of the SEsM can use more than one simple equation.
An example of the use of two simple equations can be seen in [265].

(b) The first discussion of SEsM was presented in [231].

(c) Further discussion on SEsM can be seen in [233-237].

(d)  Applications of specific cases of SEsM are presented in [266-276].

The text below is organized in the following manner: In Section 2, we describe the
methodology of SEsM. In Section 3, we give several notes on the transformations that can
be used in SEsM, as well as notes on a result connected to the use of composite functions in
SEsM. Section 4 is devoted to a discussion of opportunities connected to the use of selected
simple equations in SEsM. A discussion of the obtained results is presented in Section 5.
Several concluding remarks are summarized in Section 6.

2. Simple Equations Method (SEsM)

In this section, we present a brief description of the Simple Equations Method (SEsM).
By means of SEsM, we can obtain exact solutions to nonlinear differential equations.
The notation of SEsM is SEsM(n,m). This means that we solve a system of n nonlin-
ear differential equations by means of known solutions of m more simple differential
equations [232,247]. For simplicity, we mention below the specific case of SEsM denoted as
SEsM(1,m), where we solve a more complicated nonlinear differential equation by construc-
tion of a solution that is a composite function of the solutions of m more simple equations.
This specific case will be used below when solutions of the more simple equations for expo-
nential functions re discussed. Further, we will discuss an even more specific case: m = 1.
This case will be used for the construction of solutions to more complicated equations when
the solutions of the simple equations are more complicated than exponential functions.

The idea of SEsM is very simple: we transform the solved nonlinear differential
equation(s) to a system of nonlinear algebraic equations—Figure 1.

We solve the complicated nonlinear differential equation

Dlu(x,...,t)] =0. 1

Dlu(x,...,t))] depends on the function u(x,...,t) and some of its derivatives.
The function u can depend on several spatial coordinates. We solve (1) by SEsM, which
transforms it to the form

Y ri(...) A = 0. @)

Here, A; are functions. r; are nonlinear algebraic relationships between the parameters
of the solved equation and the parameters of the solution. We set

ri = 0. (3)

Thus, a system of nonlinear algebraic equations is obtained. Each nontrivial solution
of (3) leads to a solution of (1).
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Step Goal
1.) Transformation of nonlinearity Remove the nonlinearities of the solved
of the solved equation(s) equation(s) or reduce them to treatable
nonlinearities
2.) Select composite functions for Represent the solution by solutions
the solution of more simple equations

The solved equation has to be reduced
to a system of nonlinear algebraic
equations with the help of balance

3.) Choose the simple equations

equations
4.) Solve the obtained system of Obtain exact solutions to the solved
nonlinear algebraic equations nonlinear differential equation(s)

Figure 1. The four steps of SEsM and their goals.

There are four steps for transitioning from (1) to (3). They are as follows:

1. Stepl.
We apply the transformation

w(x,. . t) = T[E(x,..., 1), G(x,...,1),...], 4)

to (1). T(F,G,...) is a composite function of other functions F, G, . ... The functions
F,G,... can be functions of several spatial variables and time. In the most used
specific case of SEsM, the functions F, G, . .. are functions of a spatial coordinate and
the time. The transformation (4) has two goals.

(a) If possible, (4) removes the nonlinearity of the solved equation and transforms
it to a linear differential equation. The classic example of such a transformation
is the Hopf—Cole transformation [210,211].

(b)  The removal of nonlinearity is rarely achieved. Then, the goal of the transfor-
mation (4) is to transform the nonlinearity of the solved equation to a more
treatable kind of nonlinearity. The most treatable kind of nonlinearity is the
polynomial nonlinearity.

The determination of the transformation T can be performed at Step 1. Another
possibility is to perform the determination of T in Step 3.

2. Step2.
Selection of the functions F(x,...,t), G(x,...,t),.... They are composite functions of
known solutions to more simple differential equations. We can

e  Fix these functions at this step.

*  Leave the fixing for Step 3.

Let us mention two much-used examples of fixing the composite function for the
specific case F(x, ..., t).
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(a) The first example is as follows:

N N N N N

F=a+ Z Bi fiy + Z Z Virinfir fi + Z Z Tiy,sinfir -+ fig- (9

=1 i1=1i=1 =1 iy=1
&, Biy s Viyips iy, iy - - - r€ parameters. f;; are solutions to some simple equa-
tions. The relationship used by Hirota [90] is a specific case of (5).

(b) A specific case of (5), where F is the power series

N
F=)Y uaf" (6)
i=0

p is a parameter, and f is a solution of a simpler equation. Below, we use (5) in
SEsM(1,m) and (6) in SEsM(1,1).

Step 3.
At this step, we have to determine

(@)  The form of the simple equations used.
(b) The form of the composite function T,

if these have not been determined in the previous two steps of SEsM. The idea of the
determination of T is to reach the form (2) for the solved equation. An additional
requirement is that the relationships r; in (2) must contain at least two terms in order
to obtain a nontrivial solution to the solved equation. This additional requirement usu-
ally leads to one, or more than one, relationship among the parameters, participating
in the relationships for r;. These relationships are called balance equations.

Step 4.

Finally, we have to solve (2). This is made by setting the relationships for r; to ; = 0
as in (2). This leads to a system of nonlinear algebraic equations. Each nontrivial
solution of the obtained system of nonlinear algebraic equations leads to a nontrivial
solution of the solved Equation (1).

3. Short Overview of Some Important Work on the Methodology of SEsM

In this section, we mention several developments in the methodology of SEsM. We

discuss the transformations that can convert the nonlinearity of the solved equation to a

more treatable nonlinearity. Then, we mention the use of composite functions in SEsM and

note two theorems connected with different forms of the used simple equations.

3.1. Transformations of Nonlinearity for Step 1 of SEsM

1.

Case of polynomial nonlinearity in solved Equation (1):

There is no need for transformation. One can proceed to the next steps of SEsM.
Case of nonpolynomial nonlinearity in (1):

A transformation can be used in order to remove the nonlinearity or to reduce the
nonlinearity to a polynomial nonlinearity. In ref. [246], we proved the following
proposition:

Proposition 1. Let us consider a differential equation for the function u(x,...,t) that
contains terms of two kinds:

(a)  Terms containing only derivatives of u;
(b)  Terms containing one or several non-polynomial nonlinearities of the function u and
where these nonpolynomial nonlinearities are of the same kind.

Let u = T(F) be a transformation with the following properties:
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(a) Property 1: The transformation T transforms any of the nonpolynomial nonlinearity
to a function that contains only polynomials of F.

(b)  Property 2: The transformation T transforms the derivatives of u to terms containing
only polynomials of derivatives of F or polynomials of derivatives of F multiplied or
divided by polynomials of F.

Then, the transformation T transforms the studied differential equation into a differential
equation containing only polynomial nonlinearity of F.

A list of some nonpolynomial nonlinearities that can be transformed into polynomial
nonlinearities is presented in [246]. Two examples of non-linearities N (u) that can be
transformed are (m is an integer below)

Casel: N(u) = [exp(u)]™. The transformation is u = In(F).

Case2: N(u) = [sin(u)]™. The transformation is u = 4 tan!(F).

3.2. Composite Functions and SEsM

Composite functions are important for Steps 2 and 3 of the algorithm of SEsM. They
represent the solution of the solved complicated nonlinear differential equation by means
of known exact solutions of simpler differential equations. The theory of the application
of composite functions in SesM can be seen in [247,263]. We only mention two theorems
from these studies that will be of interest to us below in the text. Let us denote the function
h(xq,...,x4) of d independent variables x1, . . ., x;, which is a composite function of m other
functions ggl), c,gm

h(xq,...,xq) = f[g(l) (X1, %g), -, 8" (31, .., x4)). (7)

For the derivatives below, we will use the notations

*  g(k): k-th derivative of the function (&) of the single variable ¢
*  g(g): Derivation with respect to the variable ¢x of the function of many variables
g(&1...,8k ... ). A second derivative of such a kind will be denoted as 8(e.) ete.

The theorems are

Theorem 1. Let us consider a nonlinear partial differential equation that contains a polynomial P of
the function h(xq, x2) and its derivatives. We search for a solution of the above equation in the form

h(x,x2) = flgM(x1,7%2), ..., 8" (x1,%2)]

where h is the polynomial of the functions ¢V (xy,x3),...,8"™ (x1,%x2). Let each function
¢ (x1, x2) satisfy the simple equation
() _ . ol

g(x],) = “z,]g( ) (8)
where w; j is a constant parameter. Then, the solved nonlinear PDE is reduced to a polynomial of the
functions gV (x1,x2),...,8"™ (x1, xp) containing monomials multiplied by certain coefficients.
These coefficients are nonlinear algebraic relations between the parameters of the solved equation
and parameters ; ;. We set the above coefficients to 0. The result is a system of nonlinear algebraic
equations. Any nontrivial solution to this system leads to a solution to the solved nonlinear PDE.

The second theorem is connected to the use of a composite function of a function of a
single variable. We will use the following notation:
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1. We want to obtain an exact solution to a nonlinear partial differential equation
with nonlinearities, which are polynomials of the unknown function k(x, t) and
its derivatives.

2. The search solution is of the kind

h(x/ t) = h(é); (;I = px +vt, )

where y and v are parameters.
3.  hisacomposite function of another function g:

h= flg(@)]: (10)

4. We assume that f is a polynomial of g:
9
f=Y by, 11)
r=0

5. The general form of the simple equation is

l
dkg m )
j=0

Equation (12) defines the function Vg 4,,....4,, (¢; k, 1, m), where k is the order of deriva-
tive of g, | is the degree of derivative, and m is the highest degree of the polynomial
of g in the defining ODE. V has as specific cases the exponential, trigonometric,
hyperbolic, elliptic functions of Weierstrass and Jacobi, etc.

6.  The result of Theorem 2 is for the specific case of the simple equation

dg\? & .

8ty = (dg> =) g (13)
j=0

The theorem is

Theorem 2. If g%l) is given by Equation (13) and f is a polynomial of g given by Equation (28),
then for h[f(g)] the following relationship holds:

iy = Ka(q,m)(8) + 8(1) Zn(q,m)(8)
where Ky, (q,m)(g) and Z,,(q,m)(g) are polynomials of the function g(¢).

The following notes are in order here:

e For some values of 1, one of the polynomials K, (g, m) or Z, (g, m) can be equal to 0.
*  The polynomials can be calculated using recurrence relationships [263]

Zn u . —1 dZn U i dKn
K +1 = &« Z]ﬂg] + Zag]/ Z +1 = 5/ (14)
" 2 = / dg = / " dg

9
with Ky = Y b,¢g" and Zy = 0.
r=0
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The simple equation can have the specific form
n .
8y = 2_¢g (15)
j=0

For the case when the simple equation has the specific form (15), we have a simpler
situation. Instead of the two kinds of polynomials Z, and K;,, we have a single kind of
polynomial L,. In other words, for the case when the simple equation is of kind (15), k() is
a polynomial of g: h(,,y = Lu(g). These polynomials can be calculated as follows: We start

9
with Ly = ) b;g". Then, we use the recurrence relationship
r=0

dL; 3t .
Li+1 = digl ZC]g] (16)

4. Selected Simple Equations Used in SEsM

The focus of this article is on simple equations. Below we show several results con-
nected to four simple equations. We illustrate how SEsM can lead to multisoliton solutions
when the simple equations used are equations for exponential functions. In addition, we
present results for the cases when the used simple equations are differential equations for

)}r, 1/ cosh(¢), and tanh” (¢).

; 1
the functions {p Fexp(iE

4.1. Simple Equation for the Exponential Function

This is one of the most simple differential equations:

d

d% = ng(c), (17)
where y is a parameter. The solution is ¢(&) = exp(u¢). We can use many simple equations
of the kind (17) in order to obtain multisoliton solutions of various integrable equations.
Let us illustrate this in the case of the Korteweg—de Vries equation.

Proposition 2. The SEsM methodology allows obtaining a multi-soliton solution to the Korteweg—
de Vries equation. The used specific case of SEsM is when N simple equations for exponential
functions are used, and the solution is constructed by using of the composite function (5).

Proof. Let us consider the following version of the Korteweg—de Vries equation:
Ut — 6UUy + Uyyy = 0. (18)

1. InStep 1 of SesM, we use the transformation

92
u(x,t) = —2=—— InF(x, ). (19)

dx?
2.  In Step 2 of SEsM, we use as a composite function a specific case of Equation (5),
wherea =1, B; =1, ;; # 0fori # j, 6 # 0 fori # j #k,.... We obtain

N N

N
F=1+ Zfi + )Y mjfifit Y. Gijkfififi+ o+ oL N SN (20)

=1 ()=l (1K) i k=1
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3. In Step 3 of SEsM, we choose the simple equations as equations for exponential
functions:
i _ b am w6
. J 1 F1 1 10
2 = G=pix -t =G @)
1
The solution of these simple equations is f;({;) = exp({;).
4. We substitute Equations (21) into Equation (20). Then, we select the coefficients
7,6, ...,0 appropriately in order to obtain the relationship
- . (Pix — pi)?
F=1+Y ) |exp@+ - +&) [l — =5 (22)
n=1(N) k<l (Plk + le)
Above Y is the sum of all combinations of n elements taken from the set of N
(09
(n)
elements, and [] is the product of all possible combinations of the n elements with
k<l
the condition k < I.
5. We complete Step 3 of SEsM by substitution of
u(x t)——ziln 1+§Z exp(&, + - + & )ﬁw (23)
7 - 1 1 7
ox? n=1 (1’\11) ! N k<l (pik + pil)2
into Equation (18). This substitution converts this equation to a system of
algebraic relationships:
i Z H(l) (pik_pim)z (7’1) (pik_pim)z (_p — =P + pi + e+
=0 (1]1) k<m (Pik+Pim)2 k>Lk<m (Pik"‘Pim)z h u Li+1)
N=p; — - —p; . v ¥ (=B — BB
pln)( pll pll + pl(l+1) + + pln) ( pil pil + pi(’+1) + + (24)
pf’n) =0.
w; = P?,
forn=1,...,N.
6. InStep 4 of SEsM, we have to solve the nonlinear algebraic system (24). Each nontrivial

solution leads to solitary or multisoliton solution of the Korteweg-de Vries equation.

As an example, let us obtain the two-soliton solution of the Korteweg-de Vries equa-

tion. We obtain this two-soliton solution for the case when we do not fix the value of ¢

(o #0).

1.

In Step 1 of SEsM, we set u = py in Equation (18). The obtained relationship is
integrated. Then, we apply the transformation p = 12(InF),. Thus, we arrive at
the equation

FFiy + FFyxyx — FtFy + 3F% — 4F;Fyyx = 0. (25)

In Step 2 of SesM, we select the composite function F(x,t), which is constructed
by two functions f;, (these functions will be connected below to solutions of
two simple equations:

F(x,t) =1+ fi(x,t) + fa(x, t) + cfr(x, t) fa(x, 1) (26)
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3. The substitution of Equation (26) into Equation (25) leads to

flxxxx +f2xxxx + 3f12xx + Cflxtf2 =+ flxt - fltflx - flthx - 4f1xflxxx_

fleZt - 4fle2xxx + 6flxxf2xx - 4f1xxxf2x - f2tf2x - 4f2xf2xxx +f2f1xt +f2f1xxxx+

f2f2xt +f2f2xxxx +f1f1xt +f1f1xxxx +f1f2xt +f1f2xxxx +f2xt + szzzflflxt + szzzflflxxxx_

13 fitfix — 4136 fix fixex + Lo ff foxt + P foff foxexx — 122 fof? foxx — 27 fot fox—

A f1 fox farex = 1262 f1 frax f3y + 2¢fa f1 fixt + 2¢fafi frowax + 2¢f2f1 foxt + 262 f1 faranx— (27)
2cfr firfrx — 8cfa fix frxx + 12¢fa frax foxx + 12¢f1 frux foxx — 2¢f1 fot fox — 8¢ fu fox foxxxt

12C2f12xf22x - 12Cf12xf230€ - 126f1xxf22x + 302f22f12xx + 3C2f12f22xx + szzflxt + Cf22f1xxxx+

6Cf2f12xx + Cf12f2xt + Cf12f2xxxx =+ 6Cf1f22xx + cfifaxt + cfifoxxnx + 6Cf1xx foxx + 4Cf1x foxxxt

cfixfor + Cftxxxfo + 12C2f2f1f1xxf2xx + cfiefox +4cfixaxfox + 3f22xx = 0.

4. At Step 3 of SEsM, we select the simple equations for fj »:

% = afy; % = B1fi;
37> o) (28)
% = afy 3 = Bafo

This choice will transform Equation (27) to a polynomial of f; and f,. Further, we
assume that § = a1x + f1f + 71 and § = aox + Pot + 12 (a12, P12 and 712 are
parameters). In addition,

Al t)=a(@); fa(x,t) =b(0); a(l) =qo(@); b(Z) =rw(Q). (29)

The simple equations for v(¢) and w({) are gg =7 dg = w, and the corresponding

solutions are v(§) = wj exp(¢); w({) = waexp({). Below we assume that

(@)  The parameters w; 7 are included in the parameters q; and rq, respectively.
(b) g1 and r1 can be included in ¢ and .

5. At Step 4 of SEsM, we complete the conversion of the solved nonlinear dif-
ferential equation to a system of nonlinear algebraic equations. We substitute
Equations (28), (29) into Equation (27). The result is a sum of exponential functions
and each exponential function is multiplied by a coefficient. Each of these coefficients
is a relationship containing the parameters of the solution, and all the relationships
contain more than one term. Thus, we do not need to perform a balance procedure.
The system of algebraic equations is obtained by setting the abovementioned relation-
ships to 0. The system is

ai’ +B1 =0,
oc% + [32 =0,
4 3 2 2 3 (30)
(€ 4+ 1)aq +4az(c — 1)ay + 6a3(c + 1)ag + [(4c — 4)a; + (b1 + pa)e+
B1— Balar + [(c + 1)a3 + (B1 + P2)c — B1 + Palaz = 0.
We can obtain a non-trivial solution of this system. This is
3 3 (21 — 1)
1 wy; P2 &, € (“1 +062)2 (31)
The corresponding solution of Equation (18) is
u(x,t) = 723—2 1+exp (oqx — t+ ’h) + exp (oqx — a3t + 'yz>+
(32)

w2 exp (@ +a2)x = (o] +ad)t+ 1+ 1) |.
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This is the bisoliton solution of the Korteweg—de Vries equation.

We can formulate

Proposition 3. Each analytical exact solution of a nonlinear differential equation that can be
obtained by other methodologies can also be obtained in principle using the methodology of SEsM.

Proof. Let us consider an analytical exact solution of a nonlinear differential equation

1. The analytical exact solution of a nonlinear differential equation is constructed using
certain functions, which can be elementary or special functions.

2. Thus, the exact solution is a composite function of certain more simple functions. Each
of these more simple functions is a solution of a certain simple differential equation.

3. We choose for composite function in Step 2 of SEsM the abovementioned
composite function.

4. Assimple equations in Step 3 of SEsM, we choose the differential equations for the
functions that participate in the considered analytical exact solution.

5. Thus, by means of SEsM we can construct the corresponding exact solution of the
nonlinear differential equation.

O

The multisolition solutions of many nonlinear partial differential equations obtained
by the method of Hirota and by the Method of Inverse Scattering Transform contain
exponential functions. According to Proposition 3, these solutions can also be obtained by
SEsM on the basis of the choice of an appropriate composite function at Step 2 of SEsM
and the use of a sufficient number of simple equations for exponential functions at Step 3
of SEsM.

4.2. Simple Equation for the function {m] r

Simple equations for functions containing exponential functions can also be used for
obtaining specific solutions of nonintegrable equations. Let us consider the simple equation

dv 5 -
dT";' =v° — 0. (33)

It has the solution 1
v(g) = TTep@ (34)

We can search for solutions to the solved nonlinear partial differential equations
Du(¢) =0as

N .
u(g) = Zaiv’. (35)
i=0
This was proposed by Kudryashov in 2012 [220].

Proposition 4. The above approach of Kudryashov is a specific case of the SEsM methodology for
the case of the use of one simple equation and representation of the searched solution as a polynomial
of the solution of a simple equation of specific form (33).

Proof. Let us consider the SEsM methodology.

1.  InStep 2 of SEsM, we choose the form of the composite function to be (35).

2. In Step 3 of SEsM, we choose the equation for the simple equation to be (33).

3. Thus, the above approach of Kudryashov is a specific case of the SEsM methodology.
O
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Of course, within the scope of SEsM, we can consider a simple equation that
contains (33) as a specific case. This simple equation is

do
i qrlpo' /" — ), (36)

where p, g, r are real numbers that are different from 0. (36) has the solution

1 ]
p+exp(qd)]

The simple Equation (36) contains the case studied by Kudryashov as a specific case

o) = | )

forp=gq=r=1
The simple Equation (36) can lead to numerous exact solutions to nonlinear differential
equations containing polynomial nonlinearities. This feature is based on the following:

N .
Proposition 5. Let us consider the power series u(&) = Y. a;v', where a; are real numbers and

=
v(&) is a solution of the Equation (36). Then, the derivatives of u(¢) are power series of v(g).

Proof. We will use the method of mathematical induction.

1.  First, we prove that the statement of the proposition is true for the first derivative Z—g.
We have
du _ & qdo (L { i+1/r i1
— =) ia;v' — =) ia;|pv -1 }
&=L
The statement of the proposition is true.
2. Let the statement be true for n = k # 1. In other words, Z%‘ is a power series of v({).

3. Then, forn=k+1

k
s d do
A T du dz

is again a power series of v({), as it is a product of the power series occurring from
k
qau

;f}k and the relation g—g which contains only powers of v(¢).

O

The Proposition 5 allows us to reduce many nonlinear differential equations to power
series, containing powers of v multiplied by coefficients that are nonlinear algebraic
relationships of the parameters of the problem and parameters of the solution. Then,
we can proceed to Step 4 of SEsM, and each nontrivial solution of the obtained system
of nonlinear algebraic equations will lead to a solution of the corresponding nonlinear
differential equation.

Let us give several examples of equations which have exact solutions constructed
on the basis of the composite function (35) and the simple Equation (36). We consider
the equation

du\P M
ul = | =) bi. 38
(%) L )

We consider the case where «, B, s are integers and r = 1/s in (36). The steps of SEsM
are as follows:

e Step 1: We do not need a transformation, as the nonlinearities in (38) are of
polynomial kind.
e Step 2: As a composite function for the solution u(¢), we use (35)
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¢  Step 3: As a simple equation, we use (36). All the above leads to the reduction of (38)
to a polynomial of v:
INYE N ) P M N/
P(v) = (E) Y a0t | Y ket (po® —1)| =Y b ) a0 | . (39)
i=0 =0 ~ \i=0

k=0 i=

We have to ensure that the coefficient for each power of P(v) has at least two terms. In
order to achieve this, we have to balance the maximum powers of the term of P(v).
This operation leads to the balance equation

Bs = N(M —a—B). (40)

e Step 4: We set P(v) = 0. This leads to a system of nonlinear algebraic equations. Each
nontrivial solution of this system leads to a solution of (38) of the kind

Bs

B M-a—B 1 i/s "
0= % ol rregmm) 4

Let us obtain several solutions to (38). We will consider the specific case

a = 0. The balance equation is fs = N(M — B). We solve the differential equation
Bs

du\P M 1 . . P 1 i/s
(%) = ]EO b;u/, and search for a solution of the kind u(¢) = E,O a; {W} .

case of Kudryashovisfor=1,s=1,N=1,M=2,anday =0,a; = —1,a, = 1.
e Welet B = 1. The balance equation becomes s = N(M — 1). Let s = 2. Then,

The

1+2/N .
M = 1+2/N. % = b]-uf, and search for a solution of the kind u(@) =
j=0
3 L7 0. W id :
EO a; {W} , p > 0. We consider two cases:
—  Case N = 1 The equation is
du 2 3
d—é = by + biu + byu” + bau”. (42)
SEsM reduces this equation to a system of nonlinear algebraic equations:
3pq — bza? 0,
by +3b3ag = 0,
1 - - 2 R 340 _ (43)
>qay — 3bzay — 2byapa; — bja; = 0,
b3a8 + bzﬂ% + by + byag 0.
One solution to this system is
e 1, g RO R 26 @Sy
07 Tap, M 32, 1 3, 0 2712
The corresponding solution to (42) is
1/2
by | [—p(3bibs —b3)]'/? 1
s [p(Ghibs - 1) )

Ll(é') =—5 T 1/2
3b3 3 b3 P+ exp <_ 2(3bgl;]337h§) C)
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ap

-  Case N = 2 The equation is

d

?g =bo+bu+ bzuz. (46)
This is a version of the Riccati equation. We know the general solution of
this equation, but for completeness, we write the specific solution, which can
be obtained by SEsM. SEsM reduces this equation to a system of nonlinear
algebraic equations:

pq — baaz
ay(—2ayby + %qp)

~

I
coooo

~

a> by + by (2&0112 + {1%) + axq (47)
a1 (by + 2byag + %EI) = 0
bo + agb1 + ll%bz
One solution to this system is
by + (b3 — 4boby)!/? b? — 4boby)"/?
S L R PN LU g R - S (48)
2b2 bZ
The corresponding solution to (46) is
by — (b3 —4bobo)'/2  p(b} — 4boby)'/2
2b, ) p +exp[(b? — 4boby)1/2¢]
e Letnow = 2. The balance equation becomes s = N(M — 2) /2. Let us again consider
2 2+4/N .
the case s = 2. Then M = 2 +4/N We solve the equation (g—”) = Y b, and
j=0
h f lution of the kind 3 L]
search for a solution of the kind u(¢) = igo a; [W} ,p>0.

We have the possibilities N = 1,2, 4. For N=4and N = 2, we obtain equations which
are equations for the elliptic functions of Weierstrass and Jacobi. Then, the solutions
obtained by means of SEsM will be specific cases of these functions. Because of this,
we consider here the case N = 1. Then, M = 6, and we will obtain an exact solution
to the equation

2
(Zg) = by + byu 4 bou? + byu® + byu* + bsu® + beu®. (50)

SEsM transforms the solved equation into the following system of nonlinear
differential equations:

~

19°P —beai =

bs + 6bgay =

—15bgada? — 1q?p — bya? — Sbsaga?

10b5a% + b3 + 20b6a8 + 4bgag

—by + Lg% — 6byad — 10bsal — 15beal — 3bzay =
—3b3a% - 6b6{18 - 4b4{18 — b1 — 2b2a0 - 517511%
—b4ll% — b5aé — b2a0b0 — bl — b3a% - b6118

~

~

(51)

~

I
coocoooo

~
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One solution to this system is
b
ag = %bj a; = m[pz(lﬂubé — 5b%)]1/4,
2
0= wiw(—%aﬁbm + 169b% + 1296b262);
by = 1728b4 (13b2 — 88b4b2be + 144b212); (52)
by = 1728h3 (432032 — 25b — 72b4b2bs);
12b4bs—5b2
by = mz (18bsbe — 5b2); q = W
The corresponding solution to (50) is
1/2
u(@) = 1bs [p? (12b4bs — 5b2)]*/4 1 53)
p+ex 12ba/z\ §

Figure 2 shows several profiles for the solution (53) for different values of the parameter
bs. The solution describes a kink wave. The wave becomes larger with decreasing
value of bs and, at the same time, the area of the kink becomes smaller.

_0.23 T T T T

-0.235 —

024} -

u-0.245- -

-0.25-

-0.255+ —

_026 1 | 1 | 1 | 1
-100 -50 0 50 100

&

Figure 2. Several profiles connected to the solution (53). The parameters of the solutions are as
follows: For all curves: p = by = bg = 1. Black line: bs = 1.545. Red line: b5 = 1.54. Blue line:
bs = 1.5.

We can obtain exact solutions to more complicated equations. Let us consider, for
example, the equation

82 2 82 M .
Mg TN g = ];) bju. (54)
71,2 are parameters. The search for traveling wave solutions of the kind u(x,t) = u(¢ )
M
u(x — vt) leads to a need for a solution to an equation of the kind (71 + 72v?) erz = Z bju

We will consider a more general version of this equation, namely
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(Z Vil ) a2 Z bl (55)
j=0
N
The solution will be of the kind u(§) = Y. 4;v" and the simple equation will be of the
i=0
kind (36). The steps of SEsM lead to the following balance equation (s = 1/7):

2s

(56)

For example, we consider the specific case M = 3,L = 1. Here, N = 2s. Lets = 1.

2 .
Then, N = 2. The solved equation is (g + 71 u) Y. bju. The steps of SEsM transform
i=0

d§2 7]
this equation into a system of seven nonlinear algebraic equations. One solution to this
system is
1/2
2 2 3 2 2
_ 1 Yob3+2b2 110375 +4b3bo vy —b3 70
ap = ml%h%ba( . T EEE—— ,
1/2
= S _ Y0b3+2byv1b373+4b3boy; —b3 7073
1 T1b2 Y0 ’
1/2
a o 6p2 _ 'mb%+2b2'ylb375+4b3bofy§’—b%'yofy]2 (57)
2= b Yo ’
b = dinbadhstaln
1 - 7
70'71
1/4
_ 1 _ Yob3+2byy1b373+4b3bors —b3 7073
1 T 70 ’
The corresponding solution to (55) is
1/2
_ __1 . | vob3+2by71b373+4bsbo i —b3 0}
u(@) = =55 [’hbz Yobz ( g +
1/2
6p [ v0b+2by11b37f+4b3bo i —b3 o3 1 +
T by Yo 1/4
pexp | L  70b3+2by 11 b33 +4b3by 13 —b3 03 ¢
prexp | o 7 (58)
2
1/2
6p [ v0b3+2by71b373+4bsbo i —b3 013 1
71’93 o 2 2 3_12 2 v
Yobg+2byv1 b3 v§+4b3by vy —b570 Y
p+exp lvll < 3 1 070 177 1) gl

We see that SEsM can lead to many solutions of nonlinear differential equations on the
basis of the simple Equation (36). Let us now consider another interesting simple equation.

4.3. Simple Equation for 1/ cosh” Function

We consider a nonlinear partial differential equation and search for exact solutions on
the basis of SEsM methodology. We consider the traveling wave solutions u(x, t) = u(§) =
u(ax + Bt), and we will use the simple equation

fr=n2(f =), (59)
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1
cosh”(x)*
We prove the following theorem about the exact solutions that can be obtained using this

where 7 is an arbitrary positive real number. The solution of this equation is f(§) =
simple equation [264].

Theorem 3. Let P be a polynomial of the function u(x, t) and its derivatives. u(x, t) belongs to the
differentiability class C¥, where k is the highest order of derivative participating in P. P can contain
some or all of the following parts: (A) polynomial of u; (B) monomials that contain derivatives of u
with respect to x and/or products of such derivatives. Each such monomial can be multiplied by a
polynomial of u; (C) monomials that contain derivatives of u with respect to t and/or products of
such derivatives. Each such monomial can be multiplied by a polynomial of u; (D) monomials that
contain mixed derivatives of u with respect to x and t, and/or products of such derivatives. Each
such monomial can be multiplied by a polynomial of u; (E) monomials that contain products of
derivatives of u with respect to x and derivatives of u with respect to t. Each such monomial can be
multiplied by a polynomial of u; (F) monomials that contain products of derivatives of u with respect
to x and mixed derivatives of u with respect to x and t. Each such monomial can be multiplied by a
polynomial of u; (G) monomials that contain products of derivatives of u with respect to t and mixed
derivatives of u with respect to x and t. Each such monomial can be multiplied by a polynomial
of u; (H) monomials that contain products of derivatives of u with respect to x, derivatives of u
with respect to t and mixed derivatives of u with respect to x and t. Each such monomial can be
multiplied by a polynomial of u.
Let us consider the nonlinear partial differential equation:

P=0 (60)

We search for solutions to this equation of the kind u(&) = vf(¢), § =ax+pt. yisa
parameter and f (&) is a solution of the simple equation fg = n2f2 —n? f , where n is a real
positive number. The substitution of this solution into (60) leads to a relationship R of the kind

N; M; Np
R = Z Z C f ln+2] )/n +f Z Z Dklf kn+21 , (61)
i=0;=0 k=—N. 2 =

where N1, N, N3, M1 and M, are natural numbers depending on the form of the polynomial P.

The coefficients Cj; and Dy depend on the parameters of Equation (60) and on «, B, y. The sum
N My

v Z Ciif (%) (n+2))/n consists of terms of the kind C;; 2 f(8)"r, where ay is a certain number and
i=0j=

N; M

p=1,.... The sum 22 22 Dy f (&) *kn+2D/n consists of terms of the kind D;f(é)ﬁ'i, where By
k=0 1=

is a certain number and q = 1,.... The coefficients C, and Dy depend on the parameters of

Equation (60) and on «, B, v Then, any nontrivial solution of the algebraic system
* —_— . * —_—
C,=0; D; =0, (62)
leads to a solitary wave solution of the nonlinear PDE (60).

Let us again consider the Equation (55). We will discuss the specific case n = 1. We
will use the simple equation

2
T (22 ¢4
fF=5 (- ), (63)
¢ 2 ( )
where the solution is f = p/ cosh(g¢). The composite function that we will use in the

N ,

application of SEsM will be u(¢) = Y a;f(&)". This leads to the balance equation N(M —
i=0

L —1) = 2. We consider the specific case M = L + 2. Then, N = 2. The application of
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SEsM transforms the solved equation into a system of nine nonlinear algebraic equations.
One nontrivial solution to this system is

6727
byp? ’

2.2
ay= PRSI 0y = 0; 0y =
_ 4b0b4’)/§ .

o= (—72b3—71bs+44%73) (11ba+72b3+49273) (64)
bl _ 16b3"/gq4+3b3'yzb§’y%—4b2fy§’b3b4;4§z;ygylbﬁ+32b4'yl'yéq4—b§'y§’+2bzﬁ;
v
by — 716b0b27§732b§ygq473b§ﬁ+bi‘7§7617%7%1727%:18!73721727%+32hi'y%'y‘21q4+2567§q8'
492b4(—v2b3—11b4+44273) (v1b4+712b3+49273)

The corresponding solution of the solved equation is

by + y1bs — 4%73 6729°
u((j):n?’ Y104 1772+ 29

. 65
27204 by cosh? (g¢&) (5)

which describes a solitary wave.

Figure 3 shows several profiles connected to the solution (65). This solution describes
a solitary wave. The height of the wave and its position with respect to the values of the
solution for large absolute values of ¢ depend on the parameters of the solution. Figure 3
shows three profiles of the solitary wave for different values of the parameter y,. We see
that with increasing values of 7, the solitary wave changes its orientation: the peak of
the wave (which has a negative value for smaller values of y;) becomes positive when the
value of 7, increases.

30 T T T T

10— -

10+ ]

_ I | I | I | I
2—0100 =50 0 50 100

§

Figure 3. Several profiles connected to the solution (65). The parameters of the solutions are as

follows: For all curves: y; = b3 =1, by = g = 0.1 Black line: 7, = —40. Red line: vy, = 4. Blue line:
Y2 = 40.
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4.4. Simple Equation for tanh" Function

Below we shall consider traveling-wave solutions u(x,t) = u({) = u(ax + Bt), con-
structed on the basis of the simple equation

f(j =n f(n—l)/n _ f(n-&-l)/n}’ (66)

where 7 is an appropriate positive real number. The solution of this equation is f(&) =
tanh” (¢). n must be such a real number that tanh” (¢) exists for ¢ € (—oco, +00) (n = 1/3is
an appropriate value for n and n = 1/2 is not an appropriate value for n).

We formulate the following

Theorem 4. Let P be a polynomial of the function u(x,t) and its derivatives. u(x,t) can be
differentiated k times, where k is the highest order of derivative participating in P. P can contain
some or all of the following parts: (A) polynomial of u; (B) monomials that contain derivatives of
u with respect to x and/or products of such derivatives. Each such monomial can be multiplied by
a polynomial of u; (C) monomials that contain derivatives of u with respect to t and/or products
of such derivatives. Each such monomial can be multiplied by a polynomial of u; (D) monomials
that contain mixed derivatives of u with respect to x and t and/or products of such derivatives. Each
such monomial can be multiplied by a polynomial of u; (E) monomials that contain products of
derivatives of u with respect to x and derivatives of u with respect to t. Each such monomial can be
multiplied by a polynomial of u; (F) monomials that contain products of derivatives of u with respect
to x and mixed derivatives of u with respect to x and t. Each such monomial can be multiplied by a
polynomial of u; (G) monomials that contain products of derivatives of u with respect to t and mixed
derivatives of u with respect to x and t. Each such monomial can be multiplied by a polynomial
of u; (H) monomials that contain products of derivatives of u with respect to x, derivatives of u
with respect to t and mixed derivatives of u with respect to x and t. Each such monomial can be
multiplied by a polynomial of u.
Let us consider the nonlinear partial differential equation:

P =0. (67)

We search for solutions to this equation of the kind u(&) = v+ 6f(¢), ¢ = ax + pt. y and &
are parameters, and f (&) is a solution of the simple equation fz = n {f("’l)/” - f(”“)/"} where
n is an appropriate real positive number. The substitution of this solution in Equation (67) leads to
a relationship R of the kind

R=Y K0 f%, (68)

where o; are certain real numbers and xy, are algebraic relationships containing the parameters of
the solved equation and the parameters of the solution. Any nontrivial solution of the system of
(nonlinear) algebraic equations ks, = 0,1 = 1,... leads to a solution of the solved nonlinear partial
differential equation.

Let us prove the theorem.

Proof. Let us denote the k-th derivative of f({) as fék). First, we shall prove that if f(&)
obeys Equation (66), then

(k) £ k+2
f =1 gmn) flrrzmm, (69)
m=0
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(k+1)

In order to prove this, we mention that f7 satisfies this relationship, as can be seen
from Equation (59). The second, third, and fourth derivatives of f(&)

fee = n (n—l)f(”2)/”_2nf_|_(n+1)f(n+2)/2:|,

feee = n|(n? =3n+2)f(3/m 4 (=302 430 — 2)FD/ny

(3n2 +3n +2) f1)/n — (n2 4 3n +2)f<"+3)/3], 70)

fezze = n| = (0 —6n® +11n —6) "/ —4(n® — 3n% +dn — 2) fr=2
(6-113 +10n) f — 4(n® 4 3n% + 4n + 2)f(fl+2)/n_|_
(n® 4+ 6n% +11n + 6)f("+4>/"],

are of the kind (69). Let us assume that the k-th derivative of f(¢) is of kind (69). We shall
show that the (k 4 1)-st derivative of f({) is of kind (69). From Equation (69), we obtain
(@=k+1)

(n—q+2m 4 1) fr—at2m/n _ 2 gm(n)(n —q+2m 4 1) fr=a+2m+2)/n (71)
q—1
The term Y. g (n)(n — q 4 2m + 1) f(*=9+2m/7 js of kind (69). Let us split the
m=0
q—1 q—2
term Z gm(n)(n — g+ 2m 4 1) f1=9+2m+2)/n into two parts: Y. gum(n)(n — g + 2m +
m=0 m=0

-1
1) f(n=a+2m+2)/n and 2 gu(n)(n — g +2m + 1) f(r=a+2m+2)/n " The first term above
m=q—1

is of kind (69). Thus, for fékH) we have up to now all terms of the sum (69) except
the last one (the term corresponding to m = g, which must contain f("+1)/"). But let
us consider the second term above. This is exactly the missing term, as it is equal to
Sg-1(n)(n+q— 1) f(*+0)/7 which is a term of the same kind as the k-th term of the sum
in Equation (69). Thus, the derivative fékﬂ) is also of the kind (69) and our proposition is
proven by the method of mathematical induction.

We have shown that fék) is of the kind (68). Then, it follows that any of the terms
(A)-(H) are of the same kind or of the kind f°. Thus, P is reduced to a relationship of
kind (68). Then, any nontrivial solution of the system of nonlinear algebraic equations

ks; = 0,i=1,... leads to a solution of the solved nonlinear partial differential equation
P=0 0O

Next, we consider examples of the use of SEsM on the basis of the simple Equation (66).
The first example is connected to the following equation from the class of reaction-telegraph
equations [277]:

Uy — aug — buyy — c(q + 2ru)uy — (p+qu+ru2) =0. (72)

The application of the methodology of SEsM on the basis of a solution u(x,t) =
o+ 6f(E), ¢ = ax + Bt (Where f() is a solution to the simple Equation (66)) leads to the
balance equation n = 1 and to the reduction of Equation (72) to the following system of
nonlinear partial differential equations:
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ap? + a?b — Bocr = 0,
B(2ocr +cq—1) —ér =0, 73)
ﬁécr—aﬁz—i—azb—or—%qzo
BS(1 —2cro —cq) —ro* —qo — p = 0.
One nontrivial solution to the system of Equations (73) is
1/2 1/2
«= g blat)pr—g)] "5 p=—3(g —dpr) 1)
o= §=q (7 —4pr) ",
and the corresponding solution to Equation (72) is
1/2 1/2
u(x, t) = —5k — 5 (q> — 4pr) '~ tanh {217) [b(a+c)(4pr —g?)] " “x+ 75)
1/2
L(g? — 4pr) 't}
The second example is the equation
up — auy — buyy — F(u) =0, (76)

b2—4
5 [b? — 4bgby]1/2¢| + 1

M

where F(u) = ) bju/. We apply the simple Equation (66) for the case n = 1. SEsM leads to
j=0

the balance equation

NM-1) =2. (77)

We consider the case M = N = 2. In this case, SEsM transforms (76) to a system of
five nonlinear algebraic equations. One nontrivial solution to his system is

_ 4boby—b7 —[b7 —4boby]' 2 21— (B3 —4boby]' /2 0y = [b2—4bgby] /2 .
0 b2 —aboby72 7 1 20,/ i (78)

1410b) [b? —4byby]1/2
_ )[214[1 0bs] ; B= %[b% —4b0b2]1/2.

The solution becomes

_ Abgby—b2—[b2—4bpby) /2 [b3—dbyby]'/? (1+10b)[b3 —4bgby] /2
u(x/ t) - 4by[b2—4bgby] 172 - 2b, anh | — 24a X+
79)

2 1/2
tanh? l (1+10b)[bz]4ﬂ4bobz] x4 %[b% —4b0b2]1/2t )

boby) /2
by

Figure 4 shows the solution (79) for t = 0 and fixed values of b 1 ». The basic solution
is drawn in black. The solution in red shows the influence of the change in the parameter a.
The solution in blue shows the influence of the change in the parameter b. All solutions
represent a combination of a kink and a solitary wave. The solitary part of the solution is
more influenced by the changes in the parameters a4 and b in comparison to the kink part of
the solution.
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Figure 4. The solution (79). t = 0. by = 0.1, by = 1; b, = —0.1. Black line: 2 = 0.5, b = 0.02. Red line:
a=0.1,b = 0.02. Blue line: a = 0.5, b = 0.0001.

5. Discussion

In this review article, we discuss an aspect of the Simple Equations Method (SEsM).

The aspect is connected to the simple equations used in the methodology. We note
the following:

1.

SEsM has a very simple algorithm, based on a transformation of the solved nonlinear
differential equation to a system of nonlinear algebraic equations. The solution is
constructed as a composite function of solutions of simpler differential equations.
Each obtained nontrivial solution of the system of nonlinear algebraic relationships
leads to a nontrivial solution of the solved equation.

The methodology leads to exact solutions to many nonlinear differential equations.
Some of these equations are widely used as model equations in physics, chemistry,
biology, and engineering.

SEsM is connected to the Inverse Scattering Transform Method and the method of
Hirota. SEsM leads to the equation of Gelfand-Levitan-Marchenko for the case of
the Korteweg-de Vries equation and the relationships of Zakharov and Shabat in the
case of the nonlinear Schrodinger equation [231]. SEsM can be used for obtaining
multisoliton solutions of integrable nonlinear differential equations.

Different simple equations can be used in SEsM. Usually, one uses as simple equations
the nonlinear ordinary differential equations of Riccati and Bernoulli. The equations
for the elliptic functions of Weierstrass and Jacobi are much used in SEsM. The form
of the simple equation influences the form of the composite function of the solution of
the solved nonlinear differential equation. In this article, we studied the use of other
possible simple equations and some of the nonlinear differential equations that can be
solved on the basis of the application of SEsM with these simple equations.

The used simple equations lead to interesting conclusions about the connection of
SEsM with other methods for obtaining exact solutions of nonlinear differential
equations. The use of equations of exponential functions connects SEsM to the Inverse
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Scattering Transform method and to the method of Hirota. The use of other simple
equations connects the following methods to the methodology of SEsM [243,272,278] :

(a) Jacobi Elliptic function Expansion method [279],
(b) F-Expansion method [280-282],

(c) Modified Simple Equation Method [283],

(d) Trial Function Method [284,285],

(e) General Projective Riccati Equations Method [286],
(f) First Integral Method [287].

(g) The Homogeneous Balance Method [288-291]
(h)  Auxiliary Equation Method [292].

(i) the G’ /G - method [293,294],

G) Exp-function method [295],

(k) Tanh-method [296]

) The method of Fourier series.

he list can be continued. We note, in addition, that SEsM can also deal with differential
equations containing fractional derivatives [237]. This research area has been much
more active in the last years (see [238-242] for examples).

We can formulate

Conjecture:

Any method for obtaining exact analytical solutions of (nonintegrable) nonlinear differential
equations is a specific case of SEsM.
The basis of this conjecture is as follows:

(a) The methodology of SEsM is to construct an exact solution of a complicated
nonlinear differential equation (this equation can also be fractional differential
equation) by means of known solutions of simple differential equations.

(b)  Any method for obtaining exact analytical solutions to nonlinear differential
equations (these equations can be integrable or nonintegrable) describes how
to construct these solutions by means of known functions.

(c) The latter known functions are the solutions to certain simple differential
equations. For example, the exponential function is a solution to a linear
differential equation, and the elliptic functions of Jacobi are solutions to an
ordinary nonlinear differential equation with polynomial nonlinearity.

(d) The solution to the solved equation is a function of these known functions.
But this is exactly the composite function from the methodology of SEsM.

(e) Because of all the above, if one wants to construct a method for obtaining exact
solutions of nonlinear differential equations that is not a specific case of SEsM,
then one has to do one of the following:

(63) One will have to use known functions that are not solutions of any simple
differential equation. This is an extremely complicated task, as one will have
to find functions that are not solutions of differential equations.

(g)  One has to construct the solution of the solved equation as a function of the
known solutions of simple equations, which is not a composite function. This
is also an extremely complicated task.

The above reasoning hints at the possibility of also extending the conjecture to the
area of integrable nonlinear differential equations.

SEsM is a method for obtaining exact solutions to nonlinear differential equations.
Thus, SEsM is in a different category of methodology in comparison to the meth-
ods for obtaining approximate solutions to nonlinear equations, such as the Ado-
miam Decomposition Method (ADM) [297-300] or the Homotopy Analysis Method
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(HAM) [301-304]. SEsM leads to exact solutions, but its area of application is more
limited than the areas of application of ADM and HAM.

We can not expect to obtain an exact solution to any nonlinear differential equation
by means of SEsM. We can obtain exact solutions to nonlinear equations whose
solution can be represented as a composite function of exact solutions of more simple
equations. Not every nonlinear differential equation belongs to this class of equations.
The integrable nonlinear differential equations belong to this class of equations. Many
nonitegrable nonlinear differential equations also belong to this class of equations,
and SEsM allows us to obtain specific exact solutions to these equations. Thus,
an interesting open question for future research is as follows: How large is the class
of nonlinear differential equations for which one can obtain an exact solution(s) by
means of SEsM?

SEsM reduces the solved nonlinear differential equation to a system of nonlinear
algebraic equations. As we search for an exact solution of the solved equation, we have
to obtain an analytical solution to the corresponding system of nonlinear differential
equations. Modern computer algebra systems can solve this task, if possible. We
write if possible, because in some cases the number of equations is larger than the
number of the unknowns in the solved algebraic system. Then, it is difficult to obtain
an analytical solution to the algebraic system, and we are not able to obtain an exact
solution to the solved equation, even if we manage to reduce this equation to a system
of nonlinear algebraic equations.

SEsM works well when the solved nonlinear differential equation only has nonlineari-
ties of the polynomial kind. In the course of the years, we have shown that SEsM also
works for nonlinear differential equations that can be reduced to nonlinear equations
with polynomial nonlinearities by means of appropriate transformations (this is Step
1 in the algorithm of SEsM). An interesting open question for future research is to
extend the capability of SEsM to deal with larger classes of nonlinear differential
equations, where the nonlinearities are non-polynomial.

6. Concluding Remarks

In this article, we present the Simple Equations Method (SEsM) for obtaining exact

solutions to nonlinear differential equations. The focus is on the variety of simple equations

that can be used in SEsM. We provided here several final remarks.

1.

SEsM is connected to the Inverse Scattering Transform Method and to the Method
of Hirota for obtaining exact solutions of nonlinear differential equations. These
two methods led to a large amount of research on the symmetry properties of non-
linear differential equations and on the use of symmetries for obtaining new exact
solutions of such nonlinear equations. The study of symmetries and the use of these
symmetries for obtaining exact solutions of differential equations is a promising re-
search area [305-310]. This methodology can be combined with SEsM: SEsM leads
to new exact solutions, and then the symmetry methodology can be used to study
obtaining additional exact solutions on the basis of solutions obtained by SEsM.

We show in this text that the methodology of SEsM is effective. It is connected to
famous methods for obtaining exact multisoliton solutions of nonlinear differential
equations and contains as specific cases many methods for obtaining specific exact
analytical solutions of nonintegrable equations.

SEsM already has many applications for obtaining exact solutions to nonlinear differ-
ential equations used as model equations in the natural sciences. Examples include
from the areas of population dynamics, ecology, and genetics [253-256], pattern
formation [258], and fluid mechanics [259,261,263,264].
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We note the following about the use of simple equations in the methodology of
SEsM: We construct a solution to the solved equation as a composite function of
solutions to differential equations that are simpler than the solved equation. Then,
the requirements for the simple equations are

*  To be more simple than the solved equation.

* To have exact solutions.

e To help to transform the solved differential equation to a system of nonlinear
algebraic equations.

In principle, any differential equation that satisfies these requirements can be used as
a simple equation. Let us give an example. We want to solve a differential equation
which has polynomial nonlinearities. In order to do this, we have to use as simple
equations more simple differential equations that have polynomial nonlinearities or
are linear equations. The simplest such equations with known solutions are the equa-
tions for the exponential function, as well as the equations of Riccati and Bernoulli.
This is why these equations are much used in the methodology of SEsM and in the
methodologies that are connected to SEsM. If the solved equation has polynomial
nonlinearities of higher order, then we can use as simple equations differential equa-
tions such as the equation for the elliptic function of Weierstrass or the equation for
the elliptic functions of Jacobi.

The future research on SEsM and its applications is promising. For example, there
are the following possible directions of research:

(a) Combination of SEsM with the symmetry methods for obtaining exact solu-
tions of nonlinear differential equations.

(b)  Extension of the area of application of SEsM by studying additional classes of
nonlinearities and equations

(c) Application of the methodology for systematically obtaining exact solutions of
classes of nonlinear differential equations.
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