
Academic Editors: Junesang Choi and

Ioan Ras, a

Received: 28 November 2024

Revised: 3 January 2025

Accepted: 6 February 2025

Published: 8 February 2025

Citation: Al-Hawary, T.; Frasin, B.;

Salah, J. Comprehensive Subfamilies

of Bi-Univalent Functions Defined by

Error Function Subordinate to Euler

Polynomials. Symmetry 2025, 17, 256.

https://doi.org/10.3390/

sym17020256

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

symmetryS S

Article

Comprehensive Subfamilies of Bi-Univalent Functions Defined
by Error Function Subordinate to Euler Polynomials
Tariq Al-Hawary 1,* , Basem Frasin 2 and Jamal Salah 3,*

1 Department of Applied Science, Ajloun College, Al Balqa Applied University, Ajloun 26816, Jordan
2 Department of Mathematics, Faculty of Science, Al al-Bayt University, Mafraq 25113, Jordan;

bafrasin@yahoo.com or bafrasin@aabu.edu.jo
3 College of Applied and Health Sciences, A’Sharqiyah University, P.O. Box 42, Ibra 400, Oman
* Correspondence: tariq_amh@bau.edu.jo (T.A.-H.); damous73@yahoo.com (J.S.)

Abstract: Recently, several researchers have estimated the Maclaurin coefficients, namely
|q2| and |q3|, and the Fekete–Szegö functional problem of functions belonging to some
special subfamilies of analytic functions related to certain polynomials, such as Lucas
polynomials, Legendrae polynomials, Chebyshev polynomials, and others. This study
obtains the bounds of coefficients |q2| and |q3|, and the Fekete–Szegö functional problem
for functions belonging to the comprehensive subfamilies T(ζ, ϵ, δ) and J(φ, δ) of analytic
functions in a symmetric domain U, using the imaginary error function subordinate to
Euler polynomials. After specializing the parameters used in our main results, a number of
new special cases are also obtained.

Keywords: analytic; univalent; bi-univalent; symmetric domain; error functions; Euler
polynomials; Fekete–Szegö problem

MSC: 30C45

1. Introduction
The study of bi-univalent functions using error functions combines sophisticated

mathematical methods for error estimates and approximation with complex analysis,
especially function theory. Subfamilies of univalent functions that are analytic in a particular
domain are called bi-univalent functions. Using error functions to explore bi-univalent
functions is motivated by a combination of classical function theory, numerical analysis,
and applications to engineering and physics. We can improve our comprehension of bi-
univalent functions by using error functions, which offer more accurate characterizations,
sharper bounds, and better approximations.

Also, there are numerous uses for the error function in probability science, statistics,
applied mathematics, and partial differential equation physics. The error function in quan-
tum mechanics is crucial for estimating the likelihood of seeing a particle in a given area.
Alzer [1] and Coman [2] provided a variety of error function properties and inequalities,
whereas Elbert et al. [3] investigated the properties of complementary error functions.

Let AUF symbolize the family of analytic and univalent functions Q in the symmetric
domain U = {ς ∈ C : |ς| < 1} and satisfy Q(0) = Q′(0)− 1 = 0 of the form

Q(ς) = ς +
∞

∑
k=2

qkςk, (ς ∈ U). (1)
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Every function Q ∈ AUF has an inverse Q−1, defined by

Q−1(Q(ς)) = ς and ϖ = Q(Q−1(ϖ)) (ς ∈ U, |ϖ| < r0(Q) ≥ 1
4
),

where (see [4])

Q−1(ϖ) = H(ϖ) = ϖ − q2ϖ2 + (2q2
2 − q3)ϖ

3 − (q4 + 5q3
2 − 5q3q2)ϖ

4 + · · · . (2)

Let Π be the family of bi-univalent functions in U given by (1) (Q is bi-univalent in U
if Q and Q−1 are univalent in U) (see [5]).

The function Q is subordinate to H, symbolized by Q ≺ H, if there exists the function
ϖ ∈ AUF, and the functions Q and H are analytic in U, such that

ϖ(0) = 0 and |ϖ(ς)| < 1, (ς ∈ U)

such that
Q(ς) = H(ϖ(ς)).

Also, if H is univalent in U, then

Q(ς) ≺ H(ς) if and only if Q(0) = H(0) and Q(U) ⊂ H(U).

Abramowitz and Stegun [6] defined the following error function

erf(ς) =
2√
π

∫ ς

0
e−t2

dt =
2√
π

∞

∑
k=0

(−1)kς2k+1

(2k + 1)k!
, (ς ∈ C). (3)

Further, defines the following error function, whereas erfi denotes the imaginary error
function

erf i(ς) =
2√
π

∫ ς

0
et2

dt =
2√
π

∞

∑
k=0

ς2k+1

(2k + 1)k!
, (ς ∈ C). (4)

Since the error function is odd (i.e., erf(−ς) = − erf(ς)), it is symmetric with respect
to the origin.

The error function (3) is generalized as follows:

erfµ(ς) =
µ!√

π

∫ ς

0
e−tµ

dt, µ ∈ N0 = N∪ {0}

=
µ!√

π

∞

∑
k=0

(−1)kςµk+1

(µn + 1)k!
, (ς ∈ C). (5)

From (5), we have erf0(ς) =
ς

e
√

π
, erf1(ς) =

1−eς
√

π
, erf2(ς) = erf(ς).

Clearly, the function erfµ(ς) does not belong in the family AUF. Thus, it is natural to
consider the following function:

Eµ(ς) =

√
π

µ!
ς

(
1− 1

µ

)
erfµ

(
ς1/µ

)
= ς +

∞

∑
k=2

(−1)k−1

((k − 1)µ + 1)(k − 1)!
ςk, (µ ∈ N, ς ∈ U). (6)

Also, the imaginary error function (4) is generalized as follows:

erf iµ(ς) =
µ!√

π

∫ ς

0
et

µ

dt =
µ!√

π

∞

∑
k=0

ςµk+1

(µk + 1)k!
, (µ ∈ N0, ς ∈ C). (7)
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Further, the normalization of the generalized imaginary error function erfiµ(ς) is
given by

Eµ(ς) =

√
π

µ!
ς

(
1− 1

µ

)
erf iµ

(
ς1/µ

)
= ς +

∞

∑
k=2

1
((k − 1)µ + 1)(k − 1)!

ςk, (µ ∈ N, ς ∈ U). (8)

Making use of the convolution, we construct the linear operator EQµ : AUF → AUF to be
given as

EQµ(ς) = Q(ς) ∗ Eµ(ς) = ς +
∞

∑
k=2

1
((k − 1)µ + 1)(k − 1)!

qkςk, (µ ∈ N, ς ∈ U). (9)

Remark 1. If we take µ = 2 in (6), we obtain the normalization for Ramachandran et al. [7], and if
we take µ = 2 in (8), we obtain the normalization for Mohammed et al. [8].

Understanding complex functions and their geometric features requires an under-
standing of Euler polynomials, which originated in the studies of Leonhard Euler in the
seventeenth century. In geometric function theory, they are essential for describing con-
formal mappings that locally preserve angles. They are also extensively used in many
branches of geometric function theory, such as Riemann surface theory, Schwarz–Christoffel
mappings, and the study of univalent functions. The complex connection between geomet-
ric transformations and analytic functions made possible by Euler polynomials is clarified
by these applications.

Euler polynomials Gk(δ) are defined using the generating function (see, e.g., [9,10]):

K(δ, H) =
2eHδ

eH + 1
=

∞

∑
k=0

Gk(δ)
Hk

k!
,
(

1
2
< δ ≤ 1, |H| < π

)
.

A precise formula for Gk(δ) is given by

Gj(δ) =
j

∑
i=0

1
2i

i

∑
u=0

(−1)u
(

i
u

)
(δ + u)j. (10)

From (10), the function Gi(δ) in terms of Gu is obtained as follows:

Gi(δ) =
i

∑
u=0

Gu

2u

(
i
u

)
(δ − 1

2
)i−u.

The initial Euler polynomial values are as follows:

G0(δ) = 1;

G1(δ) =
2δ − 1

2
;

G2(δ) = δ2 − δ; (11)

G3(δ) =
4δ3 − 6δ2 + 1

4
;

G4(δ) = δ4 − 2δ3 + δ.

In 2010, Srivastava et al. [5] found bounds for the coefficients |q2| and |q3| of functions
in two interesting subfamilies of the function family Π. Motivated by this work, many
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researchers have studied new subfamilies of Π to obtain new bounds for the coefficients |q2|
and |q3|, like Amourah et al. [11], Deniz [12], Tang et al. [13], Yousef et al. [14], and others.

For a univalent function Q, Fekete and Szegö [15] derived a sharp constraint of the
functional

∣∣q3 − ϑq2
2

∣∣with real ϑ(0 ≤ ϑ < 1). Since then, the classical Fekete–Szegö problem
or inequality has been defined as the problem of determining the sharp bounds for this
functional of family functions AUF with any complex ϑ.

The novelty of this work is evident in that many authors have used several special functions
in their articles; they have never used error functions in subfamilies of bi-univalent functions.

In this work, we construct two new and extensive subfamilies of bi-univalent functions
using a particular special function, the imaginary error function and Euler polynomial,
denoted by T(ζ, ϵ, δ) and J(φ, δ), and find initial bounds for the coefficients |q2| and |q3|, as
well as the Fekete–Szegö inequality. Also, a number of new corollaries are displayed.

2. Bounds of the Subfamilies T(ζ, ϵ, δ) and J(φ, δ)

At the beginning of this section, we should define the comprehensive subfamilies
T(ζ, ϵ, δ) and J(φ, δ) using an error function subordinate to Euler polynomials.

Definition 1. For Q ∈ T(ζ, ϵ, δ), assume the following subordinations are satisfied:

(1 − ζ)
EQµ(ς)

ς
+ ζ
(
EQµ(ς)

)′
+ ϵς

(
EQµ(ς)

)′′ ≺ K(δ, ς) =
∞

∑
k=0

Gk(δ)
ςk

k!
(12)

and

(1 − ζ)
EHµ(ϖ)

ϖ
+ ζ
(
EHµ(ϖ)

)′
+ ϵϖ

(
EHµ(ϖ)

)′′ ≺ K(δ, ϖ) =
∞

∑
k=0

Gk(δ)
ϖk

k!
, (13)

where ζ ≥ 1, ϵ ≥ 0, 1
2 < δ ≤ 1, ς, ϖ ∈ U and H = Q−1.

Definition 2. For Q ∈ J(φ, δ), assume the following subordinations are satisfied:

(
EQµ(ς)

)′
+ ς

eiφ + 1
2

(
EQµ(ς)

)′′ ≺ K(δ, ς) =
∞

∑
k=0

Gk(δ)
ςk

k!
(14)

and (
EHµ(ϖ)

)′
+ ϖ

eiφ + 1
2

(
EHµ(ϖ)

)′′ ≺ K(δ, ϖ) =
∞

∑
k=0

Gk(δ)
ϖk

k!
, (15)

where −π < φ ≤ π, 1
2 < δ ≤ 1, ς, ϖ ∈ U and H = Q−1.

Example 1. If ζ = 1 in Definition 1, we obtain the subfamily T(1, ϵ, δ), which satisfies the
following requirements:

(
EQµ(ς)

)′
+ ϵς

(
EQµ(ς)

)′′ ≺ K(δ, ς) =
∞

∑
k=0

Gk(δ)
ςk

k!

and (
EHµ(ϖ)

)′
+ ϵϖ

(
EHµ(ϖ)

)′′ ≺ K(δ, ϖ) =
∞

∑
k=0

Gk(δ)
ϖk

k!
,

where ϵ ≥ 0, 1
2 < δ ≤ 1, ς, ϖ ∈ U and H = Q−1.

Example 2. If ϵ = 0 in Definition 1, we obtain the subfamily T(ζ, 0, δ), which satisfies the
following requirements:
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(1 − ζ)
EQµ(ς)

ς
+ ζ
(
EQµ(ς)

)′ ≺ K(δ, ς) =
∞

∑
k=0

Gk(δ)
ςk

k!

and

(1 − ζ)
EHµ(ϖ)

ϖ
+ ζ
(
EHµ(ϖ)

)′ ≺ K(δ, ϖ) =
∞

∑
k=0

Gk(δ)
ϖk

k!
,

where ζ ≥ 1, 1
2 < δ ≤ 1, ς, ϖ ∈ U and H = Q−1.

Example 3. If φ = π in Definition 2, we obtain the subfamily J(π, δ), which satisfies the following
requirements: (

EQµ(ς)
)′ ≺ K(δ, ς) =

∞

∑
k=0

Gk(δ)
ςk

k!

and (
EHµ(ϖ)

)′ ≺ K(δ, ϖ) =
∞

∑
k=0

Gk(δ)
ϖk

k!
,

where 1
2 < δ ≤ 1, ς, ϖ ∈ U and H = Q−1.

Example 4. If φ = 0 in Definition 2, we obtain the subfamily J(0, δ), which satisfies the following
requirements: (

EQµ(ς)
)′
+ ς
(
EQµ(ς)

)′′ ≺ K(δ, ς) =
∞

∑
k=0

Gk(δ)
ςk

k!

and (
EHµ(ϖ)

)′
+ ϖ

(
EHµ(ϖ)

)′′ ≺ K(δ, ϖ) =
∞

∑
k=0

Gk(δ)
ϖk

k!
,

where 1
2 < δ ≤ 1, ς, ϖ ∈ U and H = Q−1.

Remark 2. All the previous subfamilies mentioned are inspired by subfamilies used by many
researchers when Re(Q′(ς)) > α. From this, we can determine that Re(Q′(ς)) > 0,
which is the condition for the function Q to be univalent in the open disk U. For instance,
the family Re

(
(1 − ζ)Q(ς)

ς + ζQ′(ς) +ϵςQ′′(ς)) > α was studied by Frasin et al. [16],
Re(Q′(ς) + ϵςQ′′(ς)) > α was studied by Ponnusamy [17], and Re(Q′(ς)) > α was studied by
Ezrohi [18].

Lemma 1 ([19]). Let X(ς) ∈ 𭟋 be given by

X(ς) = 1 + m1ς + m2
2ς + · · · , (Re(X(ς)) > 0, ς ∈ U),

|mn| ≤ 2 for each n ∈ N.

In the next Theorems, we estimate the initial coefficient |q2|, |q3| and solve the Fekete–
Szegö problem for the subfamilies T(ζ, ϵ, δ) and J(φ, δ), respectively.

Theorem 1. Let Q ∈ Π be given by (1) in the subfamily T(ζ, ϵ, δ), where ζ ≥ 1, ϵ ≥ 0, 1
2 < δ ≤ 1,

ς, ϖ ∈ U and H = Q−1. Then,

|q2| ≤
√

D(ϵ, ζ, δ),

|q3| ≤
(2δ − 1)2(µ + 1)2

4(2ϵ + ζ + 1)2 +
(2δ − 1)(2µ + 1)

6ϵ + 2ζ + 1
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and ∣∣∣q3 − ϑq2
2

∣∣∣ ≤


2(2δ−1)(2µ+1)
(6ϵ+2ζ+1) if 0 ≤ |1 − ϑ|D(ϵ, ζ, δ) < (2δ−1)(2µ+1)

6ϵ+2ζ+1 ,

2|1 − ϑ|D(ϵ, ζ, δ) if |1 − ϑ|D(ϵ, ζ, δ) ≥ (2δ−1)(2µ+1)
6ϵ+2ζ+1 ,

where

D(ϵ, ζ, δ) =
(2δ − 1)3(2µ + 1)(µ + 1)2∣∣∣(6ϵ + 2ζ + 1)(µ + 1)2(2δ − 1)2 − 4(2ϵ + ζ + 1)2(2µ + 1)(δ2 − 3δ + 1)

∣∣∣ .
Proof. Since Q(ς) = ς +

∞
∑

k=2
qkςk ∈ T(ζ, σ, δ), from (12) and (13), we have

(1 − ζ)
EQµ(ς)

ς
+ ζ
(
EQµ(ς)

)′
+ ϵς

(
EQµ(ς)

)′′ ≺ K(δ, ς) (16)

and

(1 − ζ)
EHµ(ϖ)

ϖ
+ ζ
(
EHµ(ϖ)

)′
+ ϵϖ

(
EHµ(ϖ)

)′′ ≺ K(δ, ϖ). (17)

We define the functions s1, s2 : U → U, with s1(0) = s2(0) = 0 and |s1(ς)| < 1,
|s2(ϖ)| < 1 for all ς, ϖ ∈ U. So, we can define ρ, σ ∈ 𭟋 as

ρ(ς) =
s1(ς) + 1
1 − s1(ς)

= 1 + ρ1ς + ρ2ς2 + ρ3ς3 + · · · , |ρk| ≤ 2, ς ∈ U.

⇒ s1(ς) =
ρ(ς)− 1
ρ(ς) + 1

=
ρ1

2
ς +

(
ρ2

2
−

ρ2
1

4

)
ς2 +

1
2

(
ρ3 − ρ1ρ2 +

ρ3
1

4

)
ς3 + · · · (18)

and

σ(ϖ) =
s2(ϖ) + 1
1 − s2(ϖ)

= 1 + σ1ϖ + σ2ϖ2 + σ3ϖ3 + · · · , |σk| ≤ 2, ϖ ∈ U.

⇒ s2(ϖ) =
σ(ϖ)− 1
σ(ϖ) + 1

=
σ1

2
ϖ +

(
σ2

2
−

σ2
1

4

)
ϖ2 +

1
2

(
σ3 − σ1σ2 +

σ3
1

4

)
ϖ3 + · · · . (19)

Using (18) and (19), we obtain

K(δ, s1(ς)) = G0(δ) +
G1(δ)

2
ρ1ς +

(
G1(δ)

2

(
ρ2 −

ρ2
1

2

)
+

G2(δ)

8
ρ2

1

)
ς2

+

(
G1(δ)

2

(
ρ3 − ρ1ρ2 +

ρ3
1

4

)
+

G2(δ)

4

(
ρ1ρ2 −

ρ3
1

2

)
+

G3(δ)

48
ρ3

1

)
ς3 + · · · (20)

and

K(δ, s2(ϖ)) = G0(δ) +
G1(δ)

2
σ1ϖ +

(
G1(δ)

2

(
σ2 −

σ2
1

2

)
+

G2(δ)

8
σ2

1

)
ϖ2

+

(
G1(δ)

2

(
σ3 − σ1σ2 +

σ3
1

4

)
+

G2(δ)

4

(
σ1σ2 −

σ3
1

2

)
+

G3(δ)

48
σ3

1

)
ϖ3 + · · · . (21)

From (16), (17) and (20), (21), we obtain

2ϵ + ζ + 1
µ + 1

q2 =
G1(δ)

2
ρ1, (22)
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6ϵ + 2ζ + 1
2(2µ + 1)

q3 =
G1(δ)

2

(
ρ2 −

ρ2
1

2

)
+

G2(δ)

8
ρ2

1, (23)

−2ϵ + ζ + 1
µ + 1

q2 =
G1(δ)

2
σ1, (24)

and
6ϵ + 2ζ + 1
2(2µ + 1)

(
2q2

2 − q3

)
=

G1(δ)

2

(
σ2 −

σ2
1

2

)
+

G2(δ)

8
σ2

1 . (25)

Upon adding the Equation (22) to (24) and performing some calculations, we obtain

ρ1 = −σ1 (26)

and
8(2ϵ + ζ + 1)2

(µ + 1)2 q2
2 = G2

1(δ)(ρ
2
1 + σ2

1 ). (27)

⇒ q2
2 =

G2
1(δ)(ρ

2
1 + σ2

1 )(µ + 1)2

8(2ϵ + ζ + 1)2 . (28)

Adding the Equation (23) to (25) gives

4(6ϵ + 2ζ + 1)
2µ + 1

q2
2 = 2G1(δ)(ρ2 + σ2) + (ρ2

1 + σ2
1 )

(
1
2

G2(δ)− G1(δ)

)
.

According to (26), we obtain

4(6ϵ + 2ζ + 1)
2µ + 1

q2
2 = 2G1(δ)(ρ2 + σ2) + ρ2

1(G2(δ)− 2G1(δ)). (29)

From Equations (26) and (27), we obtain

ρ2
1 =

4(2ϵ + ζ + 1)2q2
2

G2
1(δ)(µ + 1)2

. (30)

By replacing ρ2
1 in Equation (29), we obtain

q2
2 =

G3
1(δ)(ρ2 + σ2)(2µ + 1)(µ + 1)2

4
[
(6ϵ + 2ζ + 1)(µ + 1)2G2

1(δ)− (2ϵ + ζ + 1)2(2µ + 1)(G2(δ)− 2G1(δ))
] . (31)

Applying (11) and Lemma 1, we obtain

|q2| ≤

√√√√ (2δ − 1)3(2µ + 1)(µ + 1)2∣∣∣(6ϵ + 2ζ + 1)(µ + 1)2(2δ − 1)2 − 4(2ϵ + ζ + 1)2(2µ + 1)(δ2 − 3δ + 1)
∣∣∣

=
√

D(ϵ, ζ, δ),

where

D(ϵ, ζ, δ) =
(2δ − 1)3(2µ + 1)(µ + 1)2∣∣∣(6ϵ + 2ζ + 1)(µ + 1)2(2δ − 1)2 − 4(2ϵ + ζ + 1)2(2µ + 1)(δ2 − 3δ + 1)

∣∣∣ .
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Subtracting (25) from (23), and in view of (26), we obtain

q3 = q2
2 +

G1(δ)(ρ2 − σ2)(2µ + 1)
2(6ϵ + 2ζ + 1)

. (32)

Substituting the value of q2
2 from (28) and using (26), we have

q3 =
G2

1(δ)ρ
2
1(µ + 1)2

4(2ϵ + ζ + 1)2 +
G1(δ)(ρ2 − σ2)(2µ + 1)

2(6ϵ + 2ζ + 1)
. (33)

Applying (11) and Lemma 1, we obtain

|q3| ≤
G2

1(δ)|ρ1|2(µ + 1)2

4(2ϵ + ζ + 1)2 +
G1(δ)(|ρ2|+ |σ2|)(2µ + 1)

2(6ϵ + 2ζ + 1)

≤ (2δ − 1)2(µ + 1)2

4(2ϵ + ζ + 1)2 +
(2δ − 1)(2µ + 1)

6ϵ + 2ζ + 1
.

From (32), we have

q3 − ϑq2
2 =

G1(δ)(ρ2 − σ2)(2µ + 1)
2(6ϵ + 2ζ + 1)

+ (1 − ϑ)q2
2.

Using (11) after the triangular inequality, we arrive at∣∣∣q3 − ϑq2
2

∣∣∣ ≤ G1(δ)(|ρ2|+ |σ2|)(2µ + 1)
2(6ϵ + 2ζ + 1)

+ |1 − ϑ||q2|2

≤ (2δ − 1)(2µ + 1)
(6ϵ + 2ζ + 1)

+ |1 − ϑ|D(ϵ, ζ, δ).

If

|1 − ϑ|D(ϵ, ζ, δ) ≤ (2δ − 1)(2µ + 1)
(6ϵ + 2ζ + 1)

we obtain ∣∣∣q3 − ϑq2
2

∣∣∣ ≤ 2(2δ − 1)(2µ + 1)
6ϵ + 2ζ + 1

,

and if

|1 − ϑ|D(ϵ, ζ, δ) ≥ (2δ − 1)(2µ + 1)
6ϵ + 2ζ + 1

we obtain ∣∣∣q3 − ϑq2
2

∣∣∣ ≤ 2|1 − ϑ|D(ϵ, ζ, δ).

which are the Theorem 1 assertions.

Theorem 2. Let Q ∈ Π of the form (1) in the subfamily J(φ, δ), where −π < φ ≤ π, 1
2 < δ ≤ 1,

ς, ϖ ∈ U and H = Q−1. Then,

|q2| ≤
√

Y(φ, δ),

|q3| ≤
(2δ − 1)2(µ + 1)2

4
(
eiφ + 3

)2 +
(2δ − 1)(2µ + 1)

3
(
eiφ + 2

)
and

∣∣∣q3 − ϑq2
2

∣∣∣ ≤


2(2δ−1)(2µ+1)
3(eiφ+2)

if 0 ≤ |1 − ϑ|Y(φ, δ) < (2δ−1)(2µ+1)
3(eiφ+2)

,

2|1 − ϑ|Y(φ, δ) if |1 − ϑ|Y(φ, δ) ≥ (2δ−1)(2µ+1)
3(eiφ+2)

,
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where

Y(φ, δ) =
2(2δ − 1)3(2µ + 1)(µ + 1)2

2
∣∣∣3(eiφ + 2

)
(µ + 1)2(2δ − 1)2 − 4

(
eiφ + 3

)2
(2µ + 1)(δ2 − 3δ + 1)

∣∣∣ .
Proof. Since Q(ς) = ς +

∞
∑

k=2
qkςk ∈ J(φ, δ), from Equations (14), (15), (20), and (21), we can

write (
EQµ(ς)

)′
+ ς

eiφ + 1
2

(
EQµ(ς)

)′′ ≺ K(δ, ς) (34)

and (
EHµ(ϖ)

)′
+ ϖ

eiφ + 1
2

(
EHµ(ϖ)

)′′ ≺ K(δ, ϖ). (35)

From Equations (34) and (35), and the functions K(δ, ς) and K(δ, ϖ), respectively,
which are given by (20) and (21), we have

eiφ + 3
µ + 1

q2 =
G1(δ)

2
ρ1, (36)

3
(
eiφ + 2

)
2(2µ + 1)

q3 =
G1(δ)

2

(
ρ2 −

ρ2
1

2

)
+

G2(δ)

8
ρ2

1, (37)

− eiφ + 3
µ + 1

q2 =
G1(δ)

2
σ1, (38)

and
3
(
eiφ + 2

)
2(2µ + 1)

(
2q2

2 − q3

)
=

G1(δ)

2

(
σ2 −

σ2
1

2

)
+

G2(δ)

8
σ2

1 . (39)

We obtain the findings provided by Theorem 2 using the same method used to prove
Theorem 1.

3. Some Corollaries
By specializing the parameters in our main results for the previous section, we obtain

some corollaries, for example:

Corollary 1. Let Q ∈ T(1, ϵ, δ), where ϵ ≥ 0, 1
2 < δ ≤ 1, ς, ϖ ∈ U. Then,

|q2| ≤
√

D(ϵ, 1, δ),

|q3| ≤
(2δ − 1)2(µ + 1)2

16(ϵ + 1)2 +
(2δ − 1)(2µ + 1)

3(2ϵ + 1)

and ∣∣∣q3 − ϑq2
2

∣∣∣ ≤


2(2δ−1)(2µ+1)
3(2ϵ+1) if 0 ≤ |1 − ϑ|D(ϵ, 1, δ) < (2δ−1)(2µ+1)

3(2ϵ+1) ,

2|1 − ϑ|D(ϵ, 1, δ) if |1 − ϑ|D(ϵ, 1, δ) ≥ (2δ−1)(2µ+1)
3(2ϵ+1) ,

where

D(ϵ, 1, δ) =
(2δ − 1)3(2µ + 1)(µ + 1)2∣∣∣3(2ϵ + 1)(µ + 1)2(2δ − 1)2 − 16(ϵ + 1)2(2µ + 1)(δ2 − 3δ + 1)

∣∣∣ .



Symmetry 2025, 17, 256 10 of 11

Corollary 2. Let Q ∈ T(ζ, 0, δ), where ζ ≥ 1, 1
2 < δ ≤ 1, ς, ϖ ∈ U . Then,

|q2| ≤
√

D(0, ζ, δ),

|q3| ≤
(2δ − 1)2(µ + 1)2

4(ζ + 1)2 +
(2δ − 1)(2µ + 1)

2ζ + 1

and ∣∣∣q3 − ϑq2
2

∣∣∣ ≤


2(2δ−1)(2µ+1)
(2ζ+1) if 0 ≤ |1 − ϑ|D(0, ζ, δ) < (2δ−1)(2µ+1)

2ζ+1 ,

2|1 − ϑ|D(0, ζ, δ) if |1 − ϑ|D(0, ζ, δ) ≥ (2δ−1)(2µ+1)
2ζ+1 ,

where

D(0, ζ, δ) =
(2δ − 1)3(2µ + 1)(µ + 1)2∣∣∣(2ζ + 1)(µ + 1)2(2δ − 1)2 − 4(ζ + 1)2(2µ + 1)(δ2 − 3δ + 1)

∣∣∣ .
Corollary 3. Let Q ∈ J(π, δ) where 1

2 < δ ≤ 1, ς, ϖ ∈ U. Then,

|q2| ≤
√

Y(π, δ),

|q3| ≤
(2δ − 1)2(µ + 1)2

16
+

(2δ − 1)(2µ + 1)
3

and ∣∣∣q3 − ϑq2
2

∣∣∣ ≤


2(2δ−1)(2µ+1)
3 if 0 ≤ |1 − ϑ|Y(π, δ) < (2δ−1)(2µ+1)

3 ,

2|1 − ϑ|Y(π, δ) if |1 − ϑ|Y(π, δ) ≥ (2δ−1)(2µ+1)
3 ,

where

Y(π, δ) =
(2δ − 1)3(2µ + 1)(µ + 1)2∣∣∣3(µ + 1)2(2δ − 1)2 − 16(2µ + 1)(δ2 − 3δ + 1)

∣∣∣ .
Corollary 4. Let Q ∈ J(0, δ) where 1

2 < δ ≤ 1, ς, ϖ ∈ U. Then,

|q2| ≤
√

Y(0, δ),

|q3| ≤
(2δ − 1)2(µ + 1)2

64
+

(2δ − 1)(2µ + 1)
9

and ∣∣∣q3 − ϑq2
2

∣∣∣ ≤


2(2δ−1)(2µ+1)
9 if 0 ≤ |1 − ϑ|Y(0, δ) < (2δ−1)(2µ+1)

9 ,

2|1 − ϑ|Y(0, δ) if |1 − ϑ|Y(0, δ) ≥ (2δ−1)(2µ+1)
9 ,

where

Y(0, δ) =
2(2δ − 1)3(2µ + 1)(µ + 1)2

2
∣∣∣9(µ + 1)2(2δ − 1)2 − 64(2µ + 1)(δ2 − 3δ + 1)

∣∣∣ .
4. Conclusions

Numerous distinguished mathematicians have recently researched special functions
since they are used in so many different mathematical and scientific fields. The aim of this
study is to define new subfamilies of analytical functions using error functions subordinate
to Euler polynomials. For functions in the subfamilies T(ζ, ϵ, δ) and J(φ, δ), we obtained
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the initial bounds for the coefficients |q2| and |q3|, and the Fekete–Szegö inequality. The
upper bounds for |q2|, |q3| and

∣∣q3 − ϑq2
2

∣∣ are still an open problem for |qk|, k ≥ 3. Using
the linear operator EQµ given in (9) could inspire researchers to find new bounds for
the coefficients |q2| and |q3|, and the Fekete–Szegö inequality for different subfamilies of
normalized analytic functions with negative coefficients defined in the open unit disk U.
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