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Abstract: We describe the quark substructure of hadrons and the equation of state of
high-density neutron star matter by using the Nambu–Jona-Lasinio (NJL) model, which is
an effective quark theory based on QCD. The interaction between quarks fully respects the
chiral and flavor symmetries. Guided by the success of various low-energy theorems, we
assume that the explicit breaking of these symmetries occurs only via the current quark
masses, and all other symmetry breakings are of dynamical nature. In order to take into
account the effects of the finite quark core sizes of the baryons on the equation of state,
we make use of an excluded volume framework that respects thermodynamic consistency.
The effects generated by the swelling quark cores generally act repulsively and lead to an
increase in the pressure with increasing baryon density. On the other hand, in neutron star
matter, these effects also lead to a decrease in the density window where hyperons appear
because it becomes energetically more favorable to convert the faster moving nucleons into
hyperons. Our quantitative analysis shows that the net effect of the excluded volume is too
small to solve the long-standing “hyperon puzzle”, which is posed by the large observed
masses of neutron stars. Thus, the puzzle persists in a relativistic effective quark theory
which takes into account the short-range repulsion between baryons caused by their finite
and swelling quark core sizes in a phenomenological way.

Keywords: quark model; hyperons in nuclear matter; neutron stars

1. Introduction
The properties of strongly interacting hadronic systems like nucleons, nuclei, nuclear

matter, and neutron stars reflect the basic quark substructure of their constituents. At very
high densities but low temperatures, such as in the interior of neutron stars, new states of
matter such as color superconducting quark matter [1] or various kinds of coexisting phases
of hadrons and quarks [2] are expected to play important roles, and understanding their
structures is a fascinating field of current research. Besides the familiar blocks of nuclear
systems—protons and neutrons made of up (𝑢) and down (𝑑) quarks—baryons and quarks
with strangeness are receiving much attention experimentally as well as theoretically. The
current 𝑠 quark mass (𝑚𝑠 ) is still small enough to assume the full 𝑆𝑈 (3)𝐿 ⊗ 𝑆𝑈 (3)𝑅 symmetry
of QCD for the effective hadronic interactions from intermediate to high energies. Thus,
𝑚𝑠 can be viewed as the principal source of explicit chiral and flavor symmetry breakings;
all other symmetry breaking patterns, including the more familiar vector 𝑈𝑉 (1) [3] and
axial-vector 𝑈𝐴 (1) [4] cases, must be of dynamical origin. This way of thinking, which is
supported by phenomenological as well as theoretical considerations [5–7], puts strong
constraints on the hadronic interactions involving strangeness. Any theoretical model
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which aims to describe hyperons in nuclei and nuclear matter, or strange quarks in hadrons
and highly compressed neutron star matter, has to comply with these constraints.

An important test stone for theoretical models was provided by the observation of
heavy neutron stars with about 2 solar masses [8–11], and more recently, up to 2.35 solar
masses [12]. (For a recent analysis of independent data from the NICER collaboration, in-
cluding star radii, see Ref. [13].) Because the onset of hyperons usually leads to a softening
of the equation of state (EOS) of neutron star matter [14], it is still a major difficulty for
many models to reproduce such heavy stars. This problem, which is commonly called the
“hyperon puzzle” [15], has triggered an extensive amount of research (see, for example,
Ref. [16]). Here, we can mention only a few more recent examples: Lattice QCD calculations,
which have been very useful to study the hyperon–nucleon interactions [17,18], begin to
provide new bounds on the pressure and the maximum mass of neutron stars [19,20]. Nu-
clear density functional theory, based on available empirical information on the interaction
between hyperons [21], relativistic mean field theories with novel momentum-dependent
interactions [22], and studies of three-body forces involving hyperons [23,24], is making
important contributions to understand the stiffening of the EOS of neutron star matter.
On the other hand, quark matter cores may exist in massive neutron stars under certain
stability conditions [25], and their evidence has been supported by model-independent
analyses [26]. In fact, detailed model calculations have shown that phase transitions to
normal [27] or color superconducting quark matter [28,29] may be strong candidates to
describe heavy neutron stars, if a vector-type repulsion between the quarks in the core of
the star is also taken into account.

Quarkyonic matter, which was originally motivated by the 1/𝑁𝑐 expansion [30,31] and
hadron–quark continuity [32,33], is receiving more and more interest recently because it
may provide a solution to the hyperon puzzle based on the Pauli blocking of 𝑑 quarks in
neutron star matter before the onset of hyperons [34–36]. This is particularly interesting
because the role of short-range repulsions arising from the Pauli principle on the quark
level in systems with strangeness has also been suggested by recent group theoretical
methods [37] and analysis of scattering experiments [38]. A more phenomenological
method to include short-range repulsions is based on the excluded volume effects (EVEs) of
the van der Waals type, as used in previous studies of relativistic heavy-ion collisions [39,40].
This method, which assumes that the finite sizes of quark cores in baryons give rise to
important short-range repulsions, was used recently in Ref. [41] in the framework of
the quark–meson coupling (QMC) model [42,43], where it was claimed that those effects
are strong enough to sustain heavy neutron stars. A closer investigation of this point
in a framework that respects the basic symmetries of QCD is the principal aim of our
present investigation.

Nowadays, it is well established that the Nambu–Jona-Lasinio (NJL) model [44–47]
is one of the most useful effective quark theories of QCD. A fully relativistic Faddeev
approach [48,49] has opened the door to describe baryons in this model, and the inclusion
of confinement effects in a phenomenological way via an infrared cut-off [50] was the
starting point for many applications to nuclear systems [51–53]. Despite quite different
model assumptions, the QMC model and the NJL model share many points in common:
in the present context, most notably, the important role of the scalar polarizability of the
nucleon to describe saturation and induce many-body forces [54,55], and the enhancement
of spin–spin correlations between light quarks in the nuclear medium which leads to
an increase in the Σ − Λ mass difference in nuclear matter [56,57]. In view of the results
presented in Ref. [41] for the QMC model, it is therefore of interest to see whether the
NJL model can describe heavy neutron stars in a similar way without invoking a phase
transition to quark matter.
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The purposes of our present work can therefore be summarized as follows: First,
we wish to base the description of excluded volumes on the actual quark core sizes,
calculated consistently in the NJL model for each baryon and each density separately,
without introducing any new free parameters. It is well known that by assuming a common
quark core radius for all baryons in the system, a thermodynamically consistent description
can be achieved [58] that satisfies the requirements of causality up to very high densities. In
view of our successful NJL model description of the properties of free octet baryons [59], like
their sizes, magnetic moments, and electromagnetic form factors, it is desirable to describe
the radii of in-medium quark cores and their effects on restricting the volumes available
for the Fermi motion of baryons in a consistent way. Because EVEs reflect the short-range
repulsion between nucleons in a phenomenological way, they will certainly stiffen the
nuclear matter EOS. However, it is well known that if this stiffening affects only baryons in
motion, i.e., mainly the neutrons, it becomes easier for them to reach the hyperon thresholds,
which leads to the unwanted effect of lowering the onset of hyperons [60]. Therefore, it
is important to also take into account the effects of finite—actually swelling—quark core
radii of hyperons before their onset. For the nucleons, a moderate swelling is known to be
important in describing the EMC effect [51], the Coulomb sum rule [53], and the reduction
in the in-medium ratio of electric to magnetic nucleon form factors [61]. Therefore, in this
work we would like to consistently take into account the swelling of the quark cores of all
in-medium baryons as a function of baryon density.

Second, we wish to examine the effects of this extended description of EVE on the
EOS of nuclear matter, neutron star matter, and the properties of neutron stars in the
framework of the mean field approximation to the NJL model. The EOS and all numerical
results of our present paper agree with our earlier work [57] using the standard four-Fermi
interactions in the NJL model [57], as soon as we switch off the EVEs which arise from
the finite quark core sizes. The basic physical picture is therefore the same, i.e., it can be
visualized by composite baryons moving in self-consistent scalar and vector mean fields
on the background of the constituent quark vacuum. Using concepts of the Fermi liquid
theory [62,63], it has been shown that this picture can be translated into a model of baryons
interacting via the exchange of composite neutral scalar and vector mesons [50,57]. In
other words, the overlap of the meson clouds of the baryons leads to the meson exchange
interactions, and it is natural to identify the distance at which the relative wave function
of interacting baryons is strongly suppressed with the quark core radii, i.e., the sizes of
the baryons without their meson clouds. Because we will calculate the quark core radii in
our model without assuming any new parameters, we can investigate their effects on the
EOS in a parameter-free way. Because our previous NJL calculations [57] have shown that
six-Fermi and eight-Fermi interactions—with coupling constants chosen so as not to spoil
the saturation properties of normal nuclear matter—cannot solve the hyperon puzzle, we
limit ourselves to the standard four-Fermi interactions in this work.

The outline of the paper is as follows: Section 2 discusses our extended EOS in the
NJL model and demonstrates that thermodynamic consistency can be achieved in the case
where each member of the baryon octet has their independent quark core size. Section 3
presents our results for the EOS of nuclear matter, neutron star matter, and the properties
of neutron stars, with particular emphasis on the EVEs on the onset of hyperons, the role of
the in-medium swellings of baryons, and the resulting volume fractions occupied by the
quark cores at very high baryon densities. Section 4 gives a summary of our results.
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2. NJL Model and Excluded Volume Effects
Our work is based on the following three-flavor NJL Lagrangian with 4-Fermi interac-

tions in the 𝑞𝑞 channels [46,47]:

L = 𝑞(𝑖̸𝜕 − 𝑚̂)𝑞 +𝐺𝜋

[
(𝑞𝜆𝑎𝑞)2 − (𝑞𝜆𝑎𝛾5𝑞)2

]
−𝐺𝑣

[
(𝑞𝜆𝑎𝛾𝜇𝑞)2 + (𝑞𝜆𝑎𝛾𝜇𝛾5𝑞)2

]
, (1)

where 𝑞 = (𝑞𝑢 ,𝑞𝑑 ,𝑞𝑠 ) is the quark field, 𝑚̂ the current quark mass matrix with diagonal
elements (𝑚𝑢 ,𝑚𝑑 ,𝑚𝑠 ), and 𝜆𝑎 (𝑎 = 0, 1, 2, . . . 8) are the Gell-Mann flavor matrices plus

𝜆0 =

√︃
2
3 1. The 4-Fermi coupling constants in the scalar–pseudoscalar and the vector–axial-

vector channels are denoted by 𝐺𝜋 and 𝐺𝑣 , respectively. The interaction Lagrangian in
Equation (1) has the 𝑆𝑈 (3)𝐿 ⊗ 𝑆𝑈 (3)𝑅 ⊗𝑈 (1)𝑉 ⊗𝑈 (1)𝐴 symmetry of QCD, which contains
the familiar flavor 𝑆𝑈 (3) as a subgroup. In our previous work [57], we have shown that
the 6-Fermi (determinant) interaction [4], which breaks the 𝑈 (1)𝐴 symmetry, and chiral
invariant 8-Fermi interactions [64] have only moderate effects on the EOS of neutron star
matter if their strengths are restricted so as not to spoil the saturation properties of isospin
symmetric nuclear matter. Therefore, in this work, we will consider only the 4-Fermi
interactions for simplicity. Following the successes of various low-energy theorems and
mass formulas, we will assume that current quark masses are the only sources of explicit
breaking of the flavor and chiral symmetries, and all other symmetry breakings are of a
dynamical nature.

In order to construct the octet baryons as quark–diquark bound states, we also
need the interaction Lagrangian in the 𝑞𝑞 channels with the same symmetries. This La-
grangian, which involves the 4-fermi coupling constants 𝐺𝑆 and 𝐺𝐴 in the scalar and
axial-vector 𝑞𝑞 channels, respectively, together with details of the quark–diquark descrip-
tion of octet baryons based on the Faddeev framework, was presented in our previous work
(Appendix A of Ref. [57]) and will not be repeated here. In a vacuum, isospin symmetry is
assumed to be intact, i.e., we use𝑚𝑢 =𝑚𝑑 ≡𝑚 throughout this work. In neutron star matter,
the isospin asymmetry will be fully taken into account by solving the bound state equations
with independent constituent quark masses 𝑀𝑢 , 𝑀𝑑 , and 𝑀𝑠 defined by Equation (3) below.

In order to construct the EOS, we will use the mean field approximation, which can
be visualized by composite baryons moving in self-consistent scalar and vector fields on
the background of the constituent quark vacuum. We will take into account three scalar
fields 𝜎𝛼 and the time components of three 4-vector fields 𝜔𝛼 ≡ 𝜔0

𝛼 , where 𝛼 = 𝑢,𝑑 , 𝑠. Their
definitions are as follows:

𝜎𝛼 = 4𝐺𝜋 ⟨𝑞𝛼 𝑞𝛼 ⟩ , 𝜔𝛼 = 4𝐺𝑣 ⟨𝑞𝛼𝛾0𝑞𝛼 ⟩ , (2)

where ⟨. . .⟩ denotes the expectation value in the ground state of the medium under con-
sideration (vacuum, nuclear matter, or neutron star matter). The scalar fields lead to the
spontaneous breaking of the chiral symmetry and give rise to the effective quark masses:

𝑀𝛼 =𝑚𝛼 − 𝜎𝛼 . (3)

The vector fields lead to shifts in the energies of the baryons in the system. As a result,
the energy of a baryon with flavor 𝑏 and 3-momentum k is obtained from the pole of the
quark–diquark equation in the variable 𝑘0 as follows:

𝜀𝑏 (𝑘) =
√︃

k2 +𝑀2
𝑏
+𝑛𝛼/𝑏 𝜔𝛼 ≡ 𝐸𝑏 (𝑘) +𝑛𝛼/𝑏 𝜔𝛼 . (4)

Here, 𝑛𝛼/𝑏 is the number of quarks with flavor 𝛼 in the baryon 𝑏 with mass 𝑀𝑏 .
(A comment on our notation: A summation over multiple flavor indices—𝛼 , 𝛽 for quarks,
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𝑏,𝑏′ for octet baryons, ℓ for leptons, and 𝑖 for both baryons and leptons—in a product,
including squares like 𝜔2

𝛼 , is implied if those indices appear only on one side of an equation.
As usual, the same convention is used for the Lorentz indices 𝜇,𝜈 . The Fermi momentum
of particle 𝑖 will be denoted as 𝑝𝑖 .)

The mean field approximation is implemented into the Lagrangian (1) in the standard
way by decomposing the various quark bilinears into classical (c-number) parts and quan-
tum (normal-ordered) parts. We will assume that the only non-vanishing classical parts
are the mean fields given in Equation (2). The normal-ordered parts, together with the
𝑞𝑞 interaction parts given in Equation (A1) of Ref. [57], are used to calculate bound state
masses of pseudoscalar mesons and octet baryons, as well as the pion decay constant.

2.1. Mean Field Approximation Without EVEs

In our model defined above, the energy density of neutron star matter has the form

E (0) (𝜌) = E (0)
𝐵

(𝜌) + Evac −
𝜔2
𝛼

(8𝐺𝑣)
+ Eℓ . (5)

Here,

E (0)
𝐵

(𝜌) = 2
∫

d3𝑘

(2𝜋)3 𝜀𝑏 (𝑘) 𝑛𝑏 (𝑘 ,𝑝𝑏), (6)

is the energy density of the baryons, where 𝜌 ≡ {𝜌𝑏1 , 𝜌𝑏2 , . . . } denotes a given set of octet
baryon densities, 𝑛𝑏 (𝑘 ,𝑝𝑏) = 𝜃 (𝑝𝑏 − 𝑘) denotes the Fermi distributions with Fermi momenta
𝑝𝑏 , and the single baryon energies are given in Equation (4). (We attach a superscript (0)
to those quantities which, in the next subsection, will become effective quantities if their
argument is the set of effective baryon densities 𝜌, defined by Equation (11) of the next
subsection.) The total baryon density will be denoted as 𝜌𝐵 ≡ ∑

𝑖 𝜌𝑏𝑖 . Evac in Equation (5),
which is the (Mexican hat-shaped) contribution of the constituent quark vacuum to the
energy density, expressed in its unregularized form by

Evac = 6𝑖
∫

d4𝑘

(2𝜋)4
ln

𝑘2 −𝑀2
𝛼

𝑘2 −𝑀2
𝛼0

+
𝜎2
𝛼 − 𝜎2

𝛼0

8𝐺𝜋

, (7)

where a sum over the quark flavors is implied, and the sub-index 0 refers to the vacuum
with zero baryon densities. The label ℓ = 𝑒− , 𝜇− in Equation (5) denotes the contributions
from the Fermi gas of leptons in chemical equilibrium with the baryons.

The stationary conditions for the vector fields 𝜕E (0)

𝜕𝜔𝛼
= 0 for fixed 𝜌 gives 𝜔𝛼 = 4𝐺𝑣 𝜌𝛼 =

4𝐺𝑣 𝑛𝛼/𝑏 𝜌𝑏 , and therefore, the total contribution of the vector fields to the energy density

becomes 𝜔2
𝛼

8𝐺𝑣
= 2𝐺𝑣𝜌

2
𝛼 . The corresponding requirement on the scalar fields, 𝜕E (0)

𝜕𝜎𝛼
= 0, is

equivalent to the in-medium gap equations. The energy density is then stationary with
respect to all mean fields, and the chemical potential of baryon 𝑏 simply becomes the Fermi
energy 𝜀𝑏 (𝑘 = 𝑝𝑏):

𝜇
(0)
𝑏

(𝜌) ≡ dE (0) (𝜌)
d𝜌𝑏

=
𝜕 E (0) (𝜌)
𝜕𝜌𝑏

= 𝐸𝑏 (𝑝𝑏) +𝑛𝛼/𝑏 𝜔𝛼 . (8)

Because the model is thermodynamically consistent, the pressure can be calculated
either from the first law of thermodynamics (𝑃 (0) (𝜌) + E (0) (𝜌) = 𝜌𝑏 𝜇

(0)
𝑏

(𝜌) + 𝜌ℓ𝜇ℓ ) or by
direct calculation. The resulting expression is

𝑃 (0) (𝜌) = 𝑃 (0)
𝐵

(𝜌) − Evac +
𝜔2
𝛼

(8𝐺𝑣)
+ 𝑃ℓ , (9)
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where the contribution from the baryons is given by

𝑃
(0)
𝐵

(𝜌) = 𝜌𝑏 𝜇 (0)𝑏
(𝜌) − E (0)

𝐵
(𝜌) = 2

3

∫
d3𝑘

(2𝜋)3
𝑘2

𝐸𝑏 (𝑘)
𝑛𝑏 (𝑘 ,𝑝𝑏) . (10)

2.2. EVEs for Baryons with Different Quark Core Sizes

In order to take into account the EVEs, we define the effective baryon densities by
𝜌𝑏 =

𝑁𝑏

𝑉 −𝑉𝑞𝑐 , where 𝑁𝑏 are true baryon numbers in the volume 𝑉 , and 𝑉𝑞𝑐 is the volume
occupied by the quark cores of all baryons. These effective baryon densities are considered
as functions of the true baryon densities 𝜌𝑏 =

𝑁𝑏

𝑉
according to the relation

𝜌𝑏 (𝜌) =
𝜌𝑏

1 − 𝑣𝑏′𝜌𝑏′
≡ 𝜌𝑏

1 − 𝑣 · 𝜌 , (11)

where 𝑣𝑏 is the volume of the quark core of baryon 𝑏, which will be defined more precisely
in the next section, and therefore, 𝑣𝑏 𝜌𝑏 ≡ 𝑣 · 𝜌 is the volume fraction (𝑉𝑞𝑐/𝑉 ) occupied by
the quark cores of all baryons.

Let us first consider the pressure. To take into account the EVEs, we follow pre-
vious works [39–41,58] and replace the explicit dependence on the baryon densities
𝜌 = {𝜌1, 𝜌2, . . . } in the last form of (10) by the effective baryon densities 𝜌 ≡ {𝜌1, 𝜌2, . . . }, i.e.,
we use

𝑃𝐵 (𝜌) = 𝑃 (0)
𝐵

(𝜌) = 2
3

∫
d3𝑘

(2𝜋)3
𝑘2

𝐸𝑏 (𝑘)
𝑛𝑏 (𝑘 ,𝑝𝑏) (12)

with the effective Fermi momenta 𝑝𝑏 defined by 𝜌𝑏 = 𝑝3
𝑏
/(3𝜋2). The total pressure as a

function of the true baryon densities then follows from Equation (9) as

𝑃 (𝜌) = 𝑃 (0)
𝐵

(𝜌) − Evac +
𝜔2
𝛼

(8𝐺𝑣)
+ 𝑃ℓ . (13)

The effective baryon energy density is defined as the energy of the baryons per volume
available for their motion, i.e.,

E (0)
𝐵

(𝜌) ≡ E𝐵 (𝜌)
1 − 𝑣 · 𝜌 .

The baryon energy density including the EVEs is then expressed as E𝐵 (𝜌) = (1 − 𝑣 · 𝜌) E (0)
𝐵

(𝜌),
where E (0)

𝐵
(𝜌) is given by the original NJL model expression (6) after the replacement

𝑝𝑏 → 𝑝𝑏 :

E (0)
𝐵

(𝜌) = 2
∫

d3𝑘

(2𝜋)3 𝜀𝑏 (𝑘) 𝑛𝑏 (𝑘 ,𝑝𝑏) . (14)

We therefore arrive at the following expression for the total energy density including
the EVEs:

E(𝜌) = (1 − 𝑣 · 𝜌) E (0)
𝐵

(𝜌) + Evac −
𝜔2
𝛼

(8𝐺𝑣)
+ Eℓ . (15)

(We note that the factor (1 − 𝑣 · 𝜌) in Equation (15) does not mean that only the contri-
butions from outside the quark cores are taken into account, as can be seen, for example,
by the correct zero-density limit E(𝜌) → 𝑀𝑏 𝜌𝑏 .) The mean fields including the EVEs are
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determined for fixed true baryon densities by the stationarity conditions applied to (15). By
using the spectrum (4) for the vector fields, this condition leads to

𝜕E(𝜌)
𝜕𝜔𝛼

= (1 − 𝑣 · 𝜌) 𝑛𝛼/𝑏 𝜌𝑏 −
𝜔𝛼

4𝐺𝑣

= 𝑛𝛼/𝑏 𝜌𝑏 −
𝜔𝛼

4𝐺𝑣

= 0 , (16)

which shows that the vector fields are unchanged by the EVEs: 𝜔𝛼 = 4𝐺𝑣 𝑛𝛼/𝑏 𝜌𝑏 = 4𝐺𝑣𝜌𝛼 .
The total vector contribution to the energy density (15) is then the same as in the previous

subsection, namely 𝜔2
𝛼

8𝐺𝑣
= 2𝐺𝑣𝜌

2
𝛼 . For the scalar fields, the gap equations

𝜕 E(𝜌)
𝜕𝜎𝛼

= 0 (17)

have to be solved numerically to obtain the quark and baryon masses as functions of
the true baryon densities. Because, from Equations (16) and (17), the energy density is
stationary with respect to all mean fields, the baryon chemical potential can be obtained
from 𝜇𝑏 (𝜌) ≡ dE(𝜌)/d𝜌𝑏 = 𝜕E(𝜌)/𝜕𝜌𝑏 , i.e., only the explicit dependence on 𝜌 , which resides
in the first term of (15), needs to be taken into account. A simple calculation, using the
relation 𝜇 (0)

𝑏
(𝜌) = 𝜕E (0) (𝜌)/(𝜕𝜌𝑏) and the thermodynamic consistency relation of the original

NJL model (E (0)
𝐵

(𝜌) + 𝑃 (0)
𝐵

(𝜌) = 𝜌𝑏 𝜇 (0)𝑏
(𝜌)), gives

𝜇𝑏 (𝜌) = −𝑣𝑏 E (0)
𝐵

(𝜌) + (1 − 𝑣 · 𝜌)𝜇 (0)
𝑏′ (𝜌)

(
𝛿𝑏′,𝑏

1 − 𝑣 · 𝜌 + 𝜌𝑏′𝑣𝑏

(1 − 𝑣 · 𝜌)2

)
= 𝜇

(0)
𝑏

(𝜌) − 𝑣𝑏
(
E (0)
𝐵

(𝜌) − 𝜇 (0)
𝑏′ (𝜌) 𝜌𝑏′

)
= 𝜇

(0)
𝑏

(𝜌) + 𝑣𝑏 𝑃 (0)
𝐵

(𝜌)

= 𝐸𝑏 (𝑝𝑏) +𝑛𝛼/𝑏 𝜔𝛼 + 𝑣𝑏 𝑃𝐵 (𝜌) , (18)

where, in the last step, we used the form of 𝜇 (0)
𝑏

(𝜌) as given by the last form in Equation (8)
after the replacement 𝑝𝑏 → 𝑝𝑏 , and the relation 𝑃𝐵 (𝜌) = 𝑃 (0)

𝐵
(𝜌) according to Equation (12).

From Equation (18), we see that the EVEs led to an increase in the Fermi momenta of
baryons and to a volume term in the chemical potentials.

We can now confirm the thermodynamic consistency of the approach, that is, the first
law of thermodynamics,

E(𝜌) + 𝑃 (𝜌) = 𝜇𝑏 (𝜌) 𝜌𝑏 + 𝜇ℓ 𝜌ℓ , (19)

as follows: For the leptonic contributions, it is obvious, and for the other contributions, we
use the form (13) for 𝑃 (𝜌) and (15) for E(𝜌), as well as Equation (18) and the aforementioned
thermodynamic consistency relation of the original NJL model for the baryon contributions.
Leaving out the leptonic contributions for simplicity, we obtain

E(𝜌) + 𝑃 (𝜌) = E (0)
𝐵

(𝜌) + 𝑃 (0)
𝐵

(𝜌) − (𝑣 · 𝜌)E (0)
𝐵

(𝜌) = 𝜇 (0)
𝑏

(𝜌) 𝜌𝑏 − (𝑣 · 𝜌)E (0)
𝐵

(𝜌)

=

(
𝜇𝑏 (𝜌) − 𝑣𝑏𝑃 (0)

𝐵
(𝜌)

) 𝜌𝑏

1 − 𝑣 · 𝜌 − (𝑣 · 𝜌)
(
𝜇
(0)
𝑏

(𝜌) 𝜌𝑏 − 𝑃 (0)
𝐵

(𝜌)
)

= 𝜇𝑏 (𝜌) 𝜌𝑏
(
1 + 𝑣 · 𝜌

1 − 𝑣 · 𝜌

)
− (𝑣 · 𝜌)

(
𝜇𝑏 (𝜌) − 𝑣𝑏𝑃 (0)

𝐵
(𝜌)

) 𝜌𝑏

1 − 𝑣 · 𝜌

+ (𝑣 · 𝜌)𝑃 (0)
𝐵

(𝜌)
(
1 − 1

1 − 𝑣 · 𝜌

)
, (20)

which becomes

E(𝜌) + 𝑃 (𝜌) = 𝜇𝑏 (𝜌) 𝜌𝑏 + (𝑣 · 𝜌)𝑃 (0)
𝐵

(𝜌)
(
1 + 𝑣 · 𝜌

1 − 𝑣 · 𝜌 − 1
1 − 𝑣 · 𝜌

)
= 𝜇𝑏 (𝜌) 𝜌𝑏 . (21)
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Compared to previous works on EVEs in effective quark theories [41,58], the important
new point here is that the thermodynamic consistency can be satisfied for the case where
each baryon has its own quark core radius, which can be calculated consistently in the
same model framework, as will be explained in the next section. We finally note that the
formulas given in this subsection can be used to derive the following simple and instructive
relation for the change in the energy density with respect to the quark core volume of a
baryon 𝑏:

𝜕 E
𝜕𝑣𝑏

= 𝜌𝑏 𝑃𝐵 (𝜌) . (22)

3. Results
In this section, we present our results on EVEs in symmetric nuclear matter, neutron

star matter, and neutron stars. The EVEs in our model arise from the finite rms radii of
the baryon density distributions of the quark cores of octet baryons in the medium, which
are calculated by using the quark–diquark model based on the Faddeev equation for each
baryon separately, as will be explained below.

3.1. Model Parameters and Results for Single Baryons

The model parameters used in the present numerical calculations are the same as in
our previous work [57] and are summarized in Table 1. Besides the model parameters
𝐺𝜋 , 𝐺𝑣 , 𝑚, and 𝑚𝑠 , which appear in the Lagrangian of Equation (1), other parameters
necessary to define the model are the infrared (IR) and ultraviolet (UV) cut-offs ΛIR and ΛUV,
which are used with the proper-time regularization scheme [65,66] (also see Appendix C
of Ref. [57]). While the UV cut-off is necessary to give finite integrals, the IR cut-off
eliminates unphysical decay thresholds of hadrons into quarks, thereby simulating one
important aspect of confinement. It should be similar to ΛQCD, and because our results
are rather insensitive to its precise value as long as 0.20 GeV < ΛIR < 0.28 GeV, we choose
ΛIR = 0.24 GeV. (A recent study [67] of ΛQCD in the MS scheme for two active flavors gave
0.255+0.04

−0.015 GeV, which encompasses our assumed value.) The parameters ΛUV,𝑚, and 𝐺𝜋

are determined so as to give a constituent light quark mass in a vacuum of 𝑀0 = 0.4 GeV
via the gap equation (see Equations (3) and (17)), the pion decay constant 𝑓𝜋 = 0.93 GeV,
and pion mass 𝑚𝜋 = 0.14 GeV via the standard Bethe–Salpeter equation in the pionic
𝑞𝑞 channel [46,47]. The strange quark mass 𝑚𝑠 is determined so that the gap equation
gives a constituent 𝑠 quark mass in a vacuum of 𝑀𝑠0 = 0.562 GeV, which reproduces the
observed mass of the Ω baryon 𝑀Ω = 1.67 GeV by using the quark–diquark bound state
equations. The vector coupling 𝐺𝑣 is determined from the binding energy per nucleon in
symmetric nuclear matter (𝐸𝐵/𝐴 = −16 MeV) at the saturation density (𝜌𝐵0 = 0.15 fm−3).
(See Refs. [68,69] for recent precision studies of 𝜌𝐵0 and 𝐸𝐵/𝐴 at 𝜌𝐵 = 𝜌𝐵0 of symmetric
nuclear matter.) As will be seen in the next subsection, the EVEs lead to a slight shift in the
saturation point of symmetric nuclear matter which, however, is completely unimportant
for neutron star matter at high densities, so we will keep the value of 𝐺𝑣 determined in our
previous work [57]. As explained in Appendix A of Ref. [57], the coupling constants in
the scalar and axial-vector 𝑞𝑞 channels, 𝐺𝑆 and 𝐺𝐴, are fixed to the free nucleon and delta
masses (𝑀𝑁0 = 0.94 GeV and 𝑀Δ0 = 1.23 GeV). Except for 𝑀𝑁 0, the resulting free masses of
octet baryons are then predictions of the model and are summarized in Table 2 together
with the observed values. The good agreement with the observed values may be taken as
an a posteriori justification of our choice 𝑀0 = 0.4 GeV.
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Table 1. Values for the model parameters which are determined in the vacuum, single hadron, and
nuclear matter sectors. The regularization parameters, constituent quark masses in the vacuum
(sub-index 0), and current quark masses are given in units of GeV, and the coupling constants are
given in units of GeV−2.

ΛIR ΛUV 𝐺𝜋 𝐺𝑣 𝑀0 𝑀𝑠0 𝑚 𝑚𝑠

0.240 0.645 19.04 6.03 0.40 0.562 0.016 0.273

Table 2. Masses of octet baryons (in units of GeV up to 3 significant figures) calculated in the vacuum
(sub-index 0) by using the coupling constants𝐺𝑆 = 8.76 GeV−2 and𝐺𝐴 = 7.36 GeV−2 in the scalar and
axial-vector diquark channels fitted to the standard vacuum masses of the nucleon (𝑀𝑁0 = 0.940 GeV)
and the Δ baryon (𝑀Δ = 1.32 GeV), in comparison to the isospin-averaged observed values [70].

𝑀𝑁 0 𝑀Λ0 𝑀Σ0 𝑀Ξ0

calc. 0.940 1.12 1.17 1.32
obs. 0.939 1.12 1.19 ± 0.02 1.32 ± 0.14

By using the solutions of the quark–diquark bound state equations as described in
Appendix A of Ref. [57], we can calculate the quark core (qc) contribution to the form factor
corresponding to the distribution of baryon charge from the Feynman diagrams shown in
Figure 1, which represent the baryon current associated with “bare” constituent quarks, i.e.,
constituent quarks without their meson clouds. Each operator insertion in these diagrams
is therefore given by 1

3𝛾
𝜇 , where the factor 1

3 is the baryon number of a quark.

p

p − k

k k

p
+

p

k k

k − ℓ

ℓℓ

p − k

p
+

p

k k

ℓ ℓ

k − ℓ

p − k

p

Figure 1. Feynman diagrams representing the quark core contributions to the baryon current. The
ovals (circles) are the vertex functions of the quark–diquark (quark–quark) bound state as given in
Refs. [57,59,71], and the crosses stand for the external field which transfers a 4-momentum 𝑞 to the
baryon and couples it to the constituent quarks via the elementary vertex 1

3𝛾
𝜇 . A single (double) solid

line stands for the quark (diquark) propagator, and the external lines represent a given member of
the baryon octet.

Similar to the more familiar electric form factor, the baryon current represented by
Figure 1 can be parametrized by the Dirac–Pauli form factors 𝐹 (𝑞𝑐 )

1𝑏 and 𝐹
(𝑞𝑐 )
2𝑏 , which give

the desired form factor as 𝐺 (𝑞𝑐 )
𝑏

(𝑄2) = 𝐹
(𝑞𝑐 )
1𝑏 (𝑄2) − 𝑄2

4𝑀2
𝑏

𝐹
(𝑞𝑐 )
2𝑏 (𝑄2) and the associated rms

radius 𝑟 (𝑞𝑐 )
𝑏

=

√︃
−6 d𝐺 (𝑞𝑐 )

𝑏
/d𝑄2 |𝑄2=0. Our results for these radii in the vacuum (zero baryon

density), where isospin symmetry is assumed to be intact, are shown in the second column
of Table 3. It is important to note that it is these baryon radii of quark cores without meson
cloud effects that are responsible for the EVEs in our model, and which precisely agree with
the notion of “hard core radii” of Ref. [33]. The physical reason is simply that the overlap of
the meson clouds gives rise to the meson exchange interaction and should not be counted
as an excluded volume effect. Indeed, by using familiar relations of the Fermi liquid theory,
one can verify that our effective baryon–baryon interaction takes into account the direct
terms of neutral scalar and vector meson exchanges (see Appendix A). They mediate the
interactions between the baryons by generating the mean fields and do not restrict the
volume available for their motion in any way. It is interesting to observe that our values of
𝑟
(𝑞𝑐 )
𝑏

are similar to the radii used in previous works on EVEs [41,58], where they were used
as free parameters common to all baryons.
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Table 3. Baryon radii of single (free) baryons (in units of fm up to 2 significant figures). The second
column shows the quark core (qc) results, which are used to assess the EVEs on the EOS in this work.
The third and fourth columns, which are taken from our earlier calculations [59] in the same model,
also include the effects of the vector meson (vm) and the pion (𝜋) cloud for those cases where the
baryon radii can be related to the electric radii, as explained in the main text. For those cases, the
last column shows the observed values [70] where available. For the Ξ, where no observed value is
available, we quote the results of a recent calculation in nonlocal chiral effective theory [72].

𝑏 𝑟
(qc)
𝑏

𝑟
(qc+vm)
𝑏

𝑟
(qc+vm+𝜋 )
𝑏

𝑟obs
𝑏

𝑁 0.47 0.78 0.79 0.77
Σ 0.46 0.74 0.86 0.78 ± 0.10
Ξ 0.44 0.69 0.76 0.77 ± 0.08
Λ 0.46

Although the meson cloud effects, a part of which is incorporated automatically in our
effective interaction, should not be included in the definition of hard core radii, they are of
course very important to explain the physical sizes of single baryons. For the case of the baryon
radii 𝑟𝑏, the vector mesons are of particular importance, as one can expect from the vector
meson dominance model, but also the pion cloud gives some contributions. For illustrative
purposes, we therefore quote the results from Table VI of our previous work [59] on baryon octet
form factors, which was performed within the same model, in the third and fourth columns of
Table 3. (For the nucleon, the relation between the baryon radius and the electric charge
radii of protons and neutrons is 𝑟 2

𝑁
=

〈
𝑟2
𝐸𝑝

〉
+
〈
𝑟 2
𝐸𝑛

〉
. For the Σ and Ξ, the corresponding

relations are simply 𝑟 2
Σ = −

〈
𝑟2
𝐸Σ−

〉
and 𝑟 2

Ξ = −
〈
𝑟 2
𝐸Ξ−

〉
because Σ− and Ξ− consist only of 𝑑 and

𝑠 quarks with the same electric charge of −1/3. No such relation exists for Λ.)
Because, in the following discussions, the term “baryon radius” always refers to the

quark core radius 𝑟 (qc)
𝑏

, we return to the simplified notations of the previous section, i.e.,
we use 𝑟𝑏 for the radius and 𝑣𝑏 = 4𝜋

3 𝑟
3
𝑏

for volume. The values of 𝑟𝑏 in the vacuum, given in
the second column of Table 3, will be denoted by 𝑟𝑏0.

3.2. Symmetric Nuclear Matter

Figure 2 shows the results for the binding energy per nucleon and the pressure in
isospin symmetric nuclear matter as functions of the baryon density. Each figure shows our
previous results [57] without EVEs (dotted lines): the results where the EVEs are evaluated
by using the radius of free nucleons, 𝑟𝑁0 = 0.47 fm, as given in the second column of Table 3,
for all densities (dashed lines), and our full results, which include the density dependence
(swelling) of the nucleon radius, which arises via its dependence on the mean scalar field
(solid lines).
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Figure 2. Binding energy per nucleon (left panel ) and pressure (right panel) in symmetric nuclear matter.
Dotted lines: results without EVEs (𝑟𝑁 = 0); dashed lines: results obtained with the free (zero baryon
density) nucleon radius 𝑟𝑁0; solid lines: results obtained with our calculated density-dependent
nucleon radius 𝑟𝑁 .
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We see that, at normal nuclear matter density, the EVEs have little effect on the EOS.
The left panel of Figure 2 shows that the saturation density is shifted from 0.15 fm−3 (dotted
line) to 0.14 fm−3 (solid line), with a corresponding shift in the binding energy per nucleon
from −16 MeV to −14.6 MeV. Although it is possible to readjust model parameters to keep
the saturation point unchanged, we keep the same parameters for clarity, because such
small changes would not affect our main results and conclusions in any way. Also, the other
results given in Ref. [57] at the saturation point, like the incompressibility (𝐾 = 363 MeV),
the symmetry energy (𝑎𝑠 = 18 MeV), the effective quark mass (325 MeV), and the effective
nucleon mass (756 MeV), change by less than 5% when the EVEs are included.

On the other hand, at densities of about 3 times the normal nuclear matter density,
both the energy per nucleon and the pressure increase appreciably when the EVEs are
included. For the energy, about 30% of the repulsive contributions come from the swelling
of the nucleons in the medium, while for the pressure, the swelling effects make up 50% of
the total EVEs. Because typical values of the central baryon densities in massive neutron
stars are about 0.6 ∼ 0.8 fm−3, one may naively expect from these figures that the EVEs may
have a large effect on heavy neutron stars.

Figure 3 shows the results for the nucleon radius (𝑟𝑁 ) and the corresponding volume
fraction occupied by the quark cores in the medium (𝜌𝐵 𝑣𝑁 (𝜌𝐵)) as functions of the baryon
density. The modest swelling of about 7% at normal densities plays an important role in
describing several nuclear phenomena, as mentioned in Section 1. At the highest density
shown in Figure 2, which is about 3.3 times the normal nuclear matter density, the swelling
of the nucleon radius is about 13% and indicates a kind of plateau, which reflects our
phenomenological implementation of confinement effects via the infrared cut-off (ΛIR). The
volume fraction occupied by the quark cores at this density is about 33%, indicating that
the physical picture of the mean field approximation is not unreasonable, although it leaves
room for effects from the Pauli principle on the level of quarks, which is an important
subject of current research as mentioned in Section 1.
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Figure 3. Nucleon hard core radius (left panel) and corresponding volume fractions occupied by the
quark cores (right panel) in symmetric nuclear matter as a function of the baryon density.

3.3. Neutron Star Matter

In order to calculate the EOS of neutron star matter, the basic formalism explained in
Section 2.2 must be supplemented by the conditions for chemical equilibrium and charge
neutrality, which can be expressed by

𝜇𝑏 − 𝜇𝑛 + 𝑞𝑏 𝜇𝑒 = 𝜇𝜇 − 𝜇𝑒 = 𝑞𝑖𝜌𝑖 = 0 . (23)

Here, the chemical potentials of baryons are given by Equation (18), and for the leptons

(ℓ = 𝑒− , 𝜇−), we assume the non-interacting Fermi gas expression 𝜇ℓ =
√︃
𝑝2
ℓ
+𝑚2

ℓ
. The Fermi

momenta 𝑝𝑖 of baryons (𝑖 = 𝑏) and leptons (𝑖 = ℓ) are related to their number densities 𝜌𝑖
by 𝜌𝑖 =

𝑝2
𝑖

3𝜋2 . In Equation (23), 𝑞𝑖 denotes the electric charges of baryons and leptons. The
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numerical calculation is then carried out as follows: The vector fields can be eliminated
from the outset in favor of the baryon densities by using Equation (16). Then, for a given
baryon density 𝜌𝐵 , we solve the set of Equation (23) for the number densities of the particles
in the system on a grid of scalar fields 𝜎𝛼 , which in turn is determined by minimizing the
energy density (15), see Equation (17). The solutions of these equations can be used to
calculate the EOS and chemical composition of the system, together with other physical
quantities like the effective masses of quarks and baryons, the radii of the baryons, and the
volume fraction occupied by the quark cores of baryons.

In Figure 4, we compare the results for the chemical potentials and the ratios of the
number densities of baryons and leptons to the baryon density, for the case where the EVEs
are neglected (panels on the left) to the case where the EVEs are included (panels on the
right). The chemical potentials of the hyperons below their threshold densities, where they
touch one of the three solid lines representing 𝜇𝑛 and 𝜇𝑛 ± 𝜇𝑒 from above according to the
equilibrium conditions 𝜇𝑏 = 𝜇𝑛 − 𝑞𝑏𝜇𝑒 (see Equation (23)), are given by Equation (18) for
𝜌𝑏 = 𝑝𝑏 = 𝑝𝑏 = 0. They can be visualized as hyperons immersed in the nuclear medium
without forming a nonzero macroscopic number density.
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Figure 4. Chemical potentials of octet baryons (upper panels) and the ratio of number densities of
baryons and leptons to the baryon density (lower panels) in neutron star matter as a function of the
baryon density. The results for 𝑟𝑏 = 0 (no EVEs) are shown by the left panels, while those on the right
refer to the case of our calculated density-dependent baryon radii (with EVEs).

A comparison of the two upper panels of Figure 4 shows that, with EVEs, the nucleon
chemical potentials (solid lines) increase faster with density, partially because of their larger
effective Fermi momenta (𝑝𝑏 in Equation (18)) and partially because of their volume terms
in (18), while the chemical potentials of the hyperons below their thresholds increase only
slightly from their 𝑟𝑏 = 0 values. This is because for 𝜌𝑏 = 0 (case of hyperons dispersed
in the nuclear medium), the difference between the chemical potentials for 𝑟𝑏 > 0 and
𝑟𝑏 = 0 comes, besides small differences in effective masses, only from the volume term in
Equation (18), which is quite small in the density region of the hyperon onset. (For example,
the value of 𝑃𝐵 at 𝜌𝐵 = 0.4 fm−3, including the EVEs, is 𝑃𝐵 = 0.022 GeV/fm3, which is
about 40% of the total pressure at this density, see Figure 5. Then, a typical hadron size
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of 𝑟𝑏 = 0.5 fm gives a contribution 𝑣𝑏 𝑃𝐵 ∼ 0.01 GeV to the chemical potential, which is
small on the scale of Figure 4.) Thus, the crossing between the steeper solid lines and
the almost unchanged hyperon lines in Figure 4 is shifted to smaller densities when the
EVEs are included, and as a result, the onset of hyperons occurs in a more narrow window
of densities, as shown in the right panels of Figure 4. Because the presence of hyperons
generally tends to soften the EOS, we can therefore expect that the repulsion induced by
the EVEs will be much less effective in neutron star matter than in nuclear matter.

The pressure and the energy density in neutron star matter are shown in Figure 5
for the following six cases: the upper three lines show the results without hyperons (only
nucleons and leptons in chemical equilibrium), and the lower three lines show the results
including the hyperons. For each case, we show the results obtained without EVEs (𝑟𝑏 = 0,
dotted lines), with EVEs calculated by using the free baryon radii (𝑟𝑏0, dashed lines), and
with our calculated density-dependent baryon radii (𝑟𝑏 , solid lines).
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Figure 5. The pressure (upper left panel) and the energy density (upper right panel) as a function of the
baryon density and the pressure as a function of energy density (lower panel) for neutron star matter.
In each panel, the upper (lower) three lines show the results obtained without (with) hyperons, and
for each case, we show the results without EVEs (dotted lines), with EVEs calculated with the free
baryon radii (dashed lines), and with our calculated density-dependent baryon radii (solid lines).
The velocity of sound (𝑐𝑠 =

√︁
d𝑃/dE) does not exceed the velocity of light for the range of densities

shown in all figures of this paper. The gray area in the lower panel reproduces the 95% posterior
credible band shown in Figure 2 of Ref. [13] from a Bayesian inference analysis of NICER data on
neutron stars.

Because the energy density is determined mainly by the number densities and the
effective masses of the baryons, the EVEs on the energy density are generally small. Con-
cerning the pressure, as can be expected from the results of Section 3.2 and the discussions
presented above, the EVEs are very large in the region of high densities if only nucleons
and leptons are considered, but become much smaller when the hyperons are also included.
A comparison of the solid lines in the left panel of Figure 5 demonstrates the enormous
reduction in the pressure by almost a factor of 3 in the region 𝜌𝐵 ≃ 0.8 fm−3. A comparison
of the dashed and solid lines shows that, for the case without hyperons, the swelling
of nucleons contributes roughly 50% to the total EVEs for the pressure, which is similar
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to the case of symmetric nuclear matter shown in Figure 2, while for the case including
the hyperons, the swelling effects are dominant. The comparison with the 95% posterior
credible band [13] in the lower panel of Figure 5 clearly rules out the presence of hyperons
in our EOS for 𝜌𝐵 ≥ 4𝜌𝐵0, demonstrating the hyperon puzzle in an impressive way.

The calculated quark core radii of octet baryons and the corresponding volume fraction
occupied by the quark cores are shown in Figure 6. In the left panel, the density dependence
of the radii of hyperons below their onsets simply reflects the action of the scalar fields
produced by other baryons with finite density on the quarks inside the hyperon at rest. In
the right panel, the volume fraction naturally includes only those baryons that exist in the
system with a finite number density.
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Figure 6. The calculated radii of octet baryons (left panel) and the corresponding volume fraction
occupied by the quark cores (right panel) in neutron star matter as a function of the baryon density.

From the left panel of Figure 6, we see that the swelling of baryons in the medium,
which is caused by the decreasing quark masses, is at most ∼20% and—in particular for
the nucleons—tends to saturate at high densities. As mentioned already in Section 3.2,
this reflects our phenomenological implementation of confinement effects via the infrared
cut-off (ΛIR). The splittings of radii within the isospin multiplets (𝑁 , Σ, Ξ) of the baryon
octet shown in the left panel of Figure 6 are caused by 𝑀𝑢 > 𝑀𝑑 in a medium that contains
more 𝑑 quarks than 𝑢 quarks. This effect, which gives a small negative contribution to the
symmetry energy in normal nuclear matter, is caused by our scalar isovector part of the
effective baryon–nucleon interaction, which is positive but small at high densities [57], and
which corresponds to the effect of the 𝛿 meson exchange in baryon–meson theories [73].
The radius of the Λ baryon stays below the radii of the Σ baryons for all densities. This can
be traced back to the additional attraction in the Λ from the scalar diquark made of 𝑢 and
𝑑 quarks (antisymmetric flavor combination [𝑢𝑑]), which is not present in the Σ baryon,
and which becomes more pronounced at finite density because the mass of this light scalar
diquark decreases more rapidly with density than the mass of the other (heavy scalar and
axial vector) diquarks.

The right panel of Figure 6 shows that for baryon densities less than ∼0.75 fm−3, which,
in our calculation, is the highest density in stable neutron stars including hyperons, the
volume fraction occupied by the quark cores is at most ∼45%. Because this is still well
below the closest packing fraction (∼74% for spheres of similar radii), it may give us some
confidence that the overall physical picture of the mean field approximation of three-quark
bound states moving in self-consistent scalar and vector fields does not break down at such
high densities, but it can be used as a starting point for corrections and improvements,
taking into account the effects of the Pauli principle on the level of quarks.
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3.4. Neutron Stars

By using our EOS as input to the Tolman–Oppenheimer–Volkoff (TOV) equations [74,75],
we can calculate the properties of neutron stars. Our results for the star masses and radii
based on the EOS discussed in the previous subsection are collected in Figure 7.
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Figure 7. Neutron star mass as a function of the central baryon density (left panel) and the relation
between the mass and the radius of the stars (right panel). In both figures, the upper (lower) three lines
show the results obtained without (with) hyperons, and for each case, we show the results without
EVEs (dotted lines), with EVEs calculated by using the free baryon radii (dashed lines), and by using
our calculated density-dependent radii (solid lines). The gray area in the right panel reproduces the
95% posterior credible band shown in Figure 5 of Ref. [13] from a recent Bayesian inference analysis
of NICER data on neutron stars.

Both figures demonstrate a reduction in neutron star masses caused by a reduction in
pressure in the high-density region when the hyperons are included (Figure 5). The two
groups of lines shown in Figure 7 clearly separate from each other in the density region of
the onset of hyperons. The repulsive EVEs increase the maximum masses of stable stars
consisting only of nucleons and leptons by ∼0.3𝑀⊙ up to 2.39𝑀⊙ , which is larger than the
value reported recently for the heaviest observed neutron star [12]. On the other hand,
because of the reasons discussed in the previous subsection, the repulsive EVEs become
suppressed very much when the hyperons are included and increase the maximum mass
of stable stars by only 0.1𝑀⊙ up to 1.85𝑀⊙ . This surprisingly small change is explained
by the fact that the EVEs, in spite of introducing repulsion into the system, narrow the
region of densities for the onset of hyperons, where the direct effect of the finite baryon
volumes is too small to balance the gain of energy when a neutron, which obtains more
kinetic energy as the available volume shrinks, is transformed to a hyperon at rest by the
weak interactions. We also mention that the swelling of baryons makes up ∼50% of the
total EVEs on the maximum star masses in all cases shown in Figure 7. The comparison
with the 95% posterior credible band [13] in the right panel of Figure 7 shows that our stars
with masses in the range 1.4 ∼ 2.0𝑀⊙ tend to have radii that are too large when the EVEs
are included. This is because the inner crust of the stars, typically in the density range of
∼10−3𝜌𝐵0 to 𝜌𝐵0, is not included in our calculation. Its effects can decrease the radius of the
stars in this mass region by roughly 1 km [76].

To summarize, we obtain the following results for the maximum central baryon
density which gives stable stars and the corresponding maximum star mass and radius
at maximum mass for the case when the EVEs are taken into account with our calculated
density-dependent baryon radii:

(𝜌max
𝐵 (𝑟 = 0), 𝑀max

star , 𝑅star) = (0.84 fm−3, 2.39𝑀⊙ , 11.84 km)
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for the case of no hyperons, and

(𝜌max
𝐵 (𝑟 = 0), 𝑀max

star , 𝑅star) = (0.73 fm−3, 1.85𝑀⊙ , 12.54 km)

for the case with hyperons. We therefore conclude that the long-standing “hyperon puzzle”
persists in our relativistic effective quark theory which takes into account the repulsive
EVEs caused by the finite quark core sizes of the baryons.

Here, we wish to emphasize again the important role of symmetries which has lead us
to this conclusion: Our model is based on the chiral and flavor symmetries of the interaction
Lagrangians, given in Equation (1) for the 𝑞𝑞 channels and in Equation (A1) of Ref. [57] for
the 𝑞𝑞 channels, following the well established paths in hadronic physics which lead to
many successful low-energy theorems and mass formulas. The essential assumption here is
that explicit breakings of these symmetries are allowed to arise only from the current quark
masses, and all other breakings must be of dynamical origin. Because chiral symmetric
six-Fermi and eight-Fermi interactions do not solve the hyperon puzzle [57], and our aim
was to see how far we can go without invoking a phase transition to quark matter, we
were left with just eight model parameters (four coupling constants, two cut-offs, and
two current quark masses). If these are fixed as explained in Section 2, we do not have any
free parameters to solve disagreements with observations. If we would allow for symmetry
breaking interactions, modifications of the basic model equations, etc., there would be
many ways to “resolve” the problem and obtain neutron star masses as large as needed. To
us, however, it seems more important to respect the basic symmetries observed in nature
than to reproduce observations by force.

Based on our results, we expect that the solution of the hyperon puzzle may be
difficult to achieve on the level of composite baryons with short-range repulsions. Still,
the possibility of strong three-body forces involving strangeness on the level of baryons is
the subject of intensive theoretical and experimental investigations [23], but to us, it seems
that some kind of strongly interacting quark matter will emerge as the solution, either by
invoking a phase transition to color superconducting quark matter [29,77], or by exploring
the possibilities created by recent work on quarkyonic matter [34–36], which is a new form
of high-density matter based on the hadron–quark continuity.

4. Summary
Strongly interacting baryonic systems are fascinating objects of current research in

hadronic physics because they relate the basic symmetries of microscopic nuclear systems
to macroscopic astrophysical objects. In our work, we used the NJL model as an effective
quark theory of QCD to describe constituent quarks, relativistic bound states forming
hadrons, and the equations of state for nuclear and neutron star matter. This model has the
basic chiral and flavor symmetries of QCD, which must be respected by all models for the
hadronic interactions. Our basic assumption was that the current quark masses are the only
sources of explicit symmetry breakings, while all other mechanisms of symmetry breaking
must be of dynamical origin. This basic assumption leads to very strong restrictions on the
model parameters, which have to be respected irrespective of agreement or disagreement
with observations.

The new point of our work was to achieve a consistent description of excluded volume
effects (EVEs) in the NJL model by identifying the quark core radii of each baryon in the sys-
tem with the hard distance scale at which the relative wave function of interacting baryons
becomes strongly suppressed. For this purpose, we reformulated the EOS including EVEs
such that each baryon can have its own quark core size, which we calculated consistently
within our model. We have shown that this description of EVEs, which does not introduce
any new parameters, satisfies the requirements of thermodynamic consistency in general
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and of causality up to densities more than 6 times the normal nuclear matter density, which
exceeds the range that is relevant for the cores of heavy neutron stars. By solving the three
independent gap equations for the 𝑢, 𝑑 , and 𝑠 quarks, we were able to dynamically include
the effects of in-medium hadron swelling, which are known to be important for the case of
the nucleon on the EOS at high baryon densities. Our main motivation to re-examine the
role of EVEs was to investigate their effects on the long-standing hyperon puzzle.

Our findings can be summarized as follows: For symmetric nuclear matter, the mech-
anism of volume exclusion by the swelling quark cores leaves the saturation properties
almost unchanged, but at about 3 times the normal density, it increases both the energy
per nucleon and the pressure by about 30%, while increasing the quark core size of the
nucleons modestly by 10% and keeping the volume fraction occupied by the quark cores
below 30%. These results reflect our phenomenological implementation of confinement
effects into the model. A stable neutron star made only of nucleons and leptons can then
be as heavy as ∼2.4 solar masses, without any violation of causality. However, the direct
repulsive effects coming from the quark core sizes are too small to balance the increased
energy gain from the conversion of fast nucleons into hyperons at rest by the weak interac-
tions. This effect decreases the density window where hyperons appear by ∼15%, which is
enough to cancel most of the direct repulsive EVEs on the pressure at high densities and
the maximum mass of stable neutron stars. The result that we obtained of stable stars of
only up to 1.85 solar masses if the hyperons and EVEs are included together leads us to
expect that the hyperon puzzle may be difficult to solve on the level of composite baryons
with short-range repulsions.

Besides further investigations on strong three-body forces involving strange baryons,
there are a number of ways to proceed by exploiting explicit quark degrees of freedom. One
natural way might be to connect our NJL EOS with a color superconducting three-flavor
quark EOS calculated in the same model by the usual Maxwell or Gibbs constructions.
However, there are also other possibilities as reported recently. For example, in Ref. [33],
it was argued that the hard cores should be replaced by continuous distributions, i.e., by
the radial variable of the density, energy, and pressure profiles of a single baryon. In this
way, it was observed that the resulting EOS, based on a closest packing of nucleons with
variable radial size variables, becomes similar to empirical EOSs from other approaches.
Another line proposed in the same paper is based on quantum percolation and hadron–
quark continuity, where the quark wave functions become delocalized without a phase
transition. It was pointed out, and supported by recent work based on schematic forms for
the quark momentum distribution in baryons [34,35], that this mechanism could lead to
a solution of the hyperon puzzle. The fascination of studying strongly interacting matter
at high baryon densities is continuing and will increase our knowledge about the basic
building blocks of nature.
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Appendix A. Effective Interaction Between Baryons
By using Landau’s Fermi liquid theory [62,63], the ℓ = 0 effective interaction between

two baryons (𝑏 and 𝑏′) at their respective Fermi surfaces, denoted by 𝑓0,𝑏𝑏′ , can be obtained
from Equation (18) of the main text as follows:

d𝜇𝑏
d𝜌𝑏′

=
𝛿𝑏𝑏′

(1 − 𝑣 · 𝜌)𝑁𝑏

+ 𝑓0,𝑏𝑏′ , (A1)

where 𝑁𝑏 =
𝐸𝑏 (𝑝𝑏 ) 𝑝𝑏

𝜋2 is the density of states per volume of baryon 𝑏 at its Fermi surface, and
the first term in (A1) refers to the volume available for the Fermi motion, 𝑉 = 𝑉 (1 − 𝑣 · 𝜌).

To calculate the derivative from (18), it is convenient to separate the term depending
explicitly on the density from the terms depending implicitly on the density via the mean
fields 𝜎𝛼 and 𝜔𝛼 :

d𝜇𝑏
d𝜌𝑏′

=
𝜕𝜇𝑏

𝜕𝜌𝑏′
+ 𝜕𝜇𝑏

𝜕𝜎𝛼

𝜕𝜎𝛼

𝜕𝜌𝑏′
+ 𝜕𝜇𝑏

𝜕𝜔𝛼

𝜕𝜔𝛼

𝜕𝜌𝑏′
. (A2)

The explicit density dependence in (18) comes from the effective Fermi momentum 𝑝𝑏

in 𝐸𝑏 (𝑝𝑏) and the baryon pressure 𝑃 (0)
𝐵

(𝜌), while the baryon mass 𝑀𝑏 , the vector potential
contribution, and the quark core volume 𝑣𝑏 can be considered as functions of the mean
fields. The evaluation of the first term in (A2) is straightforward, and for the other terms, it
is convenient to note that the energy density is minimized with respect to the mean fields
at each set of baryon densities separately, i.e.,

𝜕

𝜕𝜌𝑏

(
𝜕E
𝜕𝜎𝛼

)
= 0 =

𝜕𝜇𝑏

𝜕𝜎𝛼
+ 𝜕2E
𝜕𝜎𝛼 𝜕𝜎𝛽

𝜕𝜎𝛼

𝜕𝜌𝑏
,

𝜕

𝜕𝜌𝑏

(
𝜕E
𝜕𝜔𝛼

)
= 0 =

𝜕𝜇𝑏

𝜕𝜔𝛼

+ 𝜕2E
𝜕𝜔𝛼 𝜕𝜔𝛽

𝜕𝜔𝛽

𝜕𝜌𝑏
, (A3)

where we used the fact that there is no mixing between scalar and vector mean fields in our
energy density (15).

We obtain the following result for the effective interaction:

𝑓0,𝑏𝑏′ =
1

(1 − 𝑣 · 𝜌)2

[
𝑣𝑏 𝜌𝑏′

𝑁𝑏′
+ 𝑣𝑏

′ 𝜌𝑏

𝑁𝑏

+
(𝑣𝑏 𝜌𝑏1 ) (𝜌𝑏1 𝑣𝑏′ )
(1 − 𝑣 · 𝜌)𝑁𝑏1

]
(A4)

− 𝜕𝜇𝑏

𝜕𝜎𝛼

(
𝑆−1

)
𝛼𝛽

𝜕𝜇𝑏′

𝜕𝜎𝛽
− 𝜕𝜇𝑏

𝜕𝜔𝛼

(
𝑉 −1

)
𝛼𝛽

𝜕𝜇𝑏′

𝜕𝜔𝛽

. (A5)

Here, we defined the generalized scalar and vector meson propagators for zero mo-
mentum by the inverse of the 3 × 3 flavor matrices:

𝑆𝛼𝛽 ≡ 𝜕2E
𝜕𝜎𝛼 𝜕𝜎𝛽

, 𝑉𝛼𝛽 ≡ 𝜕2E
𝜕𝜔𝛼 𝜕𝜔𝛽

. (A6)

The term (A4) is the repulsive interaction arising directly from the finite quark core
sizes. The two terms in (A5) correspond to the direct terms arising from the exchange of
neutral scalar and vector mesons, as illustrated by Figure A1.

𝒑

𝒑

𝒑′

𝒑′

Figure A1. Graphical representation of the meson exchange contribution to the effective baryon–
baryon interaction (Equation (A5)). The magnitudes of the 3-momenta indicated in this figure are the
Fermi momenta of the baryons 𝑏 and 𝑏′, i.e., | ®𝑝 | = 𝑝𝑏 and | ®𝑝′ | = 𝑝𝑏′ .



Symmetry 2025, 17, 505 19 of 21

The vector meson exchange term in Equation (A5) is the same as without EVEs and is
simply given by 4𝐺𝑣 𝑛𝛼/𝑏 𝑛𝛼/𝑏′ . The scalar meson exchange term is more complicated than
the form without EVEs given in Ref. [57]). The square of the coupling constant between a
scalar meson made of (𝑞𝛼𝑞𝛼 ) and the baryon 𝑏 is expressed by

𝜕𝜇𝑏

𝜕𝜎𝛼
=

𝑀𝑏

𝐸𝑏 (𝑝𝑏)
𝜕𝑀𝑏

𝜕𝜎𝛼
+
𝜕

(
𝑣𝑏𝑃

(0)
𝐵

(𝜌)
)

𝜕𝜎𝛼
, (A7)

where the first term has a familiar form [50], but the second term could only be assessed
numerically because of the dependence of 𝑣𝑏 on the scalar fields. For the same reason, the
scalar meson propagator is also more complicated because of the dependence of the energy
density (15) on the quark core radii. The 𝑢𝑢, 𝑑𝑑 , and 𝑠𝑠 components of the exchanged scalar
meson could be disentangled by an orthogonal transformation to diagonalize 𝑆 at a fixed
baryon density. Although further numerical analyses may be interesting, we do not go into
more detail in this work.
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