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Abstract


In this study, we begin by extending the mathematical formulation of the expectile risk measure through a key modification: replacing the expectation in its defining equation with expected shortfall. This substitution leads to a revised risk measure that more precisely captures downside risk. To handle the uncertainty of the underlying distribution, we then adopt a distributionally robust optimization framework. Notably, this robust optimization problem can be reformulated as a linear programming problem, and by employing suitable approximation techniques, we derive an analytical solution. In numerical experiments, our portfolio problem exhibits superior performance when compared to several traditional and distributionally robust optimized portfolio problems.
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1. Introduction


In the context of portfolio optimization, while Markowitz’s [1] mean–variance question provides a theoretical foundation for asset allocation, its limitations have become increasingly evident in practical applications. Variance, as a risk measure, fails to distinguish between different types of risks and overlooks the distribution of risk, which may expose investors to unacceptable levels of loss. Additionally, parameter estimation errors, particularly in the covariance matrix and mean vector, can lead to significant variations in the optimization outcomes, thereby impacting the robustness of the portfolio [2].



To overcome these limitations, new risk measures have been proposed, with the expectile emerging as a prominent tool in both statistics and finance in recent years [3]. Compared to traditional risk measures such as the Value at Risk (VaR) and expected shortfall (ES), the expectile provides a more flexible approach to capturing different degrees of risk aversion by minimizing the weighted mean squared error. By adjusting parameter  α , the expectile allows for greater emphasis on either the lower or upper tail of the distribution, making it suitable for a variety of investment objectives. This method not only effectively complements traditional risk measures but also offers a more refined and personalized risk control strategy for portfolio optimization.



Formally, the  α -expectile [3] is defined by


   q α  ( X ) = arg  min  d ∈ R    α  E    ( X − d )  + 2    +  ( 1 − α )  E    ( X − d )  − 2    ,  








where  α  is the confidence level,    ( x )  +   denotes the positive part, and    ( x )  −   denotes the negative part. According to [4],    q α  ( X )   is the unique solution to this optimization problem if and only if


  α  E    ( X −  q α  ( X ) )  +    =  ( 1 − α )  E    ( X −  q α  ( X ) )  −   .  











When   α = 0.5  , the expectile coincides with the mean of X. As  α  moves above   0.5  ,    q α  ( X )   progressively exceeds the mean, reflecting an increasing focus on higher losses (or lower returns). Conversely, when   α < 0.5  , the expectile shifts below the mean, emphasizing outcomes below the central tendency. These features allow practitioners to adjust  α  according to the severity of risks they wish to emphasize, providing a flexible measure that can better capture tail risks and adapt to changing market conditions. This makes the expectile a valuable tool for tailoring risk management strategies in investment portfolios.



In the application domain, ref. [3] demonstrates that expectiles serve as rigorous and efficient risk assessment tools, characterized by properties such as coherence, elicitability, non-negative risk margins, and adaptability to structured contracts. Building on this foundation, ref. [5] provides closed-form expectile(ERM) formulas via generalized Fourier inversion, validates them across five market models, and proposes a 1.25 ERM-to-VaR scaling for Basel compliance. As coherent measures (with   α ≥ 0.5  ), expectiles enhance regulatory compliance and facilitate comprehensive risk verification, while optimal reinsurance strategies effectively streamline the trade-off between risk and cost.



Additionally, Taylor’s Conditional Autoregressive Expectiles (CARE) model [6] employs asymmetric least squares to capture autoregressive structures, enabling the dynamic estimation of VaR and ES without imposing restrictive distributional assumptions. Empirical evidence indicates that the CARE model attains accuracy comparable to that of historical simulation and GARCH-EVT approaches—especially in estimating extreme quantiles—thereby overcoming the limitation of Conditional Autoregressive Value-at-Risk methods, which focus solely on VaR, and ultimately offering a more comprehensive framework for financial risk management.



To further enhance the applicability of these tools, this paper introduces a generalization of the expectile concept to encompass expected shortfall at a confidence level  β , which assesses the anticipated value of losses across varying confidence levels. Moreover, this paper also attempts to use expectile for portfolio decision making. This generalization not only preserves the advantageous properties of expected shortfall but also integrates the flexibility inherent in the expectile, thereby facilitating a more comprehensive risk assessment that accommodates diverse risk preferences and confidence levels.



In this paper, we generalize the expectile, and its generalized form can be expressed as


  α  ES  β 1   (   ( X − d )  +  ) = ( 1 − α )  ES  β 2   (   ( X − d )  −  ) ,  d ∈ R ,  β 1  ,  β 2  ∈  ( 0 , 1 )  .  











In this equation,    ES  β 1   (   ( X − d )  +  )   represents the expected shortfall at confidence level   β 2   for the positive part of the loss   X − d  , while    ES β  (   ( X − d )  −  )   corresponds to the expected shortfall for the negative part. The solution d to this equation is referred to as the ES-expectile, denoted as    q  α ,  β 1  ,  β 2    ( X )  . When    β 1  =  β 2  = 0  ,    q  α ,  β 1  ,  β 2    ( X ) =  q α  ( X )  .



The expected shortfall (ES) [7] is defined as


   ES β  ( X ) =   1  1 − β     ∫  β  1   VaR θ  ( X )  d θ ,  








where the Value at Risk (VaR) at confidence level  θ  is mathematically defined as


   VaR θ  ( X ) = inf { x ∈ R : P ( X ≤ x ) ≥ θ } .  











Additionally, for ES, there is the Rockafellar–Uryasev formula [7], which simplifies the computation of the conditional risk measure ES. The value of   ES τ   is obtained by solving the following optimization problem:


   ES τ  ( Z ) =  inf  ζ ∈ R    ζ +   1  1 − τ    E  [   ( Z − ζ )  +  ]   .  



(1)







This formulation emphasizes the use of different weights for losses above and below a specified threshold, under varying confidence levels, thereby capturing the severity of extreme risk scenarios more effectively than traditional measures such as VaR.



To address this uncertainty, distributionally robust optimization (DRO) has been proposed as an effective modeling technique. The main objective of DRO is to find decisions that minimize the worst-case expected cost over an ambiguity set, which is constructed using the distributional information of uncertain data. Compared to traditional robust optimization, DRO utilizes available distributional information more effectively, making it a more conservative approach in handling uncertainty [8].



In recent years, distributionally robust optimization methods based on Wasserstein ambiguity sets have gained significant attention. To the best of our knowledge, Mohajerin Esfahani and Kuhn [9] first explored the convex reformulation of the Wasserstein distributionally robust optimization question, demonstrating several desirable properties of this approach. Gao subsequently extended these properties and explored the connection between distributionally robust optimization and variation regularization [10,11]. Today, DRO is widely applied in various fields, including machine learning [12] and portfolio optimization [13,14,15,16,17,18].



We summarize our main contributions in this paper as follows:




	
Expected Shortfall Expectile (ES-expectile). We introduce a new class of risk measures by substituting the expectation in the classical expectile definition with expected shortfall (ES). This modification preserves the coherent risk measure spirit of ES while maintaining the sensitivity of expectiles to the full distribution, yielding a refined metric that captures the entire left-tail risk profile more faithfully than either the ES or expectile alone.



	
Distributionally Robust ES-expectile via Wasserstein Ambiguity. To counter the instability arising from finite-sample empirical distributions, we formulate the ES-expectile portfolio problem within a distributionally robust optimization framework whose ambiguity set is a Wasserstein ball centered at the empirical distribution. We prove that the resulting min–max problem can be conservatively reformulated as a computationally tractable program that can be solved reliably with standard optimization software.



	
Empirical Superiority and Extreme-Weight Adjustment. Out-of-sample experiments show that our distributionally robust ES-expectile question (DRES-expectile) delivers higher Sharpe ratios and Sortino ratios compared with the classical ES-expectile portfolio question, traditional portfolio approaches, and Wasserstein DRO portfolios. Although the DRES-expectile occasionally yields extreme allocations, we mitigate this behaviour with a lightweight extreme-weight adjustment heuristic that retains most of the performance gains while reducing variance.








The remainder of this paper is organized as follows. In Section 2, the definition of the ES-expectile is presented, and its favorable properties are demonstrated through a series of lemmas and theorems, culminating in the introduction of the ES-expectile question. Section 3 begins with an introduction to the theory of distributionally robust optimization along with related theorems. Based on this foundation, the DRES-expectile is derived, and its degenerate form is also presented. Section 4 further simplifies the DRES-expectile question, and Section 5 presents numerical experiments that highlight the unique features of our question and provide guidance for portfolio adjustment decisions. The results indicate that our question outperforms both traditional portfolio questions and those based on distributionally robust optimization. Section 6 provides a dedicated discussion of the managerial and investor implications of the proposed DRES-expectile framework and translates the empirical evidence into actionable guidance for future portfolio optimization practice.



For clarity and ease of reference, Table 1 lists the key symbols and abbreviations employed in this paper.



Notations: We denote by   δ   ξ ^  i    the Dirac measure concentrated at     ξ ^  i  ∈  R n   , which assigns a unit mass to point    ξ ^  i  . The empirical distribution   P N   is then defined as the probability measure given by the average    P N  =   1 N    ∑  i = 1  N   δ   ξ ^  i   ,   where     ξ ^  1  ,   ξ ^  2  , … ,   ξ ^  N    are the observed samples. We denote by   e ∈  R n    the vector where each component is 1. We denote by    I A   ( x )    the indicator function, which assigns a value of 1 if   x ∈ A  , and 0 otherwise. We denote by   M ( Ξ )   the set of all Borel probability measures supported on  Ξ , where   Ξ ⊆  R n   . Let   ( Ω , B , P )   represent an atomless probability space, where  Ω  is the set of possible states,  B  is a  σ -algebra on  Ω , and  P  is the probability measure. The space    L 1  =  L 1   ( Ω , B , P )    refers to the set of measurable functions f for which    ∫ Ω   | f |   d P < ∞  .




2. ES-Expectile


In this section, we will define the ES-expectile question and derive some necessary theorems and formulas.



Definition 1.

For   X ∈  L 1   ,   α ∈ ( 0 , 1 )  , and    β 1  ,  β 2  ∈  ( 0 , 1 )   , the ES-expectile of X, denoted by    q  α ,  β 1  ,  β 2    ( X )  , is defined as the solution to the equation


   α  ES  β 1   (   ( X − d )  +  ) = ( 1 − α )  ES  β 2   (   ( X − d )  −  ) ,  d ∈ R .   











In the special case where    β 1  =  β 2  = 0  ,    q  α ,  β 1  ,  β 2    ( X )   reduces to the standard expectile    q α  ( X )  .





Lemma 1.

For   X ∈  L 1   ,   d ∈ R  , and   β ∈ ( 0 , 1 )  , the expected shortfall    ES β    ( X − d )  +    and    ES β    ( X − d )  −    can be expanded as follows


    ES β  (   ( X − d )  +  ) =       ES β  ( X ) − d ,     if  d ≤  VaR β  ( X ) ,         1  1 − β    E  [   ( X − d )  +  ]  ,     if  d >  VaR β  ( X ) ,        










    ES β  (   ( X − d )  −  ) =      d +   β  1 − β     ES  1 − β   ( X ) −   1  1 − β    E ( X ) ,     if  d ≥  VaR  1 − β   ( X ) ,         1  1 − β    E  [   ( X − d )  −  ]  ,     if  d <  VaR  1 − β   ( X ) .        













Proof. 

Note that    VaR θ  (   ( X − d )  +  ) =   (  VaR θ   ( X )  − d )  +    (We begin by considering the right-hand side of the equation. When   d ≥  VaR θ  ( X )  ,    (  VaR θ  ( X ) − d )  +   equals 0. In this case, the left-hand side of the equation is also 0 because   P ( max ( X − d , 0 ) ≤ 0 ) ≥ α   and   x ≥ 0  . When   d <  VaR θ  ( X )  , the condition   P ( max ( X − d , 0 ) ≤ x ) ≥ α   is equivalent to   P ( X ≤ x + d ) ≥ α  , leading to the conclusion that    VaR θ  (   ( X − d )  +  ) =  VaR θ  ( X ) − d  .).



If   d ≥  VaR β  ( X )  , then    VaR θ  (   ( X − d )  +  ) = 0   for   0 ≤ θ ≤ β  . Therefore,


      ES β  (   ( X − d )  +  )      =   1  1 − β     ∫  0  1   VaR θ  (   ( X − d )  +  )  d θ          =   1  1 − β    E  [   ( X − d )  +  ]  .     











Conversely, for   d ≤  VaR β  ( X )  , we have


      ES β  (   ( X − d )  +  )      =   1  1 − β     ∫  β  1  (  VaR θ  ( X ) − d )  d θ          =  ES β   ( X )  − d .     











Note that    VaR θ  ( −   ( X − d )  −  ) =  VaR θ  (   ( X − d )  +  ) =   (  VaR θ  ( X ) − d )  +  = −   (  VaR θ  ( X ) − d )  −    and    VaR θ  ( X ) = −  VaR  1 − θ   ( − X )  . Then,


      ES β  (   ( X − d )  −  )      =   1  1 − β     ∫  β  1  −  VaR  1 − θ   ( −   ( X − d )  −  )  d θ          =    − 1   1 − β     ∫  0   1 − β     (  VaR θ  ( X ) − d )  −   d θ .     











If   d ≤  VaR  1 − β   ( X )  , then     (  VaR θ  ( X ) − d )  −  = 0   for   1 − β ≤ θ ≤ 1  , which implies


   ES β  (   ( X − d )  −  ) =   1  1 − β    E  [   ( X − d )  −  ]  .  











On the other hand, for   d ≥  VaR  1 − β   ( X )  , we have


      ES β  (   ( X − d )  −  )      =   1  1 − β     ∫  0   1 − β    ( d −  VaR θ  ( X ) )   d θ          = d +   β  1 − β     ES  1 − β   ( X ) −   1  1 − β    E ( X ) .     











   □





In the subsequent sections, we will refer to Lemma 1 to establish that our definition is well defined by demonstrating that the equation in Definition 1 admits at least one solution.



Theorem 1.

For   X ∈  L 1   ,   α ∈ ( 0 , 1 )  , and    β 1  ,  β 2  ∈  ( 0 , 1 )   , the equation with respect to d,


   α  ES  β 1   (   ( X − d )  +  ) = ( 1 − α )  ES  β 2   (   ( X − d )  −  ) ,  d ∈ R ,   








is guaranteed to have at least one solution.





Proof. 

We first define the function


  f ( d ) = α  ES  β 1   (   ( X − d )  +  ) − ( 1 − α )  ES  β 2   (   ( X − d )  −  ) .  











It is evident that   f ( d )   is strictly decreasing with respect to d. Also, as d approaches negative infinity,   f ( d )   tends to positive infinity, while as d approaches positive infinity,   f ( d )   tends to negative infinity. Therefore, it suffices to prove that   f ( d )   is continuous in order to apply the Intermediate Value Theorem, which guarantees the existence and uniqueness of a zero point for   f ( d )  .



To prove the continuity of   f ( d )  , it suffices to show that    ES  β 1   (   ( X − d )  +  )   is continuous. From Lemma 1, we know that    ES  β 1   (   ( X − d )  +  )   is continuous at    VaR  β 1   ( X )  . Therefore, we only need to further demonstrate the continuity of   E [   ( X − d )  +  ]  .



We define


  g ( d ) = E  [ max ( X − d , 0 ) ]  =  ∫  ω ∈ Ω   max  ( X ( ω ) − d , 0 )   d P ( ω ) .  











For all    ε > 0 ,  ∃ δ = ε > 0  such  that  if  | d −   d 0  | < δ  , then


   g ( d ) − g (  d 0  )  ≤  ∫ Ω   max ( X ( ω ) − d , 0 ) − max ( X ( ω ) −  d 0  , 0 )  d P ( ω ) ≤  ∫ Ω   d −  d 0   d P ( ω ) < ε .  











Thus,   g ( d )   is continuous, which further implies that   f ( d )   has at least one zero point.    □





Therefore, our classical portfolio question is


        inf  d ∈ R , y ∈  R n         d         s . t .        α  ES  β 1   (   (  y T  ξ − d )  +  ) =  ( 1 − α )   ES  β 2   (   (  y T  ξ − d )  −  ) ,               y i  ≥ 0 ,  i = 1 , … , n ,               ∑  i = 1  n   y i  = 1 .     



(2)







Here, d represents the risk measure, y denotes the portfolio weights, and  ξ  is the vector of investment returns, which follows an unknown distribution.



The formulas for    ES β  (   ( X − d )  +  )   and    ES β  (   ( X − d )  −  )   in Lemma 1 were derived to obtain simpler forms. However, this derivation introduces piecewise cases depending on the relationship between d and    VaR β  ( X )   or    VaR  1 − β   ( X )  . To address the complexity caused by these piecewise cases, we make the following assumption to simplify the analysis and streamline the portfolio problem.



Assumption 1.

Due to the variability of y, which is allowed to vary within a specific domain, we assume that solution d lies within the range from     V a R  β  (  y T  ξ )   to positive infinity. This assumption ensures that there exists a risk measure greater than or equal to     V a R  β  (  y T  ξ )  , accommodating the potential changes in y.





Specifically, when    β 1  =  β 2  = β ≥ 0.5   and considering the expectation of the returns  ρ , portfolio question (2) is equivalent to the following question:


         inf  d ∈ R , y ∈  R n           d          s . t .          d ≥  VaR β  (  y T  ξ ) ,                α  1 − α    E  [   (  y T  ξ − d )  +  ]  = ( 1 − β ) d + β  ES  1 − β   (  y T  ξ ) − E (  y T  ξ ) ,               y i  ≥ 0 ,  i = 1 , … , n ,               ∑  i = 1  n   y i  = 1 ,              E [  y T  ξ ] = ρ .     



(3)







We know that the optimal  ζ  in the Rockafellar–Uryasev Formula (1) is actually the  τ -quantile of the random variable Z. Therefore, if we use the Rockafellar–Uryasev formula to replace    ES  1 − β   (  y T  ξ )   in question (3), we can obtain the following:


  d ≥ ζ .  



(4)







This problem framework is the focus of our study. Since we have discussed the two challenging terms   E [   (  y T  ξ − d )  +  ]   and    ES  1 − β   (  y T  ξ )  , the other cases can be easily generalized. Moreover, the derivation process does not rely on the requirement that    β 1  =  β 2   . This is also the reason why we approximate    ES β  (   ( X − d )  +  )   and    ES β  (   ( X − d )  −  )   using only these two terms.



However, the problem framework has certain challenges, such as the unknown probability measure P of  ξ , which corresponds to the distribution   Law ( ξ )  , and the computational difficulties associated with modeling VaR and ES. These issues arise from the uncertainty in   Law ( ξ )   and the complexity of handling these risk measures in practice.




3. DRO Theory and DRES-Expectile


In this section, we briefly introduce the theory of distributionally robust optimization and apply it using some derived related theorems to handle question (3).



In decision making under uncertainty, it is common to encounter situations where the probability distribution governing the uncertainty is not known precisely. Classical stochastic programming assumes that this distribution is fully known, but this assumption often does not hold in real-world scenarios. This leads to the concept of distributionally robust optimization (DRO), which seeks to hedge against the worst-case scenario by considering a family of probability distributions that are close to a nominal distribution.



One powerful tool to define this “closeness” between probability distributions is the Wasserstein distance. The Wasserstein distance, rooted in the theory of optimal transport, provides a metric with which to quantify the distance between two probability distributions on a given space. Specifically, if we consider an uncertainty set  Ξ  equipped with a norm   ∥  ·  ∥  , the set of all Borel probability distributions on  Ξ  with finite p-th moments is denoted as    P p  ( Ξ )  . For any two distributions   μ , ν ∈  P p  ( Ξ )  , the Wasserstein distance of order p is defined as


   W p  ( μ , ν ) : =    min  γ ∈ Γ ( μ , ν )    ∫  Ξ × Ξ     ∥ ξ − η ∥  p  γ ( d ξ , d η )   1 / p   ,  








where   Γ ( μ , ν )   represents the set of all couplings between  μ  and  ν , that is, the set of all joint distributions on   Ξ × Ξ   that have  μ  and  ν  as marginals.



In the context of distributionally robust optimization, we use the Wasserstein distance to construct an ambiguity set  M  that contains all distributions within a certain Wasserstein distance from a nominal distribution  ν . The goal is then to find a decision that performs optimally in the worst-case scenario over all distributions in this ambiguity set. Mathematically, this can be formulated as


   min  y ∈ Y    sup  μ ∈ M    E μ   [ Ψ ( y , ξ ) ]  ,  








where   M = { μ ∈  P p  ( Ξ ) :  W p  ( μ , ν ) ≤ δ }  , with   δ > 0   denoting the radius of the Wasserstein distance. Here,    P p  ( Ξ )   represents the set of probability distributions with finite p-th moments, and  Ψ  is an upper semi-continuous function, typically representing a loss or a negative payoff function. The random variable  ξ  represents uncertainty, and    W p  ( μ , ν )   denotes the Wasserstein distance between  μ  and  ν . Since our main focus in the following discussion is on the problem of taking the supremum over distributions, specifically    sup  μ ∈ M    E μ   [ Ψ ( y , ξ ) ]   , we treat y as a parameter. For convenience, we often write   Ψ ( y , ξ )   as    Ψ y  ( ξ )  , which indicates that it is a function of the random variable  ξ .



We refer to the ambiguity set  M  as the Wasserstein ball and use it with   p = 1   in this study due to the favorable mathematical properties of the Wasserstein metric with   p = 1  , which will be utilized in the subsequent derivations.



This formulation provides a robust approach to decision making under uncertainty, ensuring that the chosen decision is resilient against the worst possible distributional deviations within the specified Wasserstein distance [10].



In recent studies on distributionally robust optimization, Gao et al. ([11] Corollary 2), investigated the relationship between distributionally robust optimization and variation regularization, obtaining the following conclusion.



Theorem 2.

Assume that   Ψ y   is Lipschitz continuous. Suppose   diam ( Ξ ) = ∞   and there exists    ξ 0  ∈ Ξ   such that


       lim sup   ∥   ξ ˜  −  ξ 0   ∥ → ∞        Ψ y  (  ξ ˜  ) −  Ψ y  (  ξ 0  )    ∥   ξ ˜  −  ξ 0   ∥     =   ∥  Ψ y  ∥  Lip  .      



(5)







Then, for any   δ ≥ 0   and   Ψ y  , we have


    sup  μ ∈ M    E  ξ ∼ μ    [  Ψ y  ( ξ ) ]  =  E  ξ ∼  P N     [  Ψ y  ( ξ ) ]  + δ   ∥  Ψ y  ∥  Lip  ,   








where   P N   is the empirical distribution, δ is the radius of the Wasserstein ball, and    ∥   Ψ y    ∥  Lip    is called Lipschitz regularization.



Specifically, when condition (5) is satisfied for a particular point    ξ 0  ∈ Ξ  , it is also satisfied for all   ξ ∈ Ξ  . Condition (5) implies that the Lipschitz norm is approximately achieved between any   ξ ∈ supp   P N    and some distant point   ξ ˜  . More precisely, for any   ε > 0   and   r > 0  , there exists a point    ξ ˜  =  T Ψ  ( ξ )   (   T Ψ  ( ξ )   is a mapping that transforms point ξ to a distant point, ensuring that the Lipschitz continuity condition is satisfied. Specifically, it ensures that for   Ψ y  , as point ξ moves farther away, the increment in   Ψ y   approximately reaches the upper bound of the Lipschitz constant    ∥   Ψ y    ∥  Lip   .) such that    ∥  T Ψ  ( ξ ) − ξ ∥  > r   and    Ψ y  (  T Ψ  ( ξ ) ) −  Ψ y  ( ξ ) ≥  (   ∥ Ψ ∥  Lip  − ε ) ∥   T Ψ   ( ξ ) − ξ ∥   . The approximately worst-case distribution then perturbs some point    ξ  i 0   ∈ supp   P N    to    T Ψ  (  ξ  i 0   )   with a small probability of   δ / N  , resulting in the limiting distribution


     1 N    ∑  i ≠  i 0     δ  ξ i   +    1 − δ  N    δ  ξ  i 0    +   δ N    δ   T Ψ   (  ξ  i 0   )    .   













It can be observed that we can simplify a problem involving the supremum over distributions, but determining the optimal solution, i.e., identifying the worst-case distribution, remains challenging. Moreover, as shown in ([9] Example 2), the worst-case distribution does not always exist. Although ([10] Theorem 1) and ([9] Corollary 4.6) mention that a worst-case distribution exists under certain conditions, sufficient and necessary conditions are still lacking.



We now reproduce Corollary 4.6 from Kun et al. ([9] Corollary 4.6).



Theorem 3.

An uncertainty set   Ξ ⊆  R n    is convex and closed, with some lower semi-continuous, convex, and appropriate functions (Given a real-valued function f and a non-empty set X, if there exists an   x ∈ X   such that   f ( x ) < + ∞   and for all   x ∈ X  ,   f ( x ) > − ∞  , then function f is said to be appropriate on set X.)   −  l k   , where   k ≤ K  . Moreover, for any   k ≤ K  , the function   l k   does not take the value negative infinity on Ξ. If Ξ is compact or   K = 1  , then the worst-case distribution of    max  k ≤ K    l k    exists.





Next, we apply distributionally robust optimization to    q  α ,  β 1  ,  β 2    ( X )   and the expected return, aiming to derive    q  α ,  β 1  ,  β 2    ( X )   under the worst-case distribution while considering the expected return. Furthermore, we handle    ES  1 − β   (  y T  ξ )   using the Rockafellar–Uryasev Formula (1). This leads to the following problem:


      sup  μ ∈ W    inf  ζ ∈ R        ( 1 − β ) d + β ζ +  E μ   [   (  y T  ξ − ζ )  +  ]  −  E μ  (  y T  ξ ) −   α  1 − α     E μ   [   (  y T  ξ − d )  +  ]         s . t .        E μ   [  y T  ξ ]  = ρ ,     



(6)




where   W = { μ ∈  P p   ( Ξ )  :  W p  ( μ ,  P N  ) ≤ δ }  .



Define   f ( μ , ζ ) = β ζ +  E μ   [   (  y T  ξ − ζ )  +  ]  −  E μ  (  y T  ξ ) −   α  1 − α     E μ   [   (  y T  ξ − d )  +  ]  =  E μ   [ h  ( ζ , z )  ]   , where   z =  y T  ξ  , and   h ( ζ , z )   can be regarded as a loss function. Here, we take the upper bound of the expectation of   h ( ζ , z )   over the distribution rather than    E μ  ( − h  ( ζ , z )  )   because, as discussed in the relevant distributionally robust optimization literature [9], when the objective function is written in the form of Theorem 3, i.e.,    max  k ≤ K    l k   , where   l k   is a concave function, the problem exhibits some desirable mathematical properties. As for the specific equivalent representation of   h ( ζ , z )  , we will provide it in the following sections.



Let us first consider    inf  ζ ∈ R    sup  μ ∈ W   f  ( μ , ζ )   . Under Assumption 1, we can easily deduce that for any  ζ , the function   h ( ζ , ξ )   has the same Lipschitz regularization (If there exist   ζ 1   and   ζ 2   such that   d <  ζ 1    and   d >  ζ 2   , the Lipschitz regularizations of the two loss functions   h (  ζ 1  , ξ )   and   h (  ζ 2  , ξ )   may differ. Our assumption excludes this case.). Thus, according to Theorem 2, the worst-case distribution for the problem    sup  μ ∈ W    E μ   [ h  ( ζ , ξ )  ]    asymptotically converges to


    1 N    ∑  i ≠  i 0     δ  ξ i   +    1 − δ  N    δ  ξ  i 0    +   δ N    δ   T h   ( ζ ,  ξ  i 0   )    .  











Moreover, we know that for different  ζ , the variation in the loss function, as described by   h  (  T h   ( ζ ,  ξ  i 0   )  ,  ξ  i 0   )  − h  ( ζ ,  ξ  i 0   )    in Theorem 2, is the same. Therefore, it can be concluded that for different loss functions   h ( ζ , ξ )  , the worst-case distributions to which they asymptotically converge can be the same.



Assumption 2.

For a sequence of loss functions with respect to ζ, defined as   h  ( ζ , z )  =   ( z − ζ )  +  − z −   α  1 − α      ( z − d )  +   , it can be written as a function that conforms to Theorem 3 in the form of   max (  q 1  ,  q 2  )  , where    q 1   ( z )  = min  ( − z ,    1 − α +  α 2    α − 1    z +    α 2   1 − α    ζ )   ,    q 2   ( z )  = min  ( − ζ ,   α  α − 1    z +   α  1 − α    d − ζ )   , and both   q 1   and   q 2   are concave functions. If z belongs to a compact uncertainty set Ξ, then on the Wasserstein ball  W , centered at the empirical distribution with radius   δ > 0  , the worst-case distributions exist and are the same.





The sources of   q 1   and   q 2   in the above assumptions are as follows. To ensure that   h ( ζ , z ) = max (  q 1  ,  q 2  )  , in the part of    q 1  ( z )  ,    q 2  ( z )   is not the only choice. The key is to find a linear function passing through   ( ζ , − ζ )   with a slope less than −1 and less than    α  α − 1    . We choose the slope as     α  α − 1    + α − 1  , and it is easy to verify that it satisfies the conditions. By adding some further conditions, we can use Theorem 3 to ensure that the worst-case distribution exists.



Theorem 4.

For the given Wasserstein ball  W  with   δ > 0  ,   β ∈ ( 0 , 1 )  , and   α ∈ ( 0 , 1 )  , under the condition that inequality (4) and Assumption 2 hold, define   f ( μ , ζ ) = β ζ +  E μ   [   (  y T  ξ − ζ )  +  ]  −  E μ  (  y T  ξ ) −   α  1 − α     E μ   [   (  y T  ξ − d )  +  ]   , where    y T  ξ   comes from a compact uncertainty set Ξ. Then, the following equality holds:


   sup  μ ∈ W    inf  ζ ∈ R   f ( μ , ζ ) =  inf  ζ ∈ R    sup  μ ∈ W   f ( μ , ζ ) .  











Proof. 

From inequality (4) and Assumption 2, we know that there exists a probability measure   μ ∗  , independent of ζ, such that







    inf  ζ ∈ R    sup  μ ∈ W   f ( μ , ζ ) =  inf  ζ ∈ R   f (  μ ∗  , ζ ) =  inf  ζ ∈ R   f (  P N  , ζ ) +   ∥ f ∥  Lip  .   











We know that the max–min inequality holds independently of the properties of f or whether  W  is a convex set (For any fixed   μ 0  , we have    sup  μ ∈ W   f ( μ , ζ ) ≥ f (  μ 0  , ζ )  . Taking the infimum over ζ on both sides and then the supremum over   μ 0   yields the result.), so we always have


   sup  μ ∈ W    inf  ζ ∈ R   f ( μ , ζ ) ≤  inf  ζ ∈ R    sup  μ ∈ W   f ( μ , ζ ) .  











For any fixed   μ 0  , we also have


   sup  μ ∈ W    inf  ζ ∈ R   f ( μ , ζ ) ≥  inf  ζ ∈ R   f (  μ 0  , ζ ) .  











Let    μ 0  =  μ ∗   . Then,


   sup  μ ∈ W    inf  ζ ∈ R   f ( μ , ζ ) ≥  inf  ζ ∈ R   f (  μ ∗  , ζ ) =  inf  ζ ∈ R    sup  μ ∈ W   f ( μ , ζ ) .  











Thus, we have completed the proof.    □





Assume  Ξ  is a compact set. By applying Theorem 4, we can transform problem (6), and for now, we do not need to consider minimizing over  ζ .


        sup  μ ∈ W    ∫ Ξ  h  ( ζ ,  y T  ξ )   μ  ( d ξ )         s . t .   ∫ Ξ   y T  ξ  μ  ( d ξ )  = ρ      =       sup  γ ∈ M ( Ξ )    ∫ Ξ  h  ( ζ ,  y T  ξ )   γ  ( d ξ , Ξ )         s . t .   ∫ Ξ   y T  ξ  γ  ( d ξ , Ξ )  = ρ ,         ∫  Ξ 2    ∥ ξ − η ∥   γ  ( d ξ , d η )  ≤ δ ,        γ  ( Ξ , d η )  =  P N  ( d η ) .       



(7)







For   γ ( Ξ , d η )  , we have


  γ  ( d ξ , Ξ )  =  ∫  η ∈ Ξ   γ  ( d ξ , d η )  =  ∑  i = 1  N  γ  ( d ξ | η =   ξ ^  i  )   P N  (   ξ ^  i  ) =   1 N    ∑  i = 1  N   P i  ( d ξ ) ,  








where    P i  ( d ξ )   represents the conditional distribution of  ξ  conditioned on   η =   ξ ^  i   . Likewise, we have


  γ ( d ξ , d η ) = γ  ( d ξ | η )   P N  ( η ) =   1 N    ∑  i = 1  N   δ   ξ ^  i   ( η )  P i  ( d ξ ) .  











Thus, we can transform problem (7) into


          sup   P i  ∈ M  ( Ξ )      1 N    ∑  i = 1  N   ∫ Ξ  h  ( ζ ,  y T  ξ )   P i  ( d ξ )           s . t .       1 N    ∑  i = 1  N   ∫ Ξ   y T  ξ  P i  ( d ξ ) = ρ ,                1 N    ∑  i = 1  N   ∫ Ξ   ∥ ξ −   ξ ^  i  ∥   P i  ( d ξ ) ≤ δ ,               ∫ Ξ   P i  ( d ξ ) = 1 ,  i = 1 , … , N .      



(8)







If we derive the Lagrangian dual problem from the original problem, then according to an extended version of the well-known strong duality result for moment problems ([19] Proposition 3.4), we know that the maximum and minimum of the Lagrangian dual function remain unchanged even after exchanging the order of optimization.



Theorem 5.

We stipulate that the norm   ∥  ·  ∥   in the Wasserstein distance is the infinity norm    ∥  ·  ∥  ∞  . Problem (8) is equivalent to


        min   λ 1  ,  λ 2  ,  θ 1  ,  θ 2        λ 1  ρ +  λ 2  δ +   1 N    ∑  i = 1  N  max (    ζ  α 2   ( 1 −  θ 1  )    1 − α    −   θ 1  +    1 − α +  α 2    1 − α     ( 1 −  θ 1  )    y ⊤    ξ ^  i  ,                d α ( 1 −  θ 2  )   1 − α    − ζ −   α  1 − α     ( 1 −  θ 2  )   y ⊤    ξ ^  i  )          s . t .      |  ( 1 − α )    λ 1  +  θ 1   α 2  +  α 2   + α + 1 | ≤   λ 2   ( 1 − α )  ,             |   λ 1  + α  ( 1 −  λ 1  −  θ 2  )   | ≤   λ 2   ( 1 − α )              λ 2  ≥ 0 ,             θ 1  ,  θ 2  ∈  ( 0 , 1 )  .       













Proof. 

We derive the Lagrangian dual problem from the original problem (8)


  L  (  P i  ;  λ 1  ,  λ 2  , s )  =   1 N    ∑  i = 1  N   ∫ Ξ  h  ( ζ ,  y T  ξ )   P i  ( d ξ )  










  L  (  P i  ;  λ 1  ,  λ 2  , s )  =   1 N    ∑  i = 1  N   ∫ Ξ  h  ( ζ ,  y T  ξ )   P i  ( d ξ ) +  λ 1   ( α −   1 N    ∑  i = 1  N   ∫ Ξ   y T  ξ  P i  ( d ξ ) )   










  +  λ 2   ( ε −    1 N    ∑  i = 1  N   ∫ Ξ   ∥ ξ −    ξ ^  i    ∥ ∞   P i  ( d ξ ) )  +  ∑  i = 1  N   s i   ( 1 −  ∫ Ξ   P i  ( d ξ ) )   










  =   1 N    ∑  i = 1  N   ∫ Ξ   h  ( ζ ,  y T  ξ )  −  λ 1   y T  ξ −  λ 2    ∥ ξ −   ξ ^  i  ∥  ∞  − N  s i    P i  ( d ξ )  










  +  λ 1  α +  λ 2  δ +  ∑  i = 1  N   s i  ,  








where    λ 1  ∈ R ,  λ 2  ∈  R +  ,   and   s ∈  R N   . Thus, the Lagrangian dual of problem (8) is (This is because   M ( Ξ )   contains all Dirac distributions, allowing the integral function to attain its supremum at   P i  ).


   min   P i  ;  λ 1  ,  λ 2  , s    sup  ξ ∈ Ξ   L  ( ξ ;  λ 1  ,  λ 2  , s )  ,  








which is given by


       min   λ 1  ,  λ 2  , s , t    λ 1  ρ +  λ 2  δ +  ∑  i = 1  N   s i  +   1 N    ∑  i = 1  N   t i  ,        s . t .   h  ( ζ ,  y T  ξ )  −  λ 1   y ⊤  ξ −  λ 2    ∥ ξ −   ξ ^  i  ∥  ∞  − N  s i  ≤  t i  , ∀ ξ ∈ Ξ ,  i = 1 , … , N ,          λ 2  ≥ 0 .      



(9)







We use the form   h ( ζ ,  y ⊤  ξ )   as given in Assumption 2, specifically   h  ( ζ ,  y ⊤  ξ )  = max  (  q 1   (  y ⊤  ξ )  ,  q 2   (  y ⊤  ξ )  )  ,   where    q 1   (  y ⊤  ξ )  = min  −  y ⊤  ξ ,    1 − α +  α 2    α − 1     y ⊤  ξ +    α 2   1 − α    ζ    and    q 2   (  y ⊤  ξ )  = min  − ζ ,   α  α − 1     y ⊤  ξ +   α  1 − α    d − ζ  .   So, problem (9) is equivalent to


       min   λ 1  ,  λ 2  , s , t    λ 1  ρ +  λ 2  δ +  ∑  i = 1  N   s i  +   1 N    ∑  i = 1  N   t i         s . t .   N  s i  ≥  max  ξ ∈ Ξ    −  λ 2    ∥ ξ −   ξ ^  i  ∥  ∞  −  λ 1   y ⊤  ξ +  q 1   (  y ⊤  ξ )   −  t i  ,  i = 1 , … , N ,         N  s i  ≥  max  ξ ∈ Ξ    −  λ 2    ∥ ξ −   ξ ^  i  ∥  ∞  −  λ 1   y ⊤  ξ +  q 2   (  y ⊤  ξ )   −  t i  ,  i = 1 , … , N ,          λ 2  ≥ 0 .      










  =       min   λ 1  ,  λ 2  , s         λ 1  ρ +  λ 2  δ +  ∑  i = 1  N   s i  +   1 N    ∑  i = 1  N   t i         s . t .       N  s i  ≥  max  ξ ∈ Ξ    min   ∥   z  i 1     ∥  1  ≤  λ 2     −  z  i 1  ⊤   ( ξ −   ξ ^  i  )  −  λ 1   y ⊤  ξ +  q 2   (  y ⊤  ξ )   −  t i  ,  i = 1 , … , N ,          N  s i  ≥  max  ξ ∈ Ξ    min   ∥   z  i 1     ∥  1  ≤  λ 2     −  z  i 2  ⊤   ( ξ −   ξ ^  i  )  −  λ 1   y ⊤  ξ +  q 2   (  y ⊤  ξ )   −  t i  ,  i = 1 , … , N ,             λ 2  ≥ 0 .       










  =       min   λ 1  ,  λ 2  , s         λ 1  ρ +  λ 2  δ +  ∑  i = 1  N   s i  +   1 N    ∑  i = 1  N   t i         s . t .       N  s i  ≥  max  ξ ∈ Ξ    −  z  i 1  ⊤   ( ξ −   ξ ^  i  )  −  λ 1   y ⊤  ξ +  q 1   (  y ⊤  ξ )   −  t i  ,  i = 1 , … , N ,          N  s i  ≥  max  ξ ∈ Ξ    −  z  i 2  ⊤   ( ξ −   ξ ^  i  )  −  λ 1   y ⊤  ξ +  q 2   (  y ⊤  ξ )   −  t i  ,  i = 1 , … , N ,           ∥   z  i 1     ∥  1  ≤  λ 2  ,    ∥  z  i 2   ∥  1  ≤  λ 2  .       










  =       min   λ 1  ,  λ 2  , s         λ 1  ρ +  λ 2  δ +  ∑  i = 1  N   s i  +   1 N    ∑  i = 1  N   t i         s . t .       N  s i  ≥  max  ξ ∈ Ξ   min  −    z  i 1   +  ( 1 +  λ 1  )  y  ⊤  ξ +  z  i 1  ⊤    ξ ^  i  ,            −    z  i 1   +     1 − α +  α 2    1 − α    +  λ 1   y  ⊤  ξ +    α 2   1 − α    ζ +  z  i 1  ⊤    ξ ^  i   −  t i  ,  i = 1 , … , N ,          N  s i  ≥  max  ξ ∈ Ξ   min  −    z  i 2   +  λ 1  y  ⊤  ξ − ζ +  z  i 2  ⊤    ξ ^  i  ,            −    z  i 2   +    α  1 − α    +  λ 1   y  ⊤  ξ +   α  1 − α    d − ζ +  z  i 2  ⊤    ξ ^  i   −  t i  ,  i = 1 , … , N ,           ∥   z  i 1     ∥  1  ≤  λ 2  ,    ∥  z  i 2   ∥  1  ≤  λ 2              λ 2  ≥ 0 .       



(10)







Let    q 1 ′  ( ξ ) =  


  min  −    z  i 1   +  ( 1 +  λ 1  )  y  ⊤  ξ +  z  i 1  ⊤    ξ ^  i  , −    z  i 1   +     1 − α +  α 2    1 − α    +  λ 1   y  ⊤  ξ +    α 2   1 − α    ζ +  z  i 1  ⊤    ξ ^  i    








and    q 2 ′  ( ξ ) =  


  min  −    z  i 2   +  λ 1  y  ⊤  ξ − ζ +  z  i 2  ⊤    ξ ^  i  , −    z  i 2   +    α  1 − α    +  λ 1   y  ⊤  ξ +   α  1 − α    d − ζ +  z  i 2  ⊤    ξ ^  i   .  











In order for    q 1 ′  ( ξ )   and    q 2 ′  ( ξ )   to have a maximum value, there must exist    θ 1  ,  θ 2  ∈  ( 0 , 1 )    such that (We consider a function   f  ( x )  = min  (  a ⊤  x + c ,  b ⊤  x + d )   , where   a ≠ b  . The two components of the function are hyperplanes. For   f ( x )   to have a maximum value, it is necessary and sufficient that a and b are opposites and neither is zero. In this case, we can express   z  i 1    and   z  i 2    as convex combinations).


   z  i 1   = −   θ 1   ( 1 +  λ 1  )  +  ( 1 −  θ 1  )      1 − α +  α 2    1 − α    +  λ 1    y  








and


   z  i 2   = −   θ 2   λ 1  +  ( 1 −  θ 2  )     α  1 − α    +  λ 1    y .  











In addition, when


  −    z  i 1   +  ( 1 +  λ 1  )  y  ⊤  ξ +  z  i 1  ⊤    ξ ^  i  = −    z  i 1   +     1 − α +  α 2    1 − α    +  λ 1   y  ⊤  ξ +    α 2   1 − α    ζ +  z  i 1  ⊤    ξ ^  i  ,  








i.e., when   ξ = d   y   ∥ y ∥  2 2     , the maximum value of    q 1  ( ξ )   is


     ζ  α 2   ( 1 −  θ 1  )    1 − α    −   θ 1   ( 1 +  λ 1  )  +  ( 1 −  θ 1  )      1 − α +  α 2    1 − α    +  λ 1     y ⊤    ξ ^  i  .  











Similarly, the maximum value of    q 2  ( ξ )   is


     d α ( 1 −  θ 2  )   1 − α    − ζ −   θ 2   λ 1  +  ( 1 −  θ 2  )     α  1 − α    +  λ 1     y ⊤    ξ ^  i  .  











Moreover, since     ∥ y ∥  1  = 1  , problem (10) is equivalent to


       min   λ 1  ,  λ 2  ,  θ 1  ,  θ 2  , s       λ 1  ρ +  λ 2  δ +  ∑  i = 1  N   s i  +   1 N    ∑  i = 1  N   t i            s . t .     N  s i  ≥    ζ  α 2   ( 1 −  θ 1  )    1 − α                  −   θ 1   ( 1 +  λ 1  )  +  ( 1 −  θ 1  )      1 − α +  α 2    1 − α    +  λ 1     y ⊤    ξ ^  i  −  t i  ,  i = 1 , … , N ,            N  s i  ≥    d α ( 1 −  θ 2  )   1 − α                  − ζ −   θ 2   λ 1  +  ( 1 −  θ 2  )     α  1 − α    +  λ 1     y ⊤    ξ ^  i  −  t i  ,  i = 1 , … , N ,             |  ( 1 − α )    λ 1  +  θ 1   α 2  +  α 2   + α + 1 | ≤   λ 2   ( 1 − α )  ,            |  λ 1  + α  ( 1 −  λ 1  −  θ 2  )  | ≤  λ 2   ( 1 − α )              λ 2  ≥ 0 ,             θ 1  ,  θ 2  ∈  ( 0 , 1 )  .      










  =       min   λ 1  ,  λ 2  ,  θ 1  ,  θ 2          λ 1  ρ +  λ 2  δ +   1 N    ∑  i = 1  N  max (    ζ  α 2   ( 1 −  θ 1  )    1 − α    −   θ 1  +    1 − α +  α 2    1 − α     ( 1 −  θ 1  )    y ⊤    ξ ^  i  ,              d α ( 1 −  θ 2  )   1 − α    − ζ −   α  1 − α     ( 1 −  θ 2  )   y ⊤    ξ ^  i  )           |   λ 1  + α  ( 1 −  λ 1  −  θ 2  )   | ≤   λ 2   ( 1 − α )            λ 2  ≥ 0 ,           θ 1  ,  θ 2  ∈  ( 0 , 1 )  .       











   □





However, this distributionally robust optimization problem plays the role of a constraint in portfolio optimization, so we would prefer to obtain an analytical solution. Next, we consider approximating the Lagrangian dual formulation of problem (7) using the max–min inequality, i.e.,


   sup  μ ∈ W    inf  λ ∈ R   f  ( μ , ζ )  + λ  ρ −  E μ   (  y T  ξ )   ≤  inf  λ ∈ R    sup  μ ∈ W   f  ( μ , ζ )  + λ  ρ −  E μ   (  y T  ξ )   .  











Using inequality (4) and Theorem 2, we find that the problem


   inf  λ ∈ R    sup  μ ∈ W   f  ( μ , ζ )  + λ  ρ −  E μ   (  y T  ξ )    



(11)




has an analytical solution.



Theorem 6.

We stipulate that the norm   ∥  ·  ∥   in the Wasserstein distance is the Euclidean norm    ∥  ·  ∥  2  . Assuming    E  P N    (  y T  ξ )  > 0  , we set   ρ = k  E  P N    (  y T  ξ )    with   k ∈ ( 0 , 1 )  . If   ρ −  E  P N    (  y T  ξ )  + δ   ∥ y ∥  2  < 0  , the solution to problem (11) is negative infinity. If   ρ −  E  P N    (  y T  ξ )  + δ   ∥ y ∥  2  ≥ 0  , the solution to problem (11) is given by


       f  (  P N  , ζ )  +   1 2      δ ∥ y ∥  2  − ρ +  E  P N    (  y T  ξ )       if  α ≤   1 2   ,       f  (  P N  , ζ )  +   α  2 − 2 α       δ ∥ y ∥  2  − ρ +  E  P N    (  y T  ξ )       if  α >   1 2   .       











Proof. 

Under the premise of Conclusion 4 and applying Theorem 2, we have







       inf  λ ∈ R    sup  μ ∈ W   f  ( μ , ζ )  + λ  ρ −  E μ   (  y T  ξ )         =  inf  λ ∈ R    sup  μ ∈ W    E μ   [   (  y T  ξ − ζ )  +  −  ( λ + 1 )   y T  ξ −   α  1 − α      (  y T  ξ − d )  +  ]  + λ ρ       =  inf  λ ∈ R    E  P N    [   (  y T  ξ − ζ )  +  −  ( λ + 1 )   y T  ξ −   α  1 − α      (  y T  ξ − d )  +  ]  + L δ  ∥ y ∥  + λ ρ       =  inf  λ ∈ R   f  (  P N  , ζ )  + L δ   ∥ y ∥  2  + λ  [ ρ −  E  P N    (  y T  ξ )  ]  ,     








where L is the Lipschitz constant of the function   t  ( x )  =   ( x − ζ )  +  −  ( λ + 1 )  x −   α  1 − α      ( x − d )  +   , that is,   max (  λ + 1  ,  λ  ,  λ +  α  1 − α    )  .



Let   A =   δ ∥ y ∥  2  > 0   and   B = ρ −  E  P N   (  y T  ξ ) < 0  , and the next step is to solve the convex problem


   inf  λ ∈ R    A max ( | λ  +  1 | , | λ | , | λ  +   α  1 − α     | )  + B λ .  











When   α ≤   1 2    ,   0 <   α  1 − α    ≤ 1  , through analysis or graphing, we know that   max (  λ + 1  ,  λ  ,  λ +  α  1 − α    ) =  1 2  +   λ +  1 2     . When   λ ≥ −  1 2   , the problem becomes


   inf  λ ≥ −   1 2      ( A + B )  λ + A .  











Obviously, under the condition   A + B ≥ 0  , the minimum value is     A − B  2   ; otherwise, it tends to negative infinity.



When   λ ≤ −  1 2   , the problem becomes


   inf  λ ≤ −  1 2     ( B − A )  λ .  











Since   B − A < 0   holds, the minimum value of this problem is also     A − B  2   .



Under the condition   α ≤  1 2   , we obtain the following result:


   sup  μ ∈ W    inf  λ ∈ R   f  ( μ , ζ )  + λ  ρ −  E μ   (  y T  ξ )   =      f  (  P N  , ζ )  +   1 2      δ ∥ y ∥  2  − ρ +  E  P N    (  y T  ξ )   ,        s . t .   ρ −  E  P N    (  y T  ξ )  + δ   ∥ y ∥  2  ≥ 0 .       











When   α >   1 2    ,     α  1 − α    > 1  ,    max ( | λ  +  1 | , | λ | , | λ  +   α  1 − α     | )  =   α  2 − 2 α    +  | λ +   α  2 − 2 α    |   . Similarly, we have


   sup  μ ∈ W    inf  λ ∈ R   f  ( μ , ζ )  + λ  ρ −  E μ   (  y T  ξ )   =      f  (  P N  , ζ )  +   α  2 − 2 α       δ ∥ y ∥  2  − ρ +  E  P N    (  y T  ξ )   ,        s . t .   ρ −  E  P N    (  y T  ξ )  + δ   ∥ y ∥  2  ≥ 0 .       











   □





Thus, in taking   α ≤  1 2    as an example, if the optimal solution to problem (7), i.e., the worst-case distribution, is   P ∗  , then the ES-expectile question processed through distributionally robust optimization (DRES-expectile) is


         inf  d ∈ R , y ∈  R n           d          s . t .          d ≥  VaR β  P ∗    (  y T  ξ )  ,                α  1 − α     E  P N    [   (  y T  ξ − d )  +  ]  =  inf  ζ ∈ R    ( 1 − β )  d + β ζ +  E  P N    [   (  y T  ξ − ζ )  +  ]                           −   1 2    [  E  P N    (  y T  ξ )  + ρ ]  +   1 2   δ   ∥ y ∥  2  ,               y i  ≥ 0 ,  i = 1 , … , n ,               ∑  i = 1  n   y i  = 1 ,              ρ −  E  P N    (  y T  ξ )  + δ   ∥ y ∥  2  ≥ 0 .     



(12)








4. Question Simplification


In this section, to make the problem easier to solve, we consider using some approximation techniques to simplify the problem.



For the infimum part in the equation of question (12), although we know that the optimal  ζ  is the   1 − β   quantile of the random variable    y T  ξ  , due to the complexity of sorting, non-smoothness, and the involvement of the decision variable y, we apply a relaxation instead of directly choosing the optimal value. Additionally, we introduce new variables to smooth the function    ( x )  +  .



Specifically, we first degrade the second constraint and introduce the variable  ζ , transforming the problem into


         inf  d , ζ ∈ R , y ∈  R n           d          s . t .          d ≥  VaR β  P ∗   (  y T  ξ ) ,                α  1 − α     E  P N    [   (  y T  ξ − d )  +  ]  ≤  ( 1 − β )  d + β ζ +  E  P N    [   (  y T  ξ − ζ )  +  ]                         −   1 2    [  E  P N    (  y T  ξ )  + ρ ]  +   1 2   δ   ∥ y ∥  2  ,               y i  ≥ 0 ,  i = 1 , … , n ,               ∑  i = 1  n   y i  = 1 ,              ρ −  E  P N    (  y T  ξ )  + δ   ∥ y ∥  2  ≥ 0 .     











Next, we introduce new variables   a i  , where    a i  =   (  y T  ξ − d )  +   , and generate two constraints:    a i  ≥   ξ i  ^  − d   and    a i  ≥ 0  . The same treatment is applied to    (  y T  ξ − ζ )  +  , and the problem becomes


         inf  d , ζ ∈ R , y ∈  R n  , a , b ∈  R N           d          s . t .          d ≥  VaR β  P ∗   (  y T  ξ ) ,                α  N ( 1 − α )     e T  a ≤  ( 1 − β )  d + β ζ +   1 N    e T  b −   1 2    [  E  P N    (  y T  ξ )  + ρ ]  +   1 2   δ   ∥ y ∥  2  ,              ρ −  E  P N    (  y T  ξ )  + δ   ∥ y ∥  2  ≥ 0 ,               y i  ≥ 0 ,  i = 1 , … , n ,               ∑  i = 1  n   y i  = 1 ,               a i  ,  b i  ≥ 0 ,  i = 1 , … , N ,               a i  ≥   ξ i  ^  − d ,  i = 1 , … , N ,               b i  ≥   ξ i  ^  − ζ ,  i = 1 , … , N .     



(13)







For the first constraint   d ≥  VaR β  P ∗   (  y T  ξ )  ,    VaR β  P ∗   (  y T  ξ )   represents the  β -quantile of the random variable    y T  ξ   under   P ∗  . We approximate   P ∗   using the empirical distribution and estimate the  β -quantile using the normal distribution


   VaR β  P ∗   (  y T  ξ ) ≈  y T   μ ^  +  z β     y T   Σ  ξ ^   y   ,  








where   μ ^   is the sample mean vector,   Σ  ξ ^    is the sample covariance matrix, and   z β   is the  β -quantile of the standard normal distribution.



In addition to the constraints and numerical boundaries on the portfolio weights y, we treat all other constraints as soft constraints, handled through a penalty function approach. On the one hand, this simplifies the problem, making it easier for the algorithm to find an optimal solution; on the other hand, it prevents overemphasis on risk d at the expense of ignoring the importance of investment returns. The question after applying the penalty function essentially becomes a weighted problem concerning the expectation, standard deviation, Value at Risk, and expected shortfall. To ensure smoothness and similarity in certain terms, the penalty function is set as   log ( 1 + σ  e  r ( x )   )  , where   r ( x )   represents constraints less than or equal to zero, and  σ  is the penalty factor.


   inf  d , ζ ∈ R ,  y ∈ C ,  a , b ∈ D    d +  ∑  j = 1  3  log   1 +  σ j   e   r j   ( d , ζ , y )     +  ∑  i = 1  N   log   1 +  σ a   e   r  a i    ( d , ζ , y )     + log   1 +  σ b   e   r  b i    ( d , ζ , y )      ,  



(14)




where


       r 1   ( d , ζ , y )      =  y T   μ ^  +  z β     y T   Σ  ξ ^   y   − d ,         r 2   ( d , ζ , y )      =   α  N ( 1 − α )     e T  a +   1 2      E  P N    (  y T  ξ )  + ρ  −  ( 1 − β )  d − β ζ −   1 N    e T  b −   1 2   δ   ∥ y ∥  2  ,         r 3   ( d , ζ , y )      =  E  P N    (  y T  ξ )  − ρ − δ   ∥ y ∥  2  ,         r  a i    ( d , ζ , y )      =   ξ ^  i  − d −  a i  ,  i = 1 , … , N ,         r  b i    ( d , ζ , y )      =   ξ ^  i  − ζ −  b i  ,  i = 1 , … , N ,     








and the constraint sets are


  D =  { x ∈  R N  ∣  x i  ≥ 0 }  ,  C =  { y ∈  R n  ∣  y i  ≥ 0 ,   ∑  i = 1  n   y i  = 1 }  .  












5. Numerical Experiments


In this section, we first introduce the portfolio problems for comparison and the metrics that characterize portfolio performance. Next, we gather data from online sources, calculate returns, and utilize the solutions obtained from the corresponding questions to make investment decisions. Finally, we generate graphs illustrating asset changes and compute various financial statistics, such as the expected return, standard deviation, Sharpe ratio, expected shortfall, and Sortino ratio, for comparative analysis.



During the testing phase, we test the traditional ES-expectile question under the empirical distribution. Since the question sets the value of the expected return  ρ  as   k  E  P N    (  y T  ξ )   , the constraint becomes    ( 1 − k )   E  P N    (  y T  ξ )   , which turns into an ineffective constraint. Therefore, we modify this constraint to    E  P N    (  y T  ξ )  ≥ 0  . Similarly to the approximation process from problems (12), (13), and finally (14), we first approximate problem (3) as follows:


         inf  d , ζ ∈ R , y ∈  R n  , a , b ∈  R N           d          s . t .          d ≥  VaR β  P ∗    (  y T  ξ )  ,                α  N ( 1 − α )     e T  a ≤  ( 1 − β )  d + β ζ +   1 N    e T  b −  E  P N    (  y T  ξ )  ,               y i  ≥ 0 ,  i = 1 , … , n ,               ∑  i = 1  n   y i  = 1 ,               a i  ,  b i  ≥ 0 ,  i = 1 , … , N ,               a i  ≥   ξ i  ^  − d ,  i = 1 , … , N ,               b i  ≥   ξ i  ^  − ζ ,  i = 1 , … , N .     











Then, we apply a penalty function approach to transform the problem into


   inf  d , ζ ∈ R ,  y ∈ C ,  a , b ∈ D    d +  ∑  j = 1  3  log   1 +  σ j   e   r j   ( d , ζ , y )     +  ∑  i = 1  N   log   1 +  σ a   e   r  a i    ( d , ζ , y )     + log   1 +  σ b   e   r  b i    ( d , ζ , y )      ,  



(15)




where


       r 1   ( d , ζ , y )      =  y T   μ ^  +  z β     y T   Σ  ξ ^   y   − d ,         r 2   ( d , ζ , y )      =   α  N ( 1 − α )     e T  a +  E  P N    (  y T  ξ )  −  ( 1 − β )  d − β ζ −   1 N    e T  b ,         r 3   ( d , ζ , y )      = −   E  P N    (  y T  ξ )  ,         r  a i    ( d , ζ , y )      =   ξ ^  i  − d −  a i  ,  i = 1 , … , N ,         r  b i    ( d , ζ , y )      =   ξ ^  i  − ζ −  b i  ,  i = 1 , … , N ,     








and the constraint sets are


  D =  { x ∈  R N  ∣  x i  ≥ 0 }  ,  C =  { y ∈  R n  ∣  y i  ≥ 0 ,   ∑  i = 1  n   y i  = 1 }  .  











Compared to question (14), the main changes are in    r 2   ( d , ζ , y )    and    r 3   ( d , ζ , y )   .



Nowadays, many portfolio questions with good performance have emerged in academia. In this data experiment, we selected two traditional portfolio questions and their distributionally robust optimized versions. One of them is the mean–variance question proposed by Markowitz in 1952 [1]. However, since we use the empirical distribution in this experiment, the treatment of expected returns is consistent with that in the ES-expectile question. Therefore, we replace it with a weighted sum of the mean and standard deviation:


      inf  y ∈  R n       −  E  P N    (  y T  ξ )  + ω    y T   Σ ξ  y          s . t .      y i  ≥ 0 , i = 1 , 2 , … , n ,         e T  y = 1 .     



(16)







Here,   ω > 0   represents the degree of risk aversion.



Jose Blanchet studied its distributionally robust optimization version in 2018 [13]. When the Wasserstein distance is based on the Euclidean norm and the radius of the Wasserstein ball is  δ ,


      inf  y ∈  R n       −  δ   ∥ y ∥  +    y T   Σ ξ  y          s . t .      y i  ≥ 0 , i = 1 , 2 , … , n ,         e T  y = 1 ,         E  P N    (  y T  ξ )  ≥ α +  δ   ∥ y ∥  .     



(17)







Here, we set   α = k  E  P N    (  y T  ξ )   .



Secondly, we select the mean–expected shortfall question [9]:


      inf  y ∈  R n       −  E  P N    (  y T  ξ )  + ω  ES β   (  y T  ξ )         s . t .      y i  ≥ 0 , i = 1 , 2 , … , n ,         e T  y = 1 .     



(18)







As for its distributionally robust optimized version, it is mentioned in ([9] Proposition 7.2) that under certain conditions, the optimal solution is the equally weighted portfolio.



We select a sample of 130 well-performing Chinese equities from cn.investing.com covering the period 2022–2023. Using their daily closing prices   P t   (with t indexing trading days), we compute simple daily returns:


   R t  =    P t   P  t − 1     − 1 ,  








where   P t   denotes the closing price on day t, and   R t   is the corresponding daily return. After discarding any trading day on which one or more equities have missing data, we retain a cleaned dataset with 460 valid trading days. These are days for which complete return data are available across all selected stocks.



Across these 460 days and 130 equities (roughly 60,000 return observations), the cross-sectional mean of individual daily returns is   0.061 %  , while the mean cross-sectional standard deviation is   2.56 %  . The pooled distribution of daily returns is mildly right-skewed (skewness,   0.39  ) and strongly leptokurtic (excess kurtosis,   12.42  ), signaling pronounced fat tails. Single-day extremes reach   + 36.76 %   and   − 43.08 %  , and about 62% of the equities exhibit excess kurtosis above 3.



To evaluate the portfolio strategy’s viability, we conducted a rolling-window back-testing experiment. A 100-day estimation window was paired with four holding periods   h ∈ { 3 ,  7 ,  14 ,  21 }  . After each h-day decision interval, the estimation window advances by h days; the portfolio question is re-estimated on the updated 100-day sample and a new portfolio is formed. This cycle is repeated until the entire 360-day out-of-sample testing horizon is covered.



The initial cumulative return was set to   C  R 0  = 1  . If the portfolio realizes an interval return   R  t , t + h    over the holding period   [ t ,  t + h ]  , the cumulative return updates multiplicatively as


  C  R  t + h   = C  R t   1 +  R  t , t + h    .  











Unfolding the recursion yields the cumulative return at any test horizon T (  1 ≤ T ≤ 360  ):


  C  R T  =  ∏  t = 1  T   1 +  R t   ,  








where   R t   is the one-day portfolio return on day t.



For the 360-day returns, we calculate the expectation, standard deviation, Sharpe ratio, expected shortfall, and Sortino ratio [20]. The expectation, standard deviation, and expected shortfall will not be discussed again. Here, the expected shortfall is calculated as


    1  0.05     ∫  0   0.05    VaR θ  ( X )  d θ .  











The Sharpe ratio is defined as


      R p  −  R f    σ p    ,  








where   R p   is the expected return of the portfolio,   R f   is the risk-free rate, and   σ p   is the standard deviation of the portfolio returns. The Sharpe ratio measures the excess return per unit of risk. For the risk-free rate, we assume the 4% annual interest rate on U.S. Treasury bonds as the risk-free rate. Since our returns are daily, we use    R f  =   ( 1 + 4 % )   1 252   − 1  , where 252 is the number of trading days in a year.



The Sortino ratio is defined as


      R p  −  R f    σ d    ,  








where   R p   is the expected return of the portfolio,   R f   is the risk-free rate (which can be considered the target return), and   σ d   is the standard deviation of the downside returns, which are the returns below the risk-free rate. Unlike the Sharpe ratio, which considers both upside and downside volatility, the Sortino ratio focuses exclusively on downside risk. This means it only accounts for volatility below the target return and ignores the volatility above it.



The advantage of the Sortino ratio is that it provides a more precise risk-adjusted performance measure, particularly suited for investors who are more concerned with avoiding losses than simply achieving higher returns. A higher Sortino ratio indicates that the portfolio is generating better returns relative to the downside risk, which is a key measure of its effectiveness in mitigating losses.



We use the ‘minimize’ method from Python’s ‘scipy.optimize’ library to solve this problem. It is a general-purpose optimizer for minimizing scalar objective functions and supports various algorithms, including both unconstrained and constrained optimization. Users can solve nonlinear problems by passing different optimization algorithm options, such as SLSQP, BFGS, Nelder-Mead, etc. In this numerical experiment, all questions were solved using Sequential Least Squares Programming (SLSQP) [21]. All experiments were run on a laptop with an Intel Core i5-12500H CPU (12 threads at 2.5 GHz) and 16 GB of RAM, under Python 3.11 with NumPy 1.26 and SciPy 1.11.4, without any GPU acceleration. Solving a single DRES-expectile portfolio problem took 7.31 ± 0.32 s of wall-clock time and required 37 ± 2 iterations for the optimizer to reach its convergence criteria.



Here, we provide explanations for the abbreviations of the tested questions. DRES-e refers to DRES-expectile (14), ES-e refers to ES-expectile (15), 1/N refers to the equally weighted portfolio, Mean-Std refers to the mean–standard deviation question (16), DRMean-Std refers to the distributionally robust optimized mean–standard deviation question (17), and Mean-ES refers to the mean–expected shortfall question (18).



It can be observed from Table 2 that regardless of the sliding window employed, the average return of DRES-expectile is significantly higher than that of other questions. It also demonstrates excellent performance in terms of the Sharpe ratio and the Sortino ratio. However, it performs inadequately in terms of standard deviation and expected shortfall. When combined with the cumulative return curve in Figure 1, Figure 2, Figure 3 and Figure 4, it can be seen that DRES-expectile exhibits an explosive upward trend, and this is inevitably accompanied by a poor standard deviation and expected shortfall. Regarding the ES-expectile question under the empirical distribution, its performance is nearly equivalent to that of the mean–variance question. We also discover that questions present diverse performance under different sliding windows. The reason behind this lies in that the question mainly captures a short-term future trend. Hence, if an investment portfolio is utilized for an overly short period, its superiority in the average sense cannot be manifested. Similarly, if an investment portfolio is used for an excessively long period, the long-term stability of returns becomes difficult to guarantee.



Furthermore, to explore the reason behind the high average returns of our question, we fix the sliding window to 7, keeping other parameters unchanged. We record the solution vectors for each question at each stage (52 in total, with each solution vector having 130 dimensions, corresponding to 130 stocks), i.e., the portfolio weights. We then calculate the following statistics: the average number of components in the solution vector greater than 0.05, 0.1, and 0.2 and average values of the maximum, minimum, median, 25th percentile, and 5th percentile components of the solution vectors.



As shown in Table 3,    G  0.05   ,  G  0.1   ,   and   G  0.2    represent the average number of components exceeding 0.05, 0.1, and 0.2, respectively.   G max   and   G mid   represent the average of the maximum value and the median value of the components. As for the 25th percentile, 5th percentile, and minimum value of the components, all are smaller than   10  − 19    and are approximately equal to zero within the arithmetic precision; thus, they are not presented or analyzed here.



Based on the five concentration indicators,    G  0.05   ,   G  0.1   ,   G  0.2   ,   G max    and   G mid  , a clear gradient of capital allocation emerges: DRES-expectile attains    G  0.05   =  G  0.1   =  G  0.2   = 1  ,    G max  = 1  , and    G mid   ≈  0  , meaning that in almost every rolling window the entire budget is staked on a single stock and the remaining 129 weights are truncated to machine precision. This “all-in one bet” design amplifies stock selection skill into explosive portfolio returns whenever the portfolio question correctly pinpoints the short-term winner.



ES-expectile remains highly focused but is less extreme: On average, roughly six stocks exceed the   5 %   threshold, none exceed   20 %  , and the largest position is capped at   11 %  ; together with    G mid   ≈  0   this delivers a milder risk–return trade-off than DRES-expectile.



Mean-ES lies in between:    G  0.05   = 1.45   and    G  0.2   = 1.26   show that one to two stocks carry more than   20 %   each, the largest weight is limited to   86 %  , and    G mid   ≈  1.5 ×  10  − 4     confirms that the long tail is still heavily pruned; the portfolio question therefore preserves high concentration while curbing the tail risk observed with DRES-expectile.



Mean-Std and ES-expectile (under the empirical distribution) display a “barbell” pattern with moderate concentration (   G  0.05    ≈  5.6  ,    G  0.1    ≈  0.8  ) and no exposure above   20 %  , whereas DRMean-Std (G thresholds all zero,    G max  = 0.02  ,    G mid  = 0.007  ) spreads the weight almost uniformly across the universe.



Since it is neither realistic nor prudent to invest all the capital in a single stock in typical investment scenarios, we slightly adjust the solution of DRES-expectile by lowering the maximum investment weights to 0.5, 0.3, 0.1, and 0.05, while evenly distributing the remaining weights among the other stocks for data experiments. Additionally, we anticipate that some may question whether we are truly maximizing the expected return, so we also conducted tests to address this. In the following figures and table, we provide a brief explanation of the abbreviations used: DRES-e(50), DRES-e(30), DRES-e(10), and DRES-e(5) represent the results where the maximum investment weights are set to 0.5, 0.3, 0.1, and 0.05, respectively, with the remaining weight evenly distributed. “Mean” represents the solution to the following optimization problem


      sup  y ∈  R n           1 N    ∑  i = 1  N   y ⊤    ξ ^  i         s . t .        y i  ≥ 0 ,  i = 1 , … , n ,           e T  y = 1 .     











Table 4 shows that imposing progressively tighter caps on the maximum single-asset weight (from 50% down to 5%) brings a sharp reduction in portfolio variance and expected shortfall, while the corresponding fall in mean return is comparatively small. This characteristic can also be directly observed from Figure 5, Figure 6, Figure 7 and Figure 8. Because volatility declines more rapidly than the mean, the Sharpe and Sortino ratios actually rise, particularly in the 14-day window, which indicates that tail risk in the unconstrained solution is driven chiefly by extreme concentration.



The mean-only benchmark produces weaker risk-adjusted results across every horizon and even shows negative average returns in the 14-day window; therefore, our optimization problem cannot be regarded as a simple return maximization exercise. Over the longest window (21 days) the advantage of DRES-expectile narrows, suggesting that its edge is strongest when the portfolio question is recalibrated frequently. We therefore recommend employing the capped DRES-expectile portfolio as a tactical sleeve on short rolling windows, while pairing it with more conservative strategies to stabilize long-term risk.




6. Discussion


In this section, we first examine the practical benefits of measuring portfolio risk using an expectile-based framework augmented with DRES-expectile, from both managerial and investor viewpoints. We then translate our empirical findings into concrete managerial implications for the design of future portfolio optimization strategies, showing how the DRES-expectile portfolio question can be deployed tactically, integrated into multi-strategy architectures, and governed under real-world risk budgets.



6.1. Risk Measurement Implications for Managers and Investors


The numerical experiments presented earlier clearly demonstrate the practical characteristics of the DRES-expectile portfolio question: superior average return and Sharpe ratio across all sliding windows, but accompanied by higher volatility and concentration risk. These results lead to two distinct sets of implications, one for portfolio managers and risk controllers, and one for investors.



6.1.1. Managerial Perspective


Tail-aware and continuously adjustable risk control. In contrast to “threshold-triggered” jump reactions typical of Value-at-Risk portfolio questions, an expectile-based risk metric offers earlier and smoother tail risk warnings. Thanks to this continuity, managers can employ gradient-based optimization to fine-tune risk in real time, greatly improving the controllability and sensitivity of portfolio adjustments.



Practical governance levers. The primary issues—elevated expected shortfall and high volatility—arise from oversized single-stock exposure. A governance committee can remedy this simply by imposing position-weight caps, a standard control tool. Once these caps are in place, the portfolio’s Sharpe ratio still surpasses that of all classical portfolio questions over 3 to 14 day windows, demonstrating that the framework aligns seamlessly with existing risk management policies.




6.1.2. Investor Perspective


Transparent risk–return trade-off. The ES-expectile metric produces a continuous, tail-sensitive spectrum of risk values. This enables investors to see not just how often losses might occur but also how severely, and how this evolves as portfolio positions are adjusted. Unlike threshold-based measures such as VaR, this “risk spectrum” facilitates better understanding and more informed investment decisions.



Downside protection with controlled sacrifice. When upper bounds are applied (DRES-e(30/10/5)), the portfolio question significantly reduces ES while preserving high Sharpe ratios. Investors obtain a more balanced growth path by accepting marginally lower peaks in exchange for markedly lower drawdowns, which is especially desirable for institutions with capital preservation mandates.





6.2. Managerial Implications for Future Portfolio Optimization Strategies


6.2.1. Strategic Application


Across every window length, the DRES-expectile portfolio question shows a strong, steadily rising performance trajectory, whereas traditional portfolio questions produce much flatter curves. Investors thus observe a continuous risk-evolution path and can detect the build-up of potential tail risk sooner, avoiding the VaR-style “risk-silent interval.” This clearer view of the risk–return trade-off empowers investors to make more forward-looking allocation decisions.



For more risk-averse investors, such as pension funds or insurance portfolios, the DRES-expectile portfolio question should be positioned as a satellite strategy—allocated only within clearly defined risk budgets. This approach enables controlled exposure to potential upside while maintaining the portfolio’s overall risk discipline.




6.2.2. Integration with Other Strategies


To further improve long-term portfolio stability, we recommend integrating the DRES-expectile portfolio question into a broader multi-strategy architecture:




	
Core satellite structure: Use low-volatility portfolio questions such as mean–variance or minimum variance for the core portfolio, and deploy DRES-expectile as a growth-seeking satellite component.



	
Dynamic window adjustment: Vary the sliding window length adaptively based on market volatility or regime shifts, ensuring the portfolio question does not overfit to a fixed horizon.



	
Risk budgeting and cap enforcement: Assign explicit volatility or VaR limits to the DRES-expectile sleeve, and coordinate with other sub-strategies to manage overall portfolio risk. This allows total portfolio exposure to remain within pre-defined limits while leveraging the growth potential of the robust tail-aware portfolio question.











7. Conclusions


We first introduced the expectation gap to extend the traditional risk measure and expectile, and demonstrated its effectiveness by proving that it has a solution. To better control the instability caused by empirical distributions, we employed distributionally robust optimization, introduced necessary theorems, and made reasonable assumptions. We then updated the ES-expectile and simplified the problem using optimization techniques. In numerical experiments, our DRES-expectile method almost exactly captured the trend in stock growth, resulting in the selection of only one stock in each decision, which led to excellent returns, though with a higher standard deviation. We acknowledge that such results may seem unrealistic and lack persuasiveness in practical applications. Therefore, we further conducted data experiments to show that this portfolio problem is not simply an expectation maximization problem. Moreover, by adjusting the weight of extreme solutions, we proposed a more practical portfolio strategy. We believe that this portfolio problem has potential when combined with other conservative investment strategies and holds certain reference value and research significance.
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Figure 1. Cumulative returns of all models with a sliding window of 3. 
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Figure 2. Cumulative returns of all models with a sliding window of 7. 
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Figure 3. Cumulative returns of all models with a sliding window of 14. 
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Figure 4. Cumulative returns of all models with a sliding window of 21. 
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Figure 5. Cumulative returns with a sliding window of 3 (improved DRES-expectile vs. mean). 
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Figure 6. Cumulative returns with a sliding window of 7 (improved DRES-expectile vs. mean). 
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Figure 7. Cumulative returns with a sliding window of 14 (improved DRES-expectile vs. mean). 
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Figure 8. Cumulative returns with a sliding window of 21 (improved DRES-expectile vs. mean). 
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Table 1. Comprehensive list of symbols and acronyms.
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	Symbol/Abbreviation
	English Full Name





	    VaR θ  ( X )   
	Value at Risk at confidence level  θ 



	    ES β  ( X )   
	Expected shortfall at confidence level  β 



	    q α  ( X )   
	Expectile at level  α 



	ES-expectile
	Expectile defined using asymmetric



	
	expected shortfall on both tails



	    q  α ,  β 1  ,  β 2    ( X )   
	ES-expectile with parameters  α ,   β 1  , and   β 2  



	DRO
	Distributionally robust optimization



	DRES-expectile
	Distributionally robust ES-expectile



	RU Formula
	Rockafellar–Uryasev Formula (1)










 





Table 2. Performance metrics for different questions across sliding windows.
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Window

	
Question

	
Mean

	
Standard Deviation

	
Sharpe Ratio

	
Expected Shortfall

	
Sortino Ratio






	
3 days

	
DRES-e

	
6.25 × 10−3

	
4.24 × 10−2

	
1.44 × 10−1

	
−7.58 × 10−2

	
2.56 × 10−1




	
ES-e

	
6.92 × 10−4

	
4.06 × 10−3

	
1.32 × 10−1

	
−7.99 × 10−3

	
2.37 × 10−1




	
1/N

	
1.04 × 10−3

	
7.21 × 10−3

	
1.23 × 10−1

	
−1.33 × 10−2

	
1.27 × 10−1




	
Mean-Std

	
5.21 × 10−4

	
4.32 × 10−3

	
8.46 × 10−2

	
−9.57 × 10−3

	
1.33 × 10−1




	
DRMean-Std

	
1.01 × 10−3

	
7.24 × 10−3

	
1.18 × 10−1

	
−1.37 × 10−2

	
1.97 × 10−1




	
Mean-ES

	
2.98 × 10−3

	
3.06 × 10−2

	
9.21 × 10−2

	
−5.82 × 10−2

	
1.58 × 10−1




	
7 days

	
DRES-e

	
7.95 × 10−3

	
4.49 × 10−2

	
1.73 × 10−1

	
−7.98 × 10−2

	
2.87 × 10−1




	
ES-e

	
6.90 × 10−4

	
4.18 × 10−3

	
1.28 × 10−1

	
−8.37 × 10−3

	
2.09 × 10−1




	
1/N

	
1.03 × 10−3

	
7.24 × 10−3

	
1.21 × 10−1

	
−1.33 × 10−2

	
2.13 × 10−1




	
Mean-Std

	
5.87 × 10−4

	
4.45 × 10−3

	
9.70 × 10−2

	
−9.77 × 10−3

	
1.46 × 10−1




	
DRMean-Std

	
1.01 × 10−3

	
7.25 × 10−3

	
1.18 × 10−1

	
−1.35 × 10−2

	
2.03 × 10−1




	
Mean-ES

	
2.42 × 10−3

	
3.10 × 10−2

	
7.28 × 10−2

	
−6.21 × 10−2

	
1.19 × 10−1




	
14 days

	
DRES-e

	
9.12 × 10−3

	
4.79 × 10−2

	
1.87 × 10−1

	
−7.99 × 10−2

	
3.77 × 10−1




	
ES-e

	
7.56 × 10−4

	
4.19 × 10−3

	
1.43 × 10−1

	
−8.39 × 10−3

	
2.25 × 10−1




	
1/N

	
1.04 × 10−3

	
7.29 × 10−3

	
1.21 × 10−1

	
−1.33 × 10−2

	
2.14 × 10−1




	
Mean-Std

	
6.95 × 10−4

	
4.52 × 10−3

	
1.19 × 10−1

	
−9.63 × 10−3

	
1.75 × 10−1




	
DRMean-Std

	
1.01 × 10−3

	
7.26 × 10−3

	
1.17 × 10−1

	
−1.34 × 10−2

	
2.00 × 10−1




	
Mean-ES

	
−2.99 × 10−4

	
3.40 × 10−2

	
−1.34 × 10−2

	
−7.68 × 10−2

	
2.57 × 10−2




	
21 days

	
DRES-e

	
5.43 × 10−3

	
4.96 × 10−2

	
1.06 × 10−1

	
−1.02 × 10−1

	
1.55 × 10−1




	
ES-e

	
7.93 × 10−4

	
4.20 × 10−3

	
1.52 × 10−1

	
−8.57 × 10−3

	
2.31 × 10−1




	
1/N

	
1.02 × 10−3

	
7.33 × 10−3

	
1.18 × 10−1

	
−1.34 × 10−2

	
2.13 × 10−1




	
Mean-Std

	
7.15 × 10−4

	
4.53 × 10−3

	
1.23 × 10−1

	
−9.79 × 10−3

	
1.80 × 10−1




	
DRMean-Std

	
9.90 × 10−4

	
7.27 × 10−3

	
1.15 × 10−1

	
−1.36 × 10−2

	
2.01 × 10−1




	
Mean-ES

	
1.66 × 10−3

	
3.03 × 10−2

	
4.97 × 10−2

	
−6.60 × 10−2

	
7.26 × 10−2











 





Table 3. Statistical summary of the different questions’ solutions.
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	Question
	    G  0.05     
	    G  0.1     
	    G  0.2     
	    G max    
	    G mid    





	DRES-e
	1.00
	1.00
	1.00
	1.00
	   6.69 ×  10  − 18     



	ES-e
	5.72
	0.81
	0.00
	0.11
	   5.44 ×  10  − 18     



	Mean-Std
	5.60
	0.70
	0.00
	0.11
	   4.27 ×  10  − 18     



	DRMean-Std
	0.00
	0.00
	0.00
	0.02
	   7.11 ×  10  − 3     



	Mean-ES
	1.45
	1.45
	1.26
	0.86
	   1.45 ×  10  − 4     










 





Table 4. Performance metrics for the improved DRES-expectile solution and mean questions.
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Window

	
Model

	
Mean

	
Variance

	
Sharpe Ratio

	
Expected Shortfall

	
Sortino Ratio






	
3 days

	
DRES-e(50)

	
3.24 × 10−3

	
2.23 × 10−2

	
1.38 × 10−1

	
−3.88 × 10−2

	
2.68 × 10−1




	
DRES-e(30)

	
2.34 × 10−3

	
1.52 × 10−2

	
1.44 × 10−1

	
−2.68 × 10−2

	
2.79 × 10−1




	
DRES-e(10)

	
1.44 × 10−3

	
9.07 × 10−3

	
1.41 × 10−1

	
−1.59 × 10−2

	
2.68 × 10−1




	
DRES-e(5)

	
1.49 × 10−3

	
9.40 × 10−3

	
1.42 × 10−1

	
−1.65 × 10−2

	
2.68 × 10−1




	
mu

	
2.81 × 10−3

	
3.13 × 10−2

	
8.50 × 10−2

	
−5.89 × 10−2

	
1.46 × 10−1




	
7 days

	
DRES-e(50)

	
4.29 × 10−3

	
2.46 × 10−2

	
1.68 × 10−1

	
−4.45 × 10−2

	
3.09 × 10−1




	
DRES-e(30)

	
2.96 × 10−3

	
1.66 × 10−2

	
1.70 × 10−1

	
−2.98 × 10−2

	
3.19 × 10−1




	
DRES-e(10)

	
1.64 × 10−3

	
9.46 × 10−3

	
1.56 × 10−1

	
−1.65 × 10−2

	
3.00 × 10−1




	
DRES-e(5)

	
1.68 × 10−3

	
9.79 × 10−3

	
1.56 × 10−1

	
−1.70 × 10−2

	
2.99 × 10−1




	
mu

	
1.92 × 10−3

	
3.20 × 10−2

	
5.51 × 10−2

	
−6.47 × 10−2

	
8.75 × 10−2




	
14 days

	
DRES-e(50)

	
4.91 × 10−3

	
2.46 × 10−2

	
1.94 × 10−1

	
−4.07 × 10−2

	
3.80 × 10−1




	
DRES-e(30)

	
3.34 × 10−3

	
1.66 × 10−2

	
1.92 × 10−1

	
−2.79 × 10−2

	
3.77 × 10−1




	
DRES-e(10)

	
1.76 × 10−3

	
9.53 × 10−3

	
1.68 × 10−1

	
−1.64 × 10−2

	
3.25 × 10−1




	
DRES-e(5)

	
1.81 × 10−3

	
9.86 × 10−3

	
1.67 × 10−1

	
−1.70 × 10−2

	
3.24 × 10−1




	
mu

	
−5.00 × 10−4

	
3.45 × 10−2

	
−1.90 × 10−2

	
−7.82 × 10−2

	
−2.53 × 1