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Abstract: The field related to indices was developed by researchers for various purposes.
Optimization is one of the purposes used by researchers in different situations. In this article,
a generalized Sombor index is considered. This work is related to the idea of optimization in
the families of bicyclic graphs, trees, and unicyclic graphs. We investigated optimal values
in the stated families by means of well-known transformations. The transformations include
the following: Transformation A, Transformation B, Transformation C, and Transformation
D. Transformation A and Transformation B increase the value of the generalized Sombor
index, while Transformation C and Transformation D are used for minimal values.

Keywords: general Sombor index; transformations; optimization; bicyclic graphs; trees;
unicyclic graphs

1. Introduction

Problems related to daily life can be diagrammatically represented on paper by means
of circles or dots. The relationships between these dots can be drawn using curves or lines.
Mathematically, the considered structures of dots and curves have provided the concept
of graphs. A graph is a mathematical structure consisting of nodes (vertices) denoted by
the set V(G). The connection between dots is called an edge, and the edge set is denoted
by E(G). In symbols, we represent a graph by G = (V(G), E(G)). Here, the order of the
considered graph is the total number of vertices, and the number of edges is the size of the
graph. Let k, [ be two vertices of an edge e, and we denote this edge by kl. An edge joining
the same vertex is called a loop. The number of incident edges to a vertex k is called its
degree and is denoted by d(k). A simple graph can be defined as a graph without loops or
with multiple edges between the same pair of vertices. Two or more edges are said to be
parallel if these edges are between the same pair of vertices. Furthermore, we refer to [1-3].
In this article, simple and finite graphs are considered; i.e., both E(G) and V(G) are finite.

A number in graphical terms representing the structure of a chemical is called a
topological descriptor. Using the structural invariant property, a topological descriptor
does not affect graph labeling. A molecular property combined with a topological descriptor
is called a topological index. Furthermore, we refer to [4]. In different situations, topological
indices (TIs) measure the strength of connection in chemical compounds. The Wiener index
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was the first topological index to be introduced. The idea of TIs leads the researchers to
theoretical chemistry. We also refer to [5]. Although TIs were used in the field of chemical
graph theory, applications of TIs have also been observed in other fields. Gutman and
Mohar used topological indices in networks outside of chemical structures in 1996, referring
to [6]. Otte and Rousseau investigated a social network using TIs in [7]. In [8], the authors
investigated indices in networks that are interconnected.

In TIs, minimization and maximization are the fields of the most interest for various
researchers. The desired field of optimization is related to chemical compounds in particular.
Raman and Maranas created an algorithm for optimization combined with TIs that included
Randi¢, Wiener and Kier indices [9]. In [2], the authors found optimal graphs for a general
power—sum connectivity index in different classes. In [3], the authors investigated a second
form of a general power—sum connectivity index in bicyclic graphs, trees, and unicyclic
graphs. In [10], an interconnectivity index was optimized by the authors for polymers.
In [11], simplex algorithms were used by the authors to optimize TIs for problems in
chemical graph theory. In [12], Randi¢ and Wiener indices were optimized for a terrain
problem. In [13], upper and lower bounds for forgotten TIs were investigated. The authors
provided new bounds for the F(G) index. In [14], sharp optimal bounds of a symmetric
VDB TI were investigated regarding D,. In [15], lower and upper bounds for TIs in
trees were investigated. In [16], the authors investigated inequalities for TIs in unicyclic
graphs, and extremal unicyclic graphs were also characterized. The desired family contains
the variable first Zagreb index and some others. In [17], symmetries of regular gons
were considered regarding the optimal values and communication properties of dihedral
groups. Topological optimization schemes for designing waveguides with symmetries in
rotation and reflection were considered in [18]. Furthermore, we refer to [19-21] and the
references therein.

In this work, the generalized Sombor index is considered in bicyclic graphs, trees, and
unicyclic graphs. Optimal values in the families are investigated by means of well-known
transformations. The generalized Sombor (GSO) index for graph G is considered as follows:

GSO(G) = Y ((dg(9))*+ (dg(0)%))P, B is real number > =.
@d€E(G)

N —

2. Transformation for Greatest Value of Generalized Sombor Index

Transformation A: Let yv € E(G) with2 < d(v). Let N(u) = {v, w1, wa, w3, - -+ , Wi }.
LetG =G — {nwy, pwy, pws, - - -, pwi } + {vwy, vw,, vws, - - -, vw } and wy, wy, w3, - - -, Wy
be vertices of degree one, as in Figure 1.

/Go \ Transformation A / \

[

| | ( Go \
\\v / \v /
K i
W1 WZ ) Wt W1 Wz .o Wt
G GI

Figure 1. Graphs where Transformation A is applied on G, and G is obtained.



Symmetry 2025, 17, 968 3 of 33

Lemma 1. Let G be a graph, apply Transformation A on G, we obtain G for which the following
is true:

GSO(G') > GSO(G). (1)

Proof. Using the definition of GSO for G, we obtain

GSO(G) = ( )((dcf (0))* + (dgr (8))%)P + ((dgr (0))* + (dgr (1))*)P + ((dgr (0))? + (d gy (w1))?)P
QGNGO 4
o (A (0)) + (g () PP, @
= Z( )( der () + (A (0))%)P + (t + 1) (dg (0)) + 1)P.
6eNg, (v
Apply GSO on G, we obtain
GSO(G) = Z( )((dc(v))z +(dg(0)))F + ((dg (v))* + (d6 (10))*)F + ((d(1))* + (dg (w1))?)P
GGNGO 4
+((de () + (de(w2))?)P + -+ ((do (1))* + (dg(wi))?)P, ®)
= Z( )((dc(v))z +(d6(0)*)P + ((dc(0))* + (A (1))*)P + t(de (1)* + 1)P.
GGNGO v
We considered the difference (2)—(3), in the following
GSO(G) = GSO(G) = Y. ((dg (0)* + (A (0))*)F + (¢ +1)((dg (v))* + 1)F
0€NG, (v)
- Z( )((dc(v))z +(d6(0)*)P = ((dc(0))? + (dc(1))*)P = t(dc(1)* +1)F,
GGNGO v
= Z( )((dc/ (0))* + (dgr (6))%)P +2((d g (0))* + 12)P + (¢ = 1) ((dgr (0)) + 1) (&)
GENGO 4
- 2( )((dc(v))2 +(dc(0))*)F = ((d(0))* + (dc(1))*)F — t((dg (1)) +17)P,
GENGO 4
> 0.
For positive value in Equation (4), it follows that
Y. (g @)+ g @) > ) ((ds(0)* + (dc(6))*)P,
0eNG, (v) 0€NG, (v) (5)
(t=1)((dg (0))* +12)P > t((dg(n))* + 1)P.
As we have the following
(A (0))* > (d6(0))? (dg (0))* > (dg(w))?,
= (dg (0))* +1> (d6(v))% (A (v))* +1 > (d(p))?, (©)

= 2((dg (0))* +1)P > ((dg(v))* + (A6 (1))*)P.

From Equations (5) and (6), we obtain

GSO(G') > GSO(G).
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Remark 1. Using Transformation A repeatedly, we transform any tree to a star and bicyclic

or unicyclic graphs to bicyclic or unicyclic graphs where all the non-cyclic edges are pendent,
respectively.

Transformation B: Consider y, v € V(G). Letadjacent leaves to pbe us, us_1,- - -, un, uj.

Let adjacent leaves to v be v, v4_1,- -+, 02,71, G and G” are obtained such that G = G +

{ouy,vuz, - ,vusy — {puy, pug, - - -, pusy and G' = G — {voy, 009, - - -, 004} + {pvy, poa,
-, M}, as shown in the Figure 2.

Uy Uz Us

Transfofmaf‘o“ B

t/rJ
"

Gl

Figure 2. Transformation B is applied on G, G and G" are obtained. In G’, all the pendants are
attached to 0. In G, all the pendent edges are attached to j.

Lemma 2. Consider graph G. Using Transformation B on G, we obtain G and G, then either
GSO(G') > GSO(G) or GSO(G") > GSO(G).

Proof. Consider Gy = {vs, vt_1,- -+, 02,01, U5, Us_1,- - - ,up, U1 }. The following cases are
. !/ "
considered for G, G and G .

Letdg,(#) = ¢ and dg,(v) = ¢.
Case 1. Consider G, if v and y are not connected directly by an edge, then for GSO we have

GSO(G) = (A, (0))* + ([dg,W)HP + Y ((dg(1))* + (dg, (0)))P
by€E(G—{pn0}) 0ENG, (1)
+ ):( )((dc(v))z + (dg, (0))2)F + ((dg(1)* + 1)F + ((dg(n))* + 1)
GENGOU
+ot (A () + 1P + ((dg(0)* + 1P + ((dg(v)* + 1)P + - + ((dg(0))* + 1), 7)
Yo (g (0))*+ (de, (W) + Y ((E+06)*+ (dg,(0))*)F
OyeE(G—{p.0}) 0ENG, (1)

+ Y (e+0)2+(dg,(0)2)F +3((E+0)* + 1P +t((p+ 1) +1)P.
GENGO(U)
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Consider Gl, then GSO is given by

GSO(G) = ¥ (([de(0)*+ ()P + L (de, (1) + (dg, (6)))F

OyEeE(G—{u,0}) 0ENG, (1)

+ Z( )((dc’(v))z + (6, ()P + (g (0))* + 1P+ + ((dgr (0))* +1)F,
GENGO v

- Y (A (0) + (da, )P+ Y (&4 (dg, (6))%)F
Oy€E(G—{p0}) 0ENG, (1)
+ Y (p+6+1)2+(dg,(0)2)P + (6 +1)((p + 6 +1)* +1)P.
#€NG, (v)
Taking G", then GSO is in the following
GSO(G )= Y (g (0)*+ (de,)DF+ Y (dgr(p)* + (A, (6)))F
OyeE(G—{p, v}) 0ENG, (1)

+ Z dGo (ng<9))2)ﬁ+ (dG//(y)2+1)5+..._|_ (dG”(V)2+1>ﬂ,
0N ()

= Y ([0 + (A, ()P + 3 (€ +8+17+ (dg, (6))P

bycE(G—{p0}) 6cNoy (1)
+ Y (9P (dg,(0))P+ (5 +1)((E+5+1)?+1)P.
GGNGO (’U)

Suppose () = GSO(G') — GSO(G) and O, = GSO(G") — GSO(G), we consider the
following

D= Y ((de(0))+ (A, ()P + 3 (824 (dg,(9))%)F

Oy€E(G—{u0}) 0€NG, (1)
+ Y (@441 + (dg,(0)2)F + (6 +1)((¢+6+1)* +1)F
GGNGO(U)
- Yo ((dgy(0))* + (dg, ()P — Y ((E+0)*+ (dg,(0))*)F
6y€E(G—{n}) 0€NGy (1)
= L (o417 +(dgy (0))F = 5(€+0+ 1) (9 + 12+ 1P, o
GENGO(U)

= Y @+ @) +((p++0)+ Y (dg,(0))*)°

GENGO (]/l) GENGO (’U)

F@E+D((p+6+*+1P— Y ((E+0)*+ (dg,(0))*)F
0€NG, (1)

— Y ((p+ 1)+ (dgy(0))P —8((E+ 02 +1)P —t((p+ )2+ 1)F.
GENGO(U)

Now ) > 0, if the following holds
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Y @+ g0+ Y ((p+3+12+(dg,(9))%)P

0ENG, (1) 0ENG, (v)
+(6+)(p+5+1)2+1)F
> Y (G402 +dg,0))F+ Y ((9+1)+ (dg,(0))*)F

0€NG, (1) 0€NG, (v)
S(E+0)2+1)P+t((p+1)*+1)F),
= Y (CH+ + (g, (0))FP+ Y ((p+3+1)2+ (dg,(0))*)F

0€NG, (1) #€NG, (v)
+(6+)(p+5+1)2+1)F
ST (G407 + g0+ Y. (941> + (dg,(6)%)F

0ENG, (1) #€NG, (v)
S((E4+06)+ 1P +H(p+1)*+1)P.

)

If 1 > 0 then )y < 0, we have the following for this

0, = Yo ([ + (dey))P + Y ((G+38+8)7+(dg,(6))%)P
Oy€E(G—{p0}) 0€NG, (1)

+ Y (9P (dg, ()P + G+ )((E+0+1)2+1)F
0€NG, (v)

= Y (@) + e, )P+ Y ((E+6)*+ (dgy(6))*)°

10
Oy€E(G—{p0}) 0€NG, (1) (10)

+ Y @+ 62+ (A, (0)2)PS((E+8)2 + 1P + (¢ + 1) +1)P,
GENGO(U)

= L @+ W@~ ¥ ((p+5+17+(dg, (0)*)F <.

GGNGO (U) GGNGO (U)

Case 2. Consider graph G, if v and y are connected directly by an edge, then we obtain

GSO(G) = Y. ((dGy(0))* + (g, )P+ Y (E+0)*+ (dg,(0))*)F
Oy€E(G—{p0}) 0ENG, (1)
+ Y (@t +(dg,(0))P+((E+0) >+ 1P+ -+ ((E+0)*+ 1)

QENGO (Zl

)
@+t + P+ (9 + 2+ 1P = (€ +0)* + (¢ +1)%)F,

o

11
— Y (@) + )+ Y (@407 + (e, (0)))F v
byeE(G—{p.0}) 0€NG, (1)
+ Y ((p+1)2+ (dgy(0)*)Po((E+06)* +1)P +t((p+1)* +1)P
QENGO(’U)

—((E+0)+ (p+1)H)P.

GSO for G' is given in Equation (12)
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GSO(G) = Yo (e (0))* + (d, ()PP + Y (22 + (dg,(0))%)F
OycE(G—{p0}) 0ENG, (1)
+ Y (p+0+1)2+(dgy(0))F + (p+d+t)* +1)P + - -
0€NG, (v)
+((p+6+1)>+1)P — (B + (p+5+1)%)F, 12)
= Yo (e (0)+ (dg, )PP+ Y ()P + (dg,(0))*)F
OyEeE(G—{u,0}) 0ENG, (1)
+ Y (@ +0+1)2+(dgy(0))F + (6 +1)((9p+6+1)> +1)F
0€NG, (v)
— (B4 (p+6+1)2)P.
GSO for G” is considered in Equation (13)
GSO(G") = Yo (A (0)* + (dg, ()P + Y. (435412 + (dg,(0))*)F
fy€E(G—{p0}) 0ENG, (1)
+ Y (PP g0+ (G+6+0*+1)F +
GGNGO(U)
F((B+E+2+1DP = ((E+6+1)%+77)P, (13)
= Yo (A (0)* + (g, ()P + Y ((E+35+1)2+ (dg,(0))*)F
by€E(G—{pn0}) 0€NGy (1)
+ Y (@ + (g, (0)VP + 6+ ((6+E+ 1)+ 1P = ((6+E+ 1) +¢°)P.
#€NG, (v)

Let O = GSO(G') — GSO(G) and O, = GSO(G") — GSO(G), we consider the following

Q= Y ([ (0)) + (g, )P+ Y ((2)*+ (dg,(8))*)°

bycE(G—{10}) 6N, (1)

+ Y (@+0+1)2+ (g, (0))F+ (5 +t)((p+5+1)>+1)F
GGNGO(U)

— @+ (p+o+nHP
- Y (a0 +(de, )P = Y ((€+0)*+(dg,(0))F

OyeE(G—{n0}) 0ENG, (1)

= L ((¢+1)7+(dg,(0)*)P =8((G+ 0 +1)P —t((¢+1)* +1)P
QGNGO(U)

+((E+0)* + (p+1)2)P.
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O =+ Y, (dg0)))F+ Y ((p+5+1)>+ (dg,(0))%)F
6€ Ny (1) 6e N, (0)

+(6+)(9+0+1)2+1)P — (B2 4+ (p+5+1)%)P
= Y (@424 0 = Y ((p+6)*+ (dg,(0))*)F

0€NG, (1) 0€NG, (v)
—5((E4+0)?+1)P —t((p+ 1)+ 1) + (40> + (9 +1)?)F,

= Y @40+ Y (943417 + (dg,(0))*)F (14)
6NG, (1) 6€Ng, (0)

+E+D(p4+0+ D>+ 1)P+ ((E40)2+ (9 +1)2)P

— P+ (p+o+)P = Y ((E+0)*+ (dg,(0))*)F
0€NG, (1)

= Y (@412 +(dg,(0)*)F =5((E+ 6+ 1)P —t((¢+1)* + 1)P.
GGNGO(U)

If O > 0, then it follows that
Y, (@4 0P+ Y ((p+5+1)+(dg,(0)%)F
8€NG, (1) #€NG, (v)
+(+D(p+6+ D2+ 1P+ (4062 + (9 +1)2)P

>—(E+(@+6+))P— Y ((C+0)*+ (dg,(0))*)F
0ENG, (1)

— Y (@87 +(dey(0))*)P = 6((E+6 +1)P —t((9 +1)* + 1)F.
GENGO(U)

= Y (G4 + g, 0+ Y (94541 + (dg,(0))*)F
0ENG, (1) 0ENG, (v)

+(6+D)(@+0+ )2+ (6+E+D2)P +((6+8)*+ (9 +18))P

>—(F+(p+t+0)HF— Y (6487 + (dg,(0))H)F (15)
0ENG, (1)

— Y e+t +(dgy(0)P)P =5((E+6)* +1)P —t((9+1)> +1)P.
0€Ng, (v)

When (15) satisfies, then we get the following

O = ) ((dGy(0))2 + (dg, ()P + Y ((E+3+1)2+ (dg,(0))H)F
OycE(G—{pu.0}) 0ENG, (1)

+ Y (P (dg ()P + (S + ) ((E+5+8)>+1)F +- -

0€NG, (v)

—(@+o+12+07)f

- ) ((dy(0))* + (dg, )P — Y ((E+0)*+ (dg,(0))H)F

OyeE(G—{u,0}) 0ENG, (1)

— Y ((p+1)2+ (g (0))P =5((+06)*+1)P —t((p+1)>+1)P

0€NG, (v)

+((E+0)+ (p+1)2)F.
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M= Y (E+6+12+ g (0)))P+ Y (9> + (dg,(0))%)F

BENG, (1) 0ENG, (v)
+ G+ +E+D2+ 1P+ (6482 + (9p+1)2)P
— (40412 +7)FP = Y ((E+0)+ (dg,(0)))F

0ENG, (1)
- Y 0+ 57+ d6,(0)7)P = 5((E+ 0+ 1) —t((9 + 1)> + 1)P.
GENGO(U)
M < Y (G+6+2+ (e 0P+ Y (97 + (dg,(0))%)F
8€NG, (1) #€NG, (v)

+ 4+ +E+D2+DP+ (6482 +(p+ 1))
— Y (@+6+02+ (g0 — Y ((p+5+1)*+ (dg,(6))H)F

0ENG, (1) 0ENG, (v)
— 6+ (@ +0+ )+ (E+0+)2)P —((E+0)*+(p+t+6)2)F <.

We conclude if Q1 > 0 then () < 0.
O

Remark 2. We transform any bicyclic graph or unicyclic graph to a bicyclic graph or unicyclic
graph, respectively, in which all the vertices with degree one are connected directly to the same vertex.

3. GSO(G) for Greatest Values

Let UL be unicyclic graph obtained from Cy in which 1 — k pendent edges are attached
to the same vertex on Ci, then using Lemmas 1 and 2, it follows that

Theorem 1. Consider G be an unicyclic graph with order n and girth k, if G is not UX then
GSO(G) < GSO(uk).

Consider bicyclic graph G(n,n + 1). Here the order is 1, and the size is n + 1. The
considered bicyclic graph has been investigated for the Sombor index. We consider a
connected and simple graph denoted by ®(n,n + 1). Furthermore, for G € ©(n,n + 1),
every graph consists of cycles Cz and Cyp in G. The following cases have been observed;

(I  A(E, ¢) consists of G € @(n,n + 1), where Cz and C, share one vertex in common.

(II) B(¢, @) consists of G € O(n,n + 1), where Cz and C, share no common vertex.

) C(¢&, ¢,1) contains G € @(n,n + 1), where the cycles C¢ and C,, are connected by a
common path of length I.

In Figure 3i-iii, vertex induced subgraphs on the cycles for G € A(¢, ¢) (or B(¢, ¢),
C(¢, ¢, 1)) are provided, respectively.

o0 00 ©

0] (ii) (iif)

Figure 3. All considered bicyclic graphs. In (i), there is one common vertex between two cycles;
In (ii), there is no common vertex or path; In (iii), there is a common path between two cycles.
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4. Greatest GSO in the Family A (¢, ¢)

In this portion, we investigated GSO in A({, ¢) for optimal values. Let S, (&, ¢) be
from A(E, ¢) where n — & 4+ 1 — ¢ pendent edges are attached directly to the common vertex
of Cz and C,, for this we provide Figure 4.

e

n+1—(+¢)

Figure 4. The graph 5,(¢, ¢), where n + 1 —  — ¢ pendent edges are attached to the common vertex
of the cycles.

Theorem 2. S,(&, ) is the graph with greatest GSO in A(G, ¢).

Proof. Consider G and apply Transformation A and Transformation B. We obtain G in
which all the edges not on the cycle are connected directly to v. Using Lemmas 1 and 2, we
obtain that GSO(G') > GSO(G) with equality iff, all the non-cyclic edges are connected
directly to the same vertex in G. If G %85, (&, ), then u and v are different vertices and u
is vertex that is common between C, and C;.

Consider that v is on the cycle Cz, we consider cases given below;
Case 1. Consider that v and y are not adjacent, the following is considered

GSO(Su(8,9)) = (6—=C—@+n)+1)P +(5-¢—9+n)+1)F
4ot (5-C—p+n)?+1)P +4(5-C—¢@+n)?+4)P
+(E-2)8)F +(9—-2)(8),
=(=C+1=9)((B-C—g+m?+ 1P +4((5-C—g+n)?+4)f
4+ (E—2)8F 4 (9 —2)8P.

GSO for GI, is considered in the following
GSO(G)=(B-C—g+n)2+1)P+(B-C—p+n)?+1)F
+o A+ (B=C—@+n)?+1)P+2(B-¢C—p+n)+4)f
+(E -4 ®)F + (9 —2)(8)F +4(20),
= (n=C+1-9)(B-¢—9+n) >+ 1 +2(B - —g+n)* +4)f
+ (8 —4)8F + (9 —2)8P +4(20)F.

Consider the following difference
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GSO(Su(E,9)) —GSO(G) = (n—E+1—@)(5—E—@+n)2+1)P +4((5—&— ¢ +n)> +4)F
+(E-28 —(n—C+1-9)((B3—C—@+n) >+ 1) —2((3—C—p+n)* +4)F
— (£ —4)8° —4(20),
=(1=C+1=9)((B-C—g+m?+ 1P +2((5-C—g+n)?+4)f
+(E-2)8P+2(5-C—p+n)?+4)f —(n—C+1—-9)(B—C—@+n)?+1)F
—2((3—¢—g@+n)>+4)P —(F—4)8F —4(20)F > 0.

Here, equality holds iff G’ 2 S,,(Z, ¢).

Case 2. Consider that v and u are connected directly by an edge in G'. Then,

GSO(G) = (B—-C—g+n)?+1)P 4+ (B—C—p+n)>+11)P

o (B=C— e3P+ (B=C—g+n)+(2)F
+((n+3—-C— 9 +4)P +3(42+(2) + (£ -3)((2°+ 2P + (9 —2)((2* + (27,
=(n—C+1-)((n+3-C—9)+1)P +((n+3—-¢—9)*+4)F
+((n+3—2F—¢)2+16)P +3(20)F + (£ —3)8F + (¢ —2)8P.

The following difference is considered

GSO(Sn(£,9)) —GSO(G) = (n—E+1—)(5-E—@+n)+1)f +4((5— ¢ — ¢ +n)> +4)F
+(E—2)8F + (¢ —2)8F
—(n=C+1-9)(B-C—9+n)’+1)f —(B-¢—9+n)>+4)F
—((n4+3—-&—9)2+16)f —3(20)f — (£ —3)8F — (9 —2)85,
=(n—C+1-9)(6-¢—9+n)*+1)f +(5-¢—9+n)+4)F
+2(5-C—@+n)?+4)P+(E-2)8P 4 ((5-C—gp+n)>+4)F
—(n—C¢+1-9)(B=¢—9+n)’+1)f = (B¢ —9+n)*+4)F
—((3=&—¢@+n)>+16)P — (2 —3)8% —3(20)F > 0.

While equality holds iff G' 2 S,, (&, ¢).
O

(16)

(17)

(18)

For 3 < ¢ and 3 < ¢, applying above theorem, it follows that S,,(, ¢) is the unique

graph with largest value for GSO in A(g, ¢).

Lemma 3. (i) For 3 < ¢ we have GSO(S, (& —1,¢9)) > GSO(S,(¢, ¢)); (ii)) For 3 < ¢, we

have GSO(Sy (&, ¢ — 1)) > GSO(S,(E, 9)).

Proof. (i) As we have

GSO(Su(&, ) =(1—¢—p+n)(5-C—+n)?+1)f+4((5-C—p+n)?+4)F

+(E—2)8F 4 (9 —2)8P.
Plug ¢ by ¢ — 1, it follows that
GSO(Su(€~1,9)) = (2-&—¢+n)((5-¢+1—g+n)*+1)f

+4((5-C+1—@+n)2+4)P +(E—-1-2)8 + (¢p—2)8F,

=Q2-¢—p+n)((6—C—9+n)?+1)F

+4((6—C—@+n)>+4)P+(F-3)8F + (¢ —2)8F.
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From the above calculations, the following difference is considered
GSO(Sn(2—1,9)) = GSO(Sx(&,9)) = (2= C —@+m)((6— ¢ — @ +n)* +1)°
+4((6—¢—g+n)?+4)f +(Z—3)8F
—(=CH1-@)(B-C—p )+ 1) —4((5-C—g+n)?+4)f
—(E-2)8% > 0.

Hence, we have GSO(S, (& — 1, ¢)) > GSO(S, (&, ¢)).
Consider (ii). We have the following:

GSO(Su(&, 9 —1)) — GSO(Su(Z,9)) = (2—C—@+n)((6—¢ —p+n)* + 1)

+4((6—¢—@+n)?+4)F + (¢ —3)8°

— (=1 g) (G- — g4+ 1P —4(5-C—p+nP+4F — (9—2)8F >0,

Finally, we have GSO(S,(Z, ¢ — 1)) > GSO(S,(&, ¢)). O

From Theorem 2 and Lemma 3, we obtain the following:

Theorem 3. For every ¢ > 3 and ¢ > 3, the unique graph of order n with largest value of GSO is
S (3,3) in A(E, ¢).

5. GSO for Greatest Values in B(¢, ¢)

In the considered portion, the largest values in bicyclic graphs of GSO are considered
in B(¢, ¢). Let T{(Z, ¢) be the graph on n vertices and n + 1 edges. Two cycles Cz and C,
are connected by a path of length 6. Here, n — 6 — ¢ + 1 — ¢ pendent edges are connected
directly to the common vertex of cycle C¢ and the path. We provide Figure 5a, and Ty, (¢, ¢)
is given in Figure 5b. T,(, ¢) is the graph on n + 1 edges and n vertices, obtained by
connecting Cz and Cy by a path pow, the remaining edges are connected directly to v; see
Figure 5c.

Theorem 4. Let G € B(C, ). Consider a common path of length 6 of Cg and C,, then

GSO(T,f(C, ¢)) > GSO(G) with holds iff G = T;j(g, @),

. . (19)
GSO(TS(¢,&)) > GSO(G) with equality iff G = TS(¢, ).

Proof. Consider a path of shortest length denoted by P = v1v; - - - v505,1, the considered
path connects Cz and C, in G. Let v1 be the common vertex between P and C¢, vs41 be
the common vertex of P and Cp. Using Transformation A and Transformation B on G
continuously, we obtain G as provided in Figure 5. In G, all the vertices of degree one
not on the cycles are connected directly to vertex v. Applying Lemmas 1 and 2, we obtain
GSO(G') > GSO(G), with equality iff all the edges not on the cycles are pendent edges
connected directly to the same vertex in G. We consider the cases given below.

Case 1. If v is on C; with adjacent v and vy, we provided Figure 5d. Here, the following
values are considered

GSO(G)=((n—6—C+3—¢)2+ 1)+ 4 (n—6-C+3—9)>+1)P
+2((n—86—-C4+3—9)>+22)P 1 (9+d(v)?)P + ( —4)(8)P

+(9—2)(8)P + (6 -2)(8)P +3(11)P +2(11)P, (20)
=n—0-C+1-@)(n—0-C+3-9)2+1)P4+2((n—0—C+3—¢)> +4)F
+(9+d(v:)?)P +8P(F—4) +8P(¢p —2) +8P(5 —2) +5(13)P.
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GSO(T},(¢, ¢)) is given by
GSO(Ty (&, 9) =(n—0—+1—9)((n—6—C+4—9)+ 1)
+2((n—0-C+4— 9P +4)P +((n—6—C+4— ) +d(v2)*)F
+(6-2)(8)P + (5 —2)(8)° + (9 —2)(8)F +3(11)F, o

=n—0-C+1—@)((n—6—-C+4—9)2+1)F
+2((n—0—C+4— @) +4)P+(n—0—-C+4—9)2+d(vp)?)P
+8P(6—2) +8°(2—2) +8°(p —2) +3(13)F.

GSO(TL(E, ¢)) — GSO(G'), is considered in the following:

GSO(T.(E,9) —GSO(G)=(n—6—F+1—@)(n—6—C+4—)> +1)P+
+2(n—0—C+4— 9 +4)P 4+ (n—6—-C+4—¢)2+d(v)?)P
+8P(0—2) + 8P (& —2) +8F (¢ —2) +3(13)F
—(n=0—-C+1-9)(n—6—-C4+3—9)?+1)f —2((n—6—-+3—¢)* +4)F
—(94d(v)?)P —8P(F—4) —8F (9 —2) — 8P (6 —2) — 5(13)F, (22)
=(n—0-C+1—9)((n—6—-C+4—9)>+1)F
+2((n—0—C+4— ) +4)P+(n—0—-C+4—9)*+d(v)?)P
—(n=0—-C+1-9)(n—6—-C4+3—9)?+1)f —2((n—6—-+3—¢)* +4)F
—(94d(v2)?)P +8F (& —2) +3(13)F —8P(¢ —4) —5(13)F > 0.

Hence, GSO(T(E, ¢)) — GSO(G') > 0, with equality iff G’ = T3 (¢, ¢), Figure 6 is provided
for equality.

(e)

(f)

Figure 5. (a) The graph TS (¢, ¢), where pendent edges are attached to the common vertex between
the cycle Cz and path; (b) The graph Ty, (¢, ¢), where the pendent edges are attached to the common
vertex between the cycle C,, and path; (c) The graph T, (g, ¢), where pendent edges are attached to
vertex v on the path yvw of length 2; (d) The graph where pendent edges are attached to v on the
cycle C¢; (e) The graph where pendent edges are attached to the vertex v on the cycle Cyp; (f) The
graph where pendent edges are attached to vertex v on the path between Cz and C,.
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GSO (T,(£,9))- GSO (G)

0.0 0.2 0.4 0.6 0.8 1.0
B

Figure 6. Graph for GSO(TS(Z, ¢)) — GSO(G'), with adjacent v and ;.

If the vertices v1 and v are directly connected by an edge in G, we provide the values in
the following
GSO(G)=(n—0-C+3—9P2+ 1)+ -4 ((n—6—C+3—q)2+1)
+((n—06—¢+3—9)?+4)P+((n—6—-¢+3—¢9)*+9)P
O+ d(@)2)P + 401 + (- 3)8)° + (9 - 2)(8)F + (- 2)(8)F, )
=n—0—-CF4+1-@)(n—6—F+3—9 2+ 1P+ (n—6—-F+3—9)> +4)f
+(n=8—C¢+3—9)2+27)P + (9+d(vp)?)P +4(31)P + (¢ —3)8F
+ (¢ —2)8F + (6 —2)8F.

Next, we consider GSO(TS(Z, ¢)) — GSO(G') in the following

GSO(T4(E,9)) —GSO(G ) = (n— 30— +1—¢)(n—6—E+4— )2 +1)F
+((n—06—-C+4—9P +4)f +((n—0-C+4—9)* +4)F
+(n—6—C+4— ) +d(v)?)P+8P(6—2) +8F(F—2)+ 8% (¢ —2) +3(13)P
(
)

o

—(n=0—-C+1-9)(n—06—-C4+3—9)?+1)P —(n—0—-¢+3—¢)2 +4)F
—((n=6—C+3—9)2+27)f — (9+d(0vp)*)P — (£ —3)8F — (9 —2)8F — (6 —2)8F —4(13)F, b
=(n=0-C+1-9)((n—6—-C+4—9)>+1)F

+((n=0-C+4-9P+4f +((n—-0-C+4—9)*+4)f

+(n=0—C+4— @) +d(vy)?)P +8F(F—2) +3(13)F

—m=6—C4+1—¢)(n—0—-C+3—9)2+1)f —(n—6—-C+3—¢)>+4)P
—(n=6—C+3—9)2+9)F — (9+d(v)%)P — (¢ —3)8F —4(13)P.

Hence, we have GSO(T(E, ¢)) — GSO(G') > 0, with equality iff G’ = (TS(Z, ¢)). Figure 7
is provided for this.
Case 2. Consider v on C,, this case is similar to Case 1. Figure 5e is provided for Case 2.
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GSO (T,/(£.9)- GSO (G)

151

GSO (T, (£.¢)- GSO (@)

Figure 7. Graph for GSO(TS(Z, ¢)) — GSO(G'), where v; and v are adjacent.

Case 3. Consider v on P as in Figure 5f, when G % T,(¢, @), then § > 3. The following
is considered;
When § > t > 2, then § > 3 and the following value is considered

GSO(Tu(&,9)) = (n—=3+1—@+) >+ 1P+ +(n—E+1—9)> + 1)
+2((n—E+1-9)> +9)P +4(11)F + (T -2)(8)F + (9 —2)(8)F,
=(n=¢-1-9)(n=3+1—9)+1)F +2(n—¢+1-9)*+9)°
+4(13)P + (£ —2)8F + (¢ — 2)8F.

(25)

GSO for G is considered in the following:

GSO(G)=((n—6—C+1—¢)2+ 1)+ 4 (n—6-C+1—9)>+1)P
+2((n=0—-+1- ¢ +4)P + (£ ~2)(8)° + (¢ —2)(8)F

+ (6 —4)(8)P +6(11), (26)
=n—06—C+1—9)(n—=0-C4+1—9)> +1)P+2((n—56—-C+1— ) +4)F
+(E—2)8P + (9 —2)8F 4 (6 — 4)8F +6(31)P.

We consider the difference of GSO(Ty (€, ¢)) and GSO(G') in the following

GSO(Tu(E, 9)) = GSO(G) = (=& —1—9)((n = +1—¢)*+1)F
+2((n—E+1—9)> +9)P + (¢ —2)8° + (¢ — 2)8F +4(13)P

— (== EH1—@)(n—0—E+1—9) 2 +1)f —2(n—0—E+1—¢)2 +4)P

— (28 — (¢ —2)8F — (6 — 4)8° — 6(13)°, (27)
=n—C-1-)(n—CE+1—9) 2 +1)P +2((n—E+1— )2 +9)P +4(13)F
—(n=6-3+1-9)((n=0-C+1-9+1)P —2((n -0 -¢+1—9)* +4)F

— (6 —4)8% —6(13)F.

Figure 8 is provided for the difference in Equation (27).
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GSO (T, (£.¢))-GSO (G)
[ ' ' .
100 - ;
N F ,I
e /
8 80»* ,/I
O] L /
A 6ol /
s S
< o
O [ ,z’/
8 20? ’/”
0}\__—————-\ ——————— 1 L 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0
B
Figure 8. Graph for GSO(T, (¢, ¢)) — GSO(G'), with § > 3.

If2=tort =0, then for G the value of GSO is considered in the following
GSO(G') =511)F + (£ —2)(8)° + (¢p —2)(8)F
+(O+m—06-C+3—9))f+(d+(n—06—-C+3—9)?)F+
(n=0-C+3-9) 2 +1)P+-- - +(n—6—-C+3—9)>+1)F + (6 -3)(8)F, 8)

=(E-2)8)f + (9 -2)BF + 9+ (n-6-2+3-9))P +(6-3)(8)°
@+ m—0-C+3-9))f+(n—0-C+1—9)((n—0-C+3—¢)*+1)F
+5(13)f > 0.

The difference of GSO(T; (&, ¢)) and GSO(G') is in the following

GSO(TW(&,9)) —GSO(G) = (n—E—1—9)((n—E+1—¢)* +1)F
+2((n—¢+1— )2 +9)F +(F—2)8F + (¢ —2)8F +4(13)F

— 94+ (n=6-C43—9))f —(d+(n—6—-C¢+3—9))F
—(=0-CH1-g)(n=0-C+3 -9+ 1) = ((-2)8 ~ (9 2)8°
— (6 —3)8F —5(13)F,

—(n=¢-1—9)(n—=¢+1-9+1)f +2((n—¢+1—9)*+9)F
94+ n—6-C43—9))f —d+n—6-C¢+3—9))F
—(n—80-C+1-9)((n—06—E+3—¢)*+1)F — (6 -3)8° — (13)F,
>0

Figure 9 is provided for the difference in the Equation (29).
O

Lemma 4. GSO(T,(3,3)) > GSO(T,(E, ¢)), with equality iff ¢ = 3 = ¢.
Proof. The previous theorem provided the following value:

GSO(Tu(,9)) =(n—¢—1=@)(n—E+1—9) +1)P +2((n =&+ 1—¢)> +9)F
+4(13)P + (& —2)8F + (¢ — 2)8P.

For GSO(Ty(3,3)), the following is considered

(29)

(30)
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GSO(T,(3,3)) = 4(11)P +2(8)P +2(94 (n —5)2)f + (n —7)(1 + (n — 5)%)F,

=413 +2(8)P +2(1+ (n —5)2)P + (n —7)(1+ (n —5)2). G1)

Furthermore, we have the following difference:

GSO(T4(3,3)) — GSO(T, (&, ¢)) = 2(8)P +2(9+ (n —5)2)F + (n —7)(1 + (n — 5)%)P
—m=C=1—@)(n—C+1—@)?+1)P+2((n—C+1—¢)>+9)F (32)
+(&—2)8F + (p—2)8F > 0.

Figure 10 is provided for the difference in Equation (32), with iff { = 3 = ¢. For equality,
Figure 11 is provided. O

GSO (T, (§,9))- GSO (G)

2000} ;
1
o I}
S ,
= 1500} ;
2 ,
O 1
1
/l\ /
S 1000} y
= /
= /
- /
o 500 /,
3 '
(O] //,
N
o0 05 10 15 20

Figure 9. Graph representing GSO(T,, (¢, ¢)) — GSO(G'), where 2 = tor § = t.

GSO (T, (3,3))- GSO (Tx (¢, 9) )

1
_ 1
1
S 200+ ]
w J
< j
L 7/
o 150 )
3 /
Q /
A /,
a 100 ,
e /,,
S 4
£ sof o
o)
; L
N S
: ‘ ‘ ‘ |
0.0 05 1.0 15 20
B

Figure 10. Graph for the difference GSO(T,(3,3)) — GSO(T,(¢E, ¢)).

GSO (T (3,3))- GSO (T4 (¢, 9))

0.5F

0.0

GSO (Tp (3,3))-GSO (Th (5, @) )

-1.0F
0.0 0.5 1.0 1.5 2.0

Figure 11. Graph for the difference GSO(T};(3,3)) — GSO(T, (&, ¢)), where { =3 = ¢.
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Lemma 5. For2 <, GSO(TS™ (&, ¢)) > GSO(TS(E, 9)).

Proof. For the proof, we consider the following:
If § > 2, then GSO(T?(E, ¢)), is considered in the following

GSO(T(5,9) =(n—6—C+1—@)(n—0—C+4—9)*+1)F
+2((n—6—C+4— 9P +4)P +(n—6—-+4—9)* +d(v2)*)P
+8P(6 —2) +8P(& —2) +3(13)P + 8P (9 —2).

Here, d(v;) = 2, it follows that

GSO(TR(G,9)) = (n—0—E+1—9)(n—6 -5 +4— ) +1)F
+2((n—0—C+4—9)?+4)P 4+ (n—6-C+4— 92 +4)F (33)
+8P(6—2) + 8P (& —2) +8F(p —2) +3(13)P.

Replacing d by § — 1 in (33), it follows that
GSO(Ty (G 9) = (2-C—9—6+m((5-C—g+n—07>+1)F
+2((5-C—@p—0+n)+4)P+(5-C—p+n—0)>+4)F
+8P(0—3) + 8P (& —2) +8F (¢ —2) +3(13)P.

The difference of GSO(TS(&, ¢)) and GSO(TS (&, ¢)) is considered in the following

GSO(Ty (&, 9)) = GSO(T(&,9)) = (n+2 -5 =9 =) ((5-C— 9 +n—25)>+1)F
+2(5-C—@+n—072+4)P 4 (5-C—p+n—206)>+4)F

+8P(6 —3) +8P(&—2) +8P(p—2) +3(13)F
—(n—0-C+1-9)(n—6—¢+4—9)*+1)F

—2(n—6—C+4—9)+4P —(n—6—-C+4—9)+4)F

—8P(6—2) —8F(&—2) — 8P (9 —2) —3(13)F.

The difference GSO(TS™1(&, ¢)) — GSO(TS(&, ¢)) > 0is observed in Figure 12.

Gso (7" (§,))- GSO (T» (s‘ ?))

Figure 12. Graph for the difference GSO(T, (&, ¢)) — GSO(TS~1(¢, ¢)), where & > 2.

If 6 = 2, then the following is considered
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GSO(Tp(&, ) =(n—E—1—)(2—F—@+n)?+1)F
+2(2-C—@+n)?+4P+(2-C—p+n)?+4)F
+8P(2—2) +8P(¢ —2) +8F(p —2) +3(13)F.

For GSO(T,~ (&, ¢)), it follows that

GSO(Ty Y& 9)=(n—C— @)A1+ B—C—g+n)?)f+24+ (3—-C—p+n)?)f
+(OO+B=C—9+n))P+(E-2)(8)P + (9 —2)(8)F +2(11)F,
=(n—C¢—)((n—C—9+3) 7+ 1) +2(B-¢—g+n)>+4)F
+(B=C—@+n)?+9P+(E-2)(8)F + (9 —2)(8)F +2(13)F.

Consider GSO(T,1(&, ¢)) — GSO(TS(&, @)) in the following

GSO(T; (¢, 9)) = GSO(T;(E,¢)) = (n =& — ¢)(1+ (3~ — ¢ +n)*)F
+2(4+(B-¢—9+n))P+(9+(B3-¢—g+n)?)Ff
+(E-2)8)P + (¢ —2)(8)P +2(13)f — (n— & ~1—-9) (2~ — ¢ +n)* +1)F
22—+’ +4P —(n+2-5— 9> +4)F
~8P(2-2) -87(g ~2) —8/(¢ —2) —3(13)°

> 0.

(34)

Figure 13 is provided for the difference in Equation (34). O

GSO (T, (£,9))- GSO (T, (£, 9) )

1400
1200F
1000
800
600
400

200 -

GSO (T™1, (£.9)- GSO (Ta" (€. ) )

O 7\ 1 1 1 1
0.0 05 1.0 15 2.0
B
Figure 13. Graph for the difference GSO(T, (&, ¢)) — GSO(TS (¢, ¢)), where 6 = 2.

Lemma 6. GSO(T!(3,3)) > GSO(TX (&, ¢)), with equality iff ¢ = ¢ = 3.
Proof. We know that

GSO(Ta(Z, 9) =(n—C— @)1+ (B—C—@+n)?)P +2(4+ (3 —¢—@+n)*)P

35
0+ (B g+ mDP+(E—2)(B)F +2(13) + (p—2)(8). )
Put { = 3 = ¢ in (35), we obtain

GSO(TL(3,3)) = (n—6)(1+ (n—3)2)P +2(4+ (n—3)2)P + (9 + (n — 3)%)P
+(2-2)8)P + (¢ —2)(8)F +2(13)F.

The following difference is considered:
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GSO(TL(3,3)) — GSO(TL(E, ¢)) = (n — 6)(1+ (n —3)2)P +2(4+ (n —3)*)P + (9+ (n —3)?)P
—(n—C—)1+(n—C—9+3))f 24+ B-C—p+n)?)f -9+ B-C—p+n)?)Ff >0

(36)

Figures 14 and 15 are provided for the difference in Equation (36), with equality iff
(=3=¢. 0O

GSO (T, (3,3))- GSO (T," (£, 9) )

700
— !
S 600 '
WA 1
ﬁv II
S 500 F i
o /
®» 400 /
O] /
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Q ’
< 200 Vi
ﬁk /’
~ ,/
o 100 -
%] ——
o f ===
P S p——
| | . . .
0.0 0.5 1.0 15 2.0
B

Figure 14. Graph for the difference GSO(T}(3,3)) — GSO(T} (&, ¢)), where ¢ and 6 are not both 3.

GSO (T", (3,3))- GSO (T," (£, ¢) )

00 05 10 15 20
B
Figure 15. Graph for the difference GSO(T}(3,3)) — GSO(T. (&, ¢)), where & = 3 = 4.

The value of GSO for T} (3,3) and T,(3,3) are easy to find, and we have GSO(T} (3,3)) >
GSO(T,(3,3)).

Theorem 5. In B(&, ¢), T(3,3) is the unique tree with greatest GSO for all ¢ > 3 and & > 3.

6. Greatest GSO in C(¢, ¢, 1)

Bicyclic graph on cycles Cz and C, is denoted by C(¢, ¢, 1), where [ is the length of the
common path between Cz and C,. Let L%, (Z, ¢) be the resultant of the Figure 3iii, obtained
by connecting 1+ 1 — ¢ — ¢ + n vertices to the vertex of degree 3, as given in Figure 16i.

Theorem 6. Consider a graph G € C(¢, ¢,1), then GSO(G) < GSO(Gy), with equality iff
G = Gy.

Proof. Apply Transformation A and Transformation B continuously and repeatedly on
G. G is obtained where vertices not on the cycles with degree one are directly connected
to vertex vy, that is G’ in Figure 16. Apply Lemmas 1 and 2, GSO(G') > GSO(G) with
equality iff all the vertices not on the cycles with degree one are connected directly to the
same vertex in G.
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GSO(S4(3,3))

Let Ry = vx;_1x; 2 - - - xox1 4 be the path common between Cz and C, in G; Figure 16
is provided for this. Let Q» = vysys_1 - - - yay1 ¢ and Q3 = vz;z;_1 - - - z2z1 4 be other paths
joining y and v on the cycles Cz and Cy, respectively; 6 = -1 t=q—-1-1,7r >0,
t>0,l>1and!+6+t > 3.

Let gh is in G; where d(g) = d(h) = 2, G is obtain where the edge gh is contracted
and attach a pendent edge yu' = ¢ to u. Then, we find that GSO(G;) > GSO(Gy),
since (dg, (§)* +dg, (h)?)P = (8)F and (dg, (1)* + dcl(y,)z)ﬁ > 8P. Hence, GSO(Gy) >
GSO(Gy) with equality iff G; = Gy.

Similarly, if two edges are in graph G, have end vertices of degree 2, then G,2 is
obtained by deleting such edges and attaching two pendent edges to x;. Then, GSO(GIZ) >
GSO(G), therefore GSO(Gy) < GSO(G;) and GSO(G;) < GSO(Gy). One can easily
obtain that GSO(Gy) > GSO(G3) and GSO(Gy) > GSO(Gy4). O

Vs I—I—Iz
v t Vs 2 Zt
Ys-1 X1-1 Zt-1 Iy _ I X I

§—1 1-1 Zt-1

;T ) S R

V1€
(i) G,
(i) G¢

(|||) G (iv) Gy : (V) ¥

Figure 16. (i) The graph G, where all the pendent edges are attached to the vertex y of degree three;
(ii) The graph Gy, where all the pendent edges are attached to the vertex x; of degree two; (iii) The
graph G3, where all the pendent edges are attached to the vertex of degree two and there is a common
path of length two between the cycles; (iv) The graph G4, where all the pendent edges are attached to
the vertex of degree two on the common path of length two; (v) The graph ¥, where all the pendent
edges are attached to the vertex of degree two and there is a common path of length one between
the cycles.

From the above discussion, we have
Theorem 7. In bicyclic graphs, Gg is unique and has the largest GSO.

Proof. From Theorems 3, 5 and 6, in the following we compare general Sombor index of
S1(3,3), T}(3,3) and Gy.

GSO(Tnl(3,3)) < GSO(S,(3,3)) < GSO(Gy).
The inequality is given in Figures 17 and 18, where

GSO(TY(3,3)) = (n —6)(1+ (n —3)2)P +2(4 4+ (n —3)2)P + (9 + (n — 3)2)P
+(E—-2)(8)F + (¢ —2)(8)F +2(13)F.

For GSO(S,(3,3)), it follows that

=208)P+4((5-C—p+n)?+4)P+(1-C—p+n)(1+(5B-E—¢+n)?)P.
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For GSO(Gy), it follows that

GSO (Sp (3,3))- GSO (Tn1 (3,3))

GSO(Gy) =2(13)P +2(44+ (24+3—-C—p+n))P+ 9+ (n—C—p+2+43)%)F
+(n—C—p+2)A+(2+3+n—C—¢)?)F.

GSO (S, (3,3))- GSO (T, (3,3) )

1500 -

1000 - /

500 - ’

2.0

Figure 17. Graph for the difference GSO(S,(3,3)) — GSO(T}(3,3)).

GSO (Gp )-GSO (S, (3,3))

;
—~ 200 !

!
/
/

150 |- ]

/
/
/
’
100 |- Y,
’
/
’
’
50 R
.
Prad
P
. . . ‘
0.0 0.5 10 15 20
B

Figure 18. Graph for the difference GSO(Gy) — GSO(Sx(3,3)).

7. Transformation for Decreasing GSO

In this section, we investigated the transformation used for decreasing GSO.
Transformation C: Consider a simple connected graph G not P;, choose y form V(G).
Let G; is obtained from G by labeling u with vy of the path 0003 - - - v, here 1 < k < n.
Consider G, we obtain G, by deleting vx_1v; and adding v,,v4_1, we provide Figure 19.

Figure 19. Graph provided for Transformation C.

Transformation C

Uk

Gy

-@

*e—e—o...0

VUn Vi ¢!

G,

Lemma 7. Consider Figure 19, then GSO(Gy) > GSO(Gy).
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Proof. Applying GSO, it follows that
GSO(G1) = Y ((d(u) +2)* + (dc(0)*)P + ((dg(u) +2)* + (dg, (v6-1))*)°
6€NG (1)
+((2+dg(1))* + (dg, (vk41))%)P + ((dg, (v4-1)) + (dg, (vn))*)P.

G, follows that
GSO(Ga) = ). ((L+dg(u)* + (d6(8))*)P + (1 +do(1))* + (d, (v641))%)P
0eNG (1)
+ ((de, (0a-1))* + (dc, (v2))?)P + ((dg, (vn))? + (dg, (ve-1))*)P-

Here we considered the following:

Casel: Ifk=2and n = 3.
In the considered case, the following value is considered:

GSO(G1) = Y. (+dc()*+ (dc(8)*)F + (2+dc(n)* +dg, (01)*)P
0€NG (1)

+((2+dg(p))* +dg, (v3)*)P,
= Y (@4dc(u)*+ (dc(0)*)P + (2 +dc(u)* + 1)P + ((2+dg(p))* + 1)P.
0€NG (1)

GSO for G, is given by

GSO(Gy) = Y ((1+dg(u)*+ (dc(0))*)P + (1 +dc(n))* + dg, (v3)?)F
0eNG (1)
+ ((dg,(13))? + dg, (01))F,
= Y ((A+de(w)*+ (dc(0)*)P + (1 +dc(n))* +4)P + (5)P.
0€NG (1)

GSO(G1) — GSO(Gy) is considered in the following:

GSO(Gy) —=GSO(Gy) = Y ((2+dg(1)* + (dc(6))*)P + (2 +dc(n)* + 1)
0€NG (1)

+(Q+dc(m)*+1)P = Y ((1+de(w)*+ (dc(6))?)F
0€NG (1)

— (1 +dg(p)*+4)F — (5)P>0.

Comparing terms of the above last inequality, we obtain GSO(G;) > GSO(Gy).
Case2: Ifk =2and 3 < n.
The following value is considered:

GSO(G) = Y (2+dc(#)*+ (dc(8)*)P + (2 +dc(w))* +dg, (v1)*)P
0€NG (1)
+((2+de(w)* +dg, (03)*)P + ((dg, (va-1))* + (dg, (va))*)P,

= Y (@+de(w)*+ (dc(0)*)P + (2 +da(u)* +4)P
0€NG (1)

+((2+dg(u)?+ 1) + (5)F.



Symmetry 2025, 17, 968 24 of 33

GSO for (Gp) is given by

GSO(G1) = Y. ((1+dg(p)*+ (dc(0)*)F + (1 +dc(n))* +dg, (v3)*)F
6eNg(n)

+ (A, (pn—1))* + dg, (v)*)P + ((dg, (va))? + (dg, (v1))?)F,
= Y ((+dg(u)*+ (dc(0)*)P + (1 +dg(p)* +4)F + (8)F + (5)F.
6eNg ()

The difference of GSO(G;) and GSO(G,) is given in the following

GSO(G1) —GSO(Gy) = Y~ ((2+dg(p)*+ (dc()*)P + (2 +dc(u))* +4)P
0€NG (1)

H(Q+de(W)*+ 1P+ ()P = Y (1 +da()* + (d(0))*)P((1 +dg (i) +4)P
0€NG (1)
— (8P - (5)F >0.

Comparing terms of the above last inequality we obtain that GSO(G;) > GSO(Gy).
Case 3: Consider 2 < kand n = k+ 1.
The following value is considered:

GSO(G1) = Y ((2+da(u))*+ (dc(0))*)P + (2 +dg(n))? + dg, (vps1))P
8€NG (1)

+(2+de(w)* +dg, (0k-1)*)P,
= Y (24dc(u)*+ (dc(6))*)P + (2 +da(1)* +4)P + (2 +dc(p))* +4)P
0€NG (1)

GSO for G, is given in the following;:

GSO(Gy) = Y ((1+da(u)*+ (dc(0)*)P + (1 +dg(n))? + dg, (vp41)*)P
0€NG (1)

+ ((dg, (vk41))* + dg, (ve-1)*)P,
= Y ((A4dg(u)*+ (dc(0)*)P + (1 +dg(n))* +4)P + (8)P.
0€NG (p)

The difference of GSO(G;) and GSO(Gy) is considered in the following:

GSO(G1) —GSO(Ga) = Y, ((2+dg()* + (dc(0))*)P + ((2+dg (i) +4)P
0€NG (1)

H(@+de(m)’?+4F = Y ((L+dc(m)* + (dc(0))*)P = (1+dc(u)* +4)F — (8)P,
0€NG (1)

> 0.

Term by term comparison provided that GSO(G;) — GSO(G;) > 0, hence GSO(G;) >
GSO(Gy).

Case 4: Consider 2 < Kand n > k+ 1.

In the desired case, the following value is considered

GSO(G1) = Y. ((2+dc(w)*+ (dc(0)*)P + (2 +dc (1)) +dg, (vx-1)*)P
0€NG (1)

+ ((do () +2)* +dg, (ver1)?)P + ((dg, (v4-1))* + d, (va) )P,

= Y (@+dg(u)*+ (dc(0))*)P + (2 +dg(1)* +4)P + (2 +dg(n)* +4)P + (5)P.
0€NG (1)
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GSO(Gy) is considered in the following;:
GSO(Gy) = Y ((1+dg(u)*+ (dc(0)*)P + (1 +dg(n))* + dg, (vps1)*)P
0€NG (1)
+ (A, (vn-1))? + dg, (on)?)P + ((dg, (vn))* + dg, (ve—1)?)P,
= Y ((A+de(w)*+ (dc(0)*)P + (1 +dc(1))* +4)P + (8)F + (8)P.
0€NG (1)

The difference of GSO(G;) and GSO(G,) is considered in the following:

GSO(G1) = Y, (@+dc(1)*+ @dc(0)*)P + (2+dc(1)* + 4P + (2 +dc(n)* +4)F + (5)
0€NG (1)

- Y (A +de()*+ (dc(8)*)F = (1 +da(u)* +4)F — (8)P — (8)F,
0€NG (1)

> 0.

Term by term comparison provided that ((2 4 dg(u))? +4)P + (5)f — (8)F — (8)F > 0.
Hence it follows that GSO(Gy) — GSO(G,) > 0.
O

Remark 3. Using Transformation C repeatedly, we transform any tree to a path and GSO decreases,
Figure 20 is given for this.

g ®H

Figure 20. Remark of Transformation C.

Transformation D: Consider a graph G, let 4 and v are in G. We obtain G; by marking
u with up and v with vy of the considered paths ugu; - - - us_1us and vgvy - - - v;_1 04, respec-
tively. Let G, be the graph which is obtained from G; by removing upu; and add v;u; as in
Figure 21.

U Uy Us

Operation D

171 Uy vt Ul UZ ‘Ut u1 Us

G4 G,

Figure 21. Graphical representation of Transformation D.
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Lemma 8. Consider Gy and G as in Figure 21, with 1 < dg(v) < dg(u), 1 < dand 0 < t, then
(i)  For 0 < t, we have GSO(G,) < GSO(Gy);

(i) Fort = 0 and ZyG{Nc(U)*{H}} dc(y) < ZGG{Nc(y)f{v}} dG(Q), we have GSO(Gz) <
GSO(Gy).

Proof. (i) As1 < dg(u) and 0 < t, then we consider the following cases;

Casel. Fort=1and 6 =1.
In the considered case, for GSO(G;) we have the following;:

GSO(G1) = Y ((de(u) +1)*+ (dg(6))*)F + ((dg(n) +1)* +dg, (u1)*)P
6eNG(n)
+ ((dg(0) + 1) +dg, (01)2)F,
= Y ([dec(p) +1)%+ (dg(0)*)P + ((dg(p) + 1)? +1)P + ((dg(v) + 1)* + 1)P.
6ENG (1)

GSO(G,) is considered in the following;:

GSO(Gy) = Y ((de(w)* + (dc(0))*)P + ((dg(v) +1)* +dc, (v1)?)P
8€NG (1)

+ ((d, (01))* + dg, (1)),
= Y ([dc()*+ (dc(0))*)P + ((do(v) +1)* + 4)F + (5)P.
0€NG (1)

The difference of GSO(G;) and GSO(G,) is considered in the following

GSO(G1) —GSO(Ga) = Y ((da(w) +1)*+ (d(6))*)P + ((d () +1)* +1)P
0€NG (1)

+((de(@) +1)*+ 1P = Y ((da(1)* + (dc(6))*)F — ((dg(v) +1)> +4)F — (5)F,
0€NG (1)

>0, “dg(p) > dg(v).

Hence GSO(G1) > GSO(G,).
Case2. Ift >1andd = 1.
In the considered case, we have GSO(G) in the following

GSO(G) = Y ((de(w)+1)*+ (dg(8)*)P + ((d (1) +1)* +dg, (11)*)F
0€NG (1)

+ ((dg, (vi-1))* + dg, (v)?)F,
= Y ((de(p)+1)* + (dc(6)*)P + ((dg (1) +1)* + 1)P + (5)F
0€Ng (1)

GSO(G,) is considered in the following;:

GSO(G2) = Y ((dg(p)* + (dg(0))*)F + ((dg, (vi-1))* + da, (vs)*)F
0€NG (1)
+ ((dg, (01))* +dg, (11)?)P,

= Y ((dc(m)*+ (dc(6))*)P + (8)F + (5)F.
0€NGg (1)
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GSO(G1) — GSO(Gy) is considered in the following:

GSO(Gy) —=GSO(Ga) = Y ((da(w) +1)*+ (d6(0))*)P + ((da () +1)* + 1)P + (5)F
8€NG (1)

- Y ((de(m)*+ (dc(0)*)P — (8)F — (5)P > 0.
0€NG (1)

Hence GSO(G;) > GSO(G,).
Case3.If1 <dandt =1.
In the considered case, GSO(G) is given by

GSO(G1) = ). ((dc(u) +1)* +(dc(8))*)P + ((dg(p) +1)* +dg, (11)*)*

0€NG (1)
+ ((dg(0) + 1) +dg, (v1)*)P,

= Y (de(w)+1)*+ (dc(0)*)P + ((dc(p) +1)* +4)P + ((d(v) +1)* + 1)F.
0€NG (n)

The value of GSO(G) is considered below

GSO(G2) = Y ((dg(p)*+ (dg(0))*)F + ((dg(0) +1)* +dg,(v1)*)P
0€NG(p)
+ ((dg, (v1))? +dg, (11)*)P,
= Y ((do(u)*+ (dg(0))*)F + ((dg(0) +1)* + 4)P + (8)F.
0€NG (1)

GSO(G1) — GSO(Gy) is considered in the following:

GSO(G1) = GSO(Ga) = Y. ((dc(p) +1)* + (d6(6))*)P + ((da(u) + 1) +4)P
0€NG (1)

+((do(@) +12+ 1P = Y ((do(w)* + (da(6))*)F
0€NG (1)

— ((dg(v) +1)*> +4)f — (8)F > 0.

Here we have GSO(Gp) > GSO(G,).
Case4.If1 <dandt > 1.
In the considered case, GSO(G ) is given by

GSO(G1) = Y ((dg(p)+1)*+ (dc(0))*)F + ((dg(n) +1)* +dg, (11)*)P
8ENG (1)
+ ((dg, (v-1))? + dg, (v)?)F,
= Y ((de(p) +1)*+ (dg(0))P + ((dg(n) +1)* + 4)P + (5)P.
0eNc (1)

GSO(G) is considered in the following;:

GSO(Gy) = Y ((da(w)* + (dc(0))*)F + ((dc, (v1-1))* + dg, (0:)*)P
0€NG (1)
+ ((dg, (v1))* +dg, (11)*)P,

= Y ((de(m)*+ (ds(8))*)F + (8)P + (5)F.
0€NG (1)
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The following difference is considered

GSO(G1) = Y ((dc(p)+1)*+ (dc(0))*)F + ((dg(u) + 1) +4)F + (5)F
6eNg(n)

— Y ((do(u)*+ (dc(0))*)F + (8)F + (5)F > 0.
6ENG (1)
Hence GSO(Gl) — GSO(GZ) and GSO(Gl) > GSO(GZ).

(ii). For t = 0 and ¥yene (o) {1} 96 (¥) < Loene (n)— {0} 96(0), if v and p are adjacent
then the following is considered:

GSO(G1) = Y ((da(p) +1)*+ (dg(0))*)P + ((da(n) +1)* +dg, (141)*)P
0€NG (1)

+ Y ((dg(v)* +dg(y)?)F.
Yy€NG(v)

GSO(Gy) is considered below.

GSO(Ga) = Y ((da(u)*+ (dc(9))*)P + ((dg(v) + 1)* +dg, (11)*)P
0€NG (1)

+ Y ((de(v) +1)* +dc(y)?)P.
YENG(v)

GSO(Gy) — GSO(Gy) is considered in the following:

GSO(G1) —GSO(Ga) = Y~ ((da(p) +1)*+ (dg(8)*)P + ((da(p) +1)* +dg, (11)*)*
0€NG (1)

+ ) (o) +dc))P = Y ((d(1)® + (dc(6))*)F.

yeNg(v) 0€NG (1)
—([de(v) +1)* +dg,(11)*)P = Y ((dg(v) +1)* +dg(y)*)P,
y€Ng(v)

> 0. dg, (1) = dg,(p1)

The above inequality provided that GSO(Gy) > GSO(Gy).
If v and y are adjacent, then

GSO(GI) = ) ((dc(m)+1)*+ (dc(8))*)F + ((dg(m) +1)* +dg, (11)*)F
0eNG (1) —{o}

+ Y (@) +dc(y)®P + ((d(p) +1)* + (dg(v))*)P.
YyENg(v)—{u}

For GSO(Gy), it follows that

GSO(Gy) = Y ((dc(m)*+ (dc(0)®)F + ((dc(v) +1)* +dg, (u1)*)P
0€NG (1) —{v}

+ Y (([e(0) +1)? +dc (1)) + ((de () + (de(v) + 1)*)P.
yENG(v)—{p}
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GSO(G1) — GSO(Gy) is considered in the following:

GSO(G) — GSO(G,) =
Y. ((de(w) +1)* + (dc(0))*)P + ((de(p) + 1) + dg, (11)*)P

0€NG (4)—{o}

+ Y ([@e(0)? +dc())P + ((de(p) + 1) + (dg(v))?)?

yeNG(v)—{n}

= Y ([e(u)?+ (d(0))*)P — ((de(v) +1)* +de, (11)*)P

0€NG (1) —{v}

- Y (o) +1)* +dc)?)P — ([de(1))* + (dg () +1)*)F,

yeNG (0)~{n}
> 0. " dg, (1) = dg, (1)

Hence GSO(G1) — GSO(G,) and GSO(Gy) > GSO(G,).
0

Remark 4. Apply Transformation C and Transformation D repeatedly. We change every tree to
a path and every unicyclic graph to a unicyclic graph in which the path is attached to the cycle.
Any bicyclic graph can be transformed to a bicyclic graph where the path is attached to the graph in
Figure 22 (Lemma 8(i)). We transform any bicyclic graph to a new bicyclic graph where the path is
attached to the vertex of degree 2 (Lemma 8(ii)), general Sombor index minimizes.

00 00

h J2 I

Figure 22. The considered bicyclic graphs J;, J» and J3.

Lemma 9. Consider a graph Gy given in the Figure 23, let us consider a path xy, X_1,Xx_2,* -+ , X3,
X2, x1, where 1 < k attached to vertex x1. We obtain Gy from Gy by removing vxq and attach vxy,
then GSO(G1) > GSO(Gy).

Dy Dk

I ‘.

Gy
Figure 23. Graph provided for Lemma 9.

Proof. Here, d(x;) and d(x) are not same. If k = 2, then the following is considered

GSO(Gy) = (d(u)* +dg, (x1)*)P + (dg, (x1)* + dg, (x2)*)P + (dg1(x1)* +d(v)*)P,
= (d(u)?+9)P + (10)P + (9 +d(v)?)P.
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GSO(Gy) is considered below.

GSO(Gy) = (d(u)* +dg, (x1)*)P + (dg, (x1)* + dg, (x2)?)P + (da(x2)* +d(v)*)P,
= (d(u)?+4)P + (8)P + (4 +d(v)H)P.

Considering GSO(G;) — GSO(G,) below

GSO(Gy) — GSO(Gy) = (d(u)* +27)F + (28)P + (27 + d(v)?)P
— (@A) +4)P = (8)P — (4 +d(v)*)P,
> 0.

Let 2 < k, then for GSO(Gy) the following is considered

GSO(Gy) = (d(n)* +dg, (x1)?)P + (dg, (x1)® + dg, (x2)*)P
+ (dg1(x1)* +d(0)?)P + (dg, (xx-1)* + dg, (x¢)*)P,
= (d(u)?+9)P + (13)P + (94 d(v)®)P + (5)P.

GSO(G;) is considered in the following;:

GSO(Gy) = (d(p)* +dg, (x1)?)F + (dg, (x1)* + dg, (x2)*)P
(

) =
+ (de, (xx)? + d(v)*)P + (daa(xk_1)? + da (xx)?)P,
= (d(u)* +4)P + (8)F + (4+d(v)?)F + (8)P.

GSO(G1) — GSO(Gy) is in the following:

GSO(G1) — GSO(Grz) = (d(1)* +9)P + (9 +d(0)*)F — (d(4)* +4)P — (4+d(0)*)F
+ (13)P + (5)P —2(8) > 0.

We obtain that GSO(G;) — GSO(G,) > 0 and GSO(G;) > GSO(G,). O

8. The Smallest GSO in Trees, Unicyclic, and Bicyclic Graphs

In this section, the general Sombor index is investigated in trees, unicyclic, and bicyclic
graphs for minimum values. From Lemma 7, it follows that

Theorem 8. Consider a tree T of order n, if T # Py, then GSO(T,) > GSO(P,).

Consider U be a unicyclic graph obtained by attaching a path of length n — k to Cy.
Using Lemmas 7 and §, it follows that

Theorem 9. Consider a unicyclic graph G with order n and girth k. If G # UL, then GSO(UL) <
GSO(G).

By means of Lemma 9, the following is obtained:
Theorem 10. C,, is the unique graph with smallest GSO.

Let J1, J2, and J3 be as shown in Figure 22. From Lemmas 7 and 9, the bicyclic graph
with the smallest general Sombor index is given by

GSO(J1) = (n — 3)8F + 4(20)F.

GSO(J,) = GSO(J3) = (n — 4)8° +4(13)P + (18)#,
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if v and y are directly connected by an edge
GSO(J2) = GSO(J3) = (n —5)8° +6(13)F,
if v.and y are not connected directly by an edge. We have the following differences:
GSO(J1) — GSO(J2) = 8F +4(20)F — 4(13)F — (18)F > 0.

Figure 24 is provided for the difference.

The difference of J4 and J, for GSO

Figure 24. Graph for the difference GSO(J;) — GSO(J2).
GSO(J;) — GSO(J3) = 2(8P) + 4(20)f — 6(13)F > 0.
GSO(J2) — GSO(J3) = 8P +4(13)P + (18)f —6(13)F > 0.

For the last inequality, we provide Figure 25.
Hence, it follows that

Theorem 11. Let G be the family of bicyclic graphs of order n, then the largest GSO is for the
graph Ji.

Theorem 12. Let G be the family of bicyclic graphs of order n, then the smallest GSO is for |3
where the vertices of degree 3 are not adjacent, that is GSO(J;) > GSO(J2) > GSO(J3).

The difference of J, and J3 for GSO

25

20

15+

GSOJp -GSO J3

10+

Figure 25. Graph for the difference GSO(J;) — GSO(J3).

9. Conclusions

In this work, the generalized Sombor index is investigated for optimal values in graphs.
Various transformations are used for obtaining graphs with optimal values in the family of
bicyclic graphs, trees, and unicyclic graphs. The considered transformations are simple and



Symmetry 2025, 17, 968 32 of 33

very easy to understand. The effectiveness of these transformations has been demonstrated
through rigorous theorems and visualized using comparative plots. Our results contribute
to the deeper understanding of the behavior of the generalized Sombor index and offer
useful tools for future studies in topological indices.
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