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Abstract: This study of Hankel and Hermitian Toeplitz determinants is one of the major
areas of interest in Geometric function theory and has wide applications in the areas of
signal processing and Applied Mathematics. In our present investigations, we define a
new subclass of normalized analytic functions $(A) (A > 0), defined using a subordination
relation with the sine function K(z) = 1 + sin z. For the class (1), coefficient estimates,
upper and lower bounds for the Hermitian Toeplitz determinants of second and third
order are found. In addition, estimates are provided for the second and third-order Hankel
determinants for the class $(A).
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1. Introduction

Let the class of normalized analytic functions of the form
fz) =z+ ) anz" 1)
n=2

defined on the open unit disk D := {z € C : |z| < 1} be denoted by A and let S be the
subclass of A consisting of univalent functions.

The class of Caratheodory functions denoted by P consists of analytic functions p(z)
given by

p(z) =1+ piz+pz®+psz®+---, )

where Re(p(z)) > 0forz € Dand p(0) = 1.

An analytic function f is subordinate to another analytic function g, denoted by
f < g, if there exists an analytic function w with |w(z)| < |z| and w(0) = 0 such that
f(z) = g(w(z)). If g is univalent then f(z) < g(z) <= f(0) = g(0) and f(D) C g(D).
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Let ¢(z) be an analytic function with a positive real part on D with ¢(0) =1, ¢'(0) > 0,
which maps the unit disk D onto a starlike region with respect to 1 and is symmetric with
respect to the real axis. In 1992, Ma and Minda [1] defined the classes

55 = {feA : ZJJ:;S) < 0(2) (zeD)}

and

Cp = {feA : 1+Zﬁg) < ¢(2) (ze]D))}.

The above functions are called as functions of Ma and Minda type. It is noted that
S* (%*;) = S*and C (%*;) = C, i.e., the well-known classes of starlike and convex

functions.
The class M, (¢) of normalized analytic functions f(z) satisfying

2f(2) |, 2f"(2)
() + A ) < ¢(z) (A >0)

was considered by Darus et al. [2], who investigated the bounds of the Feketo-Szego

functional |a3 — pa3|, where y, is real.
For a function f € A given by (1), Noonan and Thomas [3] defined the gth Hankel
determinant as

an Ap+1 -+ Opg-1
Ap+1 Ap42 ... ﬂn+q
Hy (f) = 3)
Antq-1 An+q -+ Op42q-2

wherea; =1, g, n e N:={1,2,3... }.
In particular,

1 a 2
H! = =a3—a
2(f) N
H3(F) = | | = apay —d}
az 4ag
and
1 ap as
Hy(f) =|ar a3 m
as a4 ds

= a3(agay — a3) — ay(ay — a2a3) + as(az — a3).

The study of coefficient problems is indispensable in the area of univalent function
theory. In 1960, Pommerenke [4] started researching Hankel determinants for functions
that are starlike and univalent. The optimal bound for |H} (f)| of areally mean p-valent
functions was computed by Hayman in [5]. Janteng et al. [6] determined the precise
upper limit for the second Hankel determinant for classes of starlike and convex functions.
Subsequently, for the class of convex functions C, the authors of [7] estimated the bound
for the third Hankel determinant as |H3(f)| < 13z and established the sharpness of the
bound by providing an extremal function f(z) = arctanz for which the equality holds,
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and Arif [8] obtained a non-sharp bound for the fourth Hankel determinant for functions
with bounded turning. The authors of [9] used the concept of subordination to improve an
existing bound of the third Hankel determinant for f, satisfying 2£G) & \/T+z. Further,

f(z)
Vijayalakshmi et al. [10] investigated the bounds of the third-order Hankel determinant for

a generalized class of analytic functions, which reduces to a class of functions with bounded
turning. Furthermore, Cho and Kumar determined the bound for |a5| and computed a non-
sharp bound on the third and fourth Hankel determinants for starlike functions associated
with a lune-shaped region in [11]. Recently, Breaz et al. [12] have obtained the upper bound

2f'(z) zf'(2)

for the third Hankel determinant for functions f involving the quantities ) log 6)

and % associated with the exponential function e*.
The Hermitian Toeplitz determinant, a special case of the Hankel determinant defined
by the coefficients {a; };>, of the function f € A given by (1) is described by Hartman and

Winter [13] as follows:

an An+1 cee Apgm—1
An+1 an cee Opgm—2
det(Tmn(f)) = . . . 4)
IG+m—1 An+m-2 - an
wherea; =1, m, n € N.
In particular,
deth/l(f) =|__ =1- |a2| ,
ar 1
and
1 a das
det(T31(f)) = [a2 1 aa| = 2Re(a3a3) — 2[az|* — |as|* + 1.
az a1

Hermitian Toeplitz matrices and their determinants find extensive applications in
various fields. In signal processing, Hermitian Toeplitz matrices serve as autocorrelation
matrices and their determinants are useful to study statistical properties like power spectra
and the presence of periodic components [14], and they are used in linear prediction
theory to model signals and estimate their parameters. Furthermore, Hermitian Toeplitz
and Hankel matrices are used for efficient data transmission and reception in aircraft
communication [15].

This study of Hankel and Hermitian Toeplitz in the area of univalent function theory
has gained momentum in recent years. For second and third-order Toeplitz determinants
whose components are Taylor’s coefficients of functions f in S, the sharp upper bounds were
estimated by Ali et al. [16] for subclasses of starlike and convex functions. Cudna et al. [17]
estimated the sharp lower and upper bounds for second and third-order Hermitian Toeplitz
determinants for the classes of starlike and convex functions of order «. The bounds for
lan|, n = 2,3, for the classes of starlike and convex functions related to a shell-like
curve domain connected with Fibonacci numbers are estimated in [18,19]. Kumar et al. [20]
obtained the bounds for |a,|, n = 2,3,4,5 for the classes of Janowski-type starlike functions
and estimated the sharp lower and upper bounds on second and third-order Hermitian
Toeplitz determinants, generalizing the results of [17]. Later, Lecko et. al [21] obtained
bounds for second- and third-order Hermitian Toeplitz determinants for certain subclasses
of analytic functions. Recently, by using the concept of subordination, Gurusamy et al. [22]



Symmetry 2025, 17, 362

40f17

estimated the bounds of second and third-order Hermitian Toeplitz determinants for some
subclasses of analytic functions associated with exponential functions.

Consider the function K(z) = 1+ sin z, which is analytic and univalent in D. The
image of the unit disc under this function is found with the aid of MATLAB R2021a as a
sine curve region on the right half plane and is given in Figure 1.

05 — —

05 — —

P

0 0.5 1 15 2

Figure 1. The image of K(dD).

Further, it is noted that the range IC(D)) is symmetric with respect to the real axis and
Re(K(D)) > 0, for z € D with £(0) =1, £'(0) > 0. Moreover, the domain is starlike
with respect to the point £(0) = 1.

In [23], Cho et al. introduced the class S} of univalent functions, which is defined such

that the quantity Zﬁg) is subordinate to the function K(z) = 1+ sin z, and they established

the radii of starlikeness and convexity for functions in S{. This work propelled the study
on the sine curve domain and has gained interest in recent years. Briefly, Arif et al. [24]
estimated the bounds of the third Hankel determinant for functions in classes S;, C* :=
{feA: 1+ Zf,/;iz)) <1+sinz(zeD)}and Ry, :={f € A: f'(z) < 1+sinz(z e D)}.
For f in S}, Zhang and Tang [25] obtained the bounds for the coefficients a;, k = 2 to 7 and
established the following: |H(f)| < 1, |H3(f)| < 1, |acas — as| < 3, |azas — azas| < L,
las — apay| < %, |asaz — a3| < % and |H} (f)| < 0.81945. The fourth Hankel determinant
for the class C* was obtained by Zulfiqar et al. [26]. For the class of starlike functions with

respect to symmetric points related to the sine function, Ghaffar et al. [27] estimated the
upper bounds on the third Hankel determinant. Further, Bilal Khan et al. [28] gave the
bounds for the third Hankel determinant for the class S} using logarithmic coefficients.
The third Hankel determinant for subclasses of analytic and m-fold symmetric functions
involving the sine domain was given by Alahmade et al. [29]. The upper bounds for
Hermitian Toeplitz determinants of second and third order for $*(¢) and C(¢) were
obtained by Surya Giri and Sivaprasad Kumar [30], who further deduced the results for
different choices of ¢. Recently, Kamali and Alina [31] obtained the bounds for the second
and third-order Hankel determinants for functions in S} and C* that are associated with a
differential operator.
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Motivated by the class studied by Darus et al. [2] and the aforementioned works, in this
paper, we estimate the coefficient bounds, upper and lower bounds for Hermitian Toeplitz
determinants, and estimates for second and third-order Hankel determinants for a class of
analytic functions related to a sine curve region, using the technique of subordination.

2. Preliminaries

In this section, we provide the definition and Lemmas that are required to establish
the main results in the subsequent sections.

Definition 1. For A > 0, let $(A) denote the class of functions f € A, which satisfies the
subordination relation

zf'(z) + A2 f"(2)
f(2)

In order to prove that class $(A) is non-empty, we provide the following example:

<1+sinz, z € D.

Example 1. Let f : D — C be defined by

1
f(z)=z+az?,0<a < o A2 0 f€ D).

Therefore, forz € I,

zf'(z) + AZ*f"(z)  14+2a(A+1)z
f(z) B 1+az =8(2).

For 0 <a < W%' we see that gy maps the unit disc onto the open disc that is
symmetric about the real axis. The image is obtained using MATLAB R2021a SOFTWARE.
The region inside the red colour curve denotes the image of unit disk b under the mapping
K(z) = 1+ sin z and the region inside the green colour curve denotes the image of unit disk
D under the mapping g, (z). The images of unit disk under K(z) and g, (z) for different
values of A and a in the range specified are given in Figures 2—4.

15
I | I I
K(8 D)
1 — —
05 — 9@ D) —
o  — u—
05 — —
. = —
s | | I I
0 0.5 1 15 2

Figurez.)\:O,a:ll—O.
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Figure3. A =5,a=

1.5
I I I I
K(@ D)
1 = —
0.5 — —
qp(@ D)
0 — O —
05 — —
1 | — p—
s | | |
0 05 1 15 2

Figure4. A =10,a = ﬁ.
Remark 1. For A = 0, the class $(A) reduces to the class S¥ studied by Zhang and Tang [25].

Lemma 1 ([32]). If p € P is of the form (2) with Re(p(z)) > 0 (z € D), then

(i) 2p2 = p1 + (4 — pP)x, ®)
(ii) 4ps = Py +2(4 — p)p1ix — (4 — pHpra® +2(4 — pD) (1 — [x*)z, (6)
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for some complex number x,z satisfying |x| < 1and |z| < 1.
Lemma 2 ([33]). If p € P, then forallm,n € N,
| < 2, 0<pu<l )
— Din| < .
PP = P 212u — 1|, elsewhere
Lemma 3 ([34]). If p € P, then
2 2
o PPl
‘Pz > | = R (8)

Finally, we recall that if f € A and g(z) = e ?f(ez), 6 € R then, g € A. It can be
easily seen that $(A) and the functionals |as — aza3|, det(T(2)f), det(T(31)(f)), |HX(f)],
|H3(f)| and |H3(f)| are rotationally invariant. Due to this condition, without loss of
generality, we may assume that the second coefficient, namely pj, is positive and p; € [0,2]
is used in all considerations.

3. Coefficient Estimates
In the following result, we find the coefficient bounds for f € $(A).

Theorem 1. If f of the form (1) is in $H(A), then, for A > 0,

1

<7
o2 < 5

1

<
9] < 5338y

1 10202437042 . 5
3(1+42) {1 T 18\/5(1+2/\)(1+3/\)] ifA € [0, 5]

|lZ4| < ’

1 [1 + - 54)\24+13A } ifA > %

3(1+47) 1+21)(1431)

5] < 3(1+4A)
2= 81 +3A)(1+5A)

The first two bounds are the best possible.

Proof. Let the function f € $(A). Then, for some p € P, we can write

@A) (ple) -1
o T @@+J'

From the above equality, we have

z4+ Y (1+ (n—1)A)na,z"
n=2

2 3
_ n 2 p2_Pi\_ P 3 p3 . 5P1 _ pipa
—z—l—(z—l-ag)z +<(2 4>+2a2+a3>z +(<2+48 > )-l—
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2 2 2 4
P2 Pi 21 4 Psa _pips  OPiP2 _P;  Ph
(2 4)”2+2”3+“4>Z+<<2 2 "6 4 32)
3 2
Ps  SP1 _ pipe P2 _ 11 P 5.
+(2+48 2 >a2—|—<2 4)a3+2a4+a5)z+
Equating the coefficients of z" on both sides, we obtain
— P1
2= 50+ 2n) ®)
_ 1 p2 Api
BT oA+ |2 20420 | (19
1 p3s  pip2(28A* +120+1) | pI(30A* +A 1) a1
T 3(1+40) | 2 8(1+2A)(1+3A) ' 48(1+2A)(143A) |
- 1 ps  pips(24A* +11A+1)  p3(1+6A)
>T4(1+50) [ 2 8(1+4A)(1+24) 8(1+3A)
p2pa(360A3 +180A% +18A +1)  pF(216A° — 4812 — 43\ — 5) 12
48(1+4A)(1+2A)(1+3A)  288(1+4A)(1+2A)(1+3A) |
Since |py| < 2 (see [35]) from (9), we have
a2 < (13)
=150
Applying Lemma 2 to (10), we obtain
a3 < 5 (14
=21 +3A)

<
jaa] < 3(1+4A)

Now, by rearranging the terms and making use of triangle inequality, (11) becomes

1 1](24A%2 + 124 + 1
‘a4‘§ [ '( + + )PlPZ_p +

3(1+4A) [2] 3(1+2A)(1+3A) 3
p1p2 (2472 + 120 +1)  p3(B80A2+ A —1)
24(1+3A)(1421)  48(1+2A0)(1+3A) ||

In virtue of Lemma 2, the above reduces to

1 p1p2(24A2 + 120 +1) | pI(30A% + A —1) H

24(1+30)(1+2A) | 48(1+2A)(1+3A)

S 31440 [1

Applying Lemma 1 and Lemma 3, and letting p; = p, p € [0,2], we have

1 { p(24A2 + 120 +1)  p3(30A2+ A —1)

12(1+30)(1+22) 481+ 20)(1 +3)\)} =h(pA).

Now,

oF, 1 { (24A% + 121 4+ 1) p?(30A%2 + A —1) }

A 3(1+4MN) [12(0+3A)(1+2A)  16(1+2A)(1+3A)
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9 .
%) a—l;l <Oforpe (%,Z]. This

implies that F;(p, A) increases in [0, %), decreases in (%, 2] and the maximum value of

Fi(p,A) occurs at p = 2.

For A € [0, 3], we see that %%1 > 0forp € [0, and

V3
Therefore,
2 1 102A2 + 371 + 2 ]
ag| < F(—=,A) = . 15
il < R(EM) 3(1+4A){ 18v3(1 + 2A)(1 + 31) (15
For A > 3, we see that %% > 0 for p € [0,2] and the maximum value of F; (p, ) occurs
atp =2.
Therefore,
1 54A% +13A
< F(2,A) = . 1
laa] < B2 A) = 35770 { 6(1+2/\)(1+3A)} (16)

After a suitable rearrangement of terms in (12), applying the triangle inequality fol-
lowed by Lemma 2, we have

pi(216A3 —48)A2 — 430 —5)  p3(1+6A)

|a5| < 4(1+51) { * ‘288(1—1—4}\)(1—1—2/\)(1—1—3/\) 8(1+3A)

p3p2(360A% + 180A2 + 187 + 1)
48(1+4A)(1+2A)(143A)

By making use of Lemma 1 and letting p; = p, p € [0,2], we obtain

a5 < —— |1+ p*(216A° — 4812 — 430 —5)  p*(360A3 +180A% + 181 +1)
2= 4(1+50) 288(1+4A)(14+2A0)(1+3A)  24(1+4A)(1+2A)(1+3A)

(1+6A) 1
— = 1+ |F .
2@ a0 | aa ey L IREDD
By the second derivative test, we see that F,(p, A) attains the maximum at p = 0.
Thus,
3(144A)
< . 17
95| < g +50) (17)

The equality for the bounds given in (13) and (14) is obtained by taking

2fi(2) +AZ%f (2)
fn(2)

= 1+sin((w(z))”_1).

For the given functions

The proof of our theorem is complete. [

For the choice of A = 0, the above theorem reduces to the results of Zhang and
Tang [25], as given in the following corollary.

Corollary 1 ([25]). If f of the form (1) is in S, then |ay| < 1, |as| < %, |as| < 0.344, |as| < 3.
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4. Hermitian Toeplitz Determinant

In this section, the upper and lower bounds for det(T|5,1)(f)) and det(T(31)(f))
for f € $H(A) are estimated.

Theorem 2. If f of the form (1) is in $(A), then, for A > 0,

1 e < Ty () <1

The bounds are sharp.

Proof. Consider detT,1(f) =1 — |az|?.
From (9), we have

detTr (f) =1— 4(1_?%2/\)2 .
Since |p1| < 2 (see in [35]), it is observed that
2 2
1-— 4(1_’?712/\)2 <land1l-— 4(11712/\)2 > —(1_'_12)\)2.
Therefore,
-1 detThi(f) <1, (18)
(1+27)2 ’

which gives the desired result.
The upper bound is sharp for fy(z) = z, and the lower bound is sharp for
fi(z) =z+ ﬁzz. O

For A = 0 we have the following corollary due to Surya Giri and Sivaprasad Ku-
mar [30].

Corollary 2 ([30]). If f of the form (1) is in S}, then 0 < det(T(51)(f)) < 1.
Theorem 3. If f of the form (1) is in $(A), then, for A > 0,
(%] ()\) < det(T3,1 (f)) <1,

where

) =1 48A% +30A +5A +5
W= 4(1+210)3(1+3)0)2 )

Proof. Consider
det(Ts1(f)) = 2Re(a3a3) — 2|az|* — |as|* + 1. (19)

Using (9), (10), and Lemma 1,

_ 1 pi _
2-— _ 1 204 2
2Re(2T) = ey an(i raa) |1+ 2n T AT PORE)]. @)
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Now, from (9),
2

2 _ P1
20e2l” = s oy @1

Further, using (10) and Lemma 1,

2 _ 1 ri (4—p)?x* | 2(Re(¥))(4 —p)pt
e T TRy e T Ry e 4 :
_/\P%(‘l—r’%)lx!}
(142A)
(22)
Substituting (20)-(22) in (19), we obtain
det(Ts1(f)) =1+ ! [ Pi + p2(4 — p1)*Re(%) ___h
V) =T 61+ 2A2) (1 4 8A) |1 +24 P11 2(1+21)2
o o+ T 2R
16(1 1 31)2 | 4(1 + 24)2 1 4
Ap2(4
- AP PORT] — p(ph o, Re(w) ) @)

Since |Re(X)| < |x|, from (22) we obtain

det(Ts1(f)) < F(pi, |x],|x],A) and
det(T5,1(f)) >

Letting p? :=t € [0,4] and |x| := y € [0,1], we have

F(pt, |x], —[x],A).

det(Ts(f)) <1+ 1 (1+2/\ 1+3/\ {1+2A =0y = sy

(4 — t)%y? N 2ut(4 —t)
~ 16 1+3A 4(1 +2/\ 4 4
CMA-Hyy
(1+2A) Ji=Ftw )
and
det(Ts () > 1+ L T
: = T 16(1+20)2(1+3A) |1+ 24 2(1+24)2

B 1 t2 N (4—t)%* 2yt(4—t)
16(1+31)2 [ 4(1 +2A)2 4 4
At(d -ty _
We observe that
}/2
=1-—7 <
FOyA) =1-qeqimp =¥

4872 4+ 301 +5
F(4,y,A) =1— <1,
(4y,4) A1+ 2P =1
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F(t,0,A) =1+ £ -t £ <1
e 16(1+2A)3(14+31)  4(1+21)2  64(1+20)2(1+31)2 —
and

F(t,1,A) =1+ ! a +t4—t) ot
T T U 16(142A)2(1434) [ 1427 2(1+427)?

1 #2 412 24—t A4 —t

) 2 SR ) ) Y
16(1 4 3A)2 [4(1+2A) 4 4 (1+2A)

By the second derivative test, we see that there are no critical points for F(t,y,A) in
the domain (0,4) x (0,1).
Therefore,

max  F(t,y,A) =1

By a similarly proceeding, we obtain the minimum of G(t,y, A) as

48A% 4+ 301 45 — ()
1+2A0)3(1+30)2) "1V

min G(t,y,)x)—l—<4(

Hence,

01(A) < det(T31(f)) < 1, (24)
which completes the proof. [

For A = 0, we have the following corollary obtained by Surya Giri and Sivaprasad
Kumar [30].

Corollary 3 ([30]). If f of the form (1) is in S%, then 7 < det(T31(f)) < 1.

5. Hankel Determinant

In this section, the upper bounds for the second- and third-order Hankel determi-
nants for f € $(A) are determined.

Theorem 4. If f of the form (1) is in $(A), then, for A > 0,

1

1 2

H = — < .
| 2(f)| |ﬂ3 El2| — 2(1 3)\)

Proof. From (9) and (10), we have

|Hy (f)] = las — a3
QA +4A+1) 5,
41+ 2021 +30 71T 41 +3A)
1 (2A2 +4A+1) ,
< — .
—4(1+3/\)’ (1+2r)2 P17 P2

In view of Lemma 2, the above inequality becomes

1
B < 5737y (25)

which gives the desired result. O
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For A = 0, the above Theorem 4 reduces to the following corollary, obtained earlier by
Zhang and Tang [25].

Corollary 4 ([25]). If f of the form (1) is in S, then |Hi(f)| < %

Theorem 5. If f of the form (1) is in $(A), then for, A > 0,

1

Proof. Consider
\H3 (f)| = [azaq — 3.
From (9)—(11), we have

_ p1p3  PApa(6A’ +6A+1)
12(1+2A)(1+3A)  48(1+24)2(1 +34)2
4 2
PHB0AZ —17A —1)|
BIrvaany | FPrpeps Al

|azay — a%\

In virtue of Lemma 1, the above reduces to

_ piH2pix(d—pi) — (A—p)pi® | pi(4—pi) (1 [x])z
F(p1,p2,p3,A) =
48(1 +270)(1 +3A) 24(1+2A)(1 + 3A)
_ (pix(4—p7)(6A* +6A +1) —3p7(30A* =174 — 1))
288(1 + 21)2(1 + 31)2
pr6A* +6A+1)  (pi+x*(4—p)*  2pix(4—p})

"~ 96(1+2A)2(1 4 3A)2 64(1+31)2  48(1+3A)2
= F(p1,x,A).

Letting p1 = p,p € [0,2],|x| = t,t € [0,1], we have

44 2p2t(4 — p?) — (4 — p?)p?t? 4—p?)(1-1£)z
Flpx) =E= 38((1+2I[)A§(1J(F3A)p . +2€1((1 +Z)3)((1+3))\)
(P4 —pH)(6A* +6A +1) —3p*(30A* — 174 — 1))
288(1 +21)2(1 + 31)2
pr6AZ+6A+1) (p*+x*(4—pP)?  2p*x(4—p?)

©96(1+2A)2(1 4 3A)2 64(1+31)2 48(1+31)2
= F(p,tA).

Foranyt € (0,1),p € (0,2) and A > 0, we have

oF M4 -pY) N t(4 — p?)? N 2p?A(4— p?) -
ot 48(1+2A)(1+3A) ' 32(1+38A)2 ' 48(1+3A)2(1+214) ~

This implies that F(p, t, A) is an increasing function with respect to ¢, for t € [0,1].
By the second derivative test, we see that there are no critical points for F(p,t,A) in (0,1)
and F(p,t,A) attains a maximum at t = 1 and
12A% — 220 — 5)p* 4—p?)? 2p°A(4 — p?
Fp,1,A) = = - )P2+( p)2+ P(ZP)
576(1 +2A)2(1+3A2) ' 64(1+3A)2 ' 48(1+31)2(1+2A)

=G(p,A).
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Now, by applying the second derivative test, we see that G attains the maximum at
= 0 and, therefore,

1
204 — a3] < G(0,4) = 4 (26)

A+317
which completes the proof. [

For A = 0, the above Theorem 5 reduces to the result of Zhang and Tang [25] given by
the following corollary.

Corollary 5 ([25]). If f of the form (1) is in S, then |ayas — a3| < §.

Theorem 6. If f of the form (1) is in $H(A), then, for A > 0,

1
a3 = 1203 < 3R
Proof. From (9)—(11), we have

24(1+20)(1+3A)(1+4A)  144(1+21)2(1+3A)(1+4A)  6(1 +4A)

. - (2472 + 24\ + 4)p1p2 (60A3 +104A2 + 174 — 1)p3 3
4 112”3| - :

Using Lemma 1, we have

(2402 + 240 + 4)p1(p2 + x(4—p3))) (6073 + 10472 + 174 — 1)p3

lag — azaz| =

241+ 20)(1+30) (1 +40)  144(1+ 20)2(1 4 3A)(1 + 4A)
P 2pix(d—pi) - (G- p)pi¥? +2(4 - pD) (1 - |x[)z
24(1 1 41) :

Letting p1 = p,p € [0,2] and |x| = ¢, x € [0,1], we have

(24A% + 240 + 4)p(p?> + t(4 — p?))  (60A3 +104A%2 + 171 — 1)p?

_ < -
|ag — agaz| < 24(1 + 2A) (1 + 3A) (1 + 47) 144(142A)2(1+3A) (1 +4A)
P2 ) — PP 24— P A=)zl gy
24(1 +4)L) . p/ 7 *

Foranyt € (0,1), p € (0,2) and A > 0, we have

OH _ (4—p*)(p—2)t

o = maray  ~oteOb)

This implies H(p, t, A) is a decreasing function with respect to t, and by the second
derivative test, we see that there are no critical points in (0,1), and H(p, t, A) attains the
maximum at t = 0 and

(1223 +6A% +37A+7)P8 4—p*
Hip:0) = fa soapa s anaran T asay -~ KPA):

By applying the second derivative test, we see that K(p, A) attains the maximum at
p =0and

1

a4 —{12{13| S K(O,/\) - m,

(27)
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which completes the proof. [

For A = 0, the above Theorem 6 reduces to the following corollary, obtained earlier by
Zhang and Tang [25].

Corollary 6 ([25]). If f of the form (1) is in S}, then

lag — azasz| < E
4~ M) S 5
Remark 2. (i) From (14) and (26), we have

las|[H3(f)| < M = Ki(A).

(ii) From (15), (16), and (27), we have

14 10242437142 ] ifA € [0,%]

1
9(1+41)? { 18v/3(1+24)(1+3A)

lag||ag — azasz| <

1 54\%+13A ; 5
911412 [1 + 6(1+2/\)(1+3/\)] ifA>3

= Kz(/\)
(iii) From (17) and (24), we have

sl 1) < sgmsn = Ko

Theorem 7. If f of the form (1) is in $(A), then, for A > 0,
[H3(f)] < K1(A) + Ka(A) + K3 (A).

Proof. Consider

|H3(f)| = a3|H3 (f)| — as(as — azas) + as|H (f)|
< |as||H3(f)| + |as||as — azas| + |as||H3 (f)].

From Remark 2, we obtain the required result. [

For A = 0 in the above theorem, we obtain the following corollary.
Corollary 7. If f of the form (1) is in S, then

11 V3
H} < 42
H(A < 5+ %

Remark 3. The sharpness of the results in Theorems 37 are to be examined.

6. Conclusions

In the present investigation, we determined the coefficient estimates, bounds for the
second and third-order Hankel determinants for a new subclass () of analytic functions
defined by subordination to a domain involving the sine function. Further, bounds for the
second and third-order Hermtian Toeplitz determinants for the class £ (A) are estimated.
However, the sharpness of some of the results obtained are yet to be explored. It would
be intriguing to determine the estimates of |H} (f)| and det(Ty,(f)) for the class $(A).
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Additionally, an attempt to apply these observations in areas under the broad spectra of
Physics and Engineering will serve as a future scope of this study.
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