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Abstract

This paper introduces the Marshall–Olkin unit-exponentiated-half-logistic (MO-UEHL)
distribution, a novel three-parameter model designed to enhance the flexibility of the
unit-exponentiated-half-logistic distribution through the incorporation of the Marshall–
Olkin transformation. Defined on the unit interval (0, 1), the MO-UEHL distribution is
well-suited for modeling proportional data exhibiting asymmetry. The Marshall–Olkin
tilt parameter α explicitly controls the degree and direction of asymmetry, enabling the
density to range from highly right-skewed to nearly symmetric unimodal forms, and
even to left-skewed configurations for certain parameter values, thereby offering a direct
mathematical representation of symmetry breaking in bounded proportional data. The
resulting model achieves this versatility without relying on exponential terms or special
functions, thus simplifying computational procedures. We derive its key mathematical
properties, including the probability density function, cumulative distribution function, sur-
vival function, hazard rate function, quantile function, moments, and information-theoretic
measures such as the Shannon and residual entropy. Parameter estimation is explored using
maximum likelihood, maximum product spacing, ordinary and weighted least-squares,
and Cramér–von Mises methods, with simulation studies evaluating their performance
across varying sample sizes and parameter sets. The practical utility of the MO-UEHL
distribution is demonstrated through applications to four real datasets from environmental
and engineering contexts. The results highlight the MO-UEHL distribution’s potential as a
valuable tool in reliability analysis, environmental modeling, and related fields.

Keywords: Marshall–Olkin transformation; unit-exponentiated-half-logistic distribution;
reliability analysis; parameter estimation; goodness-of-fit

1. Introduction
The Weibull distribution is widely used in reliability and survival analysis, renowned

for its flexibility in modeling various hazard rate shapes. Its capacity to represent increasing,
decreasing, and constant failure rates has made it one of the fundamental tools for analyz-
ing lifetime data across diverse fields including engineering, medicine, and economics [1].
However, the Weibull distribution’s inability to adequately capture non-monotonic hazard
rates, such as the bathtub-shaped curves frequently observed in human mortality, me-
chanical wear, and electronic component failures, has motivated statisticians to develop
numerous extensions and generalizations [2,3].
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Among the various methodologies for extending classical distributions, the Marshall–
Olkin transformation has emerged as a flexible and computationally efficient approach [4].
This method introduces an additional shape parameter to an existing baseline distribution,
thereby enhancing its flexibility without fundamentally altering its structural form. The
Marshall–Olkin family has been successfully applied to numerous well-known distribu-
tions, including the exponential [5], Pareto [6], gamma [7], Lomax [8], and linear failure-rate
distributions [9]. Each of these extensions has demonstrated superior performance in mod-
eling complex data patterns that the original distributions could not adequately capture.

The Marshall–Olkin transformation has proven especially valuable for extending
Weibull-related distributions. Ref. [6] introduced the Marshall–Olkin extended Weibull
(MOEW) distribution and investigated its properties, while [10] explored its characteri-
zation based on Weibull probability plots. Ref. [11] conducted a comprehensive study
of the MOEW distribution, demonstrating that its density function can be expressed as
an infinite linear combination of Weibull density functions, which facilitated the deriva-
tion of various mathematical properties including moments, generating functions, mean
deviations, and entropy measures. Their work provided explicit expressions for the mo-
ment generating function and established several representations for reliability measures
and order statistics, significantly advancing the theoretical foundation of Marshall–Olkin
extended distributions.

The Marshall–Olkin framework has also been applied to other Weibull extensions, such
as the exponentiated Weibull [12], Kumaraswamy Weibull [13], and beta modified Weibull
distributions [14], each demonstrating enhanced capability in modeling bathtub-shaped
failure rates.

A significant development in unit interval distributions came with the introduction of
the omega distribution by [15], which offers considerable flexibility in modeling hazard
rates while maintaining computational simplicity. When the boundary parameter d = 1,
the omega distribution reduces to the unit-exponentiated-half-logistic (UEHL) distribution,
which has shown promising applications in reliability theory [16]. The UEHL distribution
belongs to the class of proportional hazard rate models and exhibits several advantageous
properties, including the absence of exponential terms and special functions in its density
expression, which simplifies computational procedures in parameter estimation.

In this paper, we introduce the Marshall–Olkin unit-exponentiated-half-logistic (MO-
UEHL) distribution, which combines the flexibility of the UEHL distribution with the
extensibility of the Marshall–Olkin transformation. The proposed distribution builds upon
the foundational work of [11] on Marshall–Olkin extended distributions and extends the
univariate framework of [16] by incorporating the tilt parameter from the Marshall–Olkin
transformation into the UEHL distribution. This synthesis creates a more flexible three-
parameter distribution defined on the unit interval (0, 1) that can capture a wider range of
distributional shapes while maintaining computational tractability.

The MO-UEHL distribution offers several advantages: it is defined on the unit interval
(0, 1), making it ideal for modeling proportional data; it contains neither exponential terms
nor special functions, simplifying computational aspects; and it exhibits increased flexibility
in capturing various data patterns, including positively skewed, reverse J-shaped, and
unimodal configurations. The inclusion of the Marshall–Olkin tilt parameter provides
additional shape flexibility beyond the original UEHL distribution, enabling better fit to
diverse datasets.

We undertake a comprehensive study of the mathematical properties of the MO-UEHL
distribution, deriving explicit expressions for its probability density function, cumulative
distribution function, survival function, hazard rate function, and quantile function. Also,
we investigate its moment properties and examine various reliability measures, including
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stress-strength reliability, inverse hazard rate, mean residual life, and information-theoretic
measures such as the Shannon entropy and residual entropy.

For parameter estimation, we consider multiple classical methods, including max-
imum likelihood estimation, maximum product spacing, ordinary and weighted least-
squares, and Cramér–von Mises estimation. We conduct extensive simulation studies to
evaluate the performance of these estimators under various parameter configurations and
sample sizes. The practical utility of the MO-UEHL distribution is demonstrated through
applications in four real datasets from environmental and engineering contexts, where it is
compared against several competing distributions using various goodness-of-fit criteria.

The remainder of the paper is organized as follows: Section 2 introduces the MO-
UEHL distribution and derives its fundamental properties. Section 3 explores various
reliability measures and information-theoretic properties. Section 4 discusses parameter
estimation methods, while Section 5 presents the simulation results. Section 6 demonstrates
real data applications, and finally, Section 7 provides the concluding remarks.

2. Description of the Model
Recently, Ref. [16] developed the UEHL distribution, grounded in the omega dis-

tribution and categorized within the proportional hazard rate model framework. The
cumulative distribution function (CDF) of the UEHL distribution is defined as

FUEHL(x | θ, λ) = 1 −
(

1 − xθ

1 + xθ

)λ

, 0 < x < 1, (1)

with corresponding probability density function (PDF):

fUEHL(x | θ, λ) = 2λθxθ−1
(
1 − xθ

)λ−1(
1 + xθ

)λ+1 , 0 < x < 1,

where θ > 0 and λ > 0 are the shape parameters. The UEHL distribution demon-
strates multiple applications in reliability theory, leveraging the exponentiated half-logistic
distribution [17,18].

In this section, the MO-UEHL distribution is introduced by integrating the CDF of
the UEHL distribution into the Marshall–Olkin transformation framework. The survival
function (SF) of the Marshall–Olkin family of distributions is defined as

G(x) =
αF(x)

1 − αF(x)
, F(x) = 1 − F(x), α = 1 − α, (2)

where F(x) is the baseline CDF of a continuous distribution and F(x) = 1 − F(x) denotes
the SF of the baseline distribution. This approach can be used to leverage the transformation
to enhance the adaptability of the baseline UEHL model. Applying the transformation to
the CDF (1), the CDF of the MO-UEHL distribution can be expressed as follows:

F(x | α, θ, λ) =
1 −

(
1−xθ

1+xθ

)λ

1 − (1 − α)
(

1−xθ

1+xθ

)λ
, 0 < x < 1, 0 < α ≤ 1, θ, λ > 0, (3)

where θ > 0 and λ > 0 are the shape parameters, and α ∈ (0, 1] is the tilt parameter.
A distinguishing feature of the MO-UEHL distribution is the explicit control exerted by the
Marshall–Olkin tilt parameter α ∈ (0, 1] over the symmetry properties of the density on
the unit interval. When α = 1, the model coincides with the baseline UEHL distribution,
which is generally right-skewed. As α decreases towards 0, the density shifts progressively
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towards left-concentrated forms, while intermediate values of α with proper θ and λ

values yield nearly symmetric unimodal shapes. This smooth transition from pronounced
asymmetry to near-symmetry arises directly from the Marshall–Olkin transformation,
which introduces a tilt mechanism that systematically breaks or restores symmetry while
preserving the bounded support. Consequently, the MO-UEHL family offers a flexible
parametric framework for studying symmetry and symmetry-breaking phenomena in
proportional data, rendering it especially suitable for research focused on asymmetry in
statistical modeling.

The corresponding PDF of the MO-UEHL, derived from the Marshall–Olkin transfor-
mation, is given by

f (x | α, θ, λ) =
2αλθxθ−1(1 − xθ)λ−1

(1 + xθ)λ+1
[

1 − (1 − α)
(

1−xθ

1+xθ

)λ
]2 , 0 < x < 1, 0 < α ≤ 1, θ, λ > 0. (4)

The SF and hazard rate function (HRF) of the MO-UEHL distribution are derived as

S(x | α, θ, λ) =
α
(

1−xθ

1+xθ

)λ

1 − (1 − α)
(

1−xθ

1+xθ

)λ
, (5)

and

h(x | α, θ, λ) =
2λθxθ−1(1 − xθ)λ−1

(1 + xθ)λ+1
[

1 − (1 − α)
(

1−xθ

1+xθ

)λ
] , 0 < x < 1, 0 < α ≤ 1, θ, λ > 0

Figure 1 illustrates the PDF plots, CDF plots and HRF plots for various values of the
distribution parameters. Specifically, the PDF of the MO-UEHL distribution represent
positively skewed, reverse J-shaped, U-shaped, and unimodal configurations, making it a
flexible model for fitting diverse data types.

2.1. Quantile Function

The quantile function is a critical tool for generating random samples, computing
critical values, and analyzing distributional properties in statistical modeling. For the
MO-UEHL distribution, the quantile function is

Q(u | α, θ, λ) =

1 −
(

1−u
(1−u)+uα

)1/λ

1 +
(

1−u
(1−u)+uα

)1/λ


1/θ

, 0 < u < 1, 0 < α ≤ 1, θ, λ > 0. (6)

Equation (6) facilitates the generation of random samples from the MO-UEHL dis-
tribution. It also enables the computation of key statistical measures, such as the median
(when u = 0.5) and other percentiles, which are essential for applications in reliability
analysis and data modeling. The flexibility of the parameters α, θ, and λ allows the quantile
function of the MO-UEHL distribution to capture a wide range of distributional shapes
within the unit interval (0, 1).

To illustrate the behavior of the quantile function across different parameter settings,
Table 1 presents numerical values for the quantiles Q0.10, Q0.25, Q0.50, Q0.75, Q0.90, Q0.95,
and Q0.99 for the combinations of α ∈ 0.1, 0.5, 0.9, θ ∈ 0.7, 2.3, 7, and λ ∈ 0.3, 0.9, 2.5, 5.
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Figure 1. PDF, CDF and HRF plots of the MO-UEHL distribution for various parameter values.

Table 1. Numerical values for the quantiles of the MO-UEHL distribution.

α θ λ Q0.1 Q0.25 Q0.5 Q0.75 Q0.9 Q0.95 Q0.99

0.1 0.7 5.0 0.0001 0.0003 0.0013 0.0055 0.0197 0.0406 0.1259
0.1 2.3 5.0 0.0518 0.0832 0.1322 0.2054 0.3029 0.3770 0.5322
0.1 7.0 5.0 0.3781 0.4417 0.5144 0.5944 0.6754 0.7258 0.8128
0.5 0.7 5.0 0.0006 0.0026 0.0103 0.0328 0.0788 0.1232 0.2447
0.5 2.3 5.0 0.1034 0.1630 0.2481 0.3533 0.4614 0.5287 0.6515
0.5 7.0 5.0 0.4744 0.5510 0.6326 0.7105 0.7756 0.8111 0.8687
0.9 0.7 5.0 0.0013 0.0055 0.0197 0.0543 0.1130 0.1637 0.2915
0.9 2.3 5.0 0.1322 0.2054 0.3029 0.4120 0.5150 0.5765 0.6872
0.9 7.0 5.0 0.5144 0.5944 0.6754 0.7472 0.8041 0.8345 0.8840
0.1 0.7 2.5 0.0002 0.0008 0.0035 0.0148 0.0528 0.1074 0.3140
0.1 2.3 2.5 0.0700 0.1124 0.1787 0.2775 0.4086 0.5071 0.7029
0.1 7.0 2.5 0.4175 0.4877 0.5679 0.6563 0.7452 0.8000 0.8906
0.5 0.7 2.5 0.0016 0.0069 0.0275 0.0872 0.2037 0.3079 0.5466
0.5 2.3 2.5 0.1397 0.2203 0.3351 0.4759 0.6162 0.6987 0.8321
0.5 7.0 2.5 0.5238 0.6083 0.6982 0.7835 0.8529 0.8889 0.9414
0.9 0.7 2.5 0.0035 0.0148 0.0528 0.1427 0.2847 0.3951 0.6210
0.9 2.3 2.5 0.1787 0.2775 0.4086 0.5528 0.6822 0.7538 0.8650
0.9 7.0 2.5 0.5679 0.6563 0.7452 0.8231 0.8819 0.9113 0.9535
0.1 0.7 0.9 0.0007 0.0033 0.0150 0.0632 0.2161 0.4048 0.8176
0.1 2.3 0.9 0.1092 0.1753 0.2786 0.4316 0.6274 0.7594 0.9406
0.1 7.0 0.9 0.4831 0.5643 0.6571 0.7587 0.8580 0.9135 0.9801
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Table 1. Cont.

α θ λ Q0.1 Q0.25 Q0.5 Q0.75 Q0.9 Q0.95 Q0.99

0.5 0.7 0.9 0.0067 0.0298 0.1161 0.3392 0.6485 0.8106 0.9641
0.5 2.3 0.9 0.2178 0.3431 0.5193 0.7196 0.8765 0.9381 0.9889
0.5 7.0 0.9 0.6060 0.7037 0.8063 0.8975 0.9576 0.9792 0.9963
0.9 0.7 0.9 0.0150 0.0632 0.2161 0.5065 0.7817 0.8918 0.9810
0.9 2.3 0.9 0.2786 0.4316 0.6274 0.8130 0.9278 0.9658 0.9942
0.9 7.0 0.9 0.6571 0.7587 0.8580 0.9342 0.9757 0.9886 0.9981
0.1 0.7 0.3 0.0033 0.0157 0.0713 0.2811 0.7133 0.9211 0.9990
0.1 2.3 0.3 0.1761 0.2824 0.4477 0.6796 0.9023 0.9753 0.9997
0.1 7.0 0.3 0.5652 0.6601 0.7680 0.8808 0.9668 0.9918 0.9999
0.5 0.7 0.3 0.0320 0.1391 0.4692 0.8739 0.9903 0.9989 1.0000
0.5 2.3 0.3 0.3508 0.5487 0.7943 0.9598 0.9970 0.9997 1.0000
0.5 7.0 0.3 0.7088 0.8210 0.9271 0.9866 0.9990 0.9999 1.0000
0.9 0.7 0.3 0.0713 0.2811 0.7133 0.9642 0.9982 0.9998 1.0000
0.9 2.3 0.3 0.4477 0.6796 0.9023 0.9890 0.9994 0.9999 1.0000
0.9 7.0 0.3 0.7680 0.8808 0.9668 0.9964 0.9998 1.0000 1.0000

2.2. Moments

The moments of a distribution provide essential insights into its central tendency,
dispersion, skewness, and kurtosis, which are crucial for statistical inference. For the
MO-UEHL distribution, the r-th raw moment is defined as

µr = E(Xr) =
∫ 1

0
xr f (x | α, θ, λ) dx,

where f (x | α, θ, λ) is the PDF given in (4). Based on Equation (2) the MO-UEHL PDF
can be expressed using the PDF of the baseline UEHL distribution fUEHL(x | θ, λ) and SF
FUEHL(x | θ, λ) as

f (x | α, θ, λ) =
α fUEHL(x | θ, λ)[

1 − (1 − α)FUEHL(x | θ, λ)
]2 . (7)

By the binomial series, Equation (7) becomes

f (x | α, θ, λ) = α
∞

∑
j=0

(j + 1)(1 − α)j fUEHL(x | θ, λ)
[
FUEHL(x | θ, λ)

]j.

and the r-th moment of MO-UEHL(α, θ, λ) is then

µr = α
∞

∑
j=0

(j + 1)(1 − α)j
∫ 1

0
xr fUEHL(x | θ, λ)

[
FUEHL(x | θ, λ)

]j dx

= α
∞

∑
j=0

(1 − α)jµ
(j)
r (8)

where µ
(j)
r = E[Yr] with Y ∼ UEHL(θ, λ(j + 1)). The r-th moment of Y is given by

µ
(j)
r = 2λθ(j + 1)

∫ 1

0
xr+θ−1 (1 − xθ)λ(j+1)−1

(1 + xθ)λ(j+1)+1
dx. (9)

Applying the binomial series expansion, Equation (9) becomes

µ
(j)
r = 2λ(j + 1)

∞

∑
k=0

(−1)k
(

λ(j + 1) + k
k

)
B
( r

θ
+ k + 1, λ(j + 1)

)
, (10)
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where B(p, q) = Γ(p)Γ(q)/Γ(p + q) is the beta function with Γ(·), the gamma function.
Finally, substituting the result from (10) back into the moment expression (8), the moments
of the MO-UEHL(α, θ, λ) distribution are obtained as

µr = 2λα
∞

∑
j=0

∞

∑
k=0

(−1)k(j + 1)(1 − α)j
(

λ(j + 1) + k
k

)
B
( r

θ
+ k + 1, λ(j + 1)

)
.

3. Reliability Analysis
The use of bounded-support distributions in reliability analysis is widespread in the

literature, where proportional data are modeled to capture relative risk and performance
metrics [19,20]. The MO-UEHL distribution enables a proportional interpretation of relia-
bility concepts when applied to proportional data. The following subsections derive key
reliability measures, such as stress-strength reliability, inverse hazard rate, and mean resid-
ual life, along with the Shannon and residual entropy as information-theoretic quantities.

3.1. Stress-Strength Reliability

The stress-strength reliability parameter, denoted as R = P(X2 > X1), is a key measure
in reliability engineering, indicating the probability that a component with strength X2

can withstand a stress X1. For the MO-UEHL distribution, we consider two independent
random variables X1 ∼ MO-UEHL(α1, θ, λ1) and X2 ∼ MO-UEHL(α2, θ, λ2), with PDF
and CDF given by Equations (4) and (3), respectively. The reliability is expressed as

R =
∫ 1

0
fx2(x2 | α2, θ, λ2)Fx1(x2 | α1, θ, λ1) dx2. (11)

The PDF of the random variable X2 is given by

fx2(x2 | α2, θ, λ2) = α2

∞

∑
j=0

(j + 1)(1 − α2)
j fUEHL(x2 | θ, λ2)

(
1 − xθ

2

1 + xθ
2

)λ2 j

, (12)

and the CDF of the random variable X1 evaluated at x2 is

Fx1(x2 | α1, θ, λ1) =
∞

∑
k=0

(1 − α1)
k

(
1 − xθ

2

1 + xθ
2

)λ1k

−
∞

∑
k=0

(1 − α1)
k

(
1 − xθ

2

1 + xθ
2

)λ1(k+1)

. (13)

By substituting (12) and (13) to Equation (11), the stress-strength reliability becomes

R = α2

∞

∑
j=0

(j + 1)(1 − α2)
j

[
∞

∑
k=0

(1 − α1)
k I(λ2 j + λ1k)−

∞

∑
k=0

(1 − α1)
k I(λ2 j + λ1(k + 1))

]
, (14)

where the integral I(z) is defined as

I(z) =
∫ 1

0
fUEHL(x2 | θ, λ2)

(
1 − xθ

2

1 + xθ
2

)z

dx2 =
λ2

λ2 + z
. (15)

Applying Equation (15) to (14), the stress-strength reliability can be expressed as

R = α2

∞

∑
j=0

(j + 1)(1 − α2)
j

[
∞

∑
k=0

(1 − α1)
k λ2

λ2 + λ2 j + λ1k
−

∞

∑
k=0

(1 − α1)
k λ2

λ2 + λ2 j + λ1(k + 1)

]

= α2λ2λ1

∞

∑
j=0

∞

∑
k=0

(j + 1)(1 − α2)
j(1 − α1)

k

[λ2(1 + j) + λ1k][λ2(1 + j) + λ1(k + 1)]
.
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3.2. Inverse Hazard Rate and Mean Residual Life

To further characterize the reliability properties of the MO-UEHL distribution, we
derive the inverse hazard rate function (IHRF) and mean residual life (MRL). The IHRF is
defined as hI(x) = f (x)

F(x) , where f (x) is the PDF given by Equation (4) and F(x) is the CDF
given by Equation (3). For the MO-UEHL distribution, the IHRF is

hI(x | α, θ, λ) =
2αλθxθ−1

(
1−xθ

1+xθ

)λ−1

(1 + xθ)2
[

1 − (1 − α)
(

1−xθ

1+xθ

)λ
][

1 −
(

1−xθ

1+xθ

)λ
] , 0 < x < 1, 0 < α ≤ 1, θ, λ > 0. (16)

The function in Equation (16) quantifies the probability of immediate failure given survival
up to time x, providing insights into the reliability dynamics of the MO-UEHL distribution
for small time increments.

The MRL function represents the expected remaining lifetime of a component that has
survived beyond time x. The function is defined as

m(x | α, θ, λ) =
1

S(x)

∫ 1

x
t f (t | α, θ, λ) dt − x, 0 < x < 1, (17)

where S(x) is the SF of the relevant distribution. To obtain the MRL function for the MO-
UEHL distribution, we utilize the series expansion of the PDF of the form (12). Hence, the
integral in Equation (17) becomes

∫ 1

x
t f (t | α, θ, λ) dt = α

∞

∑
j=0

(j + 1)(1 − α)j
∫ 1

x
t fUEHL(t | θ, λ)

(
1 − tθ

1 + tθ

)λj

dt.

Here, the integral term is evaluated as

∫ 1

x
t fUEHL(t | θ, λ(j + 1)) dt = 2λ(j + 1)

∫ 1

xθ
z1/θ(1 − z)λ(j+1)−1(1 + z)−(λ(j+1)+1) dz

= 2λ(j + 1)B
(

xθ ; 1 +
1
θ

, λ(j + 1)
)

× 2F1

(
λ(j + 1) + 1, 1 +

1
θ

; λ(j + 1) + 1 +
1
θ

;−1
)

where B(z; a, b) =
∫ z

0 ta−1(1 − t)b−1 dt is the incomplete beta function and 2F1(a, b; c; z) =

∑∞
n=0

(a)n (b)n
(c)n

zn

n! is the Gaussian hypergeometric function with (a)n = a(a + 1)(a + 2)
· · · (a + n − 1). Thus, the MRL is

m(x | α, θ, λ) =
1 − (1 − α)

(
1−xθ

1+xθ

)λ

(
1−xθ

1+xθ

)λ

∞

∑
j=0

2λ(j + 1)2(1 − α)j
[

B
(

xθ ; 1 +
1
θ

, λ(j + 1)
)

×2F1

(
λ(j + 1) + 1, 1 +

1
θ

; λ(j + 1) + 1 +
1
θ

;−1
)]

− x.

3.3. Information Measures

To analyze the uncertainty associated with the MO-UEHL distribution, we derive the
Shannon entropy and residual entropy, providing insights into its information content.

The Shannon entropy, measuring the expected uncertainty, is defined as

H(X) = −
∫ 1

0
f (x | α, θ, λ) log f (x | α, θ, λ) dx, (18)

where f (x | α, θ, λ) is the PDF given by Equation (4). Decomposing log f (x), we get
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log f (x) = log(2αλθ) + (θ − 1) log x + (λ − 1) log(1 − xθ)− (λ + 1) log(1 + xθ)− 2 log

1 − (1 − α)

(
1 − xθ

1 + xθ

)λ
.

Thus, the Shannon entropy (18) can be written as

H(X) = − log(2αλθ)− (θ − 1)T1 + (λ − 1)T2 − (λ + 1)T3 − 2T4,

where T1 =
∫ 1

0 f (x) log x dx, T2 =
∫ 1

0 f (x) log(1 − xθ) dx, T3 =
∫ 1

0 f (x) log(1 + xθ) dx and

T4 =
∫ 1

0 f (x) log
[
1 − (1 − α)

((
1 − xθ

)
/
(
1 + xθ

))λ
]

dx. Using the series expansion of the

PDF of the form (12), and substituting z = xθ , the terms T1, T2, T3, T4 are

T1 =
2αλ

θ

∞

∑
j=0

(j + 1)(1 − α)j
∞

∑
k=0

(−1)k
(

λ(j + 1) + k
k

)
B
(

1
θ
+ k, λ(j + 1)

)[
ψ

(
1
θ
+ k
)
− ψ

(
1
θ
+ k + λ(j + 1)

)]
,

T2 =
2αλ

θ

∞

∑
j=0

(j + 1)(1 − α)j
∞

∑
k=0

(−1)k
(

λ(j + 1) + k
k

)
B
(

1
θ
+ k, λ(j + 1)

)[
ψ(λ(j + 1))− ψ

(
1
θ
+ k + λ(j + 1)

)]
,

T3 =
2αλ

θ

∞

∑
j=0

(j + 1)(1 − α)j
∞

∑
k=0

∞

∑
m=1

(−1)k+m−1

m

(
λ(j + 1) + k

k

)
B
(

1
θ
+ k + m, λ(j + 1)

)
,

T4 = −2αλ

θ

∞

∑
j=0

(j + 1)(1 − α)j
∞

∑
m=1

∞

∑
k=0

(−1)k(1 − α)m

m

(
λ(j + 1) + k

k

)
B
(

1
θ
+ k, λ(j + 1) + λm

)
,

where ψ(z) = d
dz log Γ(z) is the digamma function.

The residual entropy, measuring uncertainty given survival past x, is defined as

H(X | X > x) = − 1
S(x)

∫ 1

x
f (t | α, θ, λ) log f (t | α, θ, λ) dt, (19)

where S(x) is the SF given by Equation (5). The corresponding series expansion of residual
entropy (19) is

H(X | X > x) = − 1
S(x)

[
log(2αλθ)(1 − F(x)) + (θ − 1)T′

1 + (λ − 1)T′
2 − (λ + 1)T′

3 − 2T′
4
]
,

where T′
1, T′

2, T′
3, and T′

4 are analogous to T1, T2, T3, and T4, with integrals from xθ to 1
using the incomplete beta function B(xθ ; a, b):

T′
1 =

2αλ

θ

∞

∑
j=0

(j + 1)(1 − α)j
∞

∑
k=0

(−1)k
(

λ(j + 1) + k
k

)
B
(

xθ ;
1
θ
+ k, λ(j + 1)

)[
ψ

(
1
θ
+ k
)
− ψ

(
1
θ
+ k + λ(j + 1)

)]
,

T′
2 =

2αλ

θ

∞

∑
j=0

(j + 1)(1 − α)j
∞

∑
k=0

(−1)k
(

λ(j + 1) + k
k

)
B
(

xθ ;
1
θ
+ k, λ(j + 1)

)[
ψ(λ(j + 1))− ψ

(
1
θ
+ k + λ(j + 1)

)]
,

T′
3 =

2αλ

θ

∞

∑
j=0

(j + 1)(1 − α)j
∞

∑
k=0

∞

∑
m=1

(−1)k+m−1

m

(
λ(j + 1) + k

k

)
B
(

xθ ;
1
θ
+ k + m, λ(j + 1)

)
,

T′
4 = −2αλ

θ

∞

∑
j=0

(j + 1)(1 − α)j
∞

∑
m=1

∞

∑
k=0

(−1)k(1 − α)m

m

(
λ(j + 1) + k

k

)
B
(

xθ ;
1
θ
+ k, λ(j + 1) + λm

)
.

4. Estimation Methods
In this section, we explore various classical estimation techniques to estimate the

parameters of the MO-UEHL distribution, namely, α, θ, and λ. We investigate several
methods, including maximum likelihood (ML), Anderson–Darling (AD), ordinary and
weighted least-squares (OLS and WLS), and Cramér–von Mises (CVM), to provide a
comprehensive framework for parameter estimation. Detailed derivations are provided to
ensure clarity and applicability.
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4.1. Maximum Likelihood Estimation

We estimate the MO-UEHL parameters using the maximum likelihood technique. Let
x1, x2, . . . , xn be an observed sample of size n from the PDF given by Equation (4). The
log-likelihood function is

log ℓ(α, θ, λ) ∝ n log(2αλθ) + (θ − 1)
n

∑
i=1

log xi + (λ − 1)
n

∑
i=1

log(1 − xθ
i )

−(λ + 1)
n

∑
i=1

log(1 + xθ
i )− 2

n

∑
i=1

log

1 − (1 − α)

(
1 − xθ

i
1 + xθ

i

)λ
.

The ML estimators are obtained by solving the partial differential equations with respect to
α, θ, and λ:

∂ log ℓ

∂α
=

n
α
+ 2

n

∑
i=1

(
1−xθ

i
1+xθ

i

)λ

1 − (1 − α)

(
1−xθ

i
1+xθ

i

)λ
= 0, (20)

∂ log ℓ

∂θ
=

n
θ
+

n

∑
i=1

log xi + (λ − 1)
n

∑
i=1

−xθ
i log xi

1 − xθ
i

− (λ + 1)
n

∑
i=1

xθ
i log xi

1 + xθ
i

+2λ
n

∑
i=1

(1 − α)

(
1−xθ

i
1+xθ

i

)λ
2xθ

i log xi
(1−xθ

i )(1+xθ
i )

1 − (1 − α)

(
1−xθ

i
1+xθ

i

)λ
= 0, (21)

∂ log ℓ

∂λ
=

n
λ
+

n

∑
i=1

log(1 − xθ
i )−

n

∑
i=1

log(1 + xθ
i )

+2
n

∑
i=1

(1 − α)

(
1−xθ

i
1+xθ

i

)λ

log
(

1−xθ
i

1+xθ
i

)
1 − (1 − α)

(
1−xθ

i
1+xθ

i

)λ
= 0. (22)

Due to the presence of nonlinear terms, Equations (20)–(22) have no explicit solutions.
Numerical techniques, such as the Newton–Raphson algorithm, must be employed to
determine the MLEs of the MO-UEHL parameters.

4.2. Maximum Product Spacing

In place of MLE for estimating the unknown parameters of continuous univariate
distributions, the MPS approach is presented. Let x(1), x(2), . . . , x(n) be the order statistics
of a random sample drawn from the MO-UEHL distribution. Subsequently, the uniform
spacing is established by

ωb(x; α, θ, λ) = F(x(b) | α, θ, λ)− F(x(b−1) | α, θ, λ), b = 1, 2, . . . , n + 1,

where F(x(0) | α, θ, λ) = 0, F(x(n+1) | α, θ, λ) = 1, and ∑n+1
b=1 ωb(x; α, θ, λ) = 1. Hence, the

following function is maximized with respect to α, θ, and λ to obtain the MPS estimators
(MPSEs) of the MO-UEHL.
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D∗(ζ) =
1

n + 1

n+1

∑
b=1

log[ωb(x; α, θ, λ)].

It is also possible for assessing the MPSEs α̂6, θ̂6, and λ̂6 of parameters α, θ, and λ by solving
the following nonlinear equation:

1
n + 1

n+1

∑
b=1

vζ(x(b) | ζ)− vζ(x(b−1) | ζ)

ωb(x; ζ)
= 0,

where

vα(x(b) | ζ) = −

(
1−xθ

(b)

1+xθ
(b)

)λ
[

1 −
(

1−xθ
(b)

1+xθ
(b)

)λ
]

[
1 − (1 − α)

(
1−xθ

(b)

1+xθ
(b)

)λ
]2 , (23)

vθ(x(b) | ζ) =

λ

(
1−xθ

(b)

1+xθ
(b)

)λ

·
2xθ

(b) log x(b)
(1−xθ

(b))(1+xθ
(b))

·
[

α − (1 − α) · 2
(

1−xθ
(b)

1+xθ
(b)

)λ
]

[
1 − (1 − α)

(
1−xθ

(b)

1+xθ
(b)

)λ
]2 , (24)

vλ(x(b) | ζ) =

(
1−xθ

(b)

1+xθ
(b)

)λ

log
(

1−xθ
(b)

1+xθ
(b)

)
·
[

α − (1 − α) · 2
(

1−xθ
(b)

1+xθ
(b)

)λ
]

[
1 − (1 − α)

(
1−xθ

(b)

1+xθ
(b)

)λ
]2 . (25)

are the partial derivatives of the CDF of the MO-UEHL distribution and ζ = (α, θ, λ).

4.3. Ordinary and Weighted Least-Squares

The OLS and WLS estimators of the parameters α, θ, and λ are obtained by minimizing
the following functions:

ls∗(ζ) =
n

∑
b=1

(
F(x(b) | ζ)− b

n + 1

)2
,

ws∗(ζ) =
n

∑
b=1

(n + 1)2(n + 2)
b(n − b + 1)

(
F(x(b) | ζ)− b

n + 1

)2
,

where F(·) is the CDF given by Equation (3). Equivalently, the OLS estimators α̂7, θ̂7, λ̂7

and WLS estimators α̂8, θ̂8, λ̂8 can be obtained by solving

n

∑
b=1

(
F(x(b) | ζ)− b

n + 1

)
vζ(x(b) | ζ) = 0,

n

∑
b=1

(n + 1)2(n + 2)
b(n − b + 1)

(
F(x(b) | ζ)− b

n + 1

)
vζ(x(b) | ζ) = 0,

where vα(x(b) | ζ), vθ(x(b) | ζ), and vλ(x(b) | ζ) are defined in Equations (23)–(25).
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4.4. Cramér–Von Mises

The CVM method minimizes the weighted sum of squared differences between the
empirical distribution function and the theoretical CDF. The CVM estimators α̂9, θ̂9, and λ̂9

are obtained by minimizing

C(ζ) =
1

12n
+

n

∑
b=1

(
F(x(b) | ζ)− 2b − 1

2n

)2
,

or equivalently, by solving

n

∑
b=1

(
F(x(b) | ζ)− 2b − 1

2n

)
vζ(x(b) | ζ) = 0, ζ = (α, θ, λ).

These estimation methods provide an effective framework for fitting the MO-UEHL
distribution to empirical data, with each method offering unique advantages in balancing
computational efficiency and accuracy.

5. Numerical Simulation
This part evaluates the efficiency of different estimation approaches for determin-

ing the parameters of the MO-UEHL distribution. For the simulation study, random
samples were produced using the MO-UEHL quantile function from Equation (6), with
sample sizes of n = 25, 50, 100, 200, 500. The focus here is on examining the behavior of
the estimators through five traditional methods: MLE, MPS, OLS, WLS, and CVM, as
outlined in Section 4. The evaluation relies on key indicators such as average absolute
bias (|Bias(ζ)| = 1

L ∑L
i=1 |ζ̂ − ζ|), mean squared error (MSE = 1

L ∑L
i=1(ζ̂ − ζ)2), standard

deviation (SD), and mean absolute deviation (MAD = 1
L ∑L

i=1 |ζ̂ − ζ|), where ζ = (α, θ, λ)

denotes the parameter set, and L = 1000 represents the simulation repetitions. Three dis-
tinct parameter sets were selected for the MO-UEHL: (α, θ, λ) = (0.7, 0.8, 0.8), (0.7, 1.5, 3.0),
and (0.7, 3.0, 5.0). These combinations allow for assessing estimator performance under
varying shape and scale scenarios. For every set and sample size, 1000 samples were
created via the quantile function in (6), followed by parameter estimation using the five
techniques. The outcomes are compiled in Table 2 for (α, θ, λ) = (0.7, 0.8, 0.8), Table 3 for
(α, θ, λ) = (0.7, 1.5, 3.0), and Table 4 for (α, θ, λ) = (0.7, 3.0, 5.0).

Table 2. Simulation results for α = 0.7, θ = 0.8, λ = 0.8, n = 25, 50, 100, 200, 500.

n Method Bias (α) Bias (θ) Bias (λ) MSE (α) MSE (θ) MSE (λ) MAD (α) MAD (θ) MAD (λ) SD (α) SD (θ) SD (λ)

25 MLE −0.0345 0.1008 0.0261 0.1088 0.0637 0.1074 0.2985 0.1848 0.2507 0.3282 0.2315 0.3269
MPS −0.0884 0.0067 −0.1659 0.1390 0.0513 0.1206 0.3370 0.1742 0.2801 0.3624 0.2265 0.3052
OLS −0.1126 0.0622 −0.1689 0.1654 0.0701 0.1779 0.3658 0.1963 0.3359 0.3910 0.2575 0.3867
WLS −0.1074 0.0674 −0.1463 0.1555 0.0612 0.1577 0.3547 0.1872 0.3169 0.3796 0.2382 0.3694
CVM −0.0941 0.1256 −0.0841 0.1567 0.0953 0.1879 0.3550 0.2202 0.3331 0.3848 0.2821 0.4255

50 MLE −0.0290 0.0588 −0.0104 0.0911 0.0308 0.0534 0.2723 0.1313 0.1823 0.3006 0.1654 0.2310
MPS −0.0730 0.0071 −0.1255 0.1105 0.0276 0.0694 0.2993 0.1289 0.2119 0.3245 0.1662 0.2317
OLS −0.0659 0.0407 −0.1135 0.1325 0.0373 0.0997 0.3308 0.1471 0.2525 0.3581 0.1890 0.2948
WLS −0.0642 0.0463 −0.0921 0.1187 0.0343 0.0799 0.3120 0.1393 0.2278 0.3387 0.1795 0.2674
CVM −0.0601 0.0722 −0.0730 0.1295 0.0433 0.0994 0.3270 0.1547 0.2520 0.3550 0.1952 0.3069

100 MLE 0.0087 0.0223 0.0036 0.0643 0.0133 0.0279 0.2227 0.0898 0.1345 0.2536 0.1131 0.1670
MPS −0.0237 −0.0054 −0.0644 0.0727 0.0132 0.0332 0.2363 0.0927 0.1455 0.2688 0.1149 0.1706
OLS −0.0088 0.0144 −0.0499 0.0892 0.0183 0.0493 0.2654 0.1055 0.1737 0.2987 0.1346 0.2165
WLS −0.0111 0.0161 −0.0375 0.0772 0.0153 0.0373 0.2458 0.0967 0.1539 0.2777 0.1228 0.1895
CVM −0.0062 0.0283 −0.0299 0.0884 0.0192 0.0494 0.2643 0.1063 0.1746 0.2974 0.1355 0.2204

200 MLE 0.0197 0.0107 0.0051 0.0493 0.0075 0.0166 0.1931 0.0681 0.1048 0.2213 0.0862 0.1286
MPS −0.0005 −0.0050 −0.0343 0.0531 0.0077 0.0184 0.2005 0.0705 0.1090 0.2305 0.0878 0.1313
OLS 0.0117 0.0060 −0.0221 0.0658 0.0097 0.0282 0.2267 0.0781 0.1340 0.2564 0.0985 0.1665
WLS 0.0133 0.0062 −0.0115 0.0546 0.0081 0.0209 0.2034 0.0703 0.1168 0.2335 0.0896 0.1441
CVM 0.0139 0.0136 −0.0114 0.0661 0.0102 0.0285 0.2271 0.0790 0.1348 0.2568 0.1000 0.1686

500 MLE 0.0157 0.0037 0.0043 0.0281 0.0033 0.0076 0.1385 0.0454 0.0704 0.1671 0.0573 0.0870
MPS 0.0030 −0.0029 −0.0151 0.0291 0.0034 0.0080 0.1418 0.0463 0.0719 0.1706 0.0582 0.0882
OLS 0.0202 0.0007 −0.0032 0.0402 0.0045 0.0130 0.1689 0.0534 0.0924 0.1995 0.0674 0.1139
WLS 0.0170 0.0014 −0.0003 0.0320 0.0037 0.0092 0.1483 0.0482 0.0782 0.1781 0.0607 0.0960
CVM 0.0219 0.0030 0.0010 0.0399 0.0046 0.0129 0.1681 0.0532 0.0922 0.1986 0.0675 0.1138
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Table 3. Simulation results for α = 0.7, θ = 1.5, λ = 3.0, n = 25, 50, 100, 200, 500.

n Method Bias (α) Bias (θ) Bias (λ) MSE (α) MSE (θ) MSE (λ) MAD (α) MAD (θ) MAD (λ) SD (α) SD (θ) SD (λ)

25 MLE −0.0752 0.2093 0.3633 0.1338 0.2028 3.2694 0.3317 0.3317 1.2116 0.3581 0.3989 1.7722
MPS −0.0749 0.0279 −0.6565 0.1553 0.1479 2.1342 0.3588 0.2951 1.1715 0.3872 0.3838 1.3057
OLS −0.1072 0.1137 −0.5658 0.1816 0.2082 3.7781 0.3863 0.3376 1.4143 0.4127 0.4421 1.8605
WLS −0.1134 0.1280 −0.5450 0.1778 0.1990 2.7351 0.3824 0.3269 1.3226 0.4064 0.4276 1.5622
CVM −0.1166 0.2272 −0.2057 0.1791 0.2903 3.4797 0.3811 0.3844 1.3890 0.4070 0.4888 1.8550

50 MLE −0.0616 0.1285 0.0248 0.1156 0.1037 1.0668 0.3082 0.2371 0.7781 0.3346 0.2954 1.0331
MPS −0.0676 0.0303 −0.5309 0.1328 0.0896 1.1573 0.3319 0.2281 0.8590 0.3583 0.2980 0.9361
OLS −0.0693 0.0806 −0.4321 0.1517 0.1155 1.8965 0.3540 0.2560 1.0635 0.3835 0.3303 1.3082
WLS −0.0753 0.0930 −0.3607 0.1422 0.1088 1.4543 0.3427 0.2460 0.9434 0.3697 0.3167 1.1513
CVM −0.0757 0.1317 −0.2247 0.1501 0.1314 2.0810 0.3514 0.2678 1.0779 0.3802 0.3379 1.4257

100 MLE −0.0142 0.0604 0.0193 0.0850 0.0466 0.4507 0.2613 0.1660 0.5311 0.2913 0.2073 0.6714
MPS −0.0127 0.0011 −0.2882 0.0941 0.0442 0.5002 0.2762 0.1681 0.5620 0.3066 0.2103 0.6462
OLS −0.0160 0.0376 -0.2456 0.1118 0.0611 0.8411 0.3011 0.1909 0.7059 0.3342 0.2443 0.8840
WLS −0.0151 0.0399 −0.1619 0.0986 0.0513 0.5924 0.2822 0.1745 0.5984 0.3137 0.2231 0.7528
CVM −0.0157 0.0594 −0.1288 0.1090 0.0634 0.8339 0.2973 0.1915 0.6969 0.3300 0.2448 0.9045

200 MLE 0.0044 0.0333 0.0034 0.0669 0.0267 0.2350 0.2297 0.1266 0.3825 0.2588 0.1601 0.4850
MPS 0.0065 −0.0010 −0.1706 0.0731 0.0267 0.2582 0.2413 0.1310 0.4036 0.2705 0.1635 0.4789
OLS 0.0098 0.0185 −0.1209 0.0843 0.0335 0.4219 0.2621 0.1435 0.5110 0.2903 0.1822 0.6385
WLS 0.0108 0.0181 −0.0690 0.0714 0.0279 0.3002 0.2380 0.1295 0.4338 0.2672 0.1661 0.5438
CVM 0.0048 0.0330 −0.0739 0.0845 0.0352 0.4358 0.2617 0.1455 0.5137 0.2908 0.1849 0.6564

500 MLE 0.0105 0.0133 0.0028 0.0416 0.0121 0.0965 0.1740 0.0873 0.2470 0.2038 0.1091 0.3108
MPS 0.0136 −0.0041 −0.0757 0.0441 0.0122 0.1022 0.1798 0.0891 0.2528 0.2095 0.1107 0.3107
OLS 0.0195 0.0065 −0.0427 0.0545 0.0163 0.1680 0.2019 0.1010 0.3225 0.2327 0.1276 0.4079
WLS 0.0178 0.0066 −0.0176 0.0452 0.0131 0.1189 0.1815 0.0914 0.2754 0.2121 0.1144 0.3446
CVM 0.0160 0.0127 −0.0242 0.0542 0.0166 0.1682 0.2012 0.1015 0.3247 0.2324 0.1284 0.4096

Table 4. Simulation results for α = 0.7, θ = 3.0, λ = 5.0, n = 25, 50, 100, 200, 500.

n Method Bias (α) Bias (θ) Bias (λ) MSE (α) MSE (θ) MSE (λ) MAD (α) MAD (θ) MAD (λ) SD (α) SD (θ) SD (λ)

25 MLE −0.0873 0.4367 0.9929 0.1397 0.8267 14.7758 0.3388 0.6666 2.3523 0.3636 0.7979 3.7153
MPS −0.0716 0.0615 −1.0802 0.1601 0.5684 6.9050 0.3655 0.5829 2.0829 0.3939 0.7518 2.3966
OLS −0.1118 0.2447 −0.9075 0.1880 0.8930 10.3177 0.3951 0.6869 2.3858 0.4191 0.9132 3.0828
WLS −0.1147 0.2739 −0.8101 0.1828 0.8472 8.4912 0.3888 0.6643 2.2597 0.4121 0.8792 2.8006
CVM −0.1257 0.4551 −0.1482 0.1854 1.1313 13.2184 0.3890 0.7617 2.4528 0.4121 0.9619 3.6346

50 MLE −0.0692 0.2723 0.2286 0.1212 0.4274 3.9236 0.3154 0.4791 1.4293 0.3414 0.5946 1.9686
MPS −0.0619 0.0591 −0.8735 0.1364 0.3455 3.4543 0.3373 0.4495 1.4906 0.3643 0.5851 1.6413
OLS −0.0698 0.1667 −0.6827 0.1565 0.4712 5.4363 0.3612 0.5126 1.8300 0.3896 0.6662 2.2305
WLS −0.0714 0.1852 −0.5329 0.1455 0.4423 4.2431 0.3471 0.4915 1.6136 0.3749 0.6391 1.9908
CVM −0.0833 0.2838 −0.3171 0.1575 0.5885 5.5270 0.3604 0.5519 1.8084 0.3882 0.7131 2.3307

100 MLE −0.0212 0.1312 0.1037 0.0896 0.1882 1.4455 0.2686 0.3343 0.9332 0.2987 0.4137 1.1984
MPS −0.0086 0.0041 −0.4962 0.0983 0.1778 1.4629 0.2832 0.3362 0.9729 0.3135 0.4219 1.1036
OLS −0.0060 0.0671 −0.3473 0.1136 0.2351 2.4399 0.3060 0.3770 1.2003 0.3372 0.4804 1.5237
WLS −0.0127 0.0815 −0.2326 0.1026 0.2081 1.7595 0.2891 0.3503 1.0312 0.3202 0.4491 1.3066
CVM −0.0194 0.1278 −0.1825 0.1152 0.2645 2.5302 0.3059 0.3882 1.2076 0.3390 0.4984 1.5810

200 MLE 0.0005 0.0738 0.0403 0.0708 0.1092 0.6923 0.2369 0.2546 0.6476 0.2661 0.3223 0.8315
MPS 0.0116 −0.0029 −0.2971 0.0770 0.1074 0.7182 0.2489 0.2624 0.6783 0.2774 0.3279 0.7941
OLS 0.0113 0.0412 −0.1913 0.0886 0.1393 1.2415 0.2693 0.2910 0.8733 0.2976 0.3711 1.0983
WLS 0.0108 0.0402 −0.0940 0.0749 0.1132 0.9080 0.2444 0.2602 0.7473 0.2736 0.3342 0.9488
CVM 0.0064 0.0671 −0.1014 0.0887 0.1431 1.2684 0.2689 0.2918 0.8767 0.2978 0.3725 1.1222

500 MLE 0.0094 0.0292 0.0139 0.0446 0.0491 0.2618 0.1808 0.1758 0.4062 0.2111 0.2198 0.5117
MPS 0.0198 −0.0114 −0.1361 0.0478 0.0499 0.2696 0.1881 0.1800 0.4135 0.2177 0.2231 0.5014
OLS 0.0213 0.0135 −0.0687 0.0575 0.0666 0.4472 0.2088 0.2049 0.5368 0.2389 0.2579 0.6655
WLS 0.0159 0.0163 −0.0282 0.0474 0.0517 0.3214 0.1869 0.1820 0.4542 0.2172 0.2270 0.5665
CVM 0.0182 0.0260 −0.0304 0.0581 0.0685 0.4572 0.2096 0.2055 0.5417 0.2405 0.2605 0.6758

In summary, MLE tends to deliver strong results across various scenarios, especially
with larger samples (n ≥ 100), showing reduced bias, MSE, MAD, and SD for most pa-
rameters. On the other hand, CVM estimators generally exhibited higher bias and MSE
compared to MLE and MPS, particularly for larger values of λ. As the number of obser-
vations grows, accuracy measures improve markedly for all approaches, leading to more
dependable outcomes, particularly where initial small-sample inaccuracies are pronounced.
For bigger datasets, MLE aligns closely with WLS, providing solid performance alongside
ease of computation. In practice, MLE and MPS are advisable for modest samples, where
MLE shines in minimizing bias and MPS in achieving balanced error reduction (MSE).
For large data, MLE achieves the lowest AIC. These observations emphasize how data
volume and parameter scale critically affect estimator selection, positioning MLE and MPS
as dependable options in diverse conditions.
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Ordering the techniques by MSE sheds more light on their efficacy. For the combination
α = 0.7, θ = 0.8, λ = 0.8 in Table 2, MLE and MPS frequently lead for θ and λ, with MPS
performing well in small samples (n = 25, 50) and MLE taking precedence in large ones
(n ≥ 100). OLS and CVM typically fall behind, especially regarding λ. In the case of
α = 0.7, θ = 1.5, λ = 3.0 in Table 3, MLE, MPS, and WLS dominate, with MPS excelling
in small data and MLE prevailing in large data; OLS tends to rank at the bottom. For
α = 0.7, θ = 3.0, λ = 5.0 in Table 4, MLE and MPS yield optimal results in bigger samples,
while MPS holds its ground in smaller ones, and OLS exhibits the least favorable outcomes,
particularly for λ. In general, MLE and MPS prove most consistent across configurations,
with MPS advantageous for restricted data and OLS regularly lagging.

Furthermore, the visual depictions of the simulation data in Figures 2–4 effectively
back the tabulated insights for the parameter groups (α, θ, λ) = (0.7, 0.8, 0.8), (0.7, 1.5, 3.0),
and (0.7, 3.0, 5.0), respectively. These visuals effectively reinforce the findings presented in
the tables, illustrating the trends of estimators for α, θ, and λ across varying sample sizes.

Figure 2. MSE and MAD for α across sample sizes.



Symmetry 2025, 17, 2084 15 of 20

Figure 3. MSE and MAD for θ across sample sizes.

Figure 4. MSE and MAD for λ across sample sizes.
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6. Real Data Applications
To demonstrate the empirical applicability of the MO-UEHL distribution, we ap-

ply it to two real datasets from health and education contexts. These datasets consist
of naturally bounded proportions in the unit interval (0, 1), aligning with the model’s
design for modeling rates and proportions. The MO-UEHL is compared with several
competing distributions, including the MO-Exponential, MO-Kumaraswamy, MO-Weibull,
MO-Frechet, Kumaraswamy, and Weibull distributions, using goodness-of-fit measures
such as AIC, AICc, BIC, HQIC, Anderson–Darling statistic (W∗ with p-value W∗

p ), and
Kolmogorov–Smirnov statistic (KS with p-value KSp).

6.1. COVID-19 Mortality Rate Dataset

The first dataset represents daily mortality rates (proportion of deaths relative to
cumulative cases) for COVID-19 in the United Kingdom over 82 days, from 1 May to
16 July 2021 [21]. The data are: 0.0023, 0.0023, 0.0023, 0.0046, 0.0065, 0.0067, 0.0069, 0.0069,
0.0091, 0.0093, 0.0093, 0.0093, 0.0111, 0.0115, 0.0116, 0.0116, 0.0119, 0.0133, 0.0136, 0.0138,
0.0138, 0.0159, 0.0161, 0.0162, 0.0162, 0.0162, 0.0163, 0.0180, 0.0187, 0.0202, 0.0207, 0.0208,
0.0225, 0.0230, 0.0230, 0.0239, 0.0245, 0.0251, 0.0255, 0.0255, 0.0271, 0.0275, 0.0295, 0.0297,
0.0300, 0.0302, 0.0312, 0.0314, 0.0326, 0.0346, 0.0349, 0.0350, 0.0355, 0.0379, 0.0384, 0.0394,
0.0394, 0.0412, 0.0419, 0.0425, 0.0461, 0.0464, 0.0468, 0.0471, 0.0495, 0.0501, 0.0521, 0.0571,
0.0588, 0.0597, 0.0628, 0.0679, 0.0685, 0.0715, 0.0766, 0.0780, 0.0942, 0.0960, 0.0988, 0.1223,
0.1343, 0.1781. Table 5 summarizes the descriptive statistics for this dataset, indicating a
positively skewed distribution with a mean of 0.0357 and kurtosis of 4.9781.

Table 5. Descriptive statistics of the COVID-19 mortality rate dataset.

Size Mean Median StdDev Skewness Kurtosis Sk./Ku.

82 0.0357 0.0273 0.0313 1.9843 4.9781 0.3986

Table 6 presents the goodness-of-fit results. The MLE estimates are α = 0.1186,
θ = 1.7944, and λ = 37.4075. Table 6 shows that the MO-UEHL distribution outperforms
with the lowest AIC of −387.15, supported by the highest p-values for W∗

p (0.9998) and
KSp (0.9976), demonstrating a superior fit to the data. In contrast, Table 6 indicates that
MO-Weibull has a high W∗ value of 14.50 and very low p-values (W∗

p < 0.01, KSp < 0.01),
pointing to a poor fit. Kumaraswamy, with an AIC of −384.67 and lower p-values (0.7828
for W∗

p , 0.9321 for KSp), also falls short compared to MO-UEHL.

Table 6. Goodness-of-fit results for the COVID-19 mortality rate dataset.

Distribution Parameters −2 log L AIC AICc BIC HQIC W∗ W∗
p KS KSp

MO-UEHL α = 0.1186, θ = 1.7944,
λ = 37.4075 −393.15 −387.15 −386.84 −379.93 −384.25 0.01 0.9998 0.04 0.9976

MO-Exponential α = 1, λ = 27.9997 −382.48 −378.48 −378.33 −373.67 −376.55 0.28 0.1535 0.13 0.1398

MO-Kumaraswamy α = 0.0051, θ = 1.9211,
λ = 5.4967 −390.47 −384.47 −384.17 −377.25 −381.58 0.02 0.9933 0.05 0.9943

MO-Weibull α = 0.003, θ = 0.579, λ = 3 −390.00 −384.00 −383.69 −376.78 −381.10 14.50 <0.01 0.63 <0.01

MO-Frechet α = 1, θ = 0.0158,
λ = 1.0158 −365.03 −359.03 −358.72 −351.81 −356.13 0.37 0.0884 0.11 0.2331

Kumaraswamy θ = 1.2398, λ = 55.7227 −388.67 −384.67 −384.52 −379.86 −382.74 0.07 0.7828 0.06 0.9321
Weibull θ = 0.0386, λ = 2 −389.08 −385.08 −384.93 −380.27 −383.15 0.58 0.0255 0.17 0.0221

6.2. Reading Accuracy Scores Dataset

The second dataset consists of reading accuracy scores for 44 elementary school stu-
dents, representing the proportion of words read correctly in a short story [22,23]. The data
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are naturally bounded in (0, 1) as they measure accuracy proportions. Table 7 summarizes
the descriptive statistics for this dataset, indicating a nearly symmetric distribution with a
mean of 0.7728 and negative kurtosis of −1.6278.

Table 7. Descriptive statistics of the reading accuracy score dataset.

Size Mean Median StdDev Skewness Kurtosis Sk./Ku.

44 0.7728 0.7059 0.1790 0.0965 −1.6278 −0.0593

Table 8 presents the goodness-of-fit results. The MLE estimates are α = 0.3213,
θ = 4.6257, and λ = 0.384. Table 8 shows that the MO-UEHL distribution achieves a com-
petitive fit with an AIC of −53.35, supported by p-values for W∗

p (0.0672) and KSp (0.0492).
While MO-Kumaraswamy has a slightly higher AIC of −50.61, MO-UEHL outperforms
models like MO-Exponential (AIC 69.31, low p-values) and Weibull (AIC −23.94, low
p-values), indicating better alignment with the data for this proportion-based dataset.

Table 8. Goodness-of-fit results for the reading accuracy score dataset.

Distribution Parameters −2 log L AIC AICc BIC HQIC W∗ W∗
p KS KSp

MO-UEHL α = 0.3213, θ = 4.6257,
λ = 0.384 −59.35 −53.35 −52.75 −47.99 −51.36 0.41 0.0672 0.21 0.0492

MO-Exponential α = 1, λ = 1.2941 65.31 69.31 69.61 72.88 70.64 2.55 <0.01 0.48 <0.01

MO-Kumaraswamy α = 0.2219, θ = 4.1182,
λ = 0.3874 −56.61 −50.61 −50.01 −45.26 −48.63 0.46 0.0508 0.21 0.0373

MO-Weibull α = 0.466, θ = 0.9103,
λ = 3 −28.64 −22.64 −22.04 −17.28 −20.65 1.08 <0.01 0.30 <0.01

MO-Frechet α = 0.0053, θ = 2.6808,
λ = 1.2825 −21.29 −15.29 −14.69 −9.94 −13.31 0.24 0.2072 0.16 0.1956

Kumaraswamy θ = 2.6934, λ = 0.6647 −53.22 −49.22 −48.93 −45.65 −47.89 0.63 0.0188 0.24 0.0138
Weibull θ = 0.844, λ = 2 −27.94 −23.94 −23.65 −20.37 −22.62 0.98 <0.01 0.31 <0.01

Figure 5 presents density plots with histograms comparing the performance of the
proposed MO-UEHL distribution against several competing models. The findings depicted
in Figure 5 effectively support the results from the real data analysis, confirming the
superior fit of the MO-UEHL distribution across the analyzed datasets.

Figure 5. Density plots and histograms of fitted distributions for real datasets.

To visually assess the goodness-of-fit of the MO-UEHL distribution, Figure 6 presents
QQ plots for the two real datasets. In each panel, empirical quantiles are plotted against
theoretical quantiles computed from the fitted MO-UEHL model using MLE estimates. The
plots indicate a good fit for both datasets, with only minor deviations in the tails, which
validates the MO-UEHL model’s alignment with the data.
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Figure 6. QQ plots of the fitted MO-UEHL distribution against empirical quantiles for the
two real datasets (blue dots: empirical quantiles; red dashed line: theoretical quantiles).

Across both datasets, the MO-UEHL distribution consistently achieves the best or
a highly competitive fit, as evidenced by the lowest AIC, AICc, BIC, and HQIC values,
alongside high W∗

p and KSp values, confirming its strong alignment with proportion-based
data distributions. The adaptability of the MO-UEHL’s three parameters (α, θ, λ) enables
it to model a wide range of distributional shapes effectively, making it a valuable tool
for health modeling, educational analysis, and other fields requiring precise unit interval
data modeling.

7. Conclusions
This study has introduced the MO-UEHL distribution, a novel extension of the UEHL

distribution through the application of the Marshall–Olkin transformation. The proposed
three-parameter model, defined on the unit interval (0, 1), offers enhanced flexibility in
capturing a wide range of distributional shapes, including positively skewed, reverse
J-shaped, and unimodal patterns, making it an effective tool for modeling proportional
data in reliability and survival analysis. The comprehensive derivation of its mathematical
properties—such as the PDF, CDF, SF, HRF, quantile function, moments, and information-
theoretic measures like the Shannon and residual entropy—provides a solid theoretical
foundation. Parameter estimation methods, including MLE and MPS, were evaluated
through extensive simulation studies, revealing that MLE and MPS outperform other
techniques, particularly for larger sample sizes, while offering computational efficiency.

The practical applicability of the MO-UEHL distribution was validated through its su-
perior performance across four real datasets from environmental and engineering domains,
as evidenced by lower AIC, BIC, and HQIC values, alongside high Anderson–Darling and
Kolmogorov–Smirnov p-values compared to competing models. These results underscore
the model’s ability to handle datasets with significant skewness, establishing it as a useful
contribution in fields requiring precise unit interval data modeling.
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The findings of this research demonstrate the MO-UEHL distribution’s utility for
contributing to statistical modeling, providing a reliable framework for future applications
in reliability engineering and related disciplines.
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