symmetry

Article

The Space of Continuous Linear Functionals on 1 Approximated
by Weakly Symmetric Continuous Linear Functionals

Taras Vasylyshyn

check for

updates
Academic Editor: J. Vanterler
Da C. Sousa

Received: 31 December 2024
Revised: 23 January 2025
Accepted: 27 January 2025
Published: 29 January 2025

Citation: Vasylyshyn, T.;
Zagorodnyuk, A. The Space of
Continuous Linear Functionals on /1
Approximated by Weakly Symmetric
Continuous Linear Functionals.
Symmetry 2025,17,206. https://
doi.org/10.3390/sym17020206

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ / creativecommons.org/
licenses /by /4.0/).

and Andriy Zagorodnyuk *

Faculty of Mathematics and Computer Science, Vasyl Stefanyk Precarpathian National University,
57 Shevchenka Str., 76018 Ivano-Frankivsk, Ukraine; taras.vasylyshyn@pnu.edu.ua
* Correspondence: andriy.zagorodnyuk@pnu.edu.ua;
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1. Introduction

Algebras of analytic functions on infinite dimensional Banach spaces are usually
nonseparable. For most interesting cases, their spectral structures and homomorphisms
can be described only implicitly (see, e.g., [1-3]). On the other hand, a subalgebra of
analytic functions, generated by a countable number of polynomials has the property
that any continuous homomorphism is completely defined by its values on the sequence
of polynomials [4,5]. Countably generated algebras of polynomials naturally appear as
algebras of symmetric polynomials with respect to a group or semigroup of operators on a
given Banach space (see for details [6,7] and references therein). The main idea of this paper
is to consider a chain of groups of operators and so-called weakly symmetric functions that
are symmetric with respect to operators in at least one of the groups. Clearly, in this way,
we can obtain larger algebras of analytic functions, which can still be separable.

This work is devoted to the study of the space of continuous linear functionals approx-
imated by weakly symmetric continuous linear functionals on the complex Banach space
41 of all absolutely summing complex sequences.

In general, a function on a vector space is called symmetric with respect to some
fixed group of operators on this space if the function is invariant under the action on its
argument of elements of the group. A function on a vector space is called weakly symmetric
with respect to some fixed descending by inclusion sequence of groups of operators on
this space if this function is symmetric with respect to at least one of the groups that
belong to the sequence. Spaces of symmetric continuous polynomials and, in particular,
spaces of symmetric continuous linear functionals, on Banach spaces are complete with
respect to the norm of the uniform convergence on the closed unit ball, which is one of
the most commonly used norms on these spaces. In contrast, spaces of weakly symmetric
continuous polynomials on Banach spaces with respect to the above-mentioned norm are
not necessarily complete. Therefore, completions of these spaces can contain functions
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that do not satisfy any conditions of symmetry. Consequently, such functions can be
approximated by weakly symmetric functions each of which, by definition, is symmetric
with respect to one of the above-mentioned groups. This fact makes it possible to apply
to spaces of, in general, non-symmetric functions the technique developed for spaces of
symmetric functions.

Symmetric polynomials with respect to the group of permutations of basis vectors of
£y, 1 < p < co were considered first in [8,9]. Algebras of symmetric analytic functions for a
general group of symmetry on Banach spaces were investigated in [10]. The spectrum of the
algebra of symmetric analytic functions of bounded type on ¢; was completely described
in [11]. Problems related to extensions of symmetric analytic functions to larger spaces
were studied in [12].

There are many ways for generalizations of symmetric polynomials (see, e.g., [13] for
a survey on classical invariant theory and possible generalization for symmetric polyno-
mials on free associative algebras). So-called block-symmetric or MacMahon polynomials
are natural generalizations of symmetric polynomials (see, e.g., [14]) for the group of si-
multaneous permutations of basis vectors on finite Cartesian products of linear spaces.
Block-symmetric polynomials on £, were investigated in [6,15,16]. Next, it was observed
that block-symmetric polynomials can be constructed on a single space £, modifying the
action of the group of permutations. It allows the use of a sequence of groups for increas-
ing dimensions of blocks and introduces the concept of weakly symmetric polynomials
(see, [17] and references therein). Note that symmetric polynomial and their generalizations
have many applications in different branches of mathematics and physics. In particular,
applications of algebraic bases of symmetric polynomials to statistical quantum physics
were proposed in [18-22].

In this work, we construct the sequence of groups of symmetries on the space ¢;. We
obtain the structure of weakly symmetric, with respect to this sequence, continuous linear
functionals on this space. Also, we find the Banach space, which is the completion of the
space of all such functionals and construct its Schauder basis.

In Section 2, we give necessary definitions; in Section 3, we introduce weakly sym-
metric linear functionals on ¢1. In Section 4, we describe the Banach space Y, which is the
closure of the space of continuous weakly symmetric linear functionals on /1. In Section 5,
we construct a Schauder basis of the Banach space Y.

We refer the reader for details on polynomials and analytic functions on Banach spaces
to [23,24] and on Schauder bases of Banach spaces to [25].

2. Definitions and Preliminaries

Let ¢1 be the Banach space of all absolutely summing sequences of complex numbers

with the norm
oo

lxlle =} |xml,

m=1

where x = (x1,xp,...) € ¢1. Let

for m € N. Itis well known that the set {e; }7_; is a Schauder basis in ¢;. Also, it is well
known that the mapping

febtim (flea) flea).) € lo 4y
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is an isometrical isomorphism, where ¢} is the Banach space of all continuous linear
functionals on ¢; and /, is the Banach space of all bounded sequences of complex numbers
with the norm
%[leo = sup [xm],
meN

where x = (x1,%2,...) € leo.

The case /1 is important for us because in contrast with £, p > 1, [9], the space /;
admits a one-dimensional space of symmetric linear functionals spanned on the functional

F(x) = il Xim-

Using this fact, in the next section, we construct an infinite-dimensional space of weakly
symmetric linear functionals on /1.

3. Weakly Symmetric Continuous Linear Functionals on ¢4

For n € N, let G, be the group of all operators on ¢; that permute coordi-
nates of elements x = (x1,x3,...) € {1 by blocks of the length n of the form
(x1,x2, ..., %n), (Xp+1,Xn42, .-, X21), . ... For example, the operator

gl > (xll X2yeo oy Xny X1, X427 -+« 7 X215 X2041, X201 42/ - - ) = (xn+1/ Xn42s+ -7 X210, X1, X2, «+, X1, X241, X201 42/ - - ) € él

belongs to G,. Continuous G,-symmetric polynomials on spaces of summable sequences
were studied in [17]. The following fact is a particular result of ([17], Theorem 4 and
Lemma 7).

Theorem 1. Let C be the field of all complex numbers. For n € N, a continuous linear functional
on Uy is Gy-symmetric if and only if it is a linear combination of functionals fs : £1 — C, defined by

fs((x1,x2,...)) = Xs + Xsn + Xsyon + ..., )
wheres € {1,...,n}.

For every s € {1,...,n}, the image of the functional f;, defined by (2), with respect to
the isomorphism (1) is the sequence

o,...,0,1,0,...,0,0,...,0,1,0,...,0,...),
s—1 n—s s—1 n—s

which is periodic with the period n. Consequently, taking into account that a linear com-

bination of periodic sequences with the same period is also a periodic sequence with this

period, Theorem 1 implies the following result.

Corollary 1. For n € N, a continuous linear functional f on {1 is G,-symmetric if and only if the
image of f with respect to the isomorphism (1) is a periodic with the period n element of {w.

So, the space of all G,-symmetric continuous linear functionals on ¢; can be identified
with the subspace of all periodic with the period #n elements of /.. We will denote this
subspace by Y.
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Consider the sequence of groups G = (Gl, G2, Gy, ..., Gon, .. ) Note that G; D G, D
Gy D ... D Gy D ....Consider weakly symmetric with respect to G continuous linear
functionals on ¢;. The space of all such functionals can be identified with the union

Yg = Yor. (3)
n=0

Note that Y is the subspace of {«, elements of which have the following property: for
every y € Yg, there exists n € NU {0} such that y is periodical with the period 2".

Thus, we have constructed the space of all continuous weakly symmetric linear
functionals on /1. This approach cannot be applied to the general case of £, becauseif p > 1,,
then £, does not admit any symmetric (and so weakly symmetric) linear functional. In the
next section, we consider continuous linear functionals on #; that can be approximated
by weakly symmetric continuous linear functionals. The set of all such functionals can be
identified with the closure of Y in {e.

4. Functionals That Can Be Approximated by Weakly
Symmetric Functionals

Let Y be the subset of all y = (y1,2,...) € {« that have the following property:

for every e > 0 there exists n € N such that |y; — yj x| < eforeveryj € {1,...,2"} and k € N. (4)

Some elements of Y can be constructed as in the following example:
Example 1. For n € Nand ¢ € C, let us define the mapping My, : C*' — c2! by
Mn,c((zl,. . .,Zzn)) = ((er- ey Zon,21+C, ..., 2Zon —f-C),

where (z1,...,zm) € C?". Let a sequence {bj}}";o of non-negative real numbers be such that the

series ]9‘;0 bj is convergent. Let m € Nand z € C?". Let us define the sequence y = (y1,va,...).
For j € N, let y; be equal to the jth coordinate of the vector

(M, © Mipk—1,p_, © -+ - © My ) (2),

where k is an arbitrary non-negative integer such that 2"+* > . It can be easily verified that Y
does not depend on the choice of k. Also, it can be verified that y € Y.

Lemmal. Lety = (y1,y2,...) € Y. Foreveryn € NU {0},

\W—Wyuﬂmmpwmmmwm:%ggqig%wp—%L

Proof. Letz = (z1,2p,...) be defined by

Z :y— (yll"'/yZ”/yl/“'/yZ”/---)-

Let us calculate z; for a given j € N. There exist unique s € {1,...,2"} and k € NU {0}
such that

j=s+kom )
Then,

Z]' = y] — Ys.
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Consequently, taking into account (5),

[zl = max  sup |Ysikor — Vs
© Se{l""'zn}keNu{o} s

Note that, in the case k = 0, we have y, o — ys = 0 for every s € {1,...,2"}. Therefore,

max sup yepizr —ysl = max suplyerin — vl
s€{1,..2"} keNU{0} ’ s€{1,...2"} keN ’
Thus,
Z||loo = max su —Ys|.
Izl = _max sup lyssiar — v

This completes the proof. [
Proposition 1. The space Yg, defined by (3), is dense in Y.

Proof. Lety = (y1,¥2,...) € Yand e > 0. Let us construct t € Yg such that ||y — t[|« < &.
By (4), there exists n € N such that |y; — yj x| < €/2 for every j € {1,...,2"} and
k € N. Consequently,

max  sup |Ysixon — ys| < €/2. (6)
s€{1,...2"} keN

Lett = (y1,...,Y21,Y1,...,Y2n,...). Then, t € Yg. By Lemma 1, taking into account (6),
ly — teo < €/2 < &.
So, YgisdenseinY. [J

Proposition 2. The set Y is closed in {.

Proof. Let us show that Y contains every one of its adherent point. Let x € {o be an
adherent point of Y. Let us show that x € Y. Let ¢ > 0. Since x is an adherent point of Y,
there exists y € Y such that

lx —ylleo < €/3. (7)

Since y € Y, there exists n € N such that
i — Yjiran| <e/3 (8)
foreveryj € {1,...,2"} and k € N. By (7) and (8),
X = Xjkan | =1%) = Yj +Yj = Yjsror + Yjskon — Xjor]

<|xj = yil + 1Y) — Yirron | + [Yjakr — Xjphon |
<¢/3+¢/3+¢€/3=¢

foreveryje {1,...,2"} and k € N. So, x € Y. This completes the proof. [
Propositions 1 and 2 imply the following result.

Theorem 2. The set Y is the closure of Yg with respect to the norm of e.

It is well known that the closure of a vector subspace in a normed space is a vector
subspace too. Consequently, since Yy is a vector subspace of £, Theorem 2 implies the
following result.



Symmetry 2025, 17, 206

60f13

Corollary 2. The set Y is a vector subspace of {eo.

Proposition 2 and Corollary 2 imply the following result.

Theorem 3. The set Y with operations and topology, inherited from £, is a Banach space.

We can see that the space Y is a proper closed subset in /.. Note that Y is separable.

Moreover, in the next section, we construct a Schauder basis of Y.

5. Construction of a Schauder Basis of Y
Foragivenn €e NU{0}andj € {1,...,2"}, let

Auj={j+k2": ke NU{0}}.

It can be checked that
Apj = Any1j U Angrjron

foreveryn e NU{0}andj e {1,...,2"}.
For A C N, let 14 be the sequence (x1, x, .. .) such that

o 1, ifje A,
777) 0, otherwise

for j € N. By (10),

1a,, = 1An+1,j + 1An+1,j+2”

n,j

foreveryn e NU{0}andj € {1,...,2"}.
Let the mapping » : N = N U {0} be defined by

#(j) = [log, jl,

©)

(10)

(11)

(12)

where j € N. In other words, 5(j) is the minimal number m € NU {0} such that j < 2™.

Forje N, let

where x is defined by (12).
Forje N, leta;: Y — Cbe defined by

Y1, lf] = 1,
ai(y) = o
i { Yj = Vi1, ifj 22,
wherey = (y1,y2,...) € Y.

Proposition 3. Let y = (y1,Y2,...) € Y. Foreveryn € NU {0},
2}1
Z Oé](y)b] = (ylr ce Yo, Y1, Yony, e .),
j=1

where bj and w; are defined by (13) and (14), respectively.

(13)

(14)

(15)
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Proof. We proceed by induction on n. Consider the case n = 0. In this case, taking into
account (9), (13) and (14),

2"‘] )bj = a1 (y)br = y1la, ), = ilag, = V1lag oo = Yilan

= yl(l, 1,.. ) = (y1,y1,. . )

So, in this case, the equality (15) holds.
Suppose the equality (15) holds for n = m, where m is some element of NU {0}. Let
us show that this equality holds for n = m + 1. Note that

2m+1 om 2m+1
Z aj(y)b; = Z“]’(y)bﬂr ‘ Y. ai(y)b;. (16)
j=1 j=1 j=2"+1

By the induction hypothesis,

ZOC] yl,...,yzm,yl,...,yzm,...). (17)

Taking into account (9),

2”1

(yl,. s Yom, Y1, e Yoy, ) = Zylem,j' (18)
j=1
By (17) and (18),
2”‘[ 2171
> aj(W)by =Y yila, (19)
j=1 j=1
Taking into account (13) and (14),
2m+1 2m+1
Y b= Y (¥~ Yiomi1)la,, (20)
j=2m41 j=2m41

Note that 5(j) = m + 1 for every j € {2" +1,...,2"+1}. Consequently,

2m+1 2m+1
Z (y y] 2" )1A »(j),j = Z (y] _yj—Z’">1Am+1,]" (21)
j=2m+1 j=2m41
y (20) and (21),
om+1 om+1
X b=} (v Y2n)1a,.,
j=2"+1 j=2m+1
(22)
2m+1 2m+1
Z yj1A1n+1,j - Z yjfzmlAerl,j'
j=2"m+1 j=2"m+1
Note that
om+1 om
Z yj72M1Anl+1,j = ZyslAm+1,s+2"” (23)
j=2m+41 s=1
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where s = j — 2™. By (22) and (23),

om+1 om+1 om
Z ch (y)b] = Z ylem+l,j - Z ylenz+1,j+2m :
j=2m+41 j=2m+41 j=1

Consequently, taking into account (16) and (19),

2m+l 2m+] om
Z b - Z y]lAm] + Z y]lAm-HJ Z ylem+1,j+2m : (24)
j=1 =2m41 j=1

Taking into account (11),

27’” ZWL 277’!

2 yflAm] o 21 ylewz+1,j+2m = 21 y] (1Am,]' B 1Am+1,]'+2m )
j= j= j=

2m

= Z;yf (1Am+1,j + 1Am+1/j+2m - 1Am+1,j+2m) (25)
]:

2m
= Z ylem+l,j ‘
=

v (24) and (25), taking into account (9),

om+1 om om+1
Z b - Zy]lAm-H/ + Z yflAm-H/
j=1 j=1 j=2m41
2m+1

= 21 ylen1+1,j
]:

== (yl, . ,y2n1+1,y1, P ,y2m+1, .. .).
So, for the case n = m + 1, the equality (15) holds. This completes the proof. [

Lemma 1 and Proposition 3 imply the following corollary.

Corollary 3. Let y = (y1,Y2,...) € Y. Forevery n € NU {0},

Hy Za bH = Jhx . SUp Yk — Y.

Proposition 4. For everyy = (y1,Y2,...) € Yandr € N,
Y i ()b = (Vo) Yoy - Yoty Y1) Yu@)r - 1 Yy ar)ys - - -)- (26)

where >, b; and a; are defined by (12), (13) and (14), respectively, and the mapping v :
{1,...,2%0} = Nis defined by

i ific{l,...r,
27
Vi) = {] 2201, fje {r41,...,2%0}, @)

Proof. Consider the case r = 2%("), i.e., r is a power of 2. In this case, v is the identity map.
Therefore, the right-hand side of the equality (26) is equal to (y1,Y2,-- -, Yr, Y1, Y2, -« Yrs---),
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which is equal to the left-hand side of the equality (26) by Proposition 3. So, the
equality (26) holds.
Consider the case r < 2*("). Note that

23(r) 0(r)

.
Y ai()bj =), aj(y)bj— Y. aj(y)b;. (28)
j=1 j=1 j=r+1

By Proposition 3,

(r)
Z Dé] ylr . ’yZ”(’)’yl""’yZ%(’)"")' (29)

Taking into account (9),

2(r)
(]/1, . ,yz,{(y),yh .. '/3/2%<r>/ . ) = Z ylex(r),/' (30)
j=1

By (29) and (30),

23(r) 0(r)
L Wb = ) yila, (81)
=1 j=1

By (13) and (14),

27(1) (1)
Y. aiWbj= Y, (i~ Yip-1)la,, (32)
j=r+1 j=r+1

Note that »(j) = »(r) for every j € {r+1,...,2%0)}. Consequently

93(r) 2(r)
Y W=y )a,, = Y W —Yign1)la,,, (33)
j=r+1 j=r+1
By (32) and (33),
zz(r) Zx(r)
Y b= Y (W= Vjp1)la,, - 34)
j=r+1 j=r+1

Therefore, by (28), (31) and (34),

2(r) o(r)

;
ij(y)b] = 2 yle%(r),j - 2 (y y] 2x(r )1A s(r),j
=1 =1 j=r+1
27() 2;{(7)
= Zyle Y yilag,, — X WY ae)1a,,
j=r+1 j=r+1
= Z%lA Z — Y Y 1)a,;
j=r+1
r 2%(r)
=2 Yila i+ L Yjosnila,,
j=1 j=r+1

)

2
_Zyv 1A + Z yy 1A
j=r+1

()
- Z Yo()La,
j=1

= (Yv(1) Y2y - - - Y25y Yu ) Yu(2)r - -+ Yy )y - - -

This completes the proof. [
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Corollary 4. For everyy = (y1,Y2,...) € Yandr € N,

O, l-f}" g 2%(7’),

2(r) r
H Z wj(y)bj — Z"‘j(y)ijoo = { max [Ys = Yy_owetn1l, ifr < 2(1),
=1 j=1 se{r+1,..,2%N}

Proof. The case r = 2%(") is trivial. Consider the case r < 2*("), Let z = (z1,22,...) be
defined by

»(r)

2 r
z = Z tx]-(y)b]- — Z;aj(y)bj.
] =

1

Letj € N. Let us find z;. Lets € {1,.. .,2%} and k € NU {0} be such that j = s + k2*(").
By Propositions 3 and 4,

Zj = Ys = Yy(s),
where v is defined by (27). By (27),

_ yS/ ifSG{l,...,i’},
Yo(s) = Yo owtn-1, ifs€ {r+1,.. .,2%(’)}.
Consequently,
. 0, ifse{1,...,r},
7 s = Yo petnr, ifse€{r+1,...,2%0}
Therefore,

Z|leo = max - s(r)—1]-
H || se{r l,.A.,Z}’(")} |y5 y572 (r) 1|
This completes the proof. [J

Theorem 4. Forevery y € Y, the series } ;° 1 aj(y)bj, where bj and ; are defined by (13) and (14),
respectively, converges to y with respect to the norm || - ||co. Consequently, {bj};?il is a Schauder
basis of the space Y.

Proof. Lety = (y1,y2,...) € Y. Let us show that the series } 72 aj(y)b; converges to y
with respect to the norm || - ||, that is,

rlgrgo“yf i;aj(y)bj“m —0. (35)
=

Lete > 0. Since y € Y, there exists n € N such that

i — Yjakan| < /4 (36)

forevery j € {1,...,2"} and k € NU {0}. Let us show that
r
Hy— Zocj(y)b]-H <€ (37)
j=1 ®

for every r > 2". Let r € N be such that » > 2". Let us prove (37). First, we will establish
some auxiliary inequalities.
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By (36),

[Yjtk2r = Yjrko2t| = Wisk2n = Vi +Yj — Yjsko2n]
< |Yjsk2r — Yl +1Yj = Yjrr2n] (38)
<e/d+e/d=¢/2

foreveryj € {1,...,2"} and k1, k, € NU {0}.
Since r > 2", it follows that »(r) > n, where s is defined by (12). Consequently, since
both »(r) and n are integers, it follows that

sx(r) >n+1. (39)
Note that
r 2%(r) 2%(r) r
y—=Y ai(ybj=y— Y aj(y)bj+ Y aj(y)bj— Y a;(y)b;.
j=1 j=1 j=1 j=1
Consequently,

r

Jo- £ wm] < Jo=T on] ¢ [ - San] . @
j=1 j=1 j=1 j=1

Let us show that

p(r)
Hy - Z uc]-(y)b]-Hoo <e/2. 41)
j=1
By Corollary 3,
2%(r)
Hy - ]; ‘J‘j(?/)ijoo = X, P Yo ko) = Ysl- (42)

Lets € {1,...,2%("} and k € N. Let us show that
Yo iomtn = Ys| < €/2. (43)
Lett € {1,...,2"} and g1 € NU {0} be such that
s=t+gq12".
Then,

s +k270) = 4 g2 + k27
=t + g1 2" 4 k2#()nn
= t+ (g1 + k277 2n
= t+ 22",

where g, = q; + k2#() =", Taking into account (39), »(r) — n is a positive integer and,
consequently, g2 € NU {0}. Therefore, by (38),

Y i) = Ys| = [Yrgoan — Yirguan| < /2.

So, the inequality (43) holds. By (42) and (43), the inequality (41) holds.
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Let us show that
274(r) r
H Y aj(y)b; — sz]-(y)ijoo <e/2. (44)
j=1 j=1
In the case r = 27("), the inequality (44) is trivial. Consider the case r < 27() In this case,
by Corollary 4,
27(r) r
H Y aj(y)b — Zo‘j(y)ij = max |Ys =Y, pum-1l- (45)
=1 j=1 ©  se{r+1,.2#0}

Lets € {r+1,...,2%(0}. Let us show that

[Ys = Yy_putn1| <€/2. (46)
Letu € {1,...,2"} and v; € NU {0} be such that

s — 2701 — 4 4 2",
Then,

s =u+0.2" 42701
= u+02" + zz(r)flfnzn
=+ (Ul _i_zz(r)flfn)zn

=u+ 02",

where v, = (v; 4 2%(-1-m), Taking into account (39), »(r) — 1 — n is a non-negative
integer and, consequently, v, € NU {0}. Therefore, by (38),

lys — ys_2%<r>fl| = Yutovy2n — Yuroron| < /2.

So, the inequality (46) holds. By (45) and (46), the inequality (44) holds.
By (40), (41) and (44), the inequality (37) holds. Therefore, the equality (35) holds.
Consequently, {bj}}?il is a Schauder basis of the space Y. This completes the proof. O

6. Discussion and Conclusions

We constructed a new Banach space Y consisting of linear functionals on ¢; that can
be approximated by weakly symmetric linear functionals and found a Schauder basis of
this space. For the next step, we will investigate weakly symmetric polynomials on ¢; and
describe algebras of polynomials and analytic functions on ¢; consisting of elements that
can be approximated by the weakly symmetric polynomials. It would allow us to spread
methods of investigations of algebras of symmetric analytic functions to the largest case
where functions already are not symmetric. As we mentioned above, spaces ¢, do not
admit symmetric linear functionals if p > 1, but they admit symmetric n-homogeneous
polynomials for n > p. Thus, further investigation of weakly symmetric polynomials can
be extended for the general case of /).
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