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Abstract


Despite many fuzzy time series forecasting (FTSF) models addressing complex temporal patterns and uncertainties in time series data, two limitations persist: they do not treat fuzzy and crisp time series as a unified whole for analyzing nonlinear relationships between different moments, and they fail to effectively capture how uncertainty in temporal patterns affects predictions. In this paper, we propose an FTSF model integrating Bayesian networks to overcome the limitations. Bayesian network (BN) structure learning is employed to extract fuzzy–crisp dependencies between historical fuzzified data and predicted crisp data alongside temporal crisp dependencies within crisp data. Integrating fuzzy logical relationship groups (FLRGs) and the two BNs representing the fuzzy–crisp and crisp relationships identifies temporal patterns efficiently. BN parameter learning models the occurrence uncertainties of dependencies through conditional probability distributions in BNs, while fuzzy empirical conditional probabilities quantify the occurrence uncertainties of the elements in FLRGs. The defuzzification stage infers the crisp predicted value using the fuzzy-empirical-probability weighted FLRGs and the two BN. We validate the forecasting performance of the proposed model on sixteen diverse time series. Experimental results demonstrate the competitive forecasting performance of the proposed model compared to state-of-the-art methods.
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1. Introduction


Time series is a collection of data points gathered over time, each being distinguished from others in the dataset by the specific moment of its occurrence. Forecasting time series data has received widespread attention in various fields such as financial analysis [1], energy exploration [2], environmental sciences [3], and others. Numerous algorithms have been proposed for time series forecasting. The fuzzy time series forecasting (FTSF) model is becoming increasingly popular in time series forecasting among these algorithms due to their minimal reliance on strict assumptions and their excellent interpretability [4]. The FTSF modeling approach [5] comprises three principal stages: (1) fuzzification of the crisp time series data; (2) the establishment of fuzzy relationships; and (3) the defuzzification of the fuzzy forecasts. Temporal relationships and inherent uncertainty within time series are two key components impacting the predictive performance of FTSF models.



People tend to develop an understanding of the systems behind time series data from the perspective of temporal patterns. FTSF models represent temporal patterns between historical and predicted moments using fuzzy logical relationships (FLRs), which are regarded as fuzzy relationships. FLRs provide interpretability without necessitating data assumptions, yet the inherent complexity and nonlinearity of time series limit their ability to completely depict underlying patterns. Recent research efforts have concentrated on accurately modeling underlying patterns within fuzzy time series forecasting, aiming to improve interpretability and predictive accuracy. Machine learning algorithms like neural network and support vector machine (SVM) have successfully modeled complex nonlinear relationships between historical and future moments by leveraging both crisp and fuzzified data. For example, ref. [6] replaced FLRs with SVM, long short-term memory recurrent neural network (LSTM), and deep belief network (DBN) for modeling fuzzy relationships between historical and predicted fuzzified observations, demonstrating superior results with the SVM-based FTSF model compared to the other methods. Additionally, integrating historical crisp data into the modeling of fuzzy relationships is a common method used in FTSF models to exploit valuable information from the raw crisp time series [7,8]. Ref. [8] utilized membership values and crisp observations of precedent moments as the historical component of temporal patterns, while crisp observations of the corresponding future moment were used as the predictive component. The SVM models the relationship between the two components and incorporates the defuzzification stage into the relationship modeling. Instead of SVM, ref. [7] applied sigma–pi neural networks to establish nonlinear relationships between the two components. However, most current FTSF models focus on fitting fuzzy relationships between the entirety of historical moments and the predicted moment with limited attention to the effects of relationship between any two moments on predictive accuracy.



FTSF models combines FLRs with the same left-hand-side (LHS) elements into fuzzy logical relationship groups (FLRGs), where the importance of each FLRG depends on the the recurrence of its FLRs. During the prediction phase, the FTSF model treats FLRGs aligning with historical fuzzified observations as inference outcomes, which is known as activated FLRGs. The defuzzification phase commonly employs weighted summation to integrate numerical predictions from various activated FLRGs into a single crisp prediction. The mixing weights for each FLRG account for the importance differences caused by FLR recurrence. The influence of the relationships between historical fuzzified data in the LHS of activated FLRGs and the final crisp prediction on the mixing of numerical predictions of activated FLRGs is not considered. Hence, it is worth considering establishing relationships between historical fuzzified and predicted crisp data while estimating their uncertainty to serve as the mixing weights for each activated FLRG.



Time series in real-world applications often involve intricate uncertainties [9]. Data uncertainty can be classified into two types: systemic uncertainty (also called epistemic uncertainty) and statistical uncertainty (also called aleatoric uncertainty). Statistical uncertainty arises from the inherent random effect within the data, which is commonly addressed through probabilistic methods. Systemic uncertainty describes the uncertainty caused by imperfect knowledge, linguistic fuzziness, and other unknown factors. Traditional FTSF models employ fuzzy sets and membership degrees to express systemic uncertainty. Researchers endeavor to introduce probability theory into the FTSF framework to handle both types of uncertainty. Estimating FLRG probabilities based on FLR occurrence frequency is a flexible and efficient approach [10].



To model the statistical uncertainty of fuzzy relationships, a fuzzy set from a crisp value at a moment is regarded as a singular fuzzy event. A sequence of fuzzified observations over multiple moments forms a compound fuzzy event. Fuzzy events differ from probabilistic events by having membership degrees that express the “extent of occurrence” rather than just binary states of occurrence. To this end, ref. [11] utilize fuzzy empirical probabilities (FEPs) to estimate the probabilities of the FLRG. FEPs initially count the multiple occurrences of the membership degrees of the elements of FLRG as occurrence counts, thus forming fuzzy frequency. Under the definition of empirical probability, fuzzy frequencies are transformed into fuzzy empirical probabilities, allowing the mixed modeling of systemic and statistical uncertainties for the elements in an FLRG. An FLRG takes the FEP of the antecedent and consequent of the FLRG to translate the right-hand-side (RHS) elements of the FLRG into a numerical prediction. However, when merging numerical predictions from multiple activated FLRGs, ref. [11] defines the weight of each activated FLRG as the fuzzy empirical conditional probability (FECP) of historical crisp observations given historical fuzzified observations. FECP reflects the statistical uncertainty of relationships between the fuzzified and crisp data of historical moments instead of the relationships between historical and predicted moments. Ref. [12] proposed an improved dependency-based fuzzy empirical conditional probability calculation method by introducing crisp dependencies between any two moments. However, ref. [12] overlooks the specific relationships between historical moments with fuzzified observations and the predicted moment with crisp observations, as well as relationship uncertainties, affecting the final crisp prediction accuracy. This approach allows [12] to improve the ability of FTSF models to capture temporal patterns, yet it insufficiently considers the uncertainty in the conversion from fuzzy to crisp predictions.



The Bayesian network (BN) theory provides a holistic framework to discern dependencies in complex datasets, model their statistical uncertainty, and conduct probabilistic reasoning [13]. BN’s flexibility has led to its rising popularity in practical use cases. BNs have extensive applications in various domains, including but not limited to causal relationship analysis [14] and time series forecasting [15]. A BN is a graphical model composed of conditional probability distributions (CPDs) and a directed acyclic graph. Nodes in a BN represent random variables. The directed edges illustrate the conditional dependencies between variables. BN structure learning methods extract dependencies from data to construct a directed acyclic graph that visually represents underlying patterns. Based on a specified BN structure, BN parameter learning methods estimate the parameters of node CPDs. Node CPDs reflect the occurrence strengths of dependencies, thereby allowing for processing the statistical uncertainty of these relationships. BN inference algorithms derive probability distributions for other variables given partial observations. Ref. [16] employed the K2 algorithm, a structure learning approach, to model the temporal dependencies of stock price-earnings ratios. The learned relationships informed the subsequent estimation of CPDs for each variable, enabling forecasting through probabilistic reasoning in the BN. Ref. [17] employed expert knowledge to identify the BN structure. Data are used to determine the parameters of the BN. The back-propagation neural network performed error compensation to enhance the forecasting accuracy of the BN-based model. Ref. [12] used the Hill-Climbing (HC)-based approach for BN structure learning to capture temporal dependencies within the original time series, which is then utilized in the defuzzification. Therefore, BN stands as a powerful probabilistic tool in enhancing the forecasting performance of FTSF models with its intrinsic ability to model dependencies and uncertainty and perform probabilistic reasoning based on identified relationships.



1.1. Research Gaps and Motivations


Various approaches for modeling fuzzy relationships emphasize the connections between historical and predictive fuzzified observations while disregarding the inherent moment-to-moment dependencies. Ref. [12] addresses this issue by utilizing BNs to establish crisp dependencies that represent the dependencies of historical and predicted moments within fuzzy relationships. Fuzzy relationships model temporal patterns on fuzzified time series, while crisp dependencies do so on original crisp time series. These relationships do not consider fuzzified and crisp time series as a unified whole, especially concerning the link between historical fuzzified data and predicted crisp data. During the defuzzification stage, they guide the conversion of multiple activated FLRGs’ crisp predictions into the final crisp forecast.



By extracting crisp dependencies, BNs improve the ability of FTSF models to model temporal patterns. According to [12], using both relationships in defuzzification improves the predictive accuracy of the FTSF model, highlighting the potential of BNs in FTSF applications. This study endeavors to build a hybrid FTSF model that integrates BNs in depth for more exact temporal pattern modeling. BNs employ data-driven structure learning approaches to uncover latent dependencies within datasets. Therefore, treating fuzzified and crisp data collectively facilitates the establishment of dependencies between moments. Specifically, integrating historical fuzzified data with predicted crisp data into one dataset permits BN structure learning to discern fuzzy–crisp dependencies between historical fuzzified data and predicted crisp data.



Precisely modeling temporal relationships is primarily aimed at capturing their uncertainty for use in prediction. FTSF models address systemic uncertainty through membership degrees of fuzzy sets. Typically, probabilities or fuzzy empirical probabilities are employed to represent the statistical uncertainty of the fuzzy relationships expressed by FLRGs. The defuzzification stage employs FLRGs with both uncertainties to translate fuzzy predictions into numerical predictions for each FLRG. The weighted summation method is widely used to merge multiple FLRGs’ numerical predictions into a final crisp prediction for its simplicity and efficiency. Refs. [11,12] utilize fuzzy empirical conditional probabilities of historical crisp observations based on historical fuzzified observations as weights. This probability indicates a mix of systemic and statistical uncertainties in the relationship between historical fuzzified and crisp observations within each activated FLRG. The issue is that this fuzzy empirical conditional probability does not account for the dependencies and their uncertainty between elements of FLRGs and the final predicted crisp value, limiting its effectiveness in guiding the merging of multiple FLRGs’ predictions.



FTSF models employ multiple probabilistic techniques to capture the uncertainty embedded in fuzzy relationships, thereby quantifying the temporal pattern uncertainty to enhance predictions. Precise relationship modeling is a prerequisite for addressing relationship uncertainty. The left-hand-side fuzzy empirical probabilities and right-hand-side fuzzy empirical conditional probabilities of FLRGs using crisp dependencies and fuzzy relationships provides more precision than employing only fuzzy relationships [12]. However, the differential impact of uncertainty in crisp dependencies on predictions is overlooked. BN parameter learning methods determine conditional probability distributions of nodes from data to express the statistical uncertainty of dependencies. Therefore, crisp dependencies can utilize BN parameter learning methods to address their statistical uncertainties. Crisp dependence and fuzzy relationships derive their uncertainties from crisp and fuzzified time series, respectively, lacking uncertainty handling for fuzzy–crisp relationships between fuzzified and crisp data. Thus, Bayesian network structure learning can be employed to determine the relationships between historical fuzzified data and predicted crisp data, representing fuzzy–crisp dependencies between historical moments with fuzzified observations and the predicted moment with crisp observations within FLRGs. Then, BN parameter learning estimates the conditional probability distributions for each moment in a mixed dataset of fuzzified and crisp time series to model the statistical uncertainty in fuzzy–crisp dependencies.



In the prediction phase, FTSF models first seek matching FLRGs using the fuzzified observations of a series of historical crisp observations. After converting the predicted fuzzy sets of each FLRG into numerical predictions, it combines these into the final prediction. BN inference algorithms determine the probability distribution of other variables based on certain observed values given a BN. A BN with fuzzy–crisp dependencies and corresponding CPDs can infer the probability distribution of predicted crisp values given historical fuzzified observations from the LHS of an FRLG. Through BN inference, the posterior distribution quantifies the statistical uncertainty of converting numerical predictions from activated FLRGs into the final crisp prediction. When merging all FLRG numerical predictions, the posterior distribution serves as a weight for more precisely integrating multiple fuzzy relationships’ numerical predictions into the final prediction. Therefore, integrating BNs into the temporal relationship and uncertainty modeling of FTSF models offers a promising approach to enhance the predictive accuracy of FTSF models.




1.2. Main Contributions


This study proposes a hybrid FTSF model designed to leverage BNs to improve the identification and uncertainty modeling of temporal patterns within fuzzy time series models. The original data are first transformed into fuzzified time series data. The traditional extraction method for fuzzy relationships and the HC-based BN structure learning method model temporal patterns in fuzzified and crisp data separately, generating FLRGs and crisp dependencies. Furthermore, the BN structure learning method identifies dependencies between historical fuzzified data and predicted crisp data as fuzzy–crisp dependencies, which are visualized through a secondary BN structure. Crisp and fuzzified data are also employed to compute the probabilistic strengths of three types of relationships. FEPs generated from fuzzified data and crisp dependencies denote the probabilistic strengths of FLRGs. Via BN parameter learning, the two BNs generate CPDs, which characterize the probabilistic strengths of dependencies. During the inference stage of the FTSF model, the two BNs estimate the probability distributions of values at the predicted moment influenced by historical crisp and fuzzified observations by BN probabilistic reasoning. The final numerical forecast derives from aggregating FEP-based FLRGs, which are the two probability distributions of the predicted moment.



The contributions of this paper are outlined below:




	
We introduce fuzzy–crisp dependencies as a representation of temporal patterns within the integration of historical fuzzified and crisp time series by employing the HC-based BN structure learning method. Crisp dependencies within crisp data are also extracted, reflecting the temporal patterns in the crisp time series. Combining the two type of dependencies and fuzzy relationships represented by FLRGs, the three-fold integration enables a complete representation of temporal patterns.



	
We propose combining FEP calculation with BN parameter learning to address the uncertainty of three types of relationships. FEPs handle the statistical and systemic uncertainties of FLRGs. BN parameter learning estimates node CPDs as the statistical uncertainty of crisp and fuzzy–crisp dependencies. Introducing dependence uncertainty modeling strengthens the ability of FTSF models to handle uncertainty within time series.



	
We propose a new forecasting strategy that incorporates dependencies and their uncertainty. The joint multivariate Gaussian distribution-based BN inference method estimates the CPD of predicted crisp values on the BN with crisp dependencies given an activated FLRG. This represents the impact of fuzzy–crisp dependence relationship uncertainty on the blending of FLRG numerical predictions. To fully utilize useful information in the original data, the CPD forecasted by the BN with crisp dependencies is integrated with the combined crisp prediction of FLRGs, yielding the final numerical prediction.









1.3. Article Organization


The organization of this paper is as follows. Section 2 discusses various relevant studies. An overview of FTSF and BN basic concepts is provided in Section 3. Section 4 illustrates the proposed BNs-based FTSF framework. Section 5 presents the analysis of experimental results. In Section 6, conclusions and suggestions for future research directions are presented.





2. Related Works


2.1. Relation Extraction in Fuzzy Time Series Forecasting


Establishing fuzzy relationships aims to capture the underlying temporal behavior within the fuzzified time series data. Conventional FTSF models employ fuzzy logical relationships to represent fuzzy relationships [18]. High-order FLRs exhibit a competitive capability to describe complex fuzzy relationships compared to one-order FLRs, which are accompanied by an increased computational complexity. Researchers have proposed several improved models based on neural networks to model complex fuzzy relationships and decrease the computational complexity of high-order FLRs. Ref. [19] employed a feedforward neural network (FFNN) to capture fuzzy relationships, incorporating fuzzy set indices of moments as components of relationships. In [20], the FFNN incorporates all membership degrees at each moment as components of the relationship. Although FFNN can determine fuzzy relationships more effectively than FLRs, they have a complex multilayered architecture and numerous parameters. Such complexity leads to increased computational demands and time consumption especially when dealing with sophisticated high-order fuzzy relationships. Ref. [21] employed a pi–sigma neural network (PSNN) with additive and multiplicative aggregation functions. Compared to FFNN, PSNNs are structurally simpler and demand less computational time. Ref. [22] further proposed a combined PSNN structure, utilizing membership and non-membership values from intuitionistic fuzzified time series alongside crisp values of historical moments as input, aiming to use more information. Ref. [23] proposed using a cascade neural network with membership and non-membership degrees of intuitionistic fuzzy sets to model fuzzy relationships. This network accommodates nonlinear relationships between historical and predicted moments while preserving linear interactions. Considering the superior nonlinear mapping capability of deep learning in contrast to traditional neural networks, ref. [6] investigated the potential application of deep learning for FTSF.



Due to the susceptibility of neural networks to converge to local optima, SVM has emerged as a viable approach for constructing fuzzy relationships, and it is known for its capacity to achieve global optimality. Ref. [6] first utilized SVM for fuzzy relationship modeling with fuzzy set indices as its inputs and outputs, offering an innovative angle for identifying complex patterns in time series. Ref. [24] used SVM in conjunction with probabilistic intuitionistic fuzzy sets, demonstrating the improvement in predictive accuracy from the integration of temporal patterns and their uncertainties. Ref. [8] incorporated aggregate membership degrees (including membership and non-membership degrees) from hesitant fuzzy sets and crisp observations into SVM inputs, boosting the information completeness in the prediction process.



There is another category of models that consists of delineating various types of fuzzy relationships manually, subsequently enabling separate or combined modeling approaches. Ref. [25] introduced long-association FLRs that do not require temporal continuity between historical and predicted moments. The new type of FLR increases the number of fuzzy relationships, enhancing the ability of FTSF models to capture temporal patterns and addressing the issue of unavailable FLRs at certain prediction moments.



Although the studies above have made advancements in describing fuzzy relationships, they fall short in modeling the precise dependencies of observations at each moment. Ref. [12] applied BN theory to capture the temporal dependencies at historical and predicted moments in the original time series, which are denoted as crisp dependencies. The constructed BN effectively captures the intricate dependencies inherent in the original time series in addition to fuzzy relationships, contributing to a clearer understanding of the underlying temporal patterns within time series data. Crisp and fuzzified time series can be viewed as two different representations of underlying temporal patterns. There is a connection between the two. Crisp data generate fuzzified data, and in turn, these fuzzified data help predict crisp values. However, most of the current FTSF models overlook relationships between fuzzified and crisp data, which may affect the prediction accuracy.




2.2. Fuzzy-Probabilistic Techniques for Uncertainty Modeling in Fuzzy Time Series Forecasting


Various methods exist for combining FTSF models with probability theory. Ref. [26] proposed probabilistic fuzzy set theory that simultaneously manages statistical and systemic uncertainty. Membership degrees, specifically, are considered random variables possessing probability density functions. With hesitancy considered, ref. [27] extends probabilistic fuzzy sets to hesitant probabilistic fuzzy sets (HPFSs) by modeling both membership and non-membership probability distributions on a hesitant fuzzy set (HFS). Ref. [24] proposed a probabilistic intuitionistic fuzzy set (PIFS) by combining the advantages of a probabilistic fuzzy set and intuitionistic fuzzy set for FTSF.



Considering the different frequencies and importance of the occurrences of different FLRs, researchers have proposed several probability definitions for FLRs to distinguish these fuzzy relationships and optimize the defuzzification procedure. Ref. [28] computed the probability of FLRs based on their occurrence frequency and occurrence time while calculating the trend occurrence probability of FLRs. Ref. [10] estimated the probability of each right-hand side (RHS) component in a fuzzy logical relationship group (FLRG) based on the occurrence frequency of the corresponding FLR. The aforementioned approaches use fuzzy sets to quantify system uncertainty and employ the appearance probability of FLRG elements as statistical uncertainty. To address both uncertainties, ref. [11] takes membership degrees as the “degree of occurrence” of a fuzzy observation. Unlike traditional probability, using membership degrees as a measure of occurrence frequency is termed fuzzy frequency. Ref. [11] proposes the integration of empirical probability and fuzzy frequency to form FEPs for estimating the fuzzy probability of FLRGs, addressing both system and statistical uncertainties of FLRG occurrences. Ref. [12] introduced a model that modifies FEPs of complex events by BN with BN discerning crisp dependencies within the original time series. The approach creates FECP for individual moments using crisp dependencies. By employing Bayes theorem, FECP for individual moments can be used to deduce FEP or FECP across multiple moments. FEP calculation combing fuzzy relationships and crisp dependencies provides a more comprehensive approach to capture the uncertainty inherent in FLRGs. Current algorithms primarily focus on uncertainty modeling for fuzzy relationships, neglecting the full utilization of relevant information about single-moment dependencies and their uncertainties.





3. Preliminaries


3.1. Fuzzy Time Series Forecasting Model


FTSF models address the imprecision and vagueness in data by introducing fuzzy sets.



Definition 1.

Let   A i   (  i = 0 , 1 , . . .  ) be a fuzzy set at the universe of discourse U and represented as


    A i  =  {  ( u ,  μ  A i    ( u )  )  | ∀ u ∈ U }  ,   








where   μ  A i    is the membership function of   A i  ,    μ  A i   : U →  [ 0 , 1 ]   .    μ  A i    ( u )    is the membership value of u in the fuzzy set   A i  .





Definition 2.

Let Y be a time series with    y t  ∈ R   (  t = 1 , . . .  ). F is the fuzzy time series data of Y. The fuzzified data of   y t   are    f t  =  {  μ  A 0    (  y t  )  ,  μ  A 1    (  y t  )  , . . . }   .





Definition 3.

If   f t   is caused by p historical moments, the fuzzy relationship within    y  t − p   , . . . ,  y t    is denoted by


    f  t − p   , . . . ,  f  t − 1   →  f t  .   













Definition 4.

Assuming the specific value of   f t   is   A  i t   , the fuzzy relationship among    f  t − p   , . . . ,  f t    is commonly known as an FLR in the form of


    A  i  t − p    , . . . ,  A  i  t − 1    →  A  i t   .   



(1)




Multiple FLRs compose the fuzzy relationship for a particular set of   {  f  t − p   , . . . ,  f t  }   with each possible combination of    A  i  t − p    , . . . ,  A  i t    . FLRs with the same LHS form a group known as an FLRG. This group can be defined by


    A  i  t − p    , . . . ,  A  i  t − 1    →  A  k 0   ,  A  k 1   , … ,   



(2)




where   {  A  k 0   ,  A  k 1   , . . . } ⊆ A  .






3.2. Bayesian Network


BNs provide a powerful tool for representing dependency between variables and performing inference efficiently. A BN for variables   X = {  X 1  , . . . ,  X n  }   is a triple   B = ( X , G , Θ )  . The network structure G, denoted as   G = ( V , E )  , is a directed acyclic graph (DAG) comprised of nodes V representing X and edges E that indicate dependencies among X. The collection of CPDs of X reflecting the strength of dependence derived from expert knowledge or observed data is given by


  Θ = { P   X i  =  x i  ∣ P  a  X i   = p  a i   } ,  








where   P  a  X i     denotes the set of parents of   X i  .   x i   and   p  a i    are the value of   X i   and   P  a  X i     respectively. An essential feature of BNs is the local Markov property that indicates a variable is conditionally independent of its non-descendants given its parent variables. Based on the local Markov property and the chain rule on the topological order of nodes, the BN shows the joint distribution as


  P  ( X )  =  ∏  i = 1  n  P  (  X i  | P  a  X i   )  .  











Bayesian network learning discovers the most suitable BN that matches data, including parameter and structure learning [29]. We utilize the commonly employed HC-based structure learning method [12,30]. Beginning with an initial DAG, the HC-based structure learning method evaluates the score of the DAG. Subsequently, the HC search algorithm explores the space of possible structures to identify the network structure with the highest score. Bayesian Information Criterion (BIC) is utilized as a scoring function, with its formula defined as


  B I C  ( G ∣ D )  =  ∑  i = 1  n  log P  (  X i  ∣ P  a  X i   )  −   d 2   log M ,  








where D is a dataset with M samples. d is the number of parameters in the B. When D is complete, we utilize maximum likelihood estimation (MLE) to estimate   P (  X i  ∣ P  a  X i   )  .



The target of MLE is to find CPD parameters that can best match D. The log-likelihood function   log P ( D : Θ )   measures how well  Θ  matches the data D. The estimated parameter set   Θ ^   is as follows


   Θ ^  =   arg max  Θ  log P  ( D : Θ )  .  











Based on the assumption of independent and identically distributed data and conditional independence, we have


     log P ( D : Θ )     = log  ∏  m = 1  M  P  (  x  1 m   , . . . ,  x  n m   : Θ )           = log  ∏  i = 1  n   ∏  m = 1  M  P  (  x  i m   | p  a  i m   :  Θ   X i   | P   a  X i     )  ,     








where   x  i m    is the m-th training sample of the variable   X i  .   p  a  i m     is the m-th training sample of the parent variables of   X i  .   Θ   X i   | P   a  X i      represents the parameter subset that defines   P (  X i  | P  a  X i   )   in the BN. The local likelihood function for each variable is    ∏  m = 1  M  P  (  x  i m   | p  a  i m   :  Θ   X i   | P   a  X i     )   . Given the assumption that the parameters in   Θ   X i   | P   a  X i      are disjoint, combining the MLE solutions for all local likelihood functions yields the MLE solution for   log P ( D : Θ )  .



With the structure and parameters of a BN determined, we can utilize it for probabilistic reasoning, specifically to answer conditional probability queries about variables within the BN. Probabilistic reasoning based on a BN calculates the CPD   P ( Q | E )   of Q influenced by the observation of E. Q and E can each represent one or multiple variables.





4. Proposed Model


This section elaborates in detail the main stages of the proposed model. Figure 1 illustrates the overall methodological frame diagram of the proposed model. Initially, the model addresses system uncertainty through time series fuzzification, which is followed by a threefold identification of temporal patterns through the integration of BN structure learning and fuzzy relationship modeling. Temporal patterns concealed in fuzzified time series are captured by forming FLRs and FLRGs. BN structure learning discovers crisp dependencies in the crisp time series. Moreover, temporal patterns between historical fuzzified data and predicted crisp data are represented by fuzzy–crisp dependences in the mix of fuzzified and crisp time series using BN structure learning. An improved relationship uncertainty modeling strategy is introduced, which involves computing fuzzy empirical probabilities as weights for FLRGs to quantify fuzzy relationship uncertainty, alongside BN parameter learning to estimate node CPDs, thus describing uncertainties for crisp and fuzzy–crisp dependencies. A novel hybrid model inference strategy is proposed, involving the search for weighted FLRGs and the estimation of posterior distributions for crisp observations at predicted moments using BN inference. Finally, a novel defuzzification method is designed to effectively integrate various relationships and their associated uncertainty information.



4.1. Training Process


(1) Time series fuzzification: Given the training data Y, the universe of discourse U is defined as   U = [ m i n ( Y ) − r · m i n ( Y ) , m a x ( Y ) + r · m a x ( Y ) ]  ,   r ∈  R +   . Partition U into several intervals   {  U i  }   with midpoints   m  p i    for   i = 0 , . . . , I  . Fuzzy sets   {  A i  }   are defined based on these intervals. The set of fuzzy sets A serves as a linguistic variable, where each   A i   represents a linguistic term.   A i   has the corresponding membership function   μ  A i   ().



Transform Y into the fuzzified data F, such that    f t  =  [  μ  A 0    (  y t  )  , . . . ,  μ  A I    (  y t  )  ]   . When    μ  A i    (  y t  )  ≥ α  , the membership value is retained; otherwise, it is assigned a membership value of zero for that fuzzy set. Assuming the membership values at a particular time t are    μ  A 0    (  y t  )  = 0.2  ,    μ  A 1    (  y t  )  = 0.7  , and    μ  A 2    (  y t  )  = 0.1  , if the value of  α  is 0.5, then we can calculate    f t  =  [ 0 , 0.7 , 0 ]   .



(2) Relationship establishment: Most FTSF models primarily consider fuzzy relationships involving fuzzified data from historical moments to predicted moments. In numerous real-world scenarios, a time series presents diverse temporal patterns, calling for a model to describe these relationships from different perspectives, as fuzzy relationships alone may not adequately reflect the temporal patterns in time series. It is possible to enable a more accurate description of the complex relationships in time series and reduce prediction errors by combining FTSF models with a BN. We can construct three different relationships based on crisp and fuzzified data, including fuzzy relationships, crisp dependencies, and fuzzy–crisp dependencies. The details are illustrated in Algorithm 1. The flowchart of temporal relationship construction is presented in Figure 2.



Integrating fuzzy–crisp dependencies with fuzzy relationships and crisp dependencies provides a multi-perspective and flexible approach to modeling complex temporal patterns within the original time series.



(3) Dependence relationship uncertainty modeling through BN parameter learning: Upon determining network structures, we fit the parameters of the two BNs using the MLE method.   B 0   employs crisp data to estimate the CPD parameters in   Θ 0  , whereas   B 1   utilizes both crisp and fuzzified data to estimate   Θ 1  . Considering crisp and fuzzified data are continuous, linear Gaussian distribution is applied, i.e.,


  P  (  X i  | P  a  X i   )  = N  (  X i  |  W   X i   0  +  W  X i   · P  a  X i   ,  Σ  X i   )  .  








  W   X i   0   represents the independent coefficient vector in the mean of   X i  .   W  X i    is the coefficient matrix assigned to elements of each parent variable in   P  a  X i    .   Σ  X i    denotes the variance of   X i  .








	Algorithm 1 Relationship Establishment.



	
	
Input: Y—original time series data, F—fuzzified time series data, p—the order of FTSF,   T  t r   —the number of data in Y,  α —the  α -cut parameter.



Output: FLRGs   F G  , the network structure   G 0   for BN   B 0  , the network structure   G 1   for BN   B 1  .



       // Fuzzy relationship identification



	  1:

	
for    t = p :  T  t r      do




	  2:

	
      Construct FLRs for    f  t − p   , … ,  f t    according to Equation (1)




	  3:

	
      Retain FLRs with all membership values greater than or equal to  α 


  F  R t  =  {  A  i  t − p    , … ,  A  i  t − 1    →  A  i t   | ∀ k ∈  { 0 , … , p }  ,   μ  A  i  t − k     ≥ α }   












	  4:

	
      Construct FLRGs based on   F  R t    according to Equation (2)


  F  G t  =  {  A  i  t − p    , . . . ,  A  i  t − 1    →  A 0  ,  A 1  , . . . ,  A I  }   












	  5:

	
end for




	  6:

	
Obtain FLRGs   F G   for the entire dataset Y




	  7:

	
   F G =  ∪ t  F  G t    



// Crisp dependence identification




	  8:

	
Convert Y into the dataset   D 0   for establishing crisp dependencies




	  9:

	
for    t = p :  T  t r      do




	10:

	
        D  0 t   =   [  y  t − p   , … ,  y t  ]  T   




	11:

	
end for




	12:

	
    D 0  =   {  D  0 t   }   t = p   T  t r      




	13:

	
Define    Y  t − p   , … ,  Y t    as the variables representing crisp observations at historical and predicted moments




	14:

	
  D 0   is the dataset for variables    Y  t − p   , … ,  Y t   




	15:

	
Set the chronological order between adjacent moments as the fixed edges in the initial DAG   G 00   for the BN structure   G 0   of a BN   B 0  




	16:

	
Identify edges in   G 0   by the HC-based structure learning method given   G 00  ,    Y  t − p   , … ,  Y t    and   D 0  




	17:

	
The directed crisp dependencies has the format as follows:


   Y  t −  k 1    →  Y  t −  k 2    ,  








where   Y  t −  k 1     and   Y  t −  k 2     are two variables representing the crisp observations at the moments for   0 ≤  k 2  ≤  k 1  ≤ p  



// Fuzzy–crisp dependence identification




	18:

	
Convert Y and F into the dataset   D 1   for establishing fuzzy–crisp dependencies




	19:

	
for    t = p :  T  t r      do




	20:

	
         D  1 t   =  [  f  t − p   , … ,  f  t − 1   ,  y t  ]   




	21:

	
end for




	22:

	
    D 1  =   {  D  1 t   }   t = p   T  t r      




	23:

	
Define    F  t − p   , … ,  F  t − 1   ,  Y t    as the variables representing historical fuzzified observations and consequent crisp observations




	24:

	
  D 1   is the dataset for variables    F  t − p   , … ,  F  t − 1   ,  Y t   




	25:

	
Set the chronological order between adjacent moments as the fixed edges in the initial DAG   G 10   for the BN structure   G 1   of a BN   B 1  




	26:

	
Identify edges in   G 1   by the HC-based structure learning method given   G 10  ,    F  t − p   , … ,      F  t − 1   ,  Y t    and   D 1  




	27:

	
The directed fuzzy–crisp dependencies can be shown as


   F  t − k   →  Y t  ,  








where k exists such that   1 ≤ k ≤ p  




	28:

	
The dependencies between fuzzified observations at historical moments are shown as the following


   F  t −  k 1    →  F  t −  k 2    ,  








where   0 ≤  k 2  ≤  k 1  ≤ p  















(4) Fuzzy empirical probability calculation to model fuzzy relationship uncertainty: The repetition of FLRs leads to differing levels of importance for FLRs and FLRGs. Ref. [12] suggested utilizing FEP and FECP to model the uncertainty of FLRs and FLRGs when the membership values of elements within a recurrent FLR differ based on exact dependencies. The membership vectors of FLRs generated from the training set of the original time series form the dataset   F R M =  { F R  M t  }  =  {   [  μ  A  i  t − p      (  y  t − p   )  , . . . ,  μ  A  i  t − k      (  y  t − k   )  , . . . ,  μ  A  i t     (  y t  )  ]  T  | ∀ k ∈  { 0 , … , p }  ,   μ  A  i  t − k      (  y  t − k   )  ≥ α ,  ∀  t q  ∈  { p , … ,  T  t r   }  }   . The crisp dependencies in   B 0   identify the specific moments that any given moment   t − k   depends on among the   p + 1   historical and forecast moments, which are referred to as parent moments. If   t − k   lacks parent moments,    μ  A  i  t − k      (  y  t − k   )    signifies the extent to which the fuzzified observation   A  i  t − k     equals the fuzzy set   A i  . The sum of the membership degrees for multiple occurrences of    μ   A  i  t − k    =  A i     (  y  t − k   )    at   t − k   is termed fuzzy frequency. We obtain the FEP of   t − k   based on empirical probability and fuzzy frequency. The FEP is defined as follows:


  P  (  A i  )  =     ∑  F R  M t     μ   A  i  t − k    =  A i     (  y  t − k   )     ∑ i   ∑  F R  M t     μ   A  i  t − k    =  A i     (  y  t − k   )     .  








  P (  A i  )   denotes the approximate probability that the crisp observation   y  t − k    at   t − k  , without parent moments, belongs to   A i  , given a sequence of crisp values encompassing p historical moments and a predicted moment t.



If   t − k   has one or more parent moments, the FECP calculation for   t − k   closely resembles that of the FEP without parent moments except for the variation in the extent of occurrence when   t − k   is assigned   A i  .   P  a  t − k     represents the ensemble of all the parent moments for   t − k  . The scenario where   t − k   holds the value   A i   involves “all parent moments’ crisp observations being a certain crisp series   p  a  t − k    , and   t − k  ’s crisp value being   y  t − k   , the fuzzified data for   p  a  t − k     corresponds to the j-th group in all possible fuzzy observations of parent moments, and the fuzzified observation at   t − k   is   A i  ”. The degree of occurrence of this compound event is quantified by the membership product of the parent moments and   t − k  , which is represented as    μ   A  i  t − k    =  A i     (  y  t − k   )   μ  A  j  P  a  t − k        ( p  a  t − k   )   .    μ  A  j  P  a  t − k        ( p  a  t − k   )    is the product of membership values of crisp values in   p  a t    belonging to fuzzy sets in   A  j  P  a  t − k      . The FECP is defined as follows:


  P  (  A i  |  A  j  P  a  t − k      )  =     ∑  F R  M t     μ   A  i  t − k    =  A i     (  y  t − k   )   μ  A  j  P  a  t − k        ( p  a  t − k   )     ∑ i   ∑  F R  M t     μ   A  i  t − k    =  A i     (  y  t − k   )   μ  A  j  P  a  t − k        ( p  a  t − k   )     .  











Crisp dependencies and fuzzy relationships are essential for computing multivariate FEPs and FECPs. The LHS in FLRs comprises the historical moments from   t − p   to   t − 1  , while the RHS corresponds to the moment t. The FEP for the historical moments is given by


  P  (  A  i  L H S    )  = P  (  A  i  t − p    , . . . ,  A  i  t − 1    )  =  ∏  k = p  1  P  (  A  i  t − k    |  A  j  P  a  i  t − k       )  ,  








where   A  i  t − k     is the fuzzy set of   t − k   in the i-th combination of the LHS   A  i  L H S    .   A  j  P  a  i  t − k        refers to the combination of the parent moments of   t − k   corresponding to the fuzzy sets in   {  A  i  t − p    , . . . ,  A  i  t − 1    }  . The predicted moment features an FECP by Bayes rule as the following:


  P  (  A  i t   |  A  i  L H S    )  =    P (  A  i  L H S    ,  A  i t   )   P (  A  i  L H S    )    .  








where   P  (  A  i  L H S    ,  A  i t   )  =  ∏  k = p  0  P  (  A  i  t − k    ∣  A  P  a  i  t − k      )   .



These FEPs and FECPs assign weights to the LHS and RHS of FLRGs in order to distinguish the importance of different FLRGs. A BN-based probabilistic weighted FLRG (BN-PWFLRG) is presented as follows:


  B F  G  i  L H S    =  (  π  i  L H S    )   A  i  t − p    , . . . ,  A  i  t − 1    →  (  w   i  L H S   0   )   A 0  , . . . ,  (  w   i  L H S   I   )   A I  ,  








where    π  i  L H S    = P  (  A  i  L H S    )    and    w   i  L H S   k   = P  (  A k  |  A  i  L H S    )    for    i t  = k   and   0 ≤ k ≤ I  .   B F G   denotes the set of BN-PWFLRGs.




4.2. Forecasting Process


(1) Time series fuzzification: For given crisp observations    y  t − p   , … ,  y  t − 1    , find the fuzzified values    f  t − k   =  [  μ  A 0    (  y  t − k   )  , … ,  μ  A I    (  y  t − k   )  ]    (  1 ≤ k ≤ p  ). The membership value    μ  A i    (  y  t − k   )    is preserved if    μ  A i    (  y  t − k   )  ≥ α  ; alternatively, it is assigned a value of zero for the respective fuzzy set.



(2) FLRG matching: Construct all possible combinations of    A  i  t − p    , … ,  A  i  t − 1      from    f  t − p   , … ,  f  t − 1     to identify the BN-PWFLRGs whose LHS matches these potential combinations.



(3) BN inference: After training a BN, the posterior probability distribution of the unknown variables can be obtained given the known variables. The posterior distribution of the variable   Y t  , representing crisp observations at the predicted moment, is obtained using   B 1   to reflect the influence strength from historical fuzzified data. The inference method that integrates the joint multivariate Gaussian distribution is implemented [31,32].



First, the BN   B 1   is converted to an inference engine that computes the equivalent joint multivariate Gaussian distribution   p (  F  t − p   , … ,  F  t − 1   ,  Y t  )  . The random variable   F  t − k    denotes crisp observations at the historical moment   t − k  , and   Y t   corresponds to crisp observations at the predicted moment. Then, the inference engine estimates the posterior probability distribution of   Y t   by conditioning and marginalizing   p (  F  t − p   , … ,  F  t − 1   )  . Given historical crisp observations as the evidence of variables    F p  =  {  Y  t − p   , … ,  Y  t − 1   }   , the joint distribution has the format


  p  (  Y t  ,  F p  )  = N       μ  Y t        μ  F p       ;      Σ   Y t   Y t       Σ   Y t   F p         Σ   F p   Y t       Σ   F p   F p         ,  








where    μ  Y t   ∈  R 1   ,    μ  F p   ∈  R p   ,   Σ   Y t   Y t     is a matrix of size   1 × 1  ,   Σ   Y t   F p     is a matrix of size   1 × p  ,    Σ   F p   Y t    =  Σ   Y t   F p   T    is a matrix of size   p × 1  , and   Σ   F p   F p     is a matrix of size   p × p  . The posterior mean and variance of   Y t   are calculated as following:


     p (  Y t  |  F p  )     = N (  Y t  |  μ   Y t  ∣  F p    ,  Σ   Y t  ∣  F p    )       μ   Y t  ∣  F p       =  μ  Y t   +  Σ   Y t   F p     Σ   F p   F p    − 1     F p  −  μ  F p          Σ   Y t  ∣  F p       =  Σ   Y t   Y t    −  Σ   Y t   F p     Σ   F p   F p    − 1    Σ   F p   Y t    .     



(3)







  B 0   estimates the posterior distribution of   Y t   through the inference method that integrates the joint multivariate Gaussian distribution.   B 0   is first converted to the equivalent joint multivariate Gaussian distribution   p (  Y  t − p   , … ,  Y t  )  .   Y  t − k    is the random variable representing historical crisp observations at the moment   t − k  . Given historical crisp observations of variables    Y p  =  {  Y  t − p   , … ,  Y  t − 1   }   , the joint distribution has the format


  p  (  Y t  ,  Y p  )  = N       μ  Y t        μ  Y p       ;      Σ   Y t   Y t       Σ   Y t   Y p         Σ   Y p   Y t       Σ   Y p   Y p         ,  








The posterior distribution of   Y t   is calculated as following:


     p (  Y t  |  Y p  )     = N (  Y t  |  μ   Y t  ∣  Y p    ,  Σ   Y t  ∣  Y p    )       μ   Y t  ∣  Y p       =  μ  Y t   +  Σ   Y t   Y p     Σ   Y p   Y p    − 1     Y p  −  μ  Y p          Σ   Y t  ∣  Y p       =  Σ   Y t   Y t    −  Σ   Y t   Y p     Σ   Y p   Y p    − 1    Σ   Y p   Y t    .     



(4)







(4) Defuzzification: The proposed model derives the final estimated value from the results acquired in the earlier stages. Firstly, each activated BN-PWFLRG provides a numerical forecast via the probabilistic weighted sum of midpoints of each BN-PWFLRG. Secondly, the numerical forecast of all activated BN-PWFLRGs leverages the posterior distribution obtained from the inference on   B 1  , reflecting the impact of historical fuzzified data from different BN-PWFLRGs on the crisp outcome at the predicted moment. As mentioned earlier, enhancing a numeric forecast for an FTSF model involves using not only FLRGs but also historical crisp data. Therefore, the final numeric forecast of the proposed model also includes the numerical forecast based on historical crisp observations. The detail of the defuzzification stage is shown in Algorithm 2. The flowchart of the novel defuzzification method is presented in Figure 3.








	Algorithm 2 Defuzzification.



	
	
Input:   Y p t  —historical crisp observations    y  t − p   , … ,  y  t − 1     for the predicted moment t,   B F  G a   —activated BN-PWFLRGs,   B F  G   i  L H S    a   —the i-th BN-PWFLRG in   B F  G a   ,   F p  i  L H S    —historical fuzzified data    f  t − p   , … ,  f  t − 1     for   B F  G   i  L H S    a   ,   B 0  —the BN with crisp dependencies,   B 1  —the BN with fuzzy–crisp dependencies.



Output: Numerical forecast    y ^  t  .



	1:

	
for    B F  G   i  L H S    a  ∈ B F  G a     do




	2:

	
       Compute the FECP weighted expectation   E (  A  i  L H S    )   of the midpoints of the RHS for   B F  G   i  L H S    a    with the LHS   A  i  L H S    


  E  (  A  i  L H S    )  =  ∑  k = 0  I   w   i  L H S   k   · m  p k   












	3:

	
       Obtain the posterior distribution   p (  Y t  |  F p  =  F p  i  L H S    )   according to Equation (3)




	4:

	
end for




	5:

	
  μ   Y t  ∣  F p  =  F p  i  L H S       is rescaled as the weight     μ   Y t  ∣  F p  =  F p  i  L H S        ∑  i  L H S     μ   Y t  ∣  F p  =  F p  i  L H S          for   B F  G   i  L H S    a   




	6:

	
Calculate the numerical forecasts    y ^   F p    derived from   B F  G a   


    y ^   F p   =  ∑  i  L H S       μ   Y t  ∣  F p  =  F p  i  L H S        ∑  i  L H S     μ   Y t  ∣  F p  =  F p  i  L H S         E  (  A  i  L H S    )   












	7:

	
Obtain   μ   Y t  ∣  Y p  =  Y p t     by inference on the BN   B 1   given   Y p t   according to Equation (4)




	8:

	
Compute the final numeric forecast    y ^  t   for the moment t


    y ^  t  =  β  F p   ·   y ^   F p   +  β  Y p   ·   y ^   Y p   ,  








where     y ^   Y p   =  μ   Y t  ∣  Y p  =  Y p t     















Let   β = [  β  F p    ,    β  Y p    ]    be a vector; then, the best   β  F p    and   β  Y p    are determined by the grid search method such that


   β ∗  =   arg min  β   ∑  t = p   T  t r      ∥   y ^  t  −  y t  ∥   2  2  ,  








where   T  t r    is the sample number of the training dataset and   β  F p   +    β  Y p   = 1  .





5. Experiments


In this section, we validate and verify the proposed model using sixteen time series. The performance of the proposed model is evaluated and compared with other advanced models. To assess the effectiveness and predictive performance of the proposed model, the results are analyzed from various perspectives.



5.1. Experimental Design


We evaluate the predictive capacity of the proposed model using sixteen distinct time series datasets. Table 1 offers an overview of the dataset features (Taiwan Capitalization Weighted Stock Index datasets are available in the following URL https://www.twse.com.tw/en/page/trading/indices/MI_5MINS_HIST.html (accessed on 1 November 2024)). Other datasets are available in the following URL https://pkg.yangzhuoranyang.com/tsdl/articles/tsdl.html (accessed on 1 November 2024). Table 2 summarizes split ratios for training and testing sets along with the order of the FTSF models for each dataset. Each dataset is divided into a training set and a test set using an 85% to 15% split ratio, which is consistent with [8]. The benchmark models consist of ten FTSF models and five classical effective time series forecasting models.



The grid search method determines the optimal parameters of the proposed model. The number of fuzzy sets ranges from three to sixteen, while  α  takes values from 0.05, 0.25, and 0.50. The BN structure learning method stops when the minimum structural score improvement is less than 1e-5 and the iteration count falls below 100. BN learning and inference are implemented by the Bayes Net Toolbox (https://github.com/bayesnet/bnt (accessed on 1 November 2024)).



The forecast accuracy is assessed using the root mean square error (RMSE), symmetric mean absolute percentage error (SMAPE), and mean absolute scaled error (MASE), which are defined as


        R M S E =     1  T  t e      ∑  t = 1   T  t e       y t  −   y ^  t   2        



(5)






        S M A P E =   1  T  t e      ∑  t = 1   T  t e        y t  −   y ^  t       y t   +    y ^  t    / 2        



(6)






        M A S E =   1  T  t e      ∑  t = 1   T  t e        y t  −   y ^  t     1   T  t e   − 1    ∑  t = 2   T  t e      y t  −  y  t − 1       ,     



(7)




where    y ^  t   is the numeric forecast of the real value   y t  .   T  t e    is the number of the test set.




5.2. Relationship Extraction Result Analysis


The proposed model explores the temporal patterns within crisp and fuzzified data using BN structure learning. Figure 4 visually demonstrates dependency through BN structures, excluding the Dietary, TAIEX2006, TAIEX2007, and TAIEX2008 datasets, which are not displayed as they only contain chronological adjacent relationships. As shown in Figure 4, the BN structural learning method effectively captures the dependencies within each mixed dataset containing crisp and fuzzified data. BN structures depicting fuzzy–crisp dependencies are concise in contrast to these structures for crisp dependencies. Multiple edges pointing toward a single node indicated the direct dependencies between multiple historical moments and the moment represented by the node. For example, the node   Y  t − 2    representing the crisp observation at the moment   t − 2   influenced the predicted moment t as shown in the top panel of Figure 4b, while the bottom panel of Figure 4b illustrates the direct dependency    F  t − 10   →  Y t    of the predicted moment on the fuzzified observation at moment   t − 10  . Edges between non-adjacent moments enable the creation of indirect dependencies between historical moments and the prediction moment through directed paths composed of edges.



Table 3 indicated that fuzzy–crisp dependence has fewer edges between non-adjacent moments than those representing non-adjacent crisp dependence. A possible explanation is that time series fuzzification may obscure valuable information hidden in the original data when modeling uncertainty in time series. Specifically, the majority of the hybrid dataset for extracting fuzzy–crisp dependence consists of historical fuzzified data. Moreover, eight datasets exhibited no more than three edges denoting non-adjacent fuzzy–crisp dependencies. It indicates that the chronological adjacent relationships inherent in the original time series data from domain knowledge are sufficient to encompass a portion of relationships in the combination of predicted crisp data and the fuzzified data generated from the original crisp time series. BN structure learning aims to uncover more specific dependencies that may exist within the historical fuzzified and crisp predicted data beyond the chronological adjacent relationships. When applied in specific domains, the chronological relationships can be tailored to fulfill the specific demands of the application domain. From Figure 4 and Table 3, it can be observed that in the eleven datasets containing non-adjacent fuzzy–crisp dependencies, the predicted moment is directly influenced by historical fuzzified observations earlier than the moment   t − 4   in eight datasets. This observation suggests that solely considering chronological adjacent relationships cannot fully capture the intricate relationships in the mixed dataset of historical fuzzified and crisp data. Therefore, extracting fuzzy–crisp dependencies from the temporal patterns in the time series is necessary.




5.3. Comparative Analysis


Comparative experiments were conducted to demonstrate the superiority of the proposed model by comparing it with classical forecasting models, FTSF models considering relationship extraction, and other fuzzy-probabilistic FTSF models. Furthermore, statistical analysis was also performed to explore the statistical significance of the comparative results of the proposed model and benchmark models.



5.3.1. Comparison with Classical Forecasting Models


In this section, five classical forecasting models were selected, including autoregressive integrated moving average (ARIMA), exponential smoothing (ETS), SVM, multilayer perceptron artificial neural network (MLP), and LSTM. The LSTM model is trained using the Adam solver with a maximum of 1000 epochs and a gradient threshold of 1. An initial learning rate of 0.005 is set. The learning rate is decreased by multiplying 0.20 after 125 epochs. Resetting the network state to resetState is essential when forecasting a new sequence with the aim of preventing previous forecasts from impacting subsequent ones. The results of the remaining four models are obtained from [8].



Table 4, Table 5 and Table 6, respectively, present detailed results of the proposed model and classical models in terms of RMSE, SMAPE, and MASE. As indicated in Table 4, the RMSE metric values of the proposed model consistently remained lower. The proposed model achieved the lowest RMSE values on eight datasets compared to classical models. LSTM performed the best among the classical models, yielding the lowest RMSE across three datasets. Due to the scale dependency limitation of RMSE, further analysis of the forecasting results was conducted using SMAPE, as illustrated in Table 5. The results demonstrate that the proposed model also outperforms classical models in terms of SMAPE. The metric MASE indicates potential improvement of a model over the naive method (using the observation at the moment   t − 1   as the prediction for the moment t). MASE   < 1   shows that the model exhibits smaller one-step errors than the naive method. Apart from the Dietary and Medicine datasets, the MASE values of the proposed model were all smaller than 1, indicating the overall superiority over the naive method. Furthermore, the MASE results of the proposed model outperformed benchmark models on ten of sixteen datasets. The results of the three metrics demonstrate that the proposed fuzzy-probabilistic forecasting model obtains higher forecasting accuracy than classical models.




5.3.2. Comparison with Other FTSF Models Considering Relationship Extraction


This section aims to compare FTSF models that employ different relationship modeling techniques to demonstrate the superiority of our approach. To model relationships in time series, FTSF models like [19,21,33] employed the feedforward neural network, multiplicative neuron model (MNM), and pi–sigma neural network. These models are denoted as FTSF-FFNN, FTSF-MNM, and FTSF-PSNN, respectively. Refs. [6] (labeled as FTSF-SVM) and [8] (labeled as HFS-SVM) applied SVM. Ref. [12] (labeled as BN-PWFTS) employed the combination of BN and FLRs. Ref. [34] considered FLRs as potential hidden relationships in time series and replaced traditional fuzzy set with HFS, which is denoted by HFS-FLRs. The parameters of [12] remain unchanged from the base paper. The results of the benchmark models [6,8,19,21,33,34] are obtained from [8].



Outcomes for the three metrics are individually depicted in Table 7, Table 8 and Table 9. As evidenced by the tables, the proposed model outperforms competing algorithms on the whole. The proposed model achieved the best RMSE results in ten of sixteen datasets. For SMAPE and MASE, the proposed model outperformed all benchmark models in eight and seven datasets, respectively. With an MASE less than 1 in twelve datasets, HFS-SVM and BN-PWFTS surpass the naive method, yet they do not exceed the proposed model’s efficacy. Although HFSTF-SVM ranked second to the proposed model in terms of SMAPE and MASE, it reached the best RMSE values in five datasets, which is less than the number of the proposed model. A possible explanation for the variance in performance to HFS-SVM might be that HFSs integrate fuzzified data from various traditional fuzzy sets to effectively capture the systemic uncertainty in time series, whereas SVM mainly extracts nonlinear relationships between historical and predicted moments.




5.3.3. Comparison with Other Fuzzy-Probabilistic FTSF Models


To further demonstrate the effectiveness of the proposed FTSF model’s fuzzy-probabilistic combination strategy, we have selected existing FTSF models that integrate probability theory in different ways as comparative models. For uncertainty modeling combining fuzzy and probability theory, Refs. [11] (labeled as PWFTS) and [12] assigned different fuzzy-probabilistic weights to FLRGs. Ref. [27] introduced HPFS into the FTSF procedure to address uncertainties, which is labeled as HPFS-FLRs. Ref. [24] (labeled as PIFS-SVM) utilized PIFS to capture uncertainties, while using SVM to model fuzzy relationships. The parameters of [11,12] remain unchanged from the base papers. The results of the benchmark models [24,27] are obtained from [8,24], respectively.



Table 10, Table 11 and Table 12 present the comparative results of the proposed model on sixteen datasets with three fuzzy-probabilistic time series forecasting models. From the data of the three metrics, it is evident that the proposed model consistently outperforms the other three models on ten datasets except for the Dietary, Lynx, Medicine, Temperature, TAIEX2006, and TAIEX2008 datasets. Pairwise comparisons of the models revealed that the proposed model exhibited superiority in at least thirteen instances compared to each of the three fuzzy-probabilistic models. For instance, the MASE values of the proposed model outperformed those of BN-PWFTS on thirteen datasets. As we can see, the forecasting metrics results demonstrate the superior performance of the proposed model.



We have also compared the proposed model against four others, including PIFS-SVM, across eight datasets. Results for the eight datasets are obtained from [24] with the same data split ratio and orders for FTSF employed in the proposed model. Four comparative models that integrate fuzziness with probability fall into two categories: PWFTS and BN-PWFTS employ distinct types of fuzzy empirical probabilities to weight FLRGs, whereas PIFS-SVM and HPFS-SVM integrate probabilities with multiple membership values to fuzzify data. Table 13 reveals that the proposed model surpasses both categories of fuzzy-probabilistic models in forecasting performance. The proposed model yields a significant advantage due to merging fuzzy empirical probabilities and the probability of fuzzy and crisp data based on temporal patterns compared to the two described classes of fuzzy-probabilistic models.




5.3.4. Comparison with Multiple Time Series Together


To investigate the statistical significance of the results across multiple datasets, we first conduct the Friedman test on the above three comparative experiments using SMAPE. When ranking, the best-performing algorithm receives rank 1, the next best receives rank 2, and so on. When ties occur, the relevant algorithms obtain average ranks. As shown in Figure 5, the proposed model obtains the lowest median and mean rank compared to classical models. The value of the Friedman test is 5.1307, which is greater than the critical value 2.3456 for the significance level 0.05. Regarding the interquartile ranges in the figure, half of the rank orders from the proposed model are smaller than those from classical models. Figure 6 shows the details of ranks for FTSF models employing different approaches to extract temporal patterns. The interquartile range for the proposed model is shorter than those of benchmark models, while the proposed model has the lowest median and mean. It indicates that the proposed model obtains higher ranks than others in general. With eight algorithms and sixteen datasets, the result of the Friedman test is 21.1851. The critical value is 2.1044 for a significance level 0.05. When comparing with other fuzzy-probabilistic forecasting models, SMAPE results with four algorithms and eight datasets are selected. As shown in Figure 7, the proposed model has the shorter box plot and the lowest median and mean compared to the other fuzzy-probabilistic FTSF models. The value of the Friedman test is 11.0930. The critical value is 2.7763 for a significance level 0.05. The results of three Friedman tests show that the null hypotheses are rejected, indicating that the difference exists in each group of algorithms.



The Holm test is employed to examine the difference further. The Holm test statistic z is   z =     R  s 1   −  R  s 2     S E      for the   s 1  -th and   s 2  -th algorithms given   S E =     s ( s + 1 )   6 q      , s algorithms, and q datasets. The null hypothesis can be rejected if    p  s 1   < α /  ( s −  s 1  )    with the p-value computed by the normal distribution of z and the significance level  α . In Table 14, the results of MLP and ETS reject the null hypotheses. Table 15 shows that the null hypotheses are rejected for FTSF-FFNN, FTSF-SVM, HFS-FLRs, and FTSF-MNM. The null hypothesis is rejected for HPFS-FLRs as shown in Table 16. The Holm test results indicate that the proposed model and FTSF-PSNN, BN-PWFTS, HFS-SVM, PWFTS, PIFS-SVM, LSTM, ARIMA, and SVM perform equally well in terms of SMAPE across the three comparative experiments. Nevertheless, the lowest median and mean ranks and the reduced values of forecasting indicators confirm the superior performance of the proposed model over the other models across the three comparative experiments.





5.4. Discussion


To enhance the predictive capability of FTSF models, this paper proposes a hybrid FTSF model combining BN learning and inference with the conventional FTSF model to model the temporal patterns and uncertainties in time series data. The experimental outcomes reveal that (1) the proposed model achieves superior predictive performance compared to other advanced fuzzy-probabilistic forecasting models; (2) based on the proposed combination of three types of relationships, the proposed model not only strengthens the capacity to model temporal patterns but also enhances the predictive performance of the FTSF model when coupled with uncertainty modeling.



Evaluation metric results (Table 10, Table 11, Table 12 and Table 13) and hypothesis testing outcomes (Figure 7 and Table 16) demonstrate that the overall predictive accuracy of the proposed model surpasses other advanced fuzzy-probabilistic forecasting models. Compared to PWFTS and BN-PWFTS, the superior predictive accuracy of the proposed method stems from its treatment of original and fuzzified data as an interconnected whole for temporal relationship extraction and uncertainty modeling. This model calculates the probability strength of the two dependencies with crisp and fuzzified data, which are represented by CPDs and FEPs. The enhanced predictive capability of our method results from its effective modeling of three distinct relationships and their associated CPDs, thus thoroughly mining temporal patterns and uncertainties embedded in crisp and fuzzified time series data. Specifically, the proposed model employs the probabilistic reasoning technology of BN to calculate the posterior distributions of data at the predicted moment based on crisp and fuzzy–crisp dependencies and their associated CPDs. The posterior distributions alongside FEPs-weighted FLRGs collaborate to achieve defuzzification, thereby elevating forecasting accuracy. In contrast, PWFTS and BN-PWFTS omit how the probability strength of dependencies represented by CPDs contributes to defuzzification. These models also have yet to fully explore the statistical uncertainty within the original data. The proposed method performs better than HPFS-FLRs and PIFS-SVM, which employ probabilities of membership values for time series fuzzification. One possible explanation may be that the proposed method effectively integrates fuzziness with probability from two aspects: calculating FEPs and probabilistic distributions based on dependencies, thus enhancing the modeling capability for uncertainty in time series. Furthermore, the performance of the proposed model might partly be explained by its more comprehensive capture of temporal patterns than HPFS-FLRs and PIFS-SVM.



Compared to other FTSF models employing disparate techniques for temporal relationship modeling, the proposed model exhibits higher predictive accuracy and interpretability. The effectiveness of the proposed method is attributed to the multi-faceted construction of temporal patterns and their probability strength. The FTSF models based on neural networks and SVM fail to account for the differences between temporal patterns within original data and those within fuzzified data. The differences stem from the differing characteristics of crisp and fuzzified data. Moreover, these models endeavor to characterize the nonlinear relationships between historical data and predicted values, thus lacking detailed temporal patterns for individual moments. BN-PWFTS focuses on extracting crisp dependencies to calculate fuzzy empirical probabilities and disregarding the influence of dependency strength on forecasts. In addition to the easily comprehensible fuzzy relationships depicted by FLRGs, the interpretability of the proposed model is further manifested through the two BNs representing crisp and fuzzy–crisp dependencies. Figure 4 clearly illustrates the details of either direct or indirect dependencies for any given moment.



In contrast to classical models, the proposed model demonstrates enhanced forecasting performance. The proposed method leverages the advantages of FTSF models and probability theory to achieve superior forecasting performance. Individual models may fail to adequately describe relationships and uncertainties within time series data, affecting model forecasting accuracy. Furthermore, the nonlinear relationships MLP and LSTM capture are less intuitive and more complicated to interpret compared to FLRGs and BNs.





6. Conclusions


This paper presents a fuzzy-probabilistic time series forecasting model based on a high-order FTSF model and BNs to enhance overall predictive capability. The proposed model identifies three types of relationships: those within crisp data or fuzzified data and relationships between fuzzified and crisp data. BN structure learning aims to capture crisp dependencies within crisp data and fuzzy–crisp dependencies within the combination of fuzzified and crisp data. Incorporating both types of dependencies and the fuzzy relationships captured by FLRGs can improve the comprehension of hidden temporal patterns within time series, enhancing forecasting accuracy. Based on identified relationships, BN computes the CPDs for various moments to depict the probabilistic strengths of dependencies. Applying BNs enables a comprehensive exploration of the hidden valuable information in both crisp and fuzzified data by establishing dependencies and evaluating their probabilistic strengths. Fuzzy relationships also exhibit probabilistic strengths derived from FEPs of FLRGs, which are calculated based on fuzzy relationships and crisp dependencies. The defuzzification stage merges probability distributions at the predicted moment from BN probabilistic reasoning with FEP-based FLRGs to generate numerical forecasts. Integrating BN learning and inference into the FTSF framework provides an efficient fuzzy-probabilistic method to model uncertainties in time series, thereby enhancing predictive performance. Experiments on sixteen datasets demonstrate that the proposed method can improve time series forecasting accuracy. Experiments demonstrate the improved capability of the proposed model in identifying temporal patterns. Moreover, the combined representation of temporal patterns by BNs and FLRGs is readily comprehensible. The proposed FTSF model, along with the BN-based probabilistic integration strategy, provides a detailed modeling approach for addressing systemic and statistical uncertainties in time series.



Future studies will explore further the potential integration of FTSF models with probability theory, such as probability forecasting, to enhance the performance of time series forecasting. Dependence relationships generated by BN remain unchanged. However, time series in practical applications typically exhibit non-stationarity with inherent temporal patterns that dynamically evolve over time. A feasible improvement could involve adopting the dynamic updating mechanism of time-variant FTSF models to periodically update dependence and fuzzy relationships using new observational data. Time-variant models decrease the computational resource requirements and adapt the relevant parameters of fuzzy set membership functions based on newly arrived data. Another potential extension is to seek more suitable fuzzy sets to replace traditional ones for modeling systemic uncertainty within time series, thereby enhancing the model’s applicability in complex time series.







Author Contributions


Conceptualization, B.W.; Data curation, B.W.; Formal analysis, B.W.; Investigation, B.W.; Methodology, B.W.; Software, B.W. and X.L.; Visualization, B.W.; Writing and original draft, B.W.; Data curation, B.W.; Project administration, B.W. and X.L.; Writing, review and editing, B.W. and X.L.; Resources, X.L.; Supervision, X.L.; Funding acquisition, X.L. All authors have read and agreed to the published version of the manuscript.




Funding


This work was supported by the National Natural Science Foundation of China under Grant 62076049.




Data Availability Statement


Data is contained within the article.




Conflicts of Interest


The authors declare no conflicts of interest.




Abbreviations


The following abbreviations are used in this manuscript (Table 17):




References


	



Jiang, J.; Wu, L.; Zhao, H.; Zhu, H.; Zhang, W. Forecasting Movements of Stock Time Series Based on Hidden State Guided Deep Learning Approach. Inf. Process. Manag. 2023, 60, 103328. [Google Scholar] [CrossRef]

	



Kim, J.; Oh, S.; Kim, H.; Choi, W. Tutorial on Time Series Prediction Using 1D-CNN and BiLSTM: A Case Example of Peak Electricity Demand and System Marginal Price Prediction. Eng. Appl. Artif. Intell. 2023, 126, 106817. [Google Scholar] [CrossRef]

	



Akkem, Y.; Biswas, S.K.; Varanasi, A. Smart Farming Using Artificial Intelligence: A Review. Eng. Appl. Artif. Intell. 2023, 120, 105899. [Google Scholar] [CrossRef]

	



Bose, M.; Mali, K. Designing Fuzzy Time Series Forecasting Models: A Survey. Int. J. Approx. Reason. 2019, 111, 78–99. [Google Scholar] [CrossRef]

	



Song, Q.; Chissom, B. Fuzzy Time Series and Its Model. Fuzzy Sets Syst. 1993, 54, 269–277. [Google Scholar] [CrossRef]

	



Panigrahi, S.; Behera, H.S. A Study on Leading Machine Learning Techniques for High Order Fuzzy Time Series Forecasting. Eng. Appl. Artif. Intell. 2020, 87, 103245. [Google Scholar] [CrossRef]

	



Arslan, S.N.; Cagcag Yolcu, O. A Hybrid Sigma-Pi Neural Network for Combined Intuitionistic Fuzzy Time Series Prediction Model. Neural Comput. Appl. 2022, 34, 12895–12917. [Google Scholar] [CrossRef]

	



Mohan Pattanayak, R.; Sekhar Behera, H.; Panigrahi, S. A Novel High Order Hesitant Fuzzy Time Series Forecasting by Using Mean Aggregated Membership Value with Support Vector Machine. Inf. Sci. 2023, 626, 494–523. [Google Scholar] [CrossRef]

	



Hüllermeier, E.; Waegeman, W. Aleatoric and Epistemic Uncertainty in Machine Learning: An Introduction to Concepts and Methods. Mach. Learn. 2021, 110, 457–506. [Google Scholar] [CrossRef]

	



Wang, W.; Liu, W.; Chen, H. Time-Series Forecasting via Fuzzy-Probabilistic Approach With Evolving Clustering-Based Granulation. IEEE Trans. Fuzzy Syst. 2022, 30, 5324–5336. [Google Scholar] [CrossRef]

	



de Lima Silva, P.C.; Sadaei, H.J.; Ballini, R.; Guimarães, F.G. Probabilistic Forecasting With Fuzzy Time Series. IEEE Trans. Fuzzy Syst. 2020, 28, 1771–1784. [Google Scholar] [CrossRef]

	



Wang, B.; Liu, X.; Chi, M.; Li, Y. Bayesian Network Based Probabilistic Weighted High-Order Fuzzy Time Series Forecasting. Expert Syst. Appl. 2024, 237, 121430. [Google Scholar] [CrossRef]

	



Pearl, J. Probabilistic Reasoning in Intelligent Systems; Elsevier: Amsterdam, The Netherlands, 1988. [Google Scholar] [CrossRef]

	



Luo, C.; Wang, H. Fuzzy Forecasting for Long-Term Time Series Based on Time-Variant Fuzzy Information Granules. Appl. Soft Comput. 2020, 88, 106046. [Google Scholar] [CrossRef]

	



Harikrishnakumar, R.; Nannapaneni, S. Forecasting Bike Sharing Demand Using Quantum Bayesian Network. Expert Syst. Appl. 2023, 221, 119749. [Google Scholar] [CrossRef]

	



Zuo, Y.; Kita, E. Stock Price Forecast Using Bayesian Network. Expert Syst. Appl. 2012, 39, 6729–6737. [Google Scholar] [CrossRef]

	



Wang, L.; Cui, Y.; Zhang, F.; Coskun, S.; Liu, K.; Li, G. Stochastic Speed Prediction for Connected Vehicles Using Improved Bayesian Networks with Back Propagation. Sci. China Technol. Sci. 2022, 65, 1524–1536. [Google Scholar] [CrossRef]

	



Chen, S.M. Forecasting Enrollments Based on Fuzzy Time Series. Fuzzy Sets Syst. 1996, 81, 311–319. [Google Scholar] [CrossRef]

	



Aladag, C.H.; Basaran, M.A.; Egrioglu, E.; Yolcu, U.; Uslu, V.R. Forecasting in High Order Fuzzy Times Series by Using Neural Networks to Define Fuzzy Relations. Expert Syst. Appl. 2009, 36, 4228–4231. [Google Scholar] [CrossRef]

	



Yu, T.H.K.; Huarng, K.H. A Neural Network-Based Fuzzy Time Series Model to Improve Forecasting. Expert Syst. Appl. 2010, 37, 3366–3372. [Google Scholar] [CrossRef]

	



Bas, E.; Grosan, C.; Egrioglu, E.; Yolcu, U. High Order Fuzzy Time Series Method Based on Pi-Sigma Neural Network. Eng. Appl. Artif. Intell. 2018, 72, 350–356. [Google Scholar] [CrossRef]

	



Bas, E.; Egrioglu, E.; Kolemen, E. A Novel Intuitionistic Fuzzy Time Series Method Based on Bootstrapped Combined Pi-Sigma Artificial Neural Network. Eng. Appl. Artif. Intell. 2022, 114, 105030. [Google Scholar] [CrossRef]

	



Cagcag Yolcu, O.; Yolcu, U. A Novel Intuitionistic Fuzzy Time Series Prediction Model with Cascaded Structure for Financial Time Series. Expert Syst. Appl. 2023, 215, 119336. [Google Scholar] [CrossRef]

	



Pattanayak, R.M.; Behera, H.; Panigrahi, S. A Novel Probabilistic Intuitionistic Fuzzy Set Based Model for High Order Fuzzy Time Series Forecasting. Eng. Appl. Artif. Intell. 2021, 99, 104136. [Google Scholar] [CrossRef]

	



Li, F.; Liu, C.; Yang, X. Incorporate Long Association into High-Order Fuzzy Logical Relationship Based Time Series Forecasting. Eng. Appl. Artif. Intell. 2022, 112, 104844. [Google Scholar] [CrossRef]

	



Meghdadi, A.; Akbarzadeh-T, M.R. Probabilistic Fuzzy Logic and Probabilistic Fuzzy Systems. In Proceedings of the 10th IEEE International Conference on Fuzzy Systems. (Cat. No.01CH37297), Melbourne, VIC, Australia, 2–5 December 2001; Volume 2, pp. 1127–1130. [Google Scholar] [CrossRef]

	



Gupta, K.K.; Kumar, S. Hesitant Probabilistic Fuzzy Set Based Time Series Forecasting Method. Granul. Comput. 2019, 4, 739–758. [Google Scholar] [CrossRef]

	



Rubio, A.; Bermúdez, J.D.; Vercher, E. Improving Stock Index Forecasts by Using a New Weighted Fuzzy-Trend Time Series Method. Expert Syst. Appl. 2017, 76, 12–20. [Google Scholar] [CrossRef]

	



Koller, D.; Friedman, N. Probabilistic Graphical Models: Principles and Techniques; Adaptive Computation and Machine Learning; MIT Press: Cambridge, MA, USA, 2009. [Google Scholar]

	



Gámez, J.A.; Mateo, J.L.; Puerta, J.M. Learning Bayesian Networks by Hill Climbing: Efficient Methods Based on Progressive Restriction of the Neighborhood. Data Min. Knowl. Discov. 2011, 22, 106–148. [Google Scholar] [CrossRef]

	



Shachter, R.D.; Kenley, C.R. Gaussian Influence Diagrams. Manag. Sci. 1989, 35, 527–550. [Google Scholar] [CrossRef]

	



Murphy, K.P. Machine Learning: A Probabilistic Perspective, 4th ed.; Adaptive Computation and Machine Learning Series; MIT Press: Cambridge, MA, USA, 2013. [Google Scholar]

	



Aladag, C.H. Using Multiplicative Neuron Model to Establish Fuzzy Logic Relationships. Expert Syst. Appl. 2013, 40, 850–853. [Google Scholar] [CrossRef]

	



Bisht, K.; Kumar, S. Fuzzy Time Series Forecasting Method Based on Hesitant Fuzzy Sets. Expert Syst. Appl. 2016, 64, 557–568. [Google Scholar] [CrossRef]








[image: Symmetry 17 00275 g001] 





Figure 1. The methodological frame diagram of the proposed model. 
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Figure 2. The flowchart of the proposed relationship establishment method. 
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Figure 3. The flowchart of the proposed defuzzification method. 
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Figure 4. Learned Bayesian networks of twelve time series. The top panel in a subplot provides the crisp dependencies of different time series. The bottom panel depicts the fuzzy–crisp dependencies of the same dataset. In the top and bottom panels, the nodes representing the same moment have the same position in the graph. (a) Gasoline, (b) Lynx, (c) Medicine, (d) Mumps, (e) Passenger, (f) Plastic, (g) Pollution, (h) Rainfall, (i) Sunspot, (j) Temperature, (k) Traffic, and (l) Wine. 
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Figure 5. Rank orders of classical forecasting models and the proposed model employing SMAPE measure. 
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Figure 6. Rank orders of relationship extraction-based FTSF models employing SMAPE measure. 
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Figure 7. Rank orders of fuzzy-probabilistic FTSF models employing SMAPE measure. 
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Table 1. Descriptions of time series.






Table 1. Descriptions of time series.





	Dataset
	Description
	Time Frame





	Dietary
	Sales and ads expenses for a dietary weight control product             
	Monthly



	Gasoline    
	Ontario’s gasoline consumption
	Monthly



	Lynx
	Number of lynx trapped at Mackenzie River spanning
	Annually



	Medicine
	Domestic sales and ads for Lydia E, Pinkham Medicine
	Half yearly



	Mumps
	Case records of mumps reported in New York
	Monthly



	Passenger
	International airline passenger numbers total in thousand
	Monthly



	Plastic
	Sales for product A from a plastics manufacturer
	Monthly



	Pollution
	Shipment of pollution equipment
	Monthly



	Rainfall
	Total rainfall in inches for London
	Annually



	Sunspot
	Wolf Sunspot number
	Annually



	Temperature
	Average temperature of Nottingham
	Monthly



	Traffic
	Traffic fatalities in Ontario
	Monthly



	Wine
	Australian wine sales in thousands of liters from wine makers in bottles ≤ 1 L
	Monthly



	TAIEX2006
	Closing values of Taiwan Capitalization Weighted Stock Index
	Daily



	TAIEX2007
	Closing values of Taiwan Capitalization Weighted Stock Index
	Daily



	TAIEX2008
	Closing values of Taiwan Capitalization Weighted Stock Index
	Daily










 





Table 2. Split ratios and orders of time series.
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	Dataset
	Total Length
	Training Size
	Testing Size
	Order of Time Series





	Dietary
	36
	30
	6
	5



	Gasoline
	192
	163
	29
	12



	Lynx
	114
	97
	17
	10



	Medicine
	108
	92
	16
	12



	Mumps
	534
	454
	80
	12



	Passenger
	144
	123
	21
	12



	Plastic
	60
	51
	9
	5



	Pollution
	130
	111
	19
	12



	Rainfall
	100
	85
	15
	7



	Sunspot
	288
	245
	43
	11



	Temperature
	240
	204
	36
	12



	Traffic
	180
	153
	27
	12



	Wine
	176
	149
	27
	12



	TAIEX2006
	247
	210
	37
	2



	TAIEX2007
	243
	206
	37
	2



	TAIEX2008
	248
	211
	37
	2










 





Table 3. The number of edges in learned Bayesian networks for crisp and fuzzy–crisp dependencies.   E c  : the set of temporal dependencies between adjacent moments.   E 0  : the set of edges denoting crisp dependencies.   E 1  : the set of edges denoting fuzzy–crisp dependencies.    E 0  −  E c   : the set of edges denoting non-adjacent crisp dependencies.    E 1  −  E c   : the set of edges denoting non-adjacent fuzzy–crisp dependencies.






Table 3. The number of edges in learned Bayesian networks for crisp and fuzzy–crisp dependencies.   E c  : the set of temporal dependencies between adjacent moments.   E 0  : the set of edges denoting crisp dependencies.   E 1  : the set of edges denoting fuzzy–crisp dependencies.    E 0  −  E c   : the set of edges denoting non-adjacent crisp dependencies.    E 1  −  E c   : the set of edges denoting non-adjacent fuzzy–crisp dependencies.





	Dataset
	    E c    
	    E 0    
	    E 1    
	     E 0  −  E c     
	     E 1  −  E c     





	Dietary
	5
	5
	5
	0
	0



	Gasoline
	12
	59
	20
	47
	8



	Lynx
	10
	33
	11
	23
	1



	Medicine
	12
	24
	12
	12
	0



	Mumps
	12
	41
	13
	29
	1



	Passenger
	12
	43
	22
	31
	10



	Plastic
	5
	13
	6
	8
	1



	Pollution
	12
	38
	23
	26
	11



	Rainfall
	7
	14
	8
	7
	1



	Sunspot
	11
	45
	12
	34
	1



	Temperature
	12
	60
	15
	48
	3



	Traffic
	12
	49
	13
	37
	1



	Wine
	12
	46
	13
	34
	1



	TAIEX2006
	2
	2
	2
	0
	0



	TAIEX2007
	2
	2
	2
	0
	0



	TAIEX2008
	2
	2
	2
	0
	0










 





Table 4. Root mean square error (RMSE) results of the proposed model and classical forecasting models.
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	Dataset
	ARIMA
	ETS
	SVM
	MLP
	LSTM
	Proposed





	Dietary
	23.48
	25.33
	23.53
	32.07
	58.56
	26.02



	Gasoline
	15175.00
	20119.00
	12570.00
	25764.00
	9363.73
	11784.05



	Lynx
	513.61
	747.07
	544.37
	680.80
	631.08
	327.97



	Medicine
	155.86
	172.40
	184.42
	484.34
	278.65
	172.82



	Mumps
	107.03
	104.97
	85.75
	93.99
	91.23
	67.85



	Passenger
	37.52
	53.19
	17.74
	98.99
	20.91
	18.40



	Plastic
	225.45
	210.04
	231.38
	274.88
	78.48
	60.78



	Pollution
	884.41
	1036.40
	850.70
	2568.00
	774.36
	673.72



	Rainfall
	4.46
	4.45
	4.54
	5.26
	7.02
	5.13



	Sunspot
	24.24
	35.08
	22.82
	29.81
	25.53
	21.54



	Temperature
	2.65
	4.92
	2.55
	2.63
	2.38
	3.24



	Traffic
	33.05
	33.22
	20.28
	32.19
	19.12
	21.79



	Wine
	5208.40
	5441.50
	2640.50
	3208.30
	3476.14
	3433.02



	TAIEX2006
	52.76
	52.76
	57.92
	129.61
	53.23
	49.91



	TAIEX2007
	140.58
	140.58
	143.66
	147.40
	140.67
	136.57



	TAIEX2008
	102.68
	101.93
	112.31
	552.99
	102.42
	97.23







Bold values indicate the best indicator value for each dataset.













 





Table 5. Symmetric mean absolute percentage error (SMAPE) results of the proposed model and classical forecasting models.
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	Dataset
	ARIMA
	ETS
	SVM
	MLP
	LSTM
	Proposed





	Dietary
	92.68
	97.51
	92.50
	110.50
	126.35
	103.67



	Gasoline
	5.77
	7.19
	4.65
	9.90
	3.58
	4.19



	Lynx
	51.99
	53.01
	61.95
	73.45
	61.55
	36.08



	Medicine
	6.26
	6.86
	6.66
	27.65
	12.69
	6.96



	Mumps
	31.74
	30.99
	25.32
	25.83
	28.29
	16.15



	Passenger
	6.37
	9.72
	3.28
	22.26
	3.75
	3.10



	Plastic
	17.91
	16.44
	19.40
	21.23
	6.48
	4.77



	Pollution
	22.28
	25.50
	21.23
	83.28
	22.62
	16.35



	Rainfall
	12.36
	12.18
	13.13
	16.06
	21.09
	13.33



	Sunspot
	40.36
	49.96
	31.67
	47.70
	39.18
	31.17



	Temperature
	4.54
	8.96
	4.54
	4.49
	4.00
	5.47



	Traffic
	18.63
	19.03
	10.91
	18.78
	9.49
	11.82



	Wine
	15.20
	15.57
	8.32
	10.38
	11.67
	11.41



	TAIEX2006
	0.56
	0.56
	0.63
	1.46
	0.57
	0.52



	TAIEX2007
	1.34
	1.34
	1.36
	1.38
	1.32
	1.33



	TAIEX2008
	1.74
	1.68
	2.09
	11.84
	1.71
	1.60







Bold values indicate the best indicator value for each dataset.













 





Table 6. Mean absolute scaled error (MASE) results of the proposed model and classical forecasting models.
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	Dataset
	ARIMA
	ETS
	SVM
	MLP
	LSTM
	Proposed





	Dietary
	1.07
	1.18
	1.09
	1.37
	2.50
	1.06



	Gasoline
	0.78
	0.99
	0.64
	1.35
	0.49
	0.58



	Lynx
	0.71
	1.00
	0.79
	0.91
	0.83
	0.40



	Medicine
	0.89
	0.99
	0.96
	3.13
	1.74
	1.00



	Mumps
	1.14
	0.99
	0.89
	0.92
	0.99
	0.62



	Passenger
	0.63
	0.96
	0.31
	1.83
	0.35
	0.30



	Plastic
	1.04
	0.91
	1.15
	1.28
	0.34
	0.26



	Pollution
	0.63
	0.74
	0.60
	1.95
	0.55
	0.47



	Rainfall
	0.77
	0.76
	0.82
	1.00
	1.33
	0.84



	Sunspot
	0.71
	1.00
	0.62
	0.85
	0.77
	0.61



	Temperature
	0.51
	1.00
	0.50
	0.51
	0.44
	0.61



	Traffic
	1.02
	1.04
	0.59
	0.93
	0.54
	0.64



	Wine
	0.75
	0.76
	0.39
	0.49
	0.52
	0.54



	TAIEX2006
	0.99
	0.99
	1.11
	2.57
	1.00
	0.92



	TAIEX2007
	0.98
	0.98
	0.99
	1.02
	0.97
	0.97



	TAIEX2008
	1.05
	1.01
	1.25
	7.09
	1.03
	0.96







Bold values indicate the best indicator value for each dataset.













 





Table 7. RMSE results of fuzzy time-series forecasting (FTSF) models considering relationship extraction.
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	Dataset
	FTSF-FFNN
	FTSF-MNM
	HFS-FLRs
	FTSF-PSNN
	FTSF-SVM
	HFS-SVM
	BN-PWFTS
	Proposed





	Dietary
	33.36
	25.05
	25.44
	25.40
	23.44
	23.13
	31.20
	26.02



	Gasoline
	224,344.96
	57,299.00
	49,799.83
	37,202.00
	12,854.00
	12,620.00
	17,027.15
	11,784.05



	Lynx
	1784.22
	3750.80
	2296.16
	3750.80
	531.03
	527.29
	365.91
	327.97



	Medicine
	1802.66
	433.48
	339.06
	1650.50
	181.58
	179.21
	174.22
	172.82



	Mumps
	361.04
	765.63
	691.66
	824.38
	85.93
	82.40
	82.03
	67.85



	Passenger
	463.14
	173.16
	85.20
	117.49
	18.20
	17.06
	49.25
	18.40



	Plastic
	1077.70
	211.32
	189.93
	244.17
	236.26
	239.84
	75.47
	60.78



	Pollution
	3419.67
	1500.40
	1018.11
	1392.50
	852.65
	820.65
	1483.81
	673.72



	Rainfall
	20.91
	5.04
	5.57
	5.06
	4.56
	4.65
	6.13
	5.13



	Sunspot
	90.18
	56.74
	56.73
	70.51
	22.71
	22.42
	24.30
	21.54



	Temperature
	27.98
	10.00
	12.84
	15.48
	2.54
	2.51
	3.16
	3.24



	Traffic
	158.00
	41.85
	41.83
	76.47
	20.20
	19.46
	27.70
	21.79



	Wine
	26,731.51
	5417.40
	8644.74
	10,944.00
	2640.50
	2603.20
	3595.84
	3433.02



	TAIEX2006
	7488.45
	408.09
	209.09
	410.27
	60.35
	59.96
	50.09
	49.91



	TAIEX2007
	8432.23
	381.25
	171.48
	382.43
	144.05
	142.76
	137.48
	136.57



	TAIEX2008
	4437.63
	2376.80
	373.45
	2376.80
	109.49
	109.13
	98.03
	97.23







Bold values indicate the best indicator value for each dataset.













 





Table 8. SMAPE results of FTSF models considering relationship extraction.
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	Dataset
	FTSF-FFNN
	FTSF-MNM
	HFS-FLRs
	FTSF-PSNN
	FTSF-SVM
	HFS-SVM
	BN-PWFTS
	Proposed





	Dietary
	132.48
	95.78
	96.05
	96.60
	92.47
	92.16
	143.09
	103.67



	Gasoline
	199.96
	26.51
	13.87
	16.08
	4.75
	4.66
	5.87
	4.19



	Lynx
	198.35
	124.50
	102.97
	124.50
	62.44
	53.31
	30.87
	36.08



	Medicine
	198.79
	20.22
	14.38
	62.55
	6.77
	6.40
	7.26
	6.96



	Mumps
	193.68
	115.03
	110.27
	117.92
	25.23
	23.32
	22.20
	16.15



	Passenger
	194.60
	38.75
	13.34
	25.30
	3.38
	3.20
	8.95
	3.10



	Plastic
	195.74
	15.78
	13.71
	19.14
	19.78
	20.09
	5.94
	4.77



	Pollution
	197.74
	40.80
	24.22
	35.74
	21.30
	20.55
	38.85
	16.35



	Rainfall
	144.94
	16.24
	18.79
	16.31
	13.22
	13.20
	13.90
	13.33



	Sunspot
	180.65
	69.28
	69.33
	73.35
	31.42
	30.73
	32.91
	31.17



	Temperature
	82.27
	16.86
	19.66
	24.62
	4.53
	4.46
	5.23
	5.47



	Traffic
	190.52
	22.30
	22.42
	37.52
	10.95
	10.60
	15.75
	11.82



	Wine
	199.86
	16.69
	22.06
	32.23
	8.28
	8.14
	11.88
	11.41



	TAIEX2006
	199.44
	5.20
	2.29
	5.24
	0.66
	0.65
	0.52
	0.52



	TAIEX2007
	199.26
	3.53
	1.57
	3.62
	1.36
	1.35
	1.33
	1.33



	TAIEX2008
	198.93
	42.16
	7.52
	42.16
	2.02
	2.01
	1.61
	1.60







Bold values indicate the best indicator value for each dataset.













 





Table 9. MASE results of FTSF models considering relationship extraction.
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	Dataset
	FTSF-FFNN
	FTSF-MNM
	HFS-FLRs
	FTSF-PSNN
	FTSF-SVM
	HFS-SVM
	BN-PWFTS
	Proposed





	Dietary
	1.18
	0.90
	1.21
	0.89
	1.36
	1.07
	1.26
	1.06



	Gasoline
	13.70
	2.02
	1.48
	1.79
	2.44
	0.64
	0.85
	0.58



	Lynx
	2.26
	0.40
	3.39
	0.40
	0.93
	0.71
	0.43
	0.40



	Medicine
	13.59
	1.29
	1.98
	1.15
	2.81
	0.92
	1.24
	1.00



	Mumps
	3.87
	0.41
	8.48
	0.30
	0.42
	0.83
	0.78
	0.62



	Passenger
	9.68
	2.27
	1.32
	2.24
	3.05
	0.30
	0.85
	0.30



	Plastic
	5.39
	1.18
	0.75
	1.18
	1.20
	1.19
	0.30
	0.26



	Pollution
	2.84
	2.30
	0.67
	2.30
	10.20
	0.58
	1.02
	0.47



	Rainfall
	5.06
	1.35
	1.20
	1.35
	1.53
	0.82
	0.90
	0.84



	Sunspot
	2.74
	1.10
	1.86
	0.91
	1.36
	0.61
	0.71
	0.61



	Temperature
	6.71
	1.76
	2.07
	0.42
	1.46
	0.49
	0.56
	0.61



	Traffic
	5.55
	1.45
	1.24
	1.11
	1.24
	0.56
	0.82
	0.64



	Wine
	4.99
	1.38
	0.97
	1.16
	1.41
	0.38
	0.57
	0.54



	TAIEX2006
	175.72
	1.56
	4.03
	1.56
	1.54
	1.15
	0.90
	0.92



	TAIEX2007
	73.56
	1.47
	1.16
	1.47
	1.56
	0.99
	1.03
	0.97



	TAIEX2008
	60.07
	0.75
	4.66
	0.75
	0.77
	1.21
	0.95
	0.96







Bold values indicate the best indicator value for each dataset.













 





Table 10. RMSE results of fuzzy-probabilistic FTSF models on sixteen datasets.
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	Dataset
	HPFS-FLRs
	PWFTS
	BN-PWFTS
	Proposed





	Dietary
	25.47
	25.46
	31.20
	26.02



	Gasoline
	57,031.52
	19,363.35
	17,027.15
	11,784.05



	Lynx
	1977.69
	437.36
	365.91
	327.97



	Medicine
	323.64
	171.71
	174.22
	172.82



	Mumps
	600.40
	76.56
	82.03
	67.85



	Passenger
	192.98
	49.50
	49.25
	18.40



	Plastic
	198.10
	181.07
	75.47
	60.78



	Pollution
	1247.80
	1332.16
	1483.81
	673.72



	Rainfall
	5.27
	6.62
	6.13
	5.13



	Sunspot
	53.99
	32.82
	24.30
	21.54



	Temperature
	8.13
	4.21
	3.16
	3.24



	Traffic
	41.97
	33.42
	27.70
	21.79



	Wine
	5182.92
	5467.07
	3595.84
	3433.02



	TAIEX2006
	344.88
	51.23
	50.09
	49.91



	TAIEX2007
	212.85
	140.69
	137.48
	136.57



	TAIEX2008
	813.41
	101.17
	98.03
	97.23







Bold values indicate the best indicator value for each dataset.













 





Table 11. SMAPE results of fuzzy-probabilistic FTSF models on sixteen datasets.






Table 11. SMAPE results of fuzzy-probabilistic FTSF models on sixteen datasets.





	Dataset
	HPFS-FLRs
	PWFTS
	BN-PWFTS
	Proposed





	Dietary
	96.07
	102.43
	143.09
	103.67



	Gasoline
	20.71
	6.37
	5.87
	4.19



	Lynx
	98.08
	46.72
	30.87
	36.08



	Medicine
	13.80
	6.43
	7.26
	6.96



	Mumps
	103.58
	19.07
	22.20
	16.15



	Passenger
	34.58
	7.97
	8.95
	3.10



	Plastic
	15.21
	16.91
	5.94
	4.77



	Pollution
	30.33
	34.08
	38.85
	16.35



	Rainfall
	17.42
	17.19
	13.90
	13.33



	Sunspot
	68.71
	50.39
	32.91
	31.17



	Temperature
	14.68
	6.96
	5.23
	5.47



	Traffic
	22.32
	19.41
	15.75
	11.82



	Wine
	15.53
	20.21
	11.88
	11.41



	TAIEX2006
	4.16
	0.54
	0.52
	0.52



	TAIEX2007
	1.90
	1.34
	1.33
	1.33



	TAIEX2008
	16.57
	1.78
	1.61
	1.60







Bold values indicate the best indicator value for each dataset.













 





Table 12. MASE results of fuzzy-probabilistic FTSF models on sixteen datasets.






Table 12. MASE results of fuzzy-probabilistic FTSF models on sixteen datasets.





	Dataset
	HPFS-FLRs
	PWFTS
	BN-PWFTS
	Proposed





	Dietary
	1.21
	1.08
	1.26
	1.06



	Gasoline
	2.31
	0.88
	0.85
	0.58



	Lynx
	2.90
	0.57
	0.43
	0.40



	Medicine
	1.90
	0.94
	1.24
	1.00



	Mumps
	7.28
	0.72
	0.78
	0.62



	Passenger
	2.55
	0.81
	0.85
	0.30



	Plastic
	0.82
	0.85
	0.30
	0.26



	Pollution
	0.83
	0.98
	1.02
	0.47



	Rainfall
	1.10
	1.07
	0.90
	0.84



	Sunspot
	1.78
	0.92
	0.71
	0.61



	Temperature
	1.74
	0.79
	0.56
	0.61



	Traffic
	1.23
	1.04
	0.82
	0.64



	Wine
	0.76
	0.92
	0.57
	0.54



	TAIEX2006
	7.22
	0.95
	0.90
	0.92



	TAIEX2007
	1.42
	0.98
	1.03
	0.97



	TAIEX2008
	10.84
	1.06
	0.95
	0.96







Bold values indicate the best indicator value for each dataset.













 





Table 13. Comparative results of the proposed model with two classes of fuzzy-probabilistic models on eight datasets in terms of RMSE and SMAPE.
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Dataset

	
HPFS-FLRs

	
PIFS-SVM

	
PWFTS

	
BN-PWFTS

	
Proposed






	
RMSE

	
Gasoline

	
57,031.52

	
11,105.00

	
19,363.35

	
17,027.15

	
11,784.05




	
Lynx

	
1977.69

	
538.63

	
437.36

	
365.91

	
327.97




	
Mumps

	
600.40

	
82.07

	
76.56

	
82.03

	
67.85




	
Sunspot

	
53.99

	
21.89

	
32.82

	
24.30

	
21.54




	
Temperature

	
8.13

	
2.42

	
4.21

	
3.16

	
3.24




	
TAIEX2006

	
344.88

	
60.25

	
51.23

	
50.09

	
49.91




	
TAIEX2007

	
212.85

	
157.30

	
140.69

	
137.48

	
136.57




	
TAIEX2008

	
813.41

	
106.66

	
101.17

	
98.03

	
97.23




	
SMAPE

	
Gasoline

	
20.71

	
4.20

	
6.37

	
5.87

	
4.19




	
Lynx

	
98.08

	
61.01

	
46.72

	
30.87

	
36.08




	
Mumps

	
103.58

	
23.13

	
19.07

	
22.20

	
16.15




	
Sunspot

	
68.71

	
30.71

	
50.39

	
32.91

	
31.17




	
Temperature

	
14.68

	
4.13

	
6.96

	
5.23

	
5.47




	
TAIEX2006

	
4.16

	
0.64

	
0.54

	
0.52

	
0.52




	
TAIEX2007

	
1.90

	
1.42

	
1.34

	
1.33

	
1.33




	
TAIEX2008

	
16.57

	
1.86

	
1.78

	
1.61

	
1.60








Bold values indicate the best indicator value for each dataset.













 





Table 14. Holm test results of classical forecasting models and the proposed model employing SMAPE measure.
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	k
	Model
	    z = (  R k  −  R Proposed  ) / SE    
	p-Value
	    α / ( s − k )    





	1
	MLP
	4.0012
	0.0001
	0.0100



	2
	ETS
	2.8301
	0.0047
	0.0125



	3
	ARIMA
	1.6102
	0.1073
	0.0167



	4
	LSTM
	1.4639
	0.1432
	0.0250



	5
	SVM
	0.9271
	0.3539
	0.0500










 





Table 15. Holm test results of relationship extraction-based FTSF models employing SMAPE measure.
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	k
	Model
	    z = (  R k  −  R Proposed  ) / SE    
	p-Value
	    α / ( s − k )    





	1
	FTSF-FFNN
	6.2610
	0.0000
	0.0071



	2
	FTSF-SVM
	4.8075
	0.0000
	0.0083



	3
	HFS-FLRs
	3.7640
	0.0002
	0.0100



	4
	FTSF-MNM
	3.2423
	0.0012
	0.0125



	5
	FTSF-PSNN
	2.0497
	0.0404
	0.0167



	6
	BN-PWFTS
	1.5652
	0.1175
	0.0250



	7
	HFS-SVM
	0.6708
	0.5023
	0.0500










 





Table 16. Holm test results of fuzzy-probabilistic FTSF models employing SMAPE measure.
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	k
	Model
	    z = (  R k  −  R Proposed  ) / SE    
	p-Value
	    α / ( s − k )    





	1
	HPFS-FLRs
	3.8877
	0.0001
	0.0125



	2
	PWFTS
	1.8593
	0.0630
	0.0167



	3
	PIFS-SVM
	1.3522
	0.1763
	0.0250



	4
	BN-PWFTS
	0.5071
	0.6121
	0.0500










 





Table 17. All abbreviations used in the text.
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	Abbreviation
	Full Name Description
	Abbreviation
	Full Name Description





	ARIMA
	Auto Regressive Integrated Moving Average
	HFS
	Hesitant Fuzzy Set



	BIC
	Bayesian Information Criterion
	LHS
	Left-Hand Side



	BN
	Bayesian Network
	LSTM
	Long Short-Term Memory Recurrent Neural Network



	BN-PWFLRG
	BN-Based Probabilistic Weighted Fuzzy Logical Relationship Group
	MASE
	Mean Absolute Scaled Error



	CPDs
	Conditional Probability Distributions
	MLE
	Maximum Likelihood Estimation



	DAG
	Directed Acyclic Graph
	MLP
	Multilayer Perceptron Artificial Neural Network



	ETS
	Exponential Smoothing
	MNM
	Multiplicative Neuron Model



	FECP
	Fuzzy Empirical Conditional Probability
	PIFS
	Probabilistic Intuitionistic Fuzzy Set



	FEPs
	Fuzzy Empirical Probabilities
	PSNN
	Pi–Sigma Neural Network



	FFNN
	Feedforward Neural Network
	RHS
	Right-Hand Side



	FLR
	Fuzzy Logical Relationship
	RMSE
	Root Mean Square Error



	FLRG
	Fuzzy Logical Relationship Group
	SMAPE
	Symmetric Mean Absolute Percentage Error



	FTSF
	Fuzzy Time Series Forecasting
	SVM
	Support Vector Machine



	HC
	Hill Climbing
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