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Abstract: In the research and practice of integrated scheduling problems, the tree structure
of complex products usually presents an asymmetric and complex form. This asymmetry
is mainly reflected in the hierarchical relationship between the various components of the
product, the degree of dependence, and the sequence of production processes. Existing
studies often neglect that leaf nodes with the lowest layer priority can be scheduled
at any moment, leading to underutilization of parallelism potential under symmetric
structures and exacerbation of critical path delays under asymmetric structures. Aiming at
solving this kind of problem, an integrated scheduling algorithm based on the improved
Floyd algorithm (ISA-IFA) is proposed. According to the improved Floyd algorithm, the
algorithm proposed a path-weighted strategy, which constructs the vertical path value
according to the processing time of the process itself. Combined with the proposed process
scheduling advantage strategy, the leaf node process is especially emphasized as the
priority scheduling object, which makes the connection between the processes more closely,
and then significantly reduces the idle time of the equipment. The empirical results
show that the ISA-IFA algorithm shortens the completion time of complex products and
simultaneously improves the equipment utilization rate to 55.9%, verifying its effectiveness
in dynamic scheduling and resource co-optimization.

Keywords: Floyd algorithm; symmetry and asymmetry; scheduling advantage; integrated
scheduling

1. Introduction
Intelligent manufacturing is the core technology and strategic main line that is leading

the transformation of the manufacturing industry from large to strong and shoulders
the heavy responsibility of building manufacturing power. In recent years, countries
have been committed to accelerating the comprehensive integration of digital technology,
digital economy, information technology, artificial intelligence, and manufacturing, and
these strategic measures have effectively accelerated enterprises to embark on a new
journey of digital innovation and intelligence [1–8]. Vigorously developing the intelligent
manufacturing industry is the core action to implement the strategy of manufacturing
power, and it is also a critical path to comply with the global development trend and
achieve the goal of transformation and upgrading.
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To better solve the needs of the production and manufacturing of the products with
strict constraints and tree-like structures (essentially a hierarchical acyclic topology based
on a unique root node and strict unidirectional timing constraints between parent and
child tasks), no matter whether the order is the single complex or small-batch variety,
some experts have innovatively proposed integrated scheduling; that is, the processing
and assembly are handled collaboratively, which breaks the limitation of the separation
of traditional processes and achieves considerable research results [9–21]. In this model,
symmetric tree structures exhibit uniformity in hierarchical relationships and process dis-
tribution, whereas asymmetric structures often arise from personalized design or complex
constraints, leading to irregular layouts and dynamic resource allocation requirements.
Traditional scheduling theory contrasts Flow-shop [22–27]—a rigid linear assembly line
with fixed sequences for standardized mass production—against Job-shop [28–32], which
adapts to multi-species small-batch needs via heterogeneous process paths but suffers from
resource conflicts and exponential complexity. In comparison, integrated scheduling only
focuses on complex products with a tree-like structure in both processing and assembly
stages. Integrated scheduling is dedicated to solving a series of key scheduling problems
in collaborative processing, involving the reasonable allocation and scheduling of limited
resources (including equipment, personnel, etc.), aiming to optimize time efficiency and
improve equipment utilization so as to achieve efficient production activities.

Despite advancements in existing research, integrated scheduling still faces key chal-
lenges: insufficient dynamic modeling of process dependencies, limited horizontal/vertical
collaborative optimization in multi-level process trees, and inefficient equipment resource
scheduling. These bottlenecks directly constrain production efficiency and socio-economic
benefits, demanding urgent algorithmic innovations to bridge the current gaps. To solve the
above problems, especially for the problem of asymmetric structure process trees in which
there is the advantage that leaf node processes with low layer priority can be scheduled at
any moment, this paper proposes a general integrated scheduling algorithm based on the
improved Floyd algorithm (ISA-IFA). The main contributions are as follows:

(1) The Floyd algorithm was improved to establish the scheduling sequence by taking the
processing time of the immediate successor process as the path value of its adjacent
processes;

(2) In the aspect of vertical optimization, the path-weighted strategy is designed based on
the improved Floyd algorithm, and the effect of horizontal and vertical optimization
is improved by combining the position advantage of the leaf node process;

(3) The scheduling advantage strategy is proposed. All devices are scheduled from the
starting point, dynamically adjusting idle time for symmetric stability and asymmetric
flexibility, and the utilization rate of the equipment is further improved.

This paper is structured as follows: Section 2 reviews related work; Section 3 proposes
the integrated scheduling model based on an improved Floyd algorithm; Section 4 details
the algorithm design; Section 5 conducts multi-dimensional simulation experiments and
comparative analyses; Section 6 discusses the algorithm of this study in terms of previous
experiments; and Section 7 condenses the findings and outlines future research directions.

2. Related Work
Within the domain of integrated scheduling of complex products, current re-

search has conducted an in-depth study of the tree structure of complex products
through computational complexity analysis and operations research methods, and
scholars have achieved a large number of rigorous research results. For example,
Zhang et al. [9] enhance horizontal parallelism via dynamic reorganization of adjacent
processes, but their local neighborhood operations lack mechanisms for non-adjacent pro-
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cess synergy and vertical priority constraints, failing to address global dependencies in
tree-like workflows. Zhang et al. [10] integrate supply chain and production scheduling
using Q-learning-driven algorithms to improve local search, yet their framework strug-
gles with multi-objective dynamic adjustments and supply chain disruption responses.
Xie et al. [11] propose the tight workgroup linkage method to reduce equipment interfer-
ence and avoid chain effects by balancing workloads incrementally. However, when the
predecessor process is not unique, vertical serial process articulation weakens, increasing
resource fragmentation risks. Xie et al. [12] introduce the reverse time-selection verti-
cal optimization method. However, it ignores cross-hierarchical leaf-node scheduling
advantages and generates excessive idle time when scheduling vertical serial processes
with higher priority in the layer, thereby significantly lowering equipment utilization.
Xie et al. [13] proposed the layer prioritization method but overemphasized the role of
horizontal layer prioritization and weakened the tightness of the vertical which can be
decomposed into subtrees for scheduling. Table 1 provides a comparative analysis of the
above articles.

Table 1. Comparison of related works.

Reference Key Innovations Limitations

[9]
Constructed a dynamic recombination neighborhood
operation set using the adjacent exchange strategy of the
Critical Path Method

Limited to local adjustments, non-adjacent synergies
and vertical priorities were neglected

[10] Integration of raw material procurement, production
scheduling, and equipment maintenance

Weak dynamic multi-objective adaptation and
insufficient supply chain disruption response

[11] ISA-NWCOG Vertical linkage weakens with non-unique
preceding processes

[12] TISA-CCSP Neglected leaf-node scheduling and high-priority layer
processes induce device idling

[13] RCISA-CHSO Excessive horizontal prioritization and loose vertical
subtree scheduling

References [9–13] enhance scheduling efficiency but face bottlenecks like limited
local adaptability, poor dynamic responsiveness, and excessive equipment idling. Our
algorithm achieves breakthroughs via triple innovations, offering a globally robust solution
for complex tree-process scheduling.

3. Problem Analysis and Mathematical Modeling
The Floyd algorithm is an exact approach that employs the dynamic programming

strategy to compute the shortest paths between all pairs of vertices in a weighted graph.
The algorithm inherently accommodates asymmetric graphs characterized by directional
edge weight discrepancies, wherein the weight of an edge from vertex A to vertex B may
differ from its counterpart in the reverse direction. It can take a given starting vertex as
the origin and describe the optimal path topology in the process of extending to other
vertices. On the one hand, for any two vertices in a given weighted graph, the Floyd
algorithm leads a logical and rigorous algorithm flow, and accurately solves the shortest
path between them at one time, efficiently handling asymmetric edge weights to accurately
solve the shortest path between them at one time, laying a solid foundation for subsequent
applications. On the other hand, focusing on a single vertex and relying on the efficient
iterative characteristics of dynamic planning, the Floyd algorithm quickly finds the way in
the complex network maze, even in highly asymmetric environments, quickly calculates the
shortest path from the vertex to all other vertices, and effectively solves the path planning
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problems in logistics distribution, network communication, and other fields. In addition, it
can also reverse solve the shortest path from each vertex to a particular vertex, breaking
the one-way limitation of the traditional algorithm and addressing asymmetry in graph
topology, so it has been widely used in many fields [33–38].

3.1. Floyd Algorithm Weight Matrix

Let D = (V, E, w) be a weighted digraph, where, V = {v1, v2, . . . vn} is the
weight of arc

(
vi, vj

)
when there is no arc directly connected between vi and vj,

wij = +∞. Then, the weight matrix, W =
(
wij

)
n×n, of the network is constructed,

where wij =

{
wij,

(
vi, vj

)
∈ E

+∞,
(
vi, vj

)
/∈ E

.

Take the Floyd algorithm network structure diagram shown in Figure 1 as an example,
and its weight matrix is shown in Formula (1):

W =

v1 v2 v3 v4 v5 v6

v1

v2

v3

v4

v5

v6



0 3 2
∞ 0 4
∞ ∞ 0

∞ ∞ 4
∞ 4 1
1 6 ∞

3 2 ∞
5 ∞ ∞
∞ ∞ 3

0 1 ∞
∞ 0 3
3 ∞ 0


(1)
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3.2. Unidirectional Weighted Digraph

In the integrated scheduling, the tree structure of complex products includes a sym-
metric tree structure with a uniform layout and regular structure, which is used to reflect
the balance and regularity of the product process in some aspects, as well as an asymmetric
tree structure with obvious differences and irregular structure, which is used to express the
uniqueness and complexity of the product process. Therefore, in the improved Floyd algo-
rithm, the two-way weighted directed graph of traditional Floyd algorithm is optimized
to unidirectional graph, as shown in Figure 2a. The structure diagram adjusted according
to the tree structure is shown in Figure 2b, and the corresponding one-way weight matrix
is shown in Formula (2). This structural adjustment strictly follows the process flow of
“parent node → child node”. It effectively avoids the invalid calculation of the reverse
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path in the tree structure and lays a structural foundation for the implementation of the
subsequent dynamic pruning strategy.

W =

v1 v2 v3 v4 v5 v6

v1

v2

v3

v4

v5

v6



0 3 ∞
∞ 0 ∞
∞ ∞ ∞

∞ ∞ 4
∞ ∞ ∞
1 6 ∞

∞ ∞ ∞
∞ ∞ ∞
∞ ∞ 3

0 ∞ ∞
∞ 0 ∞
∞ ∞ 0


(2)
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3.3. Integrated Scheduling Analysis

Assume that there are m machines in the integrated scheduling system, and a tree-
structured complex product with n processes needs to be the product. The specific require-
ments are as follows:

(1) Each process contains a series of attributes: process numbers, machine numbers, and
processing time. Additionally, the corresponding machine of each process is known,
and the compulsory relationships between processes are known;

(2) When the equipment executes the process processing, its operation time is clear, and
once the processing begins, the continuous processing process will be maintained
until the process is completed;

(3) In addition to the process in the position of the leaf node, the sufficient and necessary
condition for any other process to enter the processing stage is that in the processing
sequence, all of its predecessor processes are completed;

(4) When the final process on all the equipment has been completed, the time point at this
time marks the end of the entire product processing cycle, that is, the total processing
time of the product, the makespan.

In order to further optimize the overall processing time of a complex product, it is
particularly important to plan the initial processing time of each process. However, in
the integrated scheduling, whether dealing with process trees with mirrored hierarchies
or process trees with irregular branches, the dependency constraints follow a universal
pattern, except that the leaf node process located at the last end of the complex process tree
is restricted by the immediate successor processes and the root node process located at the
beginning position of the process tree is restricted by its immediate predecessor process, all
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the rest of the node processes are facing the double-constraint fetters built by the immediate
predecessor and successor processes. In the process tree with symmetrical structure, these
dual constraints form balanced parallelism opportunities, while in the process tree with
asymmetric structure, they require dynamic scheduling to resolve conflicting resource
demands. Symmetric structures are essentially degenerate forms of asymmetric topologies.
And only when its immediate predecessor process (group) has successfully completed the
processing can it start processing.

Multilevel dependence, resource competition, and dynamic constraints of complex
product processes implement orderly and reasonable scheduling through dynamic priority
scheduling and multi-constraint co-optimization to determine the optimal processing time
nodes of each process in order to minimize the total processing time of the complex product
and to ensure that the scheduling scheme has both global and local efficiency. Accordingly,
the model of related problems is established as follows:

Model symbol definition:

(1) Indices

i ∈ {1, 2, . . . , n}: Process index, which represents the ith process;
j ∈ {1, 2, . . . , m}: Device index, representing the jth device;

(2) Sets

A: Process set, A = {Ai}(1 ≤ i ≤ n);
M: Equipment set, M =

{
Mj

}
(1 ≤ j ≤ m);

(3) Parameters

tAi Mj : Machining hours of process Ai on Mj;

(4) Decision Variables

STA(i+1)Mj : At Mj machines, the start processing time of the A(i+1)th process;
ETAi Mj : End processing time of the Aith process at Mj machines;
ST(i+1): The moment when the A(i+1)th process starts;
STi: The moment when the Aith process starts;
T: The total time required for the complex product to complete all the machining

processes.
Objective function:

Minimize T (3)

s.t.

tAi Mj > 0, i ∈ {1, 2, . . . , n}, j ∈ {1, 2, . . . , m} (4)

STA(i+1)Mj − ETAi Mj ≥ 0, i ∈ {1, 2, . . . , n}, j ∈ {1, 2, . . . , m} (5)

ST(i+1) − STi ≥ tAi Mj , i ∈ {1, 2, . . . , n}, j ∈ {1, 2, , m} (6)

T = max
{

ETAi Mj

}
, i ∈ {1, 2, . . . , n}, j ∈ {1, 2, . . . , m} (7)

where Formula (3) denotes the optimization objective of this study: minimizing the max-
imum completion time of the complex product; Formula (4) strictly limits all process
machining times to positive real numbers; Formula (5) shows that on the same processing
equipment Mj, the starting processing time of the (i + 1)th process is later than the end
processing time of the ith process; Formula (6) represents the constraint condition of the
pre-tightening and post-tightening process, and the (i + 1)th process needs to start process-
ing after the ith process is finished; and Formula (7) indicates that the total processing time
of a complex product is equal to the largest completion time of all processes.
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4. Algorithm Design and Analysis
The complexity of process tree scheduling arises from multilevel constraints and

dynamic resource interactions. We proposed a comprehensive algorithm that integrates
dynamic pruning and an enhanced Floyd method for complex product scheduling. This
section details the design principles, core definitions, and optimization strategies of the
algorithm, and its effectiveness is validated through complexity analysis and flowcharts.

4.1. Definitions and Policies

Definition 1. Path-weighted strategy. The basic principle of the Floyd algorithm is to calculate the
shortest path from a certain point vi(i = 1, 2, . . . , n) to a certain point vr. Define d(g)

ir as the shortest

path for the root node vi to reach the node vr with lower priority through g nodes. d(1)ir = wir repre-
sents the shortest path of the node vi to itself. Accordingly, the path weight value of the improved
Floyd algorithm strategy Sty(g)

ir is defined as the reverse order of the path value from the process
tree node to the leaf node with lower layer priority, that is:

Sty(g)
ir = τ( min

1≤j≤n

{
wij × d(g−1)

jr

}
) (8)

At the same time, it is stipulated that when the path values are the same, the path with more processes
is preferentially scheduled.

Definition 2. Scheduling advantage. The earliest time point at which a process can be started on
the equipment under the premise of meeting the process constraints.

Definition 3. Audit strategy. On the basis of the scheduling advantage strategy, according to the
hierarchy division, starting from the layer with the highest priority, in the order of the leaf node
process followed by the non-leaf-node process, the initial processing time of the process is checked
successively to ensure that it is not earlier than the completion time of the predecessor process (group)
to avoid any possible time conflict or delay.

Because the leaf node process is at the end of the process tree and there are no time
constraints imposed by the predecessor process, the leaf node process has greater time
freedom on the equipment and can start processing at any relatively early time; thus, its
subsequent processes are encouraged to start processing as soon as possible.

If there are processes with the same priority, in order to optimize the scheduling process
and improve the overall efficiency, the leaf node processes are preferentially arranged to
enter the scheduling process. If there are nodes on the same layer, the node process with
the shortest processing time is preferentially selected for scheduling.

The process constraint relationship audit strategy algorithm flowchart is shown in
Figure 3.

4.2. Analysis of Algorithm Design

In the integrated scheduling optimization of complex products, the processing time
and other attributes of leaf node processes in the directed graph corresponding to the
complex process tree are crucial to improving the overall scheduling efficiency. Therefore,
the proposed algorithm sets the processing time of the processes as the path weight of
processes with constraints and achieves global resource balance by dynamically adapting
to the parallelism of symmetric paths and the heterogeneity of asymmetric paths.

The proposed algorithm first constructs the unidirectional path process tree of complex
products according to the Floyd algorithm and sets the processing time of the immediate
process as the path weight between the adjacent nodes, that is, the weight value of the
adjacent nodes on the unidirectional path. Then, taking the root node of the unidirectional
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path process tree as the starting point, the path from the root node to the leaf node with
lower layer priority is established. For symmetric process trees, the algorithm preferentially
selects the shortest path in parallel branches to enhance parallelism. For asymmetric process
tree, the cross-layer resource conflict is solved by dynamic weight adjustment. When there
are multiple leaf nodes with lower layer priority, the leaf node with shorter processing time
is selected to establish the path.
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The algorithm flowchart is shown in Figure 4. The specific steps are as follows:
Step 1: According to the Floyd algorithm strategy, the processing time of the process

is taken as the path weight of its adjacent process, and the shortest path weight from the
node process at the root of the process to the node process with lower priority is calculated.

Step 2: Determine whether the node process with the lowest priority is unique. If it is
unique, establish the shortest path. If it is not unique, select the node with lower priority in
the layer with less processing time to establish the shortest path;

Step 3: Prune, that is, cut off the nodes on the established shortest path from the
original process tree, and establish the shortest path weight of several process sub-root
node processes to the node processes with lower priority in the layer;

Step 4: Repeat Step 3 until all process path weights have been calculated;
Step 5: Arrange each group of paths according to the descending order of the weight

value of each path;
Step 6: Scheduling advantage strategy;
Step 7: Constraint relationship audit strategy;
Step 8: Dynamically adjust the scheduling advantage strategy;
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Step 9: End, exit.
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4.3. Algorithm Code

Algorithm 1 presents the pseudo-code of the proposed algorithm.

Algorithm 1 Hierarchical pruning optimization algorithm

BEGIN
Initialize ComplexProductProcessTree()
Apply FloyedAlgorithmStrategy()
WHILE NOT AllProcessNodesComputed()

IF IsLeafNodeProcessUnique(low_priority_layer) THEN
Calculate RootNodeFloyedWeight()

ELSE
Select ShorterProcessingTimeProcess()
Calculate RootNodeFloyedWeight()

END IF
PruneAndCreateSubProcessTrees()
FOR EACH sub_tree IN sub_process_trees

Calculate SubTreeRootFloyedWeight(sub_tree)
END FOR

END WHILE
END
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4.4. Algorithm Complexity

The integrated scheduling method proposed in this study significantly reduces the
time complexity of the traditional Floyd algorithm from O(n3) to O(n2) through multi-
strategy co-optimization. The improved Floyd algorithm employs dynamic path compres-
sion with a one-way constraint mechanism to perform cyclic pruning operations with O(n2)
complexity on the process tree. Building on this foundation, the scheduling dominance
strategy leverages the tree structure’s unidirectional timing constraints to determine the
earliest start time of processes in linear time O(n), while the constraint auditing strategy
ensures temporal feasibility through O(nlogn) conflict detection based on hierarchical
division and prioritization (leaf-node first, shortest-processing-time first). Ultimately, the
overall time complexity of the algorithm remains O(n2).

5. Comparative Analysis Experiment
In order to strictly verify the performance of the ISA-IFA algorithm proposed in this

paper, this section will make a multi-dimensional comparison with the three scheduling
methods of ISA-NWCOG, TISA-CCSP, and RCISA-CHSO.

5.1. Random Scheduling Case Analysis

The algorithm proposed in this paper is aimed at the field of general integrated
scheduling. It is universal for any tree structure product process tree with symmetrical or
asymmetrical structure. Therefore, in order to better verify the applicability of the algorithm
in this paper, the process tree A randomly generated by MATLAB R2021b software is used
as an example, as shown in Figure 5. Each piece of equipment is idle in the initial stage
of processing, and there is no processing time constraint. The appropriate processing
equipment is selected for the process with the goal of minimizing the total processing time
of the product. Process tree A comprises 22 processes and four pieces of equipment. Each
node includes three elements: process/equipment processed by process/corresponding
processing time; for example, the processing time of process A1 on equipment M1 is
2 working hours. Arrows denote temporal constraints between adjacent operations, with
directed edges from current nodes to direct successors defining dependencies. Next, taking
the randomly generated complex product A as an example, starting from the scheduling
requirements of the product, the detailed process of using the improved Floyed algorithm
for scheduling is elaborated in detail according to each link. The specific contents are as
follows:

Step 1: According to the weights in the improved Floyd algorithm, as shown in the
node path marked in red in Figure 6, establish the path from the root node to the leaf node
with the lowest priority in the layer: {A1, A2, A3, A9};

Step 2: Conduct the first pruning on the basis of Step 1, generate several subtrees (see
the blue part in Figure 6), and establish the process path from each subtree root node to the
leaf node with the lowest priority in the new subtree layer: {A4, A5, A6, A10}, {A11, A12,
A13, A23, A24, A26};

Step 3: On the basis of Step 2, prune the second time to generate several subtrees, as
shown in the purple part in Figure 7, and then establish the process path from the sub-root
node to the leaf node with the lowest priority in the new subtree layer: {A7, A8}, {A14, A15,
A18}, {A25, A27};

Step 4: In this cycle, after the third, the fourth, and the fifth pruning, the path weights
of the sub-root node to the leaf node with the lowest priority in the sub-tree layer are shown
in the green, orange, and black parts of Figure 8, which are {A16, A19}, {A17, A20, A22},
and {A21}, respectively. At this point, all process paths are established.
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Figure 9. The Gantt chart of the initial scheduling by ISA-IFA algorithm with 22 working hours. 

Figure 8. After the third, the fourth, and the fifth pruning of complex product A, the path weight
value of the sub-root node to the leaf node process with the lowest level priority in the sub-tree.
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Step 5: According to the improved Floyd algorithm strategy, arrange the weight values
of each group of paths successively.

(1) {A11, A12, A13, A23, A24, A26},
(2) {A4, A5, A6, A10},
(3) {A1, A2, A3, A9},
(4) {A14, A15, A18}, {A17, A20, A22}, {A25, A27},
(5) {A16, A19}, {A21},
(6) {A7, A8}.

Step 6: Establish the initial scheduling scheme according to the scheduling advantage
strategy, as shown in Figure 9.
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Figure 9. The Gantt chart of the initial scheduling by ISA-IFA algorithm with 22 working hours. Figure 9. The Gantt chart of the initial scheduling by ISA-IFA algorithm with 22 working hours.

Step 7: Optimize the initial scheduling scheme according to the constraint relationship
audit strategy and scheduling advantage strategy. As shown in Figure 10, the entire
processing time of complex product A is 27 working hours.
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5.2. Comparison and Analysis of Asymmetric Complex Product Scheduling 

In order to highlight the unique advantages of the proposed algorithm, ISA-IFA, in a 
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and analysis are carried out between the ISA-IFA and the algorithms in the same research 
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of the ISA-NWCOG [11], the TISA-CCSP [12], and the RCISA-CHSO [13] was 28 working 
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Figure 11. The Gantt chart obtained by the algorithm ISA-NWCOG. 
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5.2. Comparison and Analysis of Asymmetric Complex Product Scheduling

In order to highlight the unique advantages of the proposed algorithm, ISA-IFA, in a
more comprehensive and intuitive way, in-depth and thorough comparative experiments
and analysis are carried out between the ISA-IFA and the algorithms in the same research
field in Reference [11], Reference [12], and Reference [13].

Taking asymmetric complex product A as the scheduling case, the processing time
of the ISA-NWCOG [11], the TISA-CCSP [12], and the RCISA-CHSO [13] was 28 working
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hours, 31 working hours, and 28 working hours, respectively. The Gantt charts are shown
in Figures 11–13, respectively.

Symmetry 2025, 17, 682 14 of 21 
 

 

Step 7: Optimize the initial scheduling scheme according to the constraint relation-
ship audit strategy and scheduling advantage strategy. As shown in Figure 10, the entire 
processing time of complex product A is 27 working hours. 

0   1   2    3    4   5   6   7    8    9   10   11   12   13   14   15   16   17   18   19   20   21   22   23   24   25   26   27   28     
                                                     

                                                  Processing time (working-hour)

M3

M2

M1

M
ac

h
in

e

A27

A21

A12

A5

M4

A22

A
17

A
10

A7A16 A24 A1

A23

A19

A18

A
13

A
14

A4 A11 A
2

A
26

A20 A25 A6A
15

A9 A
3

A
8

 

Figure 10. The Gantt chart of the constraint relationship audit strategy with 27 man-hours. 

5.2. Comparison and Analysis of Asymmetric Complex Product Scheduling 

In order to highlight the unique advantages of the proposed algorithm, ISA-IFA, in a 
more comprehensive and intuitive way, in-depth and thorough comparative experiments 
and analysis are carried out between the ISA-IFA and the algorithms in the same research 
field in Reference [11], Reference [12], and Reference [13]. 

Taking asymmetric complex product A as the scheduling case, the processing time 
of the ISA-NWCOG [11], the TISA-CCSP [12], and the RCISA-CHSO [13] was 28 working 
hours, 31 working hours, and 28 working hours, respectively. The Gantt charts are shown 
in Figures 11–13, respectively. 

0    1    2    3    4   5    6     7    8    9   10   11   12   13    14   15   16    17   18   19    20   21    22    23   24    25   26   27   28           
                                                     

                                                               Processing time (working-hour)

M3

M2

M1

A27

A21

A12

A5

M4 A
17

A
10

A7A16 A24 A1

A23

A
8

A19

A18

A
13

A
14

A4A11 A
2

A
26

A6A
15

A9 A
3

A22 A20 A25M
ac

h
in

e

 

Figure 11. The Gantt chart obtained by the algorithm ISA-NWCOG. 
Figure 11. The Gantt chart obtained by the algorithm ISA-NWCOG.

Symmetry 2025, 17, 682 15 of 21 
 

 

0    1    2    3    4    5    6    7    8    9   10    11    12    13    14    15   16    17    18   19    20    21   22    23    24    25    26   27   28    29   30   31   
                                                     

                                                                               Processing time (working-hour)

M3

M2

M1 A1

A18

A5

M4

A16A24

A23

A
2

A12

A
13

A
14

A4 A11A
8

A
3

A
15

A9A
26

A6A25

A21A7

A19A27

A
17

A
10

A20A22

M
ac

h
in

e

 

Figure 12. The Gantt chart obtained by the algorithm TISA-CCSP. 

0   1   2    3    4    5    6    7    8    9   10    11    12    13    14    15   16    17    18   19    20    21   22    23    24    25    26   27   28       
                                                     

                                                         Processing time (working-hour)

M3

M2

M1

A19

A21

A12

A5

M4

A22

A
17

A
10

A7A16 A24 A1

A23

A
8

A27

A18

A
13

A
14

A11A4 A
2

A
26

A25 A6A
15

A9 A
3

A20

M
ac

h
in

e

 

Figure 13. The Gantt chart obtained by the algorithm RCISA-CHSO. 

In the experimental framework of asymmetric process trees, the overall utilization of 
equipment of the above four algorithms is shown in Table 2. From the overall utilization 
of equipment in the scheduling system, the ISA-IFA is 2.3%, 9.5%, and 0.6% higher than 
the other three algorithms, respectively. Therefore, the proposed algorithm not only takes 
less time for processing but also has a higher overall utilization rate of equipment. It ef-
fectively balances workloads in asymmetric process trees, avoiding the unbalanced state 
of long-term idle or being over-busy. It achieves a better scheduling effect and demon-
strated its ability to handle the challenges of heterogeneous resource allocation. 

Table 2. Equipment utilization. 

 Makespan 
(Working Hours) 

The Overall Utiliza-
tion of the Equip-

ment 

The Relative Im-
provement Rate of 
the Overall Utiliza-

tion Rate 
ISA-IFA 27 55.9% ----- 

ISA-NWCOG 28 53.6% 2.3% 
TISA-CCSP 31 46.4% 9.5% 

RCISA-CHSO 28 55.3% 0.6% 

Figure 12. The Gantt chart obtained by the algorithm TISA-CCSP.
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of long-term idle or being over-busy. It achieves a better scheduling effect and demon-
strated its ability to handle the challenges of heterogeneous resource allocation. 
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Figure 13. The Gantt chart obtained by the algorithm RCISA-CHSO.

In the experimental framework of asymmetric process trees, the overall utilization of
equipment of the above four algorithms is shown in Table 2. From the overall utilization of
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equipment in the scheduling system, the ISA-IFA is 2.3%, 9.5%, and 0.6% higher than the
other three algorithms, respectively. Therefore, the proposed algorithm not only takes less
time for processing but also has a higher overall utilization rate of equipment. It effectively
balances workloads in asymmetric process trees, avoiding the unbalanced state of long-
term idle or being over-busy. It achieves a better scheduling effect and demonstrated its
ability to handle the challenges of heterogeneous resource allocation.

Table 2. Equipment utilization.

Makespan
(Working Hours)

The Overall Utilization
of the Equipment

The Relative
Improvement Rate of the
Overall Utilization Rate

ISA-IFA 27 55.9% -----
ISA-NWCOG 28 53.6% 2.3%
TISA-CCSP 31 46.4% 9.5%

RCISA-CHSO 28 55.3% 0.6%

5.3. Data Set Scheduling Instance Analysis

To validate the performance of ISA-IFA and its adaptability to different structured
products in the context of multi-variety and small-batch complex processes, four sets of
40 product process trees with varying scales and structures were randomly generated. We
are still conducting experiments using Matlab R2021b on the same PC.

The number of processes in the four groups was 20, 50, 100, and 200, respectively,
and each group had ten different instances. For products with symmetric tree-like struc-
tures owing to their regular and balanced component distribution, most algorithms can
achieve relatively efficient scheduling. However, in the case of asymmetric structures,
where non-uniform component distribution poses more complex challenges, the perfor-
mance differences among the algorithms become more pronounced. Figure 14 compares
the total processing time of product flow trees scheduled by four algorithms—ISA-IFA, ISA-
NWCOG, TISA-CCSP, and RCISA-CHSO—across 40 product instances with varying opera-
tion scales: (a) 20 operations, (b) 50 operations, (c) 100 operations, and (d) 200 operations.
From Figure 15, it can be seen that ISA-IFA always spends the least amount of time in the
40 product instances, followed by RCISA-CHSO, and then ISA-NWCOG, while TISA-CCSP
takes the most time, except for a few instances.

To compare these four algorithms more intuitively, the optimal solution ratio and
variance curves are plotted in Figures 15 and 16, respectively.

As shown in Figure 15, it can be seen from the comparative analysis of the optimal
solution ratio that ISA-IFA always maintains a higher ratio across both symmetric hierar-
chies and asymmetric fragmented topologies, and the result is superior to the other three
algorithms.

As shown in Figure 16, when dealing with complex products featuring both symmetric
and asymmetric tree-like structures, the ISA-IFA also has the best stability among the four
algorithms. For products with symmetric tree-like structures, despite the seemingly more
straightforward scheduling owing to regular component arrangements, the variance curve
of ISA-IFA remained consistently at a lower level. In contrast, for products with asymmetric
tree structures, where the non-uniform component distribution poses complex challenges
in resource allocation and processing sequence determination, ISA-IFA still manages to
adapt well, maintaining its low-variance performance, which is more stable than the other
three algorithms. This suggests that the solution obtained by the ISA-IFA may be closer
to the best solution, as it dynamically balances resource allocation in symmetric subtrees
while resolving fragmented dependencies unique to asymmetric workflows.
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6. Discussion
In real-world manufacturing scenarios, complex products often exhibit symmetric

hierarchies with uniform dependencies or asymmetric fragmented branches with irregular
constraints, both of which pose different scheduling challenges. Symmetric layouts require
efficient parallelism, whereas asymmetric workflows require dynamic conflict resolution
and adaptive resource allocation to minimize the idle time and processing latency. The
main reasons for the superior algorithm in this paper are as follows:

(1) In terms of vertical and horizontal bidirectional optimization, compared with ISA-
NWCOG, ISA-IFA addresses vertical articulation weakening in multi-preprocessor
scenarios via dynamic pruning, reducing the machining time by 1 working hour.
In contrast, TISA-CCSP overlooks leaf-node scheduling advantages, whereas ISA-
IFA innovatively introduces leaf node optimization with two-dimensional priorities,
reducing the 4 working hours. For example, with the ISA-IFA, the starting time of
all the equipment is set to be t = 0, and in terms of the working state of M4, the other
three algorithms have idle time of 7 working hours, 13 working hours, and 7 working
hours, respectively.

(2) In terms of equipment utilization, the ISA-IFA adopts the scheduling advantage strat-
egy, which addresses the key shortcoming of ignoring the scheduling potential of
unconstrained leaf nodes in References [11–13], and reduces the idle time of the equip-
ment. Compared with the other three algorithms, it improves the overall utilization
rate of the equipment system by 2.3%, 9.5%, and 0.6%, respectively. For example,
judging from the working state of M2, the total idle time of the ISA-IFA is 6 working
hours, while the total idle time of the other three algorithms on the same equipment
is 10 working hours, 12 working hours, and 8 working hours, respectively.

(3) In terms of algorithmic time complexity, the algorithm can give the scheduling scheme
within the quadratic complexity, which indicates that the algorithm is simple, feasible,
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and breaks through the computational bottleneck of traditional scheduling algorithms
in large-scale complex product scenarios.

In addition, despite the high efficiency in small-and medium-scale scenarios, the ISA-
IFA algorithm has limitations: significant escalation of processing time at ultra-large scales,
sensitivity to the initialization of sparse process trees (optimal solution ratio: 68%), and
a lack of integration with multi-dimensional constraints (e.g., personnel and materials),
restricting generalization to industrial scenarios.

In summary, the algorithm in this paper shows significant adaptability in actual
production, although there are some limitations. In order to systematically improve the
scheduling performance of intelligent manufacturing, it is suggested that the management
dimension builds an elastic resource pool architecture based on dynamic prioritization
to optimize the efficiency of resource spatial and temporal allocation; the institutional
dimension promotes the standardization of a hybrid scheduling paradigm and multilevel
emergency response process and establishes a synergistic mechanism of “dynamic prun-
ing, hierarchical constraints, and algorithmic iteration” to ultimately form an intelligent
scheduling system with autonomous decision-making and generalization capabilities.

7. Summary and Outlook
In integrated scheduling, the tree structure of complex products clearly presents sym-

metric and asymmetric structural layouts through its hierarchical relationships and node
distributions, thus providing a structured basis for differentiated optimization of resource
allocation and scheduling timing. In this paper, we propose an integrated scheduling
algorithm based on the improved Floyd algorithm to address the potential problem that
traditional methods ignore, the advantage that leaf node processes with low hierarchical
priority can be scheduled at any time in the scheduling of complex product tree-like process
trees. ISA-IFA significantly shortens the machining time and reduces the equipment idle
time cost by means of the vertical and horizontal bi-directional equilibrium framework,
dynamic pruning-path optimization mechanism, and leaf node-driven parallel scheduling
strategy. Experimental results show that the algorithm achieves better scheduling results in
the field of integrated scheduling of complex products, provides a new methodology for
process tree scheduling, and helps enterprises to shorten the production cycle. However,
the algorithm still has limitations in the real time of extreme asymmetric structures and the
distributed scalability of ultra-large-scale symmetric trees. In the future, based on this study,
we will integrate heterogeneous resources, such as personnel skills and material supply,
construct a multi-objective co-optimization model, and explore the trade-off mechanism
between green scheduling objectives and efficiency.
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