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Abstract: Inverse topological index problems involve determining whether a graph exists
with a given integer as its topological index. One such index, the Mostar index, Mo(G), is

defined as Mo(G) = ¥pcr(c)

the number of vertices closer to vertex u than v and closer to v than u, respectively, for

ny(e|G) — ny(e|G) ’, where 1,(e|G) and n,(e|G) represent

an edge ¢ = uv. The inverse Mostar index problem has gained significant attention
recently. In their work, Alizadeh et al. [Solving the Mostar index inverse problem, J. Math.
Chem. 62 (5) (2024) 1079-1093] proposed the following open problem: “Which nonnegative
integers can be realized as Mostar indices of c-cyclic graphs, for a given positive integer
c?”. Subsequently, one of the present authors [On the inverse Mostar index problem for
molecular graphs, Trans. Comb. 14 (1) (2024) 65-77] conjectured that, except for finitely
many positive integers, all other positive integers can be realized as the Mostar index of a
c-cyclic graph, where c > 3. In this paper, we address the inverse Mostar index problem for
c-cyclic graphs. Specifically, we construct infinitely many families of symmetric c-cyclic
structures, thereby demonstrating a solution to the inverse Mostar index problem using an
infinite family of such symmetric structures. By providing a comprehensive proof of the
conjecture, we fully resolve this longstanding open problem.

Keywords: Mostar index; inverse problem; c-cyclic graph

MSC: 92E10; 05C92; 05C09; 05C35

1. Introduction

Let G = (V, E) be a simple, connected graph with vertex set V(G) (|V(G)| = n) and
edge set E(G) (|E(G)| = m). For u, v € V(G), the length of the shortest path between the
vertices 1 and v is their distance, dg (1, v). Let e = uv be an edge of the graph G (which
may contain cycles or be acyclic), connecting the vertices 1 and v. Define two sets Ny (e|G)
and Ny (e|G) as

Ny(e|G) ={w € V(G) |dg(w,u) <
Ny(e|G) = {w € V(G) |dg(w,v) < d

The number of elements of Ny (e|G) and N, (e|G) is denoted by 1, (e|G) and n,(e|G),
respectively. Thus, nu(e\G) counts the vertices of G lying closer to the vertex u than to
vertex v. The meaning of 11, (e|G) is analogous. Vertices equidistant from both ends of the
edge uv belong neither to N, (e|G) nor to Ny(e|G). Note that for any edge ¢ = uv of G,
ny(e|G) > 1and ny(e|G) > 1, because u € N, (e|G) and v € Ny (e|G).
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Topological indices are numerical quantities associated with graphs that remain in-
variant under graph isomorphisms. The Mostar index, introduced in [1], is a recently
developed bond-additive topological index. The Mostar index Mo(G) is defined as

Mo(G)= Y, |mu(elG) — mofelG)|. ()
e=uveE(G)

We use the notation ¢(e|G) = ’nu (e|G) — ny(e|G) ‘ to represent the contribution of the
edge ¢ = uv to the Mostar index. Thus, we have

Mo(G)= Y.  ¢(e]G). )

e=uveE(G)

In recent years, numerous studies have explored the Mostar index and its associated
variants. For further literature on the subject, see [1-9].

The inverse topological index problem involves the realization of integers as topologi-
cal indices within various classes of graphs. It is closely related to several similar problems
in other fields [10]. The first version of this problem was introduced by Gutman in [11], and
since then, several variants have been investigated for different topological indices [12-18].
Recently, the inverse Mostar index problem for various classes of graphs has been studied
extensively [12,13,19]. In [19], Alizadeh et al. proposed the following problem on inverse
Mostar index for c-cyclic graphs.

Problem 1. Which nonnegative integers can be realized as Mostar indices of c-cyclic graphs, for a
given positive integer c?

This problem was thoroughly resolved for c-cyclic graphs when ¢ € {0,1,2,3} in [12-14].
Building on these findings and after an in-depth study of Problem 1 as discussed in [12], one
of the present authors proposed the following conjecture concerning the inverse problem of
the Mostar index for c-cyclic graphs.

Conjecture 1. Forany fixed ¢ > 3, there exists a c-cyclic graph with the Mostar index Mo(G) = p,
where p € N\ A, and A is a finite set.

In this paper, we address the inverse Mostar index problem for c-cyclic graphs. Specif-
ically, we construct infinitely many families of symmetric c-cyclic structures, providing
a solution to the inverse Mostar index problem through an infinite family of such sym-
metric graphs. Specifically, for each given Mostar index value, we systematically design a
corresponding family of symmetric c-cyclic graphs that realize this index, ensuring that
every possible target value has at least one structural realization. By utilizing symmetry
properties and cyclic arrangements, we generate these graph families with a consistent and
reliable construction. This approach not only offers a constructive solution to the inverse
Mostar index problem but also highlights the intricate relationship between graph symme-
try and topological indices, providing deeper insights into the role of cyclic structures in
shaping graph invariants. By providing a comprehensive proof of Conjecture 1, we fully
resolve this longstanding open problem, Problem 1.

2. Main Results

In this section, we provide a complete resolution of Problem 1 by proving Conjecture 1.
We use the following constructions to prove the result. In each case, we present multiple
constructions to address both Conjecture 1 and Problem 1. We begin by examining the case
of c-cyclic graphs when c is even.
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Construction I. Consider a cycle C = uquy ... uy.1pu of length 2¢ + 2. Starting fromi =1,
for each path u;u; 1115 of length 2 in C, take a vertex Vi1 and form a 4-cycle by attaching
the edges uiv% and u; v fori =1,3,5,...c — 1. Next, starting from i = c 4 4, take the
path u;u;1u;, o and a new vertex v 2 forming a 4-cycle by attaching the edges u;v i2 and
Ui420i2 fori =c+4,c+6...2c. Let the resultant graph be denoted by G r (see, Figure 1).
In Gg g, let C; denote the 4-cycle containing the vertex v;. Now, let G};,E (see, Figure 1) be
the graph obtained by inserting a new edge between the cycles C¢ & C¢ 1, and Cc—q & C;
in C (or by subdividing the edges 141,42 and up.;2u1). Relabel the vertices of the cycle
C as ujuy ... Upc+3Upc14. Proceeding in this manner, let GI}E,E denote the graph obtained
from Glél_El by inserting a new edge between the cycles C¢ & C¢ 1, and Cc—1 & Cy in C (or
by subdividing the edges u, 1142 and uy.pu1 k-times in Gg g). Clearly, Gg g is a c-cyclic
graph with 3c 4 1 vertices and 4c edges, while GEE is a c-cyclic graph with 3c + 2k + 1
vertices and 4c + 2k edges. In all the graphs considered, let ¢; ; denote the edge connecting
the vertices u; and uj, where i < j. Similarly, let e] j denote the edge connecting the vertices
u; and vj, where i > j.

© Ucyo Uc+7 ® Uet3
Uc+3 Ue+4
U,
c+6 Uers
1 2
Gpr Ger

Figure 1. The graphs mentioned in Construction I.

Proposition 1. For an even ¢ > 4, (a) Mo(Gg,g) = 8c —8, (b) Mo(Gp ) = Mo(Gg,g) +2
and MO(GEE) = Mo(G’gr_El) +2,k=23,...

Proof. (a) In Gg g, consider any 4-cycle C; (i = 2, 3,..., 5). For the edges eh: 1= Upj_10;
and ey;_19; = Upj_1Up;, We obtain

3c—2
2 7

3c+4

Muy_ (€5 1;|GEE) = and 11y, (ey;_1;|GEE) =

3¢ —+ 4 3c—2
and ny,,(exi—12i|GEE) = 5

GeE) =

nu2i,1 (321'—1,21'
Therefore, there are exactly two edges with the contribution

3c+4 3c—2
¢(e2i—12iGEE) = ¢pley; 1;|GEE) = Ty =3
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For the other two edges ¢}, 1, = 2410 and ep; ;11 = Uty 1, the following holds:

3c+2 3c
Muy 1 (€31 1,/GEE) = and 11y, (ey;11;|GEE) = oX
3c+2 3c

My 1 (€2i2i41|GEE) = and 7y, (€2ipi4+1|GEE) = >
Therefore, these two edges have the contribution

3c+2 3¢
¢(e5:41:1GEE) = P(e2i2ir1|GEE) = -3 1

Next, we consider any 4-cycle C; (i = § +1,...,c — 1). For the edges ey,  , ; = t2i 120

and e;422i13 = Uzjt2U2i+3, We Obtain

3c+2 3¢

Mgy (€312 |GEE) = and 11y, (€3;,9,/GEE) = >
3c+2 3c
Muyiys (€2i422i43|GEE) = 5 and 1y, ;(€2i422i+3|GEE) = >

Therefore, there are exactly two edges with the contribution

3c+2 3¢
Pe2i122i+3|GEE) = @(e3i42,|GEE) = —5— =5 = 1.

For the other two edges e/, 44 = U2i+a0; and ep;y30i+4 = Upiy3lnita, the follow-
ing holds:

3c+4 3c—2
”uzi+4(€§i+4,i|GE,E) =5 and 71y, (3/2i+4,i\GE,E) =5

3c+14 3c—2

My, g (€2i432i+4|GEE) = — and 1y, ,(e2i+32i+4|GEE) = >

Therefore, these two edges have the contribution

3c—|—473c—2 _

¢(e3i14:1GEE) = P(e2i3i+4|GEE) = 7 ;=3
For all the remaining edges e = uv of Gg g,
3c+2 3c

ny(e|Gge) = 5 1y (e|GgE) = >

Therefore, these edges have the contribution

3c+2 3c
nu(€|GE,E)—”v(e\GE,E)’= > —5:1.

¢(e|GgE) =
Using the above results, from (2), we obtain
Mo(Ggg) =8(c—2)+8=28c—8.
(b) In G%, £, the contribution of a new edge e = uv is calculated as follows:

3c+4 3c+2
$(elGE ) = [mulelGE ) = mo(elGh )| = == = *5= =1.
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For each of the other edges e = uv € E(G% ), the contribution is

<p(e|G,1g,E) = (n,(e|Ggg) +1—ny(e|GEg) — 1‘ = |n,(e|Gg,g) — no(e|GgE)|-

This means that all the other edges have the same contribution as in Gg g. Therefore,
Mo(Gg g) = Mo(Gge) +2.

Similarly, in G’é/ £ and GIIE,_El’ all the edges except the new edges have the same con-
tribution. The two new edges in GEE each have a contribution qb(e|G’éE) = 1. Thus, it
follows that

Mo(Gg p) = Mo(Gg,g) +2.

In a similar manner, we can establish
Mo(Gf ) = Mo(Gl /') +2fork =2,3,...

O

We can also provide several classes of constructions to obtain the same value of the
Mostar index as in Proposition 1. A general version of the construction is as follows.

General Construction I. Consider the base graph Ggg as in Construction I. For
j=305...,c—1,1et U and Uetjtrl be vertices positioned between the 4-cycles C Y C i
and C e C ej3, respectively. Define Gé’,lE as the graph obtained from Gg g by delet-
ing the edges ujvj1 and ucyj110c+j1, subdividing the edges uju;jq and ucyjyq1eyjio,
relabeling the vertices of the cycle C as uy,uy,..., U4, and adding an edge between
Uj+10j01 and u4 j+3Vctj1- This effectively inserts an edge between the cycles C Ty C i1

and C i1 ,CHé,g in C. Proceeding iteratively, define G;:if(E (see, Figure 2) as the graph

obtained from Gékg ! by subdividing the edges 1y 14 x and ucyj o 1Ucy ji ok, thereby

inserting k edges between the cycles Cj;1,Cj-1 and Cc4j-1, Cctj-3. At each step, relabel the
v 2 2 2

vertices of C in Gg(E. Clearly, Gg(E is a c-cyclic graph with 3c + 2k + 1 vertices and 4c + 2k
edges foreachj=3,5,...,c — 1.

Proposition 2. For each fixed even integer ¢ > 4, Mo(Gg{E) = Mo(Gg(E_ 1) + 2, where
j=35...,c—landk=2,3....

Proof. From direct computation in Gé’kE, the contribution of the new edges is 1 each, and

the contribution of every other edge remains the same as in GékE_ ! Therefore,
Mo(Gg{E) = Mo(chgl) +2and Mo(G{;’}E) = Mo(Ggg)+2forj=3,5,...,c—1land

k=2,3,....

O
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@ Uctj2p+l @ @

c+j+3 ¢ o QUctjror  Fuy
QlUctj+2  @uy O Uerjrk+1 @ Ujip—1
e o Ujt1 e o Utk
] ® y ®
i sk
GeE Gy Gep

Figure 2. The graphs mentioned in General Construction I.

Construction II. Consider a cycle C = uquy ... uy.1u; of length 2c + 1. Select the vertex
up and its diametrically opposite edge u.5u.4+3 in C. From the path uquyu3 in C, attach
the end vertices u; and u3 to a new vertex vy, forming a 4-cycle C;. Additionally, attach
a pendant edge v w at v;. Starting from i = 4, for each path u;u;1u;,, of length 2 with
i=4,6,...,c, take a new vertex v i and attach u; and u;, to v; to form a 4-cycle. Similarly,
starting from i = c + 3, for each path u;u; 1 oflength2 withi =c+3,c+5,...,2c -1,
take a vertex v i1 and attach u; and u;; to vii to form a 4-cycle. The resulting graph is
denoted by Gg o, which is a c-cyclic graph with order 3¢ + 1 and size 4c (see, Figure 3). Let
the 4-cycle in Gg o containing the vertex v; be denoted as C;, fori = 1,2,...,c — 1. Define
Gllf,O (see, Figure 3) as the graph obtained from Gp o by subdividing the edge ujuy 41
and attaching a new edge between the cycles C¢ and C¢_4, relabeling the vertices of C as
uqUy . . . Uyc43. Next, let G%,o (see, Figure 3) be the graph obtained from G};’O by inserting a
new edge between the cycles Cc_; & Cy, and another edge between C¢ & C¢ ;. Proceeding
iteratively, define GEO as the graph obtained from G’gol by inserting edges between the
cycles Cc_1 & Cy, and between C¢ & C . Clearly, G]l(s,o is a c-cyclic graph with 3¢ + 1 + 2k
vertices and 4c + 2k edges for each k = 1,2,.... In all these graphs, let ¢; ; denote the edge
connecting the vertex u; and u;, where i < jand e;,j denote the edge connecting the vertex
u; and vj, where i > j.
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uy

U2c+3Q

U2c4-2

@ Uzc+1
Ve—-1

Figure 3. The graphs mentioned in Construction II.

Proposition 3. For an even ¢ > 4, (a) Mo(Gg0) = 9¢c — 11, (b) MO(Glls,O) = Mo(Ggp) +2,
and Mo(GE ) = Mo(GE 0) + 2,j=2,3,....

Proof. (a) Since G o has 3¢ + 1 vertices, the pendant edge e = v;w has the contribution
¢(e|Gg,0) = 3c — 1. Now, in the cycle Cy, for the edges eirl = uyv7 and eé/l = 1301, we have

3c

3c
nu, (€1 1/Ge0) = 1o, (€111GE0) = 5 and fy, (e311GE0) = 1o, (€511GE0) = >

There are exactly two edges with the contributions ¢ (e} ;|Ge,0) = ¢(e3,/Gr0) =0,
and for the other two edges e1» = uqup, and ex 3 = uouz, we have

1y, (e12|Gg0) = 3627+2 nu, (e12|GE0) = 362_ 2,
and n,,(e3|Gg0) = 362;2/ 1, (e2,3|Gg0) = 3C; 2.
Therefore,
¢(e12|Ge0) = ¢(e23|GE0) = 3C2+2 - 3C; 2.2
Similarly, in C < there are two edges, eé 12,5 = Ue4205 and e 142 = UcpqUcyo, With
Muein (€cin s |GEO) = % Mo (ei,¢IGEO) = %

3c 3c
and ny,, (ec41,c42|Gg0) = > My, (ect1,e42|GEO) = >
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Therefore, the contribution is

3c 3¢

4’(€2+z,5 |Ge0) = ¢(eci1,c42|GE0) = 5 -5 =0

and for the other two edges, eé,% = Ucvg, and e 41 = Uclo1, Wwe have

3c+2 3c—2
nuc(eé,% |GE,O) = T/ nU% (eé,% |GE,O) = 2 ’
3c+2 3c—2
nug(ec,c+1|GE,O) = T/ My, yq (ec,c+1|GE,O) = >
Thus, the contribution is
3c+2 _ 3c—2

=2

(P(eéé |GE,O) = (P(ec,c+l|GE,O) = |y (ec,c+1|GE,O) — Ny (ec,c+1|GE,O)‘ =

2 2

Similarly, in C% 11, there are two edges, each incident at u.45, with the contribu-
tion ¢(e|Ggo) = 2, and the other two edges incident at 1,43 have the contribution
¢(e|Gg,0) = 0. For the remaining cycles C;,i = 2,...5 — 1, for the edges eéi’i = Up;v;
and ep;ni1 = Up;liziy1, we have

3c+2 3c—-2
My, (eéz‘,i|GE,O) =5 My, (6/21‘,1'|GE,O) =5
3c+2 3c—2
Ny, (621‘,21'+1|GE,O) = 5 My g (eZi,2i+1|GE,O) = 5
Therefore,
3c+2 3c-2
¢(eb;;1GE0) = ¢(e2ipit11GEo) = T T =2

Now, for the edge ¢/, 42 = UitV We have

3¢ 3c—2
Gro) = o ”v,-(elzi+2,i|GE,O) =T

/
Muyisn (ezi+z,i

and for the edge ey;112i12 = Upjt1Upito, We have

3c 3c—2
Mugiys (€2i12i+2|GE0) = 50 My (@201 2i42|GE0) = —5—
Therefore,
3¢ 3c—-2
¢(e9i42i|GE0) = P(e2it12i+2|GE0) = 2 L

Similarly, on the cycle C;, wherei = 5 +2,...,c — 1, for the edge eéiﬂi = Upi117j,

we have 3 3 5
C C —
Mgy (69141, GEO) = - and 1o, (€i11,/GE0) = 5

and for the edge e;112i12 = Upjt1Uzitn, We obtain

3c 3c—2
My, (€2i412i42|GE0) = o and u,,,, (€2i+1,2i2|GE0) = 2




Symmetry 2025, 17, 291

90f19

Therefore, ¢(ey;,q,/Ge0) = @(e2it12i12/Geo) = 1. For the other two edges,
612i+3,i = Uy 30;, we have

3c+2 3c—2
”uzi+3(e§i+3,i Ggo) = 5 and 11, (6/2i+3,z‘\GE,o) =5
and for the edge ep;172;13 = UpjtoUsit3, We obtain
3c+2 3c—2
My i3 (€2it2,2i+3|GE0) = —5—, and tuy, (@2i422i+3|GE0) = —5—
3c+2 3c-—2
Therefore, ¢(e’2i+3’i|GE,O) = ¢(e2it20i+3|GE0) = ——— = 2. Now), for the
edges e12.+1 = Ujlpc+1 and e3 4 = uziy, the contribution is
3¢ 3c-2
¢(112c41|GE0) = P(e34lCr0) = & =~ —5— =1,
3c—2 3c-2

and the remaining edge has the contribution ¢(ec12,43|Ggo) =

Using the above results, from (2), we obtain
Mo(Ggp) =6(c—4)+124+2+3c—1=9c—11.

() In GEO and Gléjol, the pendant edges contribute 4)(e|GEO) = 3c+2k-1
and (/)(e\Gg_ol) = 3¢ + 2k — 3, respectively. Two new edges in GIIE,O each contribute
¢ (el GIIE,O) = 0 to the Mostar index. For the remaining edges e = uv of G’éo, we have

$(e|GEo) = |nule|GE o) +1—no(elGE 5) — 1| = |nu(e|Gg o) —no(e|GE )| = ¢(elGE )

Therefore, the remaining edges of G’fS o and Gifol contribute the same amount. Thus,
we conclude that

Mo(Gf,p) = Mo(Gf ) +2.
O

We can also provide several classes of constructions that yield the same value of the
Mostar index as in Proposition 3. A general version of the construction is as follows.

General Construction II. Consider the base graph Gg o as described in Construction II. For
j=638,...,c—2letujand u 1 be vertices such that U lies between the 4-cycles C;
2

and C; ,, and ucyjiq lies between the cycles C et and C e Define Gé’lo as the graph
obtained by deleting the edges u;v; and Uetj+1Vctis subdividing the edges u;u;,1 and
Ucyjr1Uctjro, relabeling the vertices of C as uy, uy, . . ., Uz43, and adding edges u;,1v; and

Uctj+30ct- This process effectively connects the cycles C; and C; ., as well as C.y; and
s 2 2 s

-1’
C ey through the newly added edges. Proceeding iteratively, let cho denote the graph

obtained by subdividing the edges u; x oujx 1 and ucyjyox 2Ucyjrok—1 Of Gé’{g ! exactly

once, or equivalently, inserting k — 1 edges between the cycles C; and C; , and between
2 2~

Ceyj and Coy; 1 in C of Gélo, like in Figure 2. After each step, relabel the vertices of the
T 7 - ’

cycle Cin Gé’ko. Clearly, G{S’ko is a c-cyclic graph with 3¢ + 2k + 1 vertices and 4c + 2k edges,
wherek=1,2,...,andj=6,8,...,c — 2.
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Proposition 4. For every fixed even integer ¢ > 4, Mo(Géko) = Mo(GjE’kg 1) + 2, where
j=68...,c—2andk=1,2,....

Proof. In G]’O and GEO , the pendant edges contribute <p(e|G%kO) = 3c+2k—-1

and ¢( e|G] e 1 = 3c + 2k — 3, respectively. Two new edges in Gg‘o each contribute

¢ (el GE,O) = 0 to the Mostar index. The remaining edges of Géiko and G{:ik(; ! contribute the
same amount. Therefore, Mo(ngo) = Mo(nga 1) +2. O

Next, we consider the case when c is odd.

Construction III. Consider a cycle C = uquy ... uy,_juj of length 2c — 1. Add a vertex v4
and connect it to 11 and uy to form a 3-cycle uquv uy. For each path u;u; 11,5 in C where
i=3,5,. — 3, introduce a vertex Vis and connect it to u; and u; 5, forming a 4-cycle
Uillj Uiy 0 151 u;. Let the resultant graph be denoted as G r (see, Figure 4). Define C; as the
3-cycle ujupviuy, and fori = 2,3,...,c — 1, let C; denote the 4-cycle containing the vertex
v;. Now, construct G(l),E (see, Figure 4) from Go g by deleting the edge u.v .1, subdividing
the edges uquy._1 and u._qu,, relabeling the vertices of C as uy,uy, ..., tz.+1, and adding
the edge Ve tle. Alternatively, this can be described as inserting a new edge between the
cycles C; and C._1, as well as between C el and C e in C. Proceeding recursively, G

is obtained from G by inserting new edges between C; and C._1, and between C =
and C el in C, or equlvalently by subdividing the edges ujus. _15(x—1) and uctic1q exactly
once, or by subdividing the edges u 15,1 and ucu,11 in G O.E exactly k — 1 times. Clearly,
Go,g is a c-cyclic graph of the order 3¢ — 2 and size 4c — 3, while Gé’E is a c-cyclic graph of
the order 3c — 2 + 2k and size 4c — 3 + 2k fork = 1,2, .... In all these graphs, let e denote

the edge connecting vertices u; and u; (where i < j), and let ¢; j denote the edge connecting
u; and vj (where i > j).

uy

O U3

Q U2c+2

U2c+1

Figure 4. The graphs mentioned in Construction IIIL
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Proposition 5. Foran odd ¢ > 3, (a) Mo(Gpg) = 9c — 13, (b) Mo(GaE) = Mo(Gpg)+ 2
and Mo(Gf, ;) = Mo(G& ) +2,7=2,3,....

Proof. (a)In Go r, two edges ¢} ; = u1v1 and €} ; = upv; contribute the following:

n—1 3c-3
¢(e/1,1|GO,E):¢(6/2,1|GO,E)= =

The edge €1, = uju; contributes

3c—5_3c—5

=0.
2 2

$(e12|Go,e) = |nu, (e12|Gog) — nu, (e121Goe)| =

In each of the cycles C; fori = 2,3,...c — 1, where i # %, two edges eéi—l,i = Up;_10;
and ep;_19; = up;_1uy; contribute the following:

3c—3 3c—5
Miiyi 4 (3/21‘—1,1'|GO,E) =5 My, (elzi—l,i|GO,E) =5
3c—3 3c—5
Nuy,  (€2i-12i|GoE) = 5 My (e2i—12i|Go,E) = o
Therefore, the contribution of these two edges are
3c—3 3c-5
¢(ed1,:1Go,e) = ¢(ezi—1,2i|GoE) = 5 L

/
For the edges, ey; 2,11 = up;upiy1 and €iy1,; = U2it10i, We have

3c—1 3c—5
My, (€2i2i411GoE) = 5 My (e2ii+11GoE) = 5

3c—1 3c—5
Go) = O Ny, (e/2i+1,i|GO,E) =5

Go,e) = ¢(erinit1|GoE) =

!
Muyi g (62i+1,i

Thus, the contributions of these two edges are ¢(e; , ; ;

1 _
362 — 362 5 = 2. In C.y1, each of the four edges e = uv contributes:
2
3c —
ny(e|Gog) = when u = uc, ucio,
3c—>5
ny(e|Go,g) = — when v =11, 0c1.

Therefore, each of these four edges contributes

3c—1 3c-5
The remaining edges in Gp ¢ have zero contribution. Using the above results, from (2),
we obtain
Mo(Go ) = 2(3C — 3) +6(c—3)+8=9c—13.

(b) In Gé‘) pand Gg_El, two edges ¢} ; = 1101 and €} ; = 1,01 contribute

3c—3+2k
G(k),E) = 4’(3/2,1|Gl((),15) =

G
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_ _ 3c—3+4+2(k—-1
§(e111G 1) = p(eylcl ) = 22 22D

The edge e1, = uqup contributes ¢(€1,2|G6E) = cp(eLZ\G’&El) = 0. Two new edges
ee E<G(k3,E> have the contribution ¢ (e| G, ) = 0. For all remaining edges e = uvin GX ,
we have

nu(e|G6E) = nu(e|GéTEl) +1 and nv(e\G’é’E) = nz,(e|G(k)f£) +1.
Therefore,
PelGly ) = Imu(elGE ) +1— mo(elGl ) — 11 = mu(elGl ) — moel Gl )| = plelGls -
Thus, all the remaining edges of Gg,  have the same contribution as in ngEl. Consequently,
Mo(Gf p) = Mo(GS ) +2.

O

We can also provide several classes of constructions to obtain the same value of the
Mostar index as in Proposition 5. A general version of the construction is as follows.

General Construction III. Consider the base graph Gpr as in Construction III. For
j =3,5...,c—2, consider the vertices u; and u.,; 1. The vertex u; lies between the

4-cycles Cj1 and Cja while 1. ;1 lies between the cycles Ccy; and Cey; . For
a b e e

_1’

each j = 3,5,...,c — 2, let Gg}s be the graph obtained by deleting the edges u;v i

and ucyj 10, subdividing the edges ujujq and ucyj 1ucj, relabeling the vertices
=

Uy, Uy, ..., upe—1 of Casuy, uy,. .., uy1, and attaching the edges 111041 and ey 1304

it ki

(or equivalently, adding an edge between the cycles C i and C i1y, 88 well as between
the cycles Cy; and Ccy; ). Proceeding in this manner, let GékE be the graph obtained
2 2 ’

by subdividing the edges u; x ouj k1 and ucyj ok oUcyjyok—1 Of Gg)kE_ ! exactly once (or
equivalently, inserting k — 1 edges between the cycles C;1 and Cji1 |, as well as between
T i

the cycles C o and C ey in GEE). At each step, relabel the vertices of the cycle C in Gng.
Clearly, G]O’]fE is a c-cyclic graph with 3¢ — 2 4 2k vertices and 4c — 3 + 2k edges, where
k=23,...andj=3,5,...,c — 2.

Proposition 6. For every fixed odd integer ¢ > 3, Mo(ngE) = Mo(ngE 1) + 2, where
j=3,5...,c—2andk=2,3,....

Proof. In Gjo'le and G{)kg ! the two edges 3/1,1 = uyv1 and eé,l = u,v; contribute
ik ik 3c—3+2k
¢(e/1,1|G]o,E) = ‘P<€§,1|GZ),E) =5
and 3c—3+2(k—1)
jk—1 jk—1 c—3+ -
PelalChE") = plehslaps ) = X2 D,

The edge e1, = uyuy contributes (P(€1,2|Gjo'le) = (P(61/2|Ggfg 1) = 0. Two new edges
e € E(Gng) have the con"cribution gb(e|Gng) = 40. All remair}ing edges in G]C,)],(E have the
same contribution as in Gng_ ! Therefore, Mo(G]O’kE) = MO(G]O’kE 1) +2. 0O
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Figure 5. The graphs mentioned in Construction IV.

Construction IV. Consider a cycle C = ujuy ... usup of length 2¢, where c is odd. Intro-
duce a vertex v; and connect u1v; and v to form a 3-cycle ujupviuy. For each path
ujuj ;o in C starting from i = 2 and incrementing by 2, add a vertex v i, and connect
UiV ig2 and u;; 50,2 to form a 4-cycle Willi Ui ig2 U fori =2,4,...,c — 1. Similarly, for
i=c+2,c+4,...,2c —3,add a vertex v%, and connect uiv% and ui+2v% to form a
4-cycle uju;iq Wig20 i1 Ui Denote the resulting graph by Gp 0. Let C; denote the 3-cycle
u1upvquq, and let C; denote the 4-cycle containing v; fori = 2,3,...,c — 1. Define G%),O as
the graph obtained from Gp o by deleting the edge Ue-1Ves1 and subdividing the edges
uc—_ou,—1 and ujuy, exactly once. Relabel the vertices of C as uquy . .. upy2, and reattach the
edge u,_1v el (or insert a new edge between the cycles C; and C._1 in C, and another new
edge between C et and C el in C). Iteratively, define GIE),O as the graph obtained from G(k)jol
by inserting new edges between C; and C._; and between C el and C eg1, OF equivalently,
by subdividing the edges 1715, F2(k—1) and u._qu. of ngé exactly once. Thus, Gp o is a
c-cyclic graph of the order 3c — 1 and size 4c — 2, and G(k),o is a c-cyclic graph of the order
3c — 1+ 2k and size 4c — 2 + 2k for k = 1,2,.... In these graphs, let ¢; ; denote the edge
connecting u; and u; (where i < j), and e;,j denote the edge connecting u; and v; (where
i>j).

Proposition 7. Foranoddc > 3, (a) Mo(Gp o) = 11c — 20, (b) MO(G%),O> = Mo(Gp,p) + 2
and Mo(Gf, ) = Mo(GE5) + 2,j=2,3,....
Proof. (a) In the cycle Cy, two edges incident on v have the contribution

3c—3 3c—5
¢(e111Go,0) = |nu, (e111Go,0) — 1o, (e111Go,0)| = 7 1=




Symmetry 2025, 17, 291

14 of 19

¢(e311Go,0) = |nuy(en;

3c—1 _3c—3
2 2
The remaining edge in the cycle, e; » = 1 u; has the contribution:

Go,0) — 1o, (€311Go,0)| =

P(e12

Go,0) = |nu,(e12

3c—1 3c-3
Goo)| = -

Go,0) — 1y, (e12 5 5

=1.

Now, except for the cycle C.,1, in all other cycles C; (fori = 2,3,... %), we have the
2
following contributions for the edges ep;_22i1 = tp;_ptipi—1 and e}, _,; = up;_o0;:

Ny, (€2i-22i-1|Go,0) = 3C; 1, My, (€2i-22i-1/Go,0) = 3C2_ 3,
Muy 5 (€5_211Go,0) = $/ 1y (€5 11Go,0) = 3C2_ &
For the edges ej;_1 5; = up;j_1up; and eéz-’i = Uy;v;, we have
My (€2i-1,2i|Go,0) = $f My (€2i-12i|Go,0) = 3C2_ 3,
Mty (eﬁi,i Goo) = et 3¢~ 3.

— 1y, (e3;:1Go,0) = 5

Therefore, all four edges have the contribution ¢(exi_1i|Go,0) = ¢(e);;1Go,0) =
3c;r1 33 ’

— 33 = 2each. Fori = ,...,c—1, the edges ey_12 = a1ty and
€y;_1; = U2i—10;, we have
3c+1 3c—-3
My, (€2i-12i|Go,0) = — My (€2i-12ilGo,0) = >
3c+1 3c—-3
/ _ / _
Mgy (€2i—1,i|GO,O) =5 My (e2i—1,i|GO,O) =
— / .
For the edges ep; ;11 = up;tiri11 and ej, 41 = W2i+10i, We have
3c+1 3c—3
Mgy (€2i2i411G0,0) = —5— and muy (e2i2i41/Go,0) = —5—
3c+1 3c—-3
/ _ / _
My, (€i41,i1Go,0) = 5 and ny,(€3;41,Go,0) = 5
Therefore, all four edges have the contribution ¢(e|Go o) = 351 — 32 =2.InC el
two edges, 6271,% =Uc-10cp and e,_1, = u._1uc, have the contributions

(P(ecfl,c

3c+1 3c—-3
Go,o) = 4’(32_1l%|Go,o) = 5 =2

The other two edges, ei Lpest = Hep1Ven and e, .11 = Uclc41, have the contributions
v 2

3c—1 3c—-1
¢(ece+1/Goo) = <P(€£+1,%|Go,o) =55 =0

Among the remaining edges,

P(e1,2:/Go,0) =2, ¢p(erc—1,2c/Go,0) = 0and ¢p(ect1,c42/Go,0) = 1.
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Using the above results, from (2), we obtain

3c—3 3c-—5

Mo(Gp,0) =8(c—3)+8+ st = 11c¢ — 20.
(b) In Gg/o and Gkof(%, the edges incident on v contribute
3c—1+2k 3c —3+2k
cp(e|Gg,O) = -1= ,
2 2
3c—3+2k 3c—5+2k
$(e|GH,0) = > —1= SR
- 3c—1+2(k—1 3c—3+2(k—1
plelCls3) = k=l k=1
2 2
and 3c—342(k—1) 3c—542(k—1)
_ c—3+ - c—5+ -
plelGlsd) = S = e

respectively. Two new edges in G , each contribute ¢(e|GE ) = 0 to the Mostar index.
For the remaining edges of Gf, , and Gé‘{ol, we have

P(e|Gh ) = [nu(elGE3) +1—1o(e|lGh 3) — 1] = [nu(e| G5 ) — nu(e|GS )| = (el GG 3).-

Therefore, the remaining edges of Gg o and Gé*(% have the same contribution. Thus,
Mo(GE o) = Mo(GE ) +2. O

We can also provide several classes of constructions for obtaining the same value of
the Mostar index as in Proposition 7. A general version of the construction is as follows.

General Construction IV. Consider the base graph Gpo as in Construction IV. For
j=2,4,...,c— 3, consider the vertices u jand ey ;. Then, uj is in between the 4-cycles

Cjt2 and Cji> |, and ucyj is in between the cycles Ceyj1 and Cejin . Now, for
2 2 2 2

eachj = 2,4,...,c—3, let Gél,o be the graph obtained by deleting the edges u;v 2/

Uctjverj1 and subdividing the edges ujuj 1, ucyjilcyjy1, and relabeling the vertices of
2
C as uy, Uy, ..., uc42. Also, attach the edges 11012 and u¢y 130411 (or add an edge
A I

between the cycles C;12, Cj2 , and Ceyji1, Ceyjnn
2 T -

1 1 in C). Proceeding in this manner, let
2 2

Ggfo be the graph obtained by subdividing the edges ;21 k1, Uey jrok—2Uctjrok—1 Of

nga ! exactly once (or inserting k — 1 edges between the cycles Cji2, Cj12 . and Ceyjia,
’ 7z 7

1 2

Cesjrt . in C of Ggo)' As shown in Figure 2, in each of the steps, relabel the vertices of the

2 . .
cycle C in Gg(o. Clearly, Ggfo is a c-cyclic graph with 3c — 1 + 2k vertices and 4c — 2 4 2k
edges, wherek =2,3,... andj=2,4,...,c — 3.

Proposition 8. For every fixed odd integer ¢ > 3, Mo(Gjo’kO) = Mo(Gékal) + 2, where
i=24,...,c=3andk=2,3,....

Proof. In ngo and G]C’)ka !, the edges incident on v; contribute

ik 3c—3+2k ik 3c—5+2k
plelGl) = T2 pelg ) = X2

and
ik—1 3c—3+2(k—-1 k=1 3c-5+2(k—-1
plelcliy) = X2 2D it = 232D,
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respectively. Two new edges in Géko each contribute qb(e|G£’)ko) = 0 to the Mostar in-

dex. The remaining edges have the same contribution in ngo as in G]o’k(; ', Therefore,
ik jk—1

Mo(Gp ) = Mo(Gl 5 ) +2. O

Using these constructions, we are ready to resolve Problem 1 by proving Conjecture 1.
The proof of Conjecture 1 is as follows. Here, we denote Zx as the set of non-negative
integers, and the set of integers is represented by the letter Z.

Theorem 1. For any fixed c > 3, there exists a c-cyclic graph with the Mostar index Mo(G) = p,
where p € Z>o\A, and A is given by A = A1 U Ay when c is even, and A = Az U A4 when c is
odd, with

A1:{2x€Z|0§x§4c—5,ciseven},
9c .
A2:{2x+1€Z\1§x§?—7,czseven},
11c — 15 .
A3:{2x€Z|0§x§CT,czsodd},

11c — 23

A4:{2x+1eZ\1§xg >

, C 1S odd}.

Proof. We consider the following two cases:

Case 1: c is even. The graph Gg g (see, Figure 1) is a c-cyclic graph (even ¢ > 4) described
in Construction I. According to Proposition 1, we have

Mo(Gg,g) =8c—8, Mo(GE ) = Mo(Ggg) +2, Mo(G ) = Mo(Gf /) +2fork =2,3...

From the above, we conclude that every even number greater than or equal to 8c — 8 can
be the Mostar index of some c-cyclic graph for every fixed c (even ¢ > 4). Thus we have
Mo(Ggg) > 2k, where k is a positive integer with k > 4c — 4 (even ¢ > 4).

The graph G o (see, Figure 3) is a c-cyclic graph (even ¢ > 4) described in Construction II.
According to Proposition 3, we have

Mo(Gg,0) = 9c — 11, Mo(G ) = Mo(Gg,0) +2, Mo(GE ) = Mo(Gf ) +2fork =2,3...

From the above, we conclude that every odd number greater than or equal to 9c — 11 can
be the Mostar index of some c-cyclic graph for every fixed ¢ (even ¢ > 4). Thus we have
Mo(Ggg) > 2k + 1, where k is a positive integer with k > % — 6 (evenc > 4).
For the c-cyclic graph for every fixed c (even ¢ > 4), we obtain Mo(G) = p, where
p € Z>p\A, and A is given by

A=A1UAy,

with
A1 ={2x€Z|0<x <4c—5, ciseven},

9
A2:{2x+1€Z|1§x§EC—7,ciseven}.

Case 2: ¢ is odd. The graph Gé‘)’E (see, Figure 4) is a c-cyclic graph (odd ¢ > 3) described in
Construction III. According to Proposition 5, we have

Mo(Go,) = 11c — 13, Mo(G}, ) = Mo(Gog) +2, Mo(G ) = Mo(GS ) +2fork =2,3...
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From the above, we conclude that every even number greater than or equal to 11c — 13 can
be the Mostar index of some c-cyclic graph for every fixed ¢ when c is odd. Thus we have
Mo(Gg g) > 2k, where k is a positive integer with k > % (c is odd).

The graph Gp,o (see, Figure 5) is a c-cyclic graph (odd ¢ > 3) described in Construction IV.
According to Proposition 7, we have
Mo(Gp,0) = 11c — 20, Mo(G o) = Mo(Go,0) +2

and
Mo(Gpo) = Mo(GS ) +2fork=2,3...

From the above, we conclude that every odd number greater than or equal to 11c — 20 can
be the Mostar index of some c-cyclic graph for every fixed ¢ when c is odd. Thus we have
Mo(Gp o) > 2k + 1, where k is a positive integer with k > % (odd ¢ > 3).
For the c-cyclic graph for every fixed ¢ (odd ¢ > 3), we obtain Mo(G) = p, where p €
Z>p\A, and A is given by

A= A3z3UA,

with

11c—1
A3:{2er|O§x§CT5,cisodd},

Ay={2x+1€Z|1<x< H‘jz;zg’,c is odd}.
This completes the proof of the theorem. [J

Remark 1. Using Theorem 1, we provide a solution to Problem 1.

Using Theorem 1, we can also solve the inverse Mostar index problem for con-
nected graphs.

Corollary 1. For every positive integer p > 19, there exists a graph G with the Mostar index
Mo(G) = p.

Proof. For ¢ = 4, from Theorem 1, we have
Al ={2x€Z|0<x <11}, Ap={2x+1€Z|1 <x <11},

that is,
A1=10,2,4,6,...,20,22}, A, ={1,3,5,...,21,23}.

Similarly, for ¢ = 3, from Theorem 1, we have
A; ={0,2,4,...,16,18}, A4 ={1,3,5,...,9,11}.
This completes the proof of the result. [

Remark 2. We can also prove Theorem 1, using General Constructions L1I, III, and IV and
Proposition 2, Proposition 4, Proposition 6, and Proposition §.
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3. Conclusions

Several variants of the Mostar index have been proposed recently, including the edge
Mostar index Mo, (G), the total Mostar index Mo*(G), and the total edge Mostar index
Mo} (G) [3]. For a graph G, these indices are defined as follows:

Mo*(G)= Y

{uv}Cv

mu(e|G) — 1o (e|G)

7

Mo, (G) = ¥ ’mu(e|G)—mU(e|G)
uveE(G)

7

7

Mo} (G) = Y |mulelG) — mo(e|G)
{u}Cv

where m,(e|G) is the number of edges closer to u than to v, and similarly for m,(e|G). In
this paper, we have resolved an open problem and conjecture related to the inverse Mostar
index problem for c-cyclic graphs with ¢ > 3. Despite this significant progress, several
open problems remain in this area. For instance, the inverse edge Mostar index problem
for c-cyclic graphs with ¢ > 4 has yet to be explored. Additionally, the infinite realizability
of odd integers for both the Mostar index and the edge Mostar index remains an open
question. Future research opportunities include addressing analogous problems for other
bond-additive indices, such as the total Mostar index and the total edge Mostar index.
These extensions represent promising directions for further studies in this field.
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