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Abstract: The Euler-Boltzmann equations are an important class of mathematical models
that describe the coupling between particle transport and macroscopic fluid dynamics.
They find broad applications in plasma physics, rarefied gas dynamics, and astrophysics. In
these fields, incorporating a time-dependent damping term is crucial for modeling real-
world scenarios, as opposed to idealized inviscid conditions. In recent years, there has
been growing interest in the long-time behavior of their solutions. This paper focuses on
the initial value problem for the three-dimensional Euler-Boltzmann equations with time-
dependent damping, aiming to investigate the finite-time blowup behavior of classical
solutions. We use an integration method with general test function f and show that if the
initial data are sufficiently large, classical solutions of the Euler-Boltzmann equations with
time-dependent damping in R?® will blowup on or before the finite time T* > 0.

Keywords: blowup; Euler-Boltzmann equations; time-dependent damping; initial value
problem; test function

1. Introduction

Fluid mechanics that include the contributions of radiation energy and momentum
are known as radiation hydrodynamics [1,2]. Radiation fluid dynamics theory has many
applications, including various astrophysical phenomena, such as waves and oscillations
in stellar atmospheres and envelopes, nonlinear stellar pulsations, supernova explosions,
and stellar winds, see [1-3]. At high temperatures, the energy and momentum densities
of the radiation field can match or even exceed those of the related fluid properties. In
this condition, the radiation field remarkably influences fluid dynamics. In the field of
radiation hydrodynamics, the Euler equations describe the macroscopic motion of the
fluid, while the Boltzmann equation describes the evolution of the radiation field. Radiation
hydrodynamics studies how radiation affects the motion and thermal state of a fluid, and
in turn, how the state of the fluid affects the propagation of radiation. Therefore, the
mathematical equations that govern radiation fluid dynamics are the coupling of the Euler
equations for compressible fluids,

o+ V- (pu) =0,
(Pu‘f‘clzpr)t‘f'v(Pu®u+Pr)+Vp:0/
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where p = p(x,t), u = (u1(x, t),uz(x,t),u3(x,t)), p = p(p) represent the mass density, the
fluid velocity, and the pressure, respectively, F, and P, represent the radiative flux and the
radiative pressure tensor, respectively, defined by

F, :/ dv/ QI(v,Q)dQ, P, = 1/ dv/ Q©0Ql(v,0)d0, @
JO S? cJo JS?

with the Boltzmann equation for particle transport, namely,

181(1/ 0)+Q VI(v,Q) = S(v,p) — 0a(v,p) (v, Q)

C
+/ / Loiv = v, Q- 0,0)I(V, Q) — os(v — v’,Q~Q’,p)I(v,Q))dQ’, (3)

where ¢, I (x,t,v,Q) represent the light speed, and the specific intensity of radiation at
space point x € R3, with the radiation frequency v in a direction Q) € S? (S? is the unit
sphere of R3), respectively. S(v, p) = S(x,t,v,Q, p) is the rate of energy emission due to
spontaneous processes. 0, (v, p) = 0,(x,t,v,Q, p) is the absorption coefficient.

Similar to the way photons interact with matter through absorption, photons can
interact with matter through scattering, and the scattering interaction serves to change the
photon’s characteristics (v/, Q)) to a new set of photon characteristics (v, Q). This leads to
the definition of the “differential scattering coefficient’ o5(v' — v, QY - Q,p) = 0s(x,t,v —
v, -Q,p).

Due to its complexity and mathematical difficulty, the Euler-Boltzmann system is a
challenging subject. In [4], under appropriate assumptions on the transport coefficients
and data, the authors proved the existence of weak solutions to the Cauchy problem for
one-dimensional equations of motion of a compressible inviscid gas coupled with radia-
tion. Subsequently, in [5], Pu and Zhang proved the existence of global smooth solutions
to the isentropic Euler-Boltzmann equations in R¥ with a certain class of small initial
data. In [6], Li and Xi proved that the Cauchy problem of three-dimensional compress-
ible radiation fluids with vacuum shares the same BKM-type blowup criterion as the
compressible Navier—Stokes equations, while the Serrin-type criterion should involve the

P (p € [2,3]) norm of the density gradient.

We examine the manifestation in the equation of transfer of the quantum statistics
(i.e., (3)) obeyed by photons. From the ‘induced processes” and the local thermodynamics
equilibrium (LTE) assumption together, S(v, p) and 0, (v, p) in (3) can be written as

2 v ol
S(0,0) = al0B0) (1+ 5 ), i) =atp) (14 GF ), @

where a(v, p) is the absorption coefficient, we assume throughout this paper that a(v, p) > 0,
B(v) is a simplification of the Planck function, which represents the energy density of black-
body radiation, and # is the Planck constant. By using Equation (4) and assuming 0; = 0 in
(3), we can rewrite the Equations (1) and (3) as follows

pe+ V- (pu) = B
(pu)i+ V- (pu®@u) +Vp=—1 [P dv [ Qa(v,p)(B(v) — I))dQ, (5)
1h+Q-VIi=a(v,p)(Bv)-1I).

For system (5) in [7], Zhong and Jiang obtained the local existence of C! solutions to the
Cauchy problem for the equations of multidimensional radiation hydrodynamics, and used
the energy method to prove that C! solutions to the Cauchy problem in R? will blowup
in finite time when the initial data are sufficiently large. In [8,9], the authors constructed
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global weak entropy solutions using the Godunov finite difference scheme, establishing
the global existence of weak entropy solutions for the one-dimensional Euler-Boltzmann
equations in L* with the aid of the compensated compactness method. In [10], Jiang ob-
tained the finite-time blowup of C! solutions to the Cauchy problem in R3 by utilizing the
weighted functional

P(r,t) = /lxbrw(x,r)(p(x,t) _5)dx, >0, ©6)

where w(x,7) = |x|~!(|x| —r)?. Subsequently, in [11], Jiang and Yin used the same weighted
functional, and studied the finite-time blowup of C! solutions to the Cauchy problem to the
three-dimensional non-relativistic radiation hydrodynamic equations in R3. In [12], Li and
Zhu proved that no matter how small the initial data are, if the initial mass density has
compact support, the classical solutions to the Cauchy problem for multi-dimensional
compressible radiation hydrodynamics equations with a vacuum will blowup within
a finite time. In [13], Cao and Li investigated the formation of singularities in regular
solutions to the Cauchy problem for n-dimensional isentropic Euler equations and the
Euler-Boltzmann equations with vacuum. Specifically, it was shown that regardless of
how small and smooth the initial data are, if the initial velocity satisfies certain conditions
on the integral | in the “isolated mass group”, then regular solutions to the Euler system
(for ] £ 0,n > 1) and the Euler-Boltzmann system (for ] < 0,n > 1,and | = 0,n > 2)
will blowup in finite time. Some studies of simplified versions of radiative hydrodynamic
model systems are referred to in [14,15].

It is important to recognize that, although the Euler-Boltzmann system (5) is valuable
for modeling ideal radiative fluids, it inherently neglects viscous effects and other physical
mechanisms present in realistic scenarios. To more accurately capture the dynamics of
real-world radiative fluids, it is essential to develop and employ more sophisticated models
that incorporate these effects. For example, damping terms can be introduced to improve
the model’s capacity to describe practical situations. In particular, when considering the
motion of a radiative fluid through a porous medium, the Euler-Boltzmann equation with
a time-dependent damping term can be used. In this paper, we consider the following
three-dimensional Euler-Boltzmann equations with time-dependent damping of a poly-
tropic and isentropic fluid in radiation hydrodynamics

1h+0Q-VIi=a(v,p)(B(v)—1),

pt+ V- (pu) =0, (7)

(pu)i+ V- (pu®u) +Vp=—1 [Fdv [, Q(a(v,p)(B(v) —I))dQ — (1—&;-4715)\ ou,
where (HLM is the frictional coefficient with A € (—o0, +00) and p > 0 represents the damp-
ing coefficient and decay rate, repectively. For the polytropic, ideal, and isentropic fluid,
the pressure pis p = Ap”, where A > 0, and v > 1 is the adiabatic index.

In the following, we consider the initial value problem of the system (7) with the
initial data

1(x,0,v,Q) = B(v) + Ih(x,v,Q),
p(x,0) =0 + po(x) >0,

u<x’0) = uO(X)/

supp(lo, po, o) C {x: [x| < R}.

Define the total mass function by

m(t) = [ (et ~p)x, teoT] )
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For completeness, we provide the related results for the Euler system (1). The com-
pressible Euler equations, serving as a fundamental model for the study of fluid dynamics,
plasma, and atmospheric dynamics, have been extensively researched. Due to their phys-
ical significance and mathematical challenges, many scholars have carried out in-depth
analyses of the blowup phenomena, which can be found in [16-21].

2. Materials and Methods

In the blowup analysis for solutions, the integral functional method is often used
with the aim of proving that if the initial data of the functional are large enough, the
singularity of the solution will occur in a finite time. Sideris [17] initially introduced the
integral functional

F(t) = /RB px - udV, (10)

and demonstrated that for three-dimensional non-isentropic compressible Euler equations,
if the initial value F(0) is sufficiently large, the C! solutions will develop singularities within
a finite time. It is worth mentioning that the weighted functional (6) was originally used by
Sideris in this work. In [22], Lei et al., by using test functions Y% and the modified Bessel
function associated with the radius r, proved that under the assumptions of symmetric
initial velocity and initial sound speed vanishing at the origin, the solutions for Euler
equations in R? and R will blowup in finite time. Subsequently, Zhu, Tu, and Fu in [23]
considered variations of (10), given by

Fi(t) = /R3 Ix|"px - udx, (11)

B(t) = /RS (1= )ox - udx. (12)

Using these functionals, they were able to derive finite-time blowup results for the
three-dimensional non-isentropic compressible Euler equations, under the conditions that
F;(0) are sufficiently large. In [24], Yuen obtained the blowup results for the irrotational C!
solution by introducing the new density-independent functional

H(t):/RNx-udx, (13)

In addition, Cheung, Wong, and Yuen, in their work [25], formulated a test function
f = f(r) that shows an increasing C! property. They applied the functional

F(t) :/Ofpx-udx, (14)

to investigate the blowup results of the initial-boundary value problem for the
three-dimensional non-isentropic Euler equations. In [26], Dong presented the blowup
results of the three-dimensional compressible isothermal Euler equations in both radial
symmetry and non-radial symmetry by using the integral functional method. Recently,
in [27], Liu, Qin, and Yuen used the density-independent functionals

F(t) = /R" fix - udx, (15)
and

B(t) = /IR fax-udx, (16)
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with the general test function f = f(r), and demonstrated the corresponding blowup
results of C! irrotational solutions for Euler equations with time-dependent damping in
R"(n > 2), provided that the density-independent initial functional is sufficiently large.

In this article, we find general test functions f = f(r) with r = |x|, where f(r) is
a strictly increasing C! function with r = |x| satisfying f(0) = 0. By using the
weighted functional

. 1 " 00 .
:/Rafx-puderc—z/Radx/O dv/szfx-ﬂudﬂ, (17)

where U := I(x,t,v,Q) — B(v), we investigate the blowup phenomenon of classical solu-
tions for Euler-Boltzmann equations with time-dependent damping in R3.

3. Results

In this section, we present the main results along with the detailed proof.

3.1. Existence of Classical Solutions

We first note that system (7) can be cast into a first-order symmetric hyperbolic form.
According to the theories established by Kato [28] and Majda [29], for smooth initial data,
classical solutions to such systems exist locally in time. To establish the existence of classical
solutions to system (7), we begin with the following lemma.

Lemma 1. Consider system (7) expressed in the first-order symmetric hyperbolic form

IW 1 oW
Ao—=, o +Z e =D, (18)

where W := (I, p, uq, U, u3)T, Ao, Aq, ..., Ay are symmetric matrices with Ag being positive
definite, and D is a 5-dimensional column vector. Then, there exists a time interval [0, T*) such that
system (7) has a unique classical solution. Assume the initial condition W(x,0) = Wo(x) belongs
to the Sobolev space H®(R™) (with s > § + 1). Then, there exists a time interval [0, T*) such that
system (7) has a unique classical solution W € C([0, T*); H*(R")) N C1([0, T*); H*~1(R™)).

Proof. We denote the direction vector Q) as
Q:= (QlIQZI 03)1

where (), (), and ()3 are its components in the xj, x, and x3, directions, respectively.
Applying the chain rule, we obtain

dp _ dpdp

ot ap ot

Using this relation, system (7) can be rewritten in the following form

19 3
1+ Ol = a(v,pU

3
dp dp dp dp du
p 8t+ ZukapaTck +Pk2 Txi 0, (19)

p%i 4 Z pukg;‘]’( aaf,- =1 [Fdv [ Qa(v,p)UdQy; — < pu;, (i=1,2,3).

(1+t)

Next, we explicitly write out the coefficient matrices Ao, A1, Ay, A3 of system (19). The
specific forms of these matrices are as follows
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10000 O 0 0 0 0
0 % 000 0 Pu p 0
Ap=10 0 p 0 0|, Ar=[0 1 puy 0 0 [, (20)
0 0 0 p O 0 0 0 puy O
0 0 00 p 0 0 0 0 pu
O 0 0 0 Q 0 0 0 0
0 %u, 0 p 0 0 Fus 0 0
Ar=[0 0 pup 0 0| As=]0 0 pu3 0 O (21)
0 1 0 pup O 0 0 0 puz O
0 0 0 0 pup 0 1 0 0 pus

It is clear that matrix Ay is positive definite. Although the matrices Ay, A, A3 exhibit a
symmetric structure, the entries at corresponding symmetric positions are not exactly equal.
In the following, we will address this issue by adjusting the coefficients of system (19) to
ensure full symmetry.

By multiplying both sides of the momentum equation in system (19) by p, we obtain

the following form

o=

3
o1 o1
o +k§ Qg =

(<3
—

dp

axk

o d

dp
2

M

t+ Uj

Q)
QJ‘Q)
<

=

[y

3
ou; ou;
o + k§1 als

=)

The corresponding coefficient matrices now take the following explicit forms

a(

+

v,e)U,
3
ou,
pk§1 o =0
9 3
paf, =& [Fdv [ Qa(v,p)UdQ); —

10
Ao=10 o0
0 0
0 0
O 0 0
0 Pu; 0
A=[0 0 pu 0
0 0 0 %up
0 0 0 0
and D satisfies

D=

0 0 0 QO 0
0 0 0 0 ggul
> 0 0|, A=[0 p
0 > 0 0 0
0 0 p? 0 0
0 Q3 0 0
0 0 Pus 0
0 |, As=[0 0 (%u
0 0 0 0
P2y 0 0
a(v,p)U
0

—% fooo dv [ Qqa(v, p)Udy —
L[5 dv [ Oa(v, p)UdO; —
—& [ dv [ Qza(v, p)UdQs —

(1+t)A
1+t)

1+t)

pPus

P
e

Pus

T P, (1=1,2,3).

o O © O

(22)

(23)

(24)

(25)
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So far, we have transformed system (7) into a first-order symmetric hyperbolic form.
The proof of Lemma 1 is completed. [J

In the previous section, we established the existence of a local classical solution to
system (7). We now present the main result of this paper.

3.2. Main Result
Theorem 1. Fix T* > 0, u > 0,and a € (0,1). Let (I, p, u) be a classical solution of the initial

value problem (7) and (8) for 0 < t < tand Uy =: Ip(x,v, Q) — B(v) > 0.
1. For the case that decay rate yu > 0 and the damping coefficient A € [0, 400), if

F(O) > |2 + ];jl‘i’ 41112, (26)
and
1 T* dt -1

F02 15| swram) 7

then T < T*, where

a

h = S+ ) )
L = 47p(R +oT*)*f(R + oT*), (29)
G(t) = 2(R 4 ot)*f(R 4 ot)[m(0) 4+ p|B(t)|], (30)
Q) = ;?(R+O't)2f(R+0't)|B(t)] -max(/ooo dv /SZ Uy dQ), (31)

P is the pressure at the background density p and is constant, B(t) is a moving region that satisfies
B(t) = {x: |x| < R+ ot}, (32)

and its volume satisfies the following formula
4 3
|B(t)| = gn(R +ot)”. (33)

It should be noted that G(T*), Q(T*) and |B(T*)| are the maximum values of the functions
G(t), Q(t) and |B(t)|, respectively, for t € [0, T*|, satisfying

G(T*) = 2(R+0T*)2f(R +0T*)[m(0) + p|B(T")]], (34)

QT) = 3%(1{ 4 oT*)2f(R + 0T |B(T), .max</0°° dv /S2 Uy dQ), (35)

and
* 4 *\3
|B(T )|:§7T(R+0'T )°. (36)
2. For the case that decay rate y > 0 and the damping coefficient A € (—c0,0), if

I3+ /12 +4L1,
> : (37)

F 0> - 211 !

and inequality (27) is satisfied, where I3 =: ﬁ then T < T*.



Symmetry 2025, 17, 835

8 of 15

Remark 1. As an application, if one chooses f tobe 1 — e~ X, where r = |x|, the solution of systems
(7) and (8) will blowup on or before time T* if the initial data are sufficiently large. Some test func-
tions f that have the same effects as follows: f = |x|, f = |x|", f =1 — e~ "], etc.

Remark 2. When decay rate y = 0, the system (7) is the system (5). In this case, provided that

the initial value satisfies

VAL
2L

and inequality (27) also holds, we conclude that T < T*. This case is clearly a simplified version of

Theorem 1, and the proof is therefore omitted.

F(0) > (38)

3.3. Preliminaries

In order to prove Theorem 1, we first give the following preliminaries. Since i = 0,
the maximum speed of propagation of the front of a smooth disturbance is governed by

o= 4/0,p(p) = /Ay’ ! > 0. (39)

We will give the preliminary of finite propagation speed for the system (7). For the

the sound speed

proof, we refer to Proposition 3.1 in [7].
Lemma 2. Let (I, p,u) be a classical solution of the initial value problem (7) and (8), then, we have

(Ip,u) = (B(v),p,0) (40)
for |x| > R+ot, t €[0,T*].

Assume the density p has compact support in the region B(t) for a classical solution
of system (7) in R3. We can also give the total mass conservation result.

Lemma 3. Suppose (I,p,u) is a classical solution of the initial problem (7)—(8) for 0 < t < T*.
Then, we have,
m(t) =m(0), 0 <t <TF, (41)

where m(t) is the total mass function.

Proof. We have

I\ _ ) _ _ _
m'(t) —/R3Pt dx = /B(t)V (pu) dx /SB(t) pu-ndS =0, (42)

with the preliminary of finite propagation speed, where n is the unit outward normal vec-
tor to 0B(t) := {x: |x| = R+ ct}.
Then, m(t) = m(0),0 <+ < T*. O

Next, we present a lemma related to the specific intensity of radiation I. Lemma 4 states

that the second term of functional (17) is non-negative, i.e., we have F(t) > fR?’ fx- pudx,
which is needed in the proof of the blowup result later.

Lemma 4. If Uy > 0O, then we have
u>o, (43)

and

/ dx/ dl// Ud()g/ dx/ dv/ Uy dQ), forallt > 0. (44)
B(t) 0 $? B(t) 0 S?
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If Uy = 0 for x - Q < 0, then we have
U=0 for x-Q<0. (45)

Proof. We note that B(v) is independent of x and t. Then, the first equation of system (7)
can be rewritten as

%%—f+n-vu+a(u,p)u:0. (46)

By using the method of characteristics [30-33], we have

d
a—lf+c0~vu+ca(v,p)ll:0. (47)
Along the characteristic curve % = ¢Q from the point (xo,0), we have
d
d—Lt[ +ca(v,p)U = 0. (48)

Integrating the above equation (48) along the characteristic line, we obtain
U = Uge Jocatvp)dt (49)

Hence, U has the same sign as Uy. If Uy > 0, then we have U > 0.
On the other hand, it follows from (49) that

0<U < U. (50)

The handling of the second term of the functional F(t), in the special case where x - Q < 0,
is as follows.

By equation (49), we have U = 0 for x - Q < 0, provided that Uy = 0 for x- Q@ < 0.
The proof of Lemma 4 is completed. O

3.4. Integration Method by Test Function
In this part, we shall provide the proof of the blowup result of the classical solutions

to the Euler-Boltzmann equations with time-dependent damping in R3.

Proof of Theorem 1. It is observed that the first and third equations in system (7) share
the common term a(v, p)(B(v) — I). Therefore, the third equation can be rewritten in the
following form

1 <)
(Pu)t+C7/() dV/SZQItdQ+Vp+V-(pu®u)

= —_ - vido — ——— .
/ d]//2| |2 d ( t)/\pu (5)

Noting the definition of F(t) in (17), by integration by parts and the finite propagation
speed property, we have
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1 o0
:/Rsf"'(”“)td"+;z,/R3 dxl/O dv/Szfx~QUtdQ
fx'{*l/ dV/ QItdQ*VP*V'(pu(@u)f%/O dv/Sz|Q|Z-VIdQ
(1+t>/\pu}dx+ / dx/ dV/ fx-OQLdQ  (by formula (51) )

—/Rsfx-V(p—?)dx—/Raf»V'(pu®u)dx

—%/dex/()oodv/szfx-|ﬂ|2-v Bw)dn— [ fx: (Hmpudx
= =PIV (pax [ [fp|u|2+f"(x'“)}dx

1/;( dx/oodv / V- (£ - B(v))dQ — / F G o
= [ =Pl O 3flax [ [fp|u|2 Lolx-u) ]dx
*z/md"/o v [0 (1) +3PI0P(=Bw)a0— [ fx- qlspudx
> [ =P )+ 3flax+ [ folaPax
+§/B(t) dx/ooodv/szf|0|2udﬂ—/3(t)fx- (1ft)Apudx. (52)

Using the spherical coordinate transformation, we estimate the first term of (52) and
thereby obtain

Jy = PIF (1) +3 )

> [ 0

= —p/anO/ dq)/ r) 4 3f)r?singdr

= —Arp[(R+ct)}f(R + ot) — R3f(R)]

> —47p(R + ot)>f(R + ot). (53)

Based on the above inequality, inequality (52) can be rewritten as

3 o0
> 24 —/d/d/ QLU dQ
_/B(t)fplul L A0

—47p(R+ ot)* f(R+ ot) — ﬁ /B(t) fx- pudx. 54

By squaring the functional F(t) and using the compact support property, we can restrict
the domain of integration from R3 to B(t), thus obtaining the following
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—[/R3fx-pudx+Clz/Rde/Ooodv/Szfx-QUer
—[/B(t)fx-pudx—i—Clz/B(t)dx/Ooodv/Szfx-QUer
SZM(t)fx-puderrCi[/B(t)dx/Owdv/Szfx-nwnr
<iUB(t)dx/0°°du/Sfo|2um} {/B(t)dx/ooodv/ézfmzudﬂ]
R T -
<[2/B(t)fp|x2dx+/ dx/ dv/ FixPu dn]
x L/B(t)fp|u|2dx+C/B(t) ax [ dv/Szf|02UdQ} (55)

The second-to-last step in Equation (55) involves two product terms derived from
four positive components. By appropriately reorganizing these components into a prod-
uct of four individual terms, we establish the transformation between the preceding and
current steps. For the first term of (55), by the total mass conservation result, we have

2 2d
o fo P

§2(R+at)2f(R+at)/ pdx

= 2(R+ ot f(R +ot) [/ (o — p)dx—l—/B(t)pdx}

(R+0t)* f(R+ot)[m(t) +p|B()]]

2
2(R+0t)*f(R+ct)[m(0) +p|B()]]. (56)

For the second term of (55), noting inequality (50), we have
2
362/ / dv/ FIxPU do
> 2 (R+0tPf(R +0t) / dx/ dv/ U do

2 2
< = (R+0t) f(R—i—Ut)/B(t)dx/O dv/SZUOdQ

3c
;—2(R+Jt)2f(R+at)|B( )| - max (/Ooodv/gz U d0>. (57)
Here, we denote
G(t) = 2(R + ot)2f (R + ot)[m(0) + p|B(t)]] > 0,
Q(t) = 32—2(R+0t)2f(R+at )|B(t) max</ dv/ U dQ) (58)

Based on the above analysis, inequality (55) can be rewritten as

P0) < G0+ o) [ solPax+ 2 [ ax [Vav [ fiofuda). o
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Then, [5,) folul?dx+2 [5, dx [ dv [ FOPUAQ > )jém
Noting the first two terms of the inequality of (54) and L emma 4, we have
F'(t) zc(tif%(t) 4R + o) f(R + o) — / g f—lt)A pudx
_G(tift)Q(t) —47p(R + ot f(R +ot) — vy + s / fx - pudx
__G(Sj?g(ﬂ——4npU2+01ff(R4—Uﬂ«—(1jfﬂAFU)
+ﬁ/wdx/0mdv/szfx-ﬂudﬂ
z(fz()(t) —4A7p(R+ ot f(R + ot) — ﬁm)
2 G 8 (5 <a>Fi(2<t> APPSR 40T ()
g LR} (60

where the constant 2 € (0,1). By Lemma 4, the fourth term in the third step of the above

expression is always non-negative. More specifically, U is always non-negative. A special

case occurs when x - Q) < 0, in this case, as long as the initial data Uy = 0, we have U = 0.
Actually, if F(0) > 0 and J;(t) > 0 for t € [0, T*], we can obtain

/ (1—a)F(t)
Fi(t) > m,

Therefore, F(t) is an increasing function and F(t) > F(0) > 0.

€ [0, T*. (61)

For the case that decay rate > 0 and the damping coefficient A € [0, +0), it is appar-
ent that — F(t) > —uF(t). It follows that

I
(148"
aF?(t)
O =g+ o)

= F2(t) — uF(t) — I
=:Jo(F(t)). (62)

—47p(R+0T*)3 f(R 4 oT*) — uF(t)

Apparently, Jo(F(t)) is a quadratic equation about F(t) and F(t) € [F(0),F(T*)] for
t € [0,T*]. It follows that Jo(F(¢t)) > 0 if F(0) > % and J,(F(0)) > 0. We can ob-

tain from initial condition (26) that J; () > Jo(F(t)) > 0fort € [0, T*].
For the case that decay rate u > 0 and the damping coefficient A € (—o0,0), it is ap-

parent that — (pft)AF(t) > — (1+;4T*))‘ F(t). Therefore, we have
an(t) — *\3 * M
= L F2(t) — BF(t) - I
=: J3(F(t)). (63)

If F(0) > 21731 and J3(F(0)) > 0, we can obtain J3(F(f)) > 0. From the initial condition (37),
we can obtain J1(¢t) > J3(F(t)) > 0for t € [0, T*].
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From inequality (61), we have
0<1—"(1t)<1—"(1())(1a)./0.*(3(t)fl:Q(t)' (64)
By the initial condition (27), we have
F(l()) <(1-a) OT* (w):l_tQ(t) (65)

Equation (65) shows that the right-hand side of Equation (64) is nonpositive (i.e., less than
or equal to zero), which leads to a contradiction. Therefore, as long as the initial dataset is
sufficiently large (satisfying condition (27)), the classical solution will blowup on or before
the finite time T*. O

4. Discussion

In this paper, we explore the influence of time-dependent damping on the singu-
larity formation of solutions. Jiang [10] investigated the blowup phenomenon for solu-
tions of the three-dimensional compressible Euler-Boltzmann equations using a specific
weighted functional (6). However, this weighted functional does not apply to similar
equations with time-dependent damping. By taking into account the functional (14) pro-
posed by Yuen et al. [25] and the effects of radiation, we construct a new weighted
functional (17). Our results demonstrate that the classical solutions of the three-dimensional
compressible Euler-Boltzmann equations truly blowup in finite time, despite the presence
of time-dependent damping.

5. Conclusions

This paper focuses on investigating the singularity formation of classical solutions for
the compressible Euler-Boltzmann equations with time-dependent damping in R3. We first
establish the local existence of classical solutions. Subsequently, by introducing a functional
F(t) weighted by general test function f, we demonstrate that, under the assumption of
sufficiently large initial data, the classical solutions inevitably blowup in finite time. This
study includes two innovations. First, the introduction of a time-dependent damping term
enhances the physical accuracy of the model compared to traditional Euler-Boltzmann
systems, making it more suitable for practical scenarios, such as the flow of radiative fluids
in porous media. Second, we derived the sufficient condition for the finite-time blowup of
classical solutions, with the type of blowup related to functionals of the solution, providing
new insights into the formation of singularities in the radiative fluid model with damping,
and extending the existing blowup theory under a physically relevant damping framework.

Author Contributions: Conceptualization, M.Y.; methodology, J.L., M.L. and M.Y,; validation, J.L.,
M.L. and M.Y;; investigation, M.L.; writing—original draft preparation, M.L.; writing—review and
editing, ].L. and M.Y.; supervision, J.L.; project administration, M.Y.; funding acquisition, M.Y. All
authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the Natural Science Foundation of Shanghai 20ZR1419400. This
research paper is partially funded by the Departmental Research Grant 2024-25 (MIT/DRG10/24-25)
from The Education University of Hong Kong.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Acknowledgments: We express our gratitude to the esteemed professors whose insightful reviews
and feedback have significantly contributed to the refinement of our paper.



Symmetry 2025, 17, 835 14 of 15

Conflicts of Interest: The authors declare no conflicts of interest. The funders had no role in the design
of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript; or
in the decision to publish the results.

References

1. Mihalas, O.; Mihalas, B. Foundations of Radiation Hydrodynamics; Oxford University Press: New York, NY, USA, 1984.

2. Pomraning, G. The Equations of Radiation Hydrodynamics; Pergamon: Oxford, UK , 1973.

3. Zeldovich, Y.; Raizer, Y. Physics of Shock Waves and High-Temperture Hydrodynamic Phenomenon. ASME |. Appl. Mech. 1967,
34, 1055. [CrossRef]

4. Blanc, X.; Ducomet, B. Global weak solutions to 1d compressible euler equations with radiation. Commun. Math. Sci. 2015,
13,1905-1936. [CrossRef]

5. Pu,Y.; Zhang, Y. Global existence of smooth solutions to the Euler-Boltzmann equations. Chin. Ann. Math. Ser. A 2022, 43, 119-136.

6. Li, Y, Xi, S. Blow-up criteria for three-dimensional compressible radiation hydrodynamics equations with vacuum. J. Math. Anal.
Appl. 2018, 458, 1166-1192. [CrossRef]

7.  Zhong, X,; Jiang, S. Local existence and finite-time blow-up in multidimensional radiation hydrodynamics. ]. Math. Fluid
Mech. 2007, 9, 543-564. [CrossRef]

8.  Jiang, P. Global weak solutions to the non-relativistic radiation hydrodynamical equations with isothermal fluids. ]. Differ.
Equ. 2012, 253, 2191-2223. [CrossRef]

9. Jiang, P; Wang, D. Global weak solutions to the Euler-Boltzmann equations in radiation hydrodynamics. Q. Appl. Math. 2012,
70, 25-44. [CrossRef]

10. Jiang, P.; Wang, D. Formation of singularities of solutions to the three-dimensional Euler-Boltzmann equations in radiation
hydrodynamics. Nonlinearity 2010, 23, 809-821. [CrossRef]

11. Jiang, P; Yin, J. Formation of singularities of solutions to the three-dimensional non-relativistic radiation hydrodynamic equations.
J. Math. Anal. Appl. 2012, 395, 241-250. [CrossRef]

12.  Li, Y;; Zhu, S. Formation of singularities in solutions to the compressible radiation hydrodynamics equations with vacuum.
J. Differ. Equ. 2014, 256, 3943-3980. [CrossRef]

13. Cao, Y,; Li, Y. On Blow-up of Regular Solutions to the Isentropic Euler and Euler-Boltzmann Equations with Vacuum. Chin. Ann.
Math. 2021, 42, 495-510. [CrossRef]

14. Kawashima, S.; Nishibata, S. Cauchy problem for a model system of radiating gas: Weak solution with a jump and classical
solutions. Math. Models Methods Appl. Sci. 1999, 9, 69-91. [CrossRef]

15. Kawashima, S.; Nishibata, S. Shock wave for a model system of the radiation gas. SIAM J. Math. Anal. 1998, 30, 95-117. [CrossRef]

16. Sideris, T. Formation of singularities in solutions to nonlinear hyperbolic equations. Arch. Ration. Mech. Anal. 1984, 86, 369-381.
[CrossRef]

17.  Sideris, T. Formation of singularities in three-dimensional compressible fluids. Commun. Math. Phys. 1985, 101, 475-485. [CrossRef]

18. Sideris, T.; Thomasses, B.; Wang, D. Long time behavior of solution to the 3D compressible Euler equations with damping.
Commun. Partial. Differ. Equ. 2003, 28, 795-816. [CrossRef]

19.  Sideris, T. Spreading of the free boundary of an ideal fluid in a vacuum. J. Differ. Equ. 2014, 257, 1-14. [CrossRef]

20. Wu, X,; Wang, Z. Singularities in Finite Time of the Full Compressible Euler Equations in R?. Nonlinear Anal. 2024, 240, 113445.
[CrossRef]

21.  Suzuki, T. Irrotational Blowup of the Solution to Compressible Euler Equation. J. Math. Fluid Mech. 2013, 15, 617-633. [CrossRef]

22. Lei, Z,; Du, Y.;; Zhang, Q. Singularities of solutions to compressible Euler equations with vacuum. Math. Res. Lett. 2012, 20, 55-64.

23.  Zhu, X,; Tu, A.; Fu, C. Blowup for the 3D compressible Euler equations. Nonlinear Anal. 2016, 133, 51-60. [CrossRef]

24. Yuen, M. Blowup for irrotational C! solutions of the compressible Euler equations in RN. Nonlinear Anal. 2017, 158, 132—141.
[CrossRef]

25. Cheung, K.; Wong, S.; Yuen, M. Blowup phenomenon for the initial-boundary value problem of the non-isentropic compressible
Euler equations. J. Math. Phys. 2018, 59, 041502. [CrossRef]

26. Dong, J. Blowup for the compressible isothermal Euler equations with non-vacuum initial data. Appl. Anal. 2020, 99, 585-595.
[CrossRef]

27. Liu, J; Qin, Z.; Yuen, M. Formation of Singularity for Isentropic Irrotational Compressible Euler Equations. Symmetry
2024, 16, 454. [CrossRef]

28. Kato, T. The Cauchy problem for quasi-linear symmetric hyperbolic systems. Arch. Rational Mech. Anal. 1975, 58, 181-205.
[CrossRef]

29. Majda, A. Compressible Fluid Flow and Systems of Conservation Laws in Several Space Variables; Springer Science & Business Media:
Berlin/Heidelberg, Germany, 1984.

30. Dafermos, C. Development of singularities in the motion of materials with fading memory. ARMA 1986, 91, 193-205. [CrossRef]


http://doi.org/10.1115/1.3607836
http://dx.doi.org/10.4310/CMS.2015.v13.n7.a11
http://dx.doi.org/10.1016/j.jmaa.2017.10.001
http://dx.doi.org/10.1007/s00021-005-0213-3
http://dx.doi.org/10.1016/j.jde.2012.06.014
http://dx.doi.org/10.1090/S0033-569X-2011-01227-2
http://dx.doi.org/10.1088/0951-7715/23/4/003
http://dx.doi.org/10.1016/j.jmaa.2012.03.027
http://dx.doi.org/10.1016/j.jde.2014.03.007
http://dx.doi.org/10.1007/s11401-021-0273-6
http://dx.doi.org/10.1142/S0218202599000063
http://dx.doi.org/10.1137/S0036141097322169
http://dx.doi.org/10.1007/BF00280033
http://dx.doi.org/10.1007/BF01210741
http://dx.doi.org/10.1081/PDE-120020497
http://dx.doi.org/10.1016/j.jde.2014.03.006
http://dx.doi.org/10.1016/j.na.2023.113445
http://dx.doi.org/10.1007/s00021-012-0116-z
http://dx.doi.org/10.1016/j.na.2015.11.021
http://dx.doi.org/10.1016/j.na.2017.04.007
http://dx.doi.org/10.1063/1.5031120
http://dx.doi.org/10.1080/00036811.2018.1506103
http://dx.doi.org/10.3390/sym16040454
http://dx.doi.org/10.1007/BF00280740
http://dx.doi.org/10.1007/BF00250741

Symmetry 2025, 17, 835 15 of 15

31. John, F. Formation of singularities in one-dimensional nonlinear wave propagation. Commun. Pure Appl. Math. 1974, 27, 377-405.
[CrossRef]

32. Klainerman, S.; Majda, A. Formation of singularities for wave equations including the nonlinear vibrating string. Commun. Pure
Appl. Math. 1980, 33, 241-263. [CrossRef]

33. Lax, P. Development of singularities in solutions of nonlinear hyperbolic partial differential equations. J. Math. Phys. 1964,
5, 611-613. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1002/cpa.3160270307
http://dx.doi.org/10.1002/cpa.3160330304
http://dx.doi.org/10.1063/1.1704154

	Introduction
	Materials and Methods
	Results
	Existence of Classical Solutions
	Main Result
	Preliminaries
	Integration Method by Test Function

	Discussion
	Conclusions
	References

