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Abstract: This paper presents new weighted lower and upper bounds for the Euclidean
numerical radius of pairs of operators in Hilbert spaces. We show that some of these
bounds improve on recent results in the literature. We also find new inequalities for the
numerical radius and the Davis-Wielandt radius. The lower and upper bounds we obtain
are not symmetrical.
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1. Introduction

Let H be a complex Hilbert space with inner product (-, -) and corresponding norm || - ||.
We represent the C*-algebra of all bounded linear operators on H by £(H). For any operator
A € L(H), we denote its adjoint by A*, and let |A| = (A*A)!/? indicate the positive square
root of A*A. The real and imaginary parts of A are defined as R(A) = (A + A*) and
J(A) = (A — A*), respectively. The numerical range of A, written as W(A), is the set
{{Ax,x) :
in L(H).

Let ||A|| and w(A) represent the operator norm and numerical radius of the operator

x € H,||x|| = 1}. For simplicity, we use “operator” to refer to an operator

A, respectively. The operator norm of A is defined as

[Al} = sup{[{Ax,y)| : x,y € H,[[x]| = [y =1},
and the numerical radius of A is given by

w(A) = sup{|(Ax,x)| : x € H, ||x|| = 1}.
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It is established that the numerical radius w(-) defines a norm on £(H) and is comparable
to the operator norm || - ||. Specifically, the following double inequality holds:

SlAll < w(4) < 4] )

These inequalities are sharp. The first inequality attains equality if A> = 0, while the
second inequality attains equality if A is a normal operator, i.e., A*A = AA*. Kittaneh [1]
presented a refinement of these inequalities by establishing that

1 V2
5\/H|AIZ+ |A* | < w(A) < 7\/H|AI2+ |A*|. )

For further developments on (1) and (2), readers may refer to [2-8] and the refer-
ences therein.
The Davis—Wielandt radius of an operator T € L(H), denoted by dw(T), is defined
in [9,10] as
1/2
dw(T) = sup (|(Tx,x)]2 + || Tx[*) .
[lxl=1
It follows that dw(T) > 0 and dw(T) = 0 if, and only if, T = 0. For any scalar 5 € C,
the Davis—-Wielandt radius satisfies dw(yT) > |n|dw(T) if |y| > 1, dw(yT) < |y|dw(T) if
l7| <1, and dw(yT) = || dw(T) when || = 1.
Note that the triangle inequality dw(T + S) < dw(T) + dw(S) does not hold for
arbitrary T,S € L(H). However, this inequality is valid when R(T*S) = 0 (see ([11],
Corollary 2.2)). Additionally, it is straightforward to show that

max{w(T), | T||*} < dw(T) < (wz(T) + HTH4)1/2,

and these inequalities are sharp (see ([11], Corollary 2.2)).
Zamani and Shebrawi ([12], Theorem 2.1) established that

du(T) < [wA(T ~ [T[%) + 2| T%u(D)]

Additionally, in ([12], Theorems 2.13, 2.14, and 2.17), the authors showed that
dw?(T) < || T|> max{1, | T|[*} + v2w(|T]T),

dw?(T) < 5 (1T + TP + T = |TP|| + V2w (I TT) ),

N =

and
dw?(T) < || T max{w(T), | T2} [1 + | T|P + 20(7)]

for any operator T € L(H).
In recent work, Bhunia et al. ([11], Theorem 2.4) provided the following upper bound:

dw(T) < [[|T/* + T, ®)

forany T € L(H).
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Additionally, in [13], the authors derived inequalities for the sum of operators,
as follows:

do(T+5) < [2(dA(1) + () + 6T+ 5]

IN

7

2v2[dw?(T) + de(S)]l/2

forT,S € L(H).
Let (C, D) be a pair of bounded linear operators on H. The Euclidean operator radius
is defined as: '
w.(C,D) = sup (|(Cx )2+ |{Dx)2) "
[lx[|=1
As noted in [14], w, : B2(H) := B(H) x B(H) — [0, ) defines a norm, and the following
inequality is satisfied:

V2 1/2 1/2
X ier+1pR| T < we(c, by < ||ici2+ DR @

for (C,D) € B*(H), where the constants % and 1 are optimal in (4). For more details on
the Euclidean operator radius, related results, and their generalizations, see [15-20] and
the references cited therein.

We observe that for C = T and D = |T|?, we have
1/2

we(T, |TP) := STpl(“Tx”‘”z + (| T12x, %))

1/2
= sup (KT, )+ | Tx)|*) " = dao(T).
x||=1

By setting C = T and D = |T|? in (4), we obtain

V2 172 < d(r) < |17+ e,
which provides the upper bound from (3) and a similar lower bound.

Motivated by the above results, in this paper, we present some new weighted lower
and upper bounds for the Euclidean numerical radius of a pair of operators and show
that some of them are sharper than certain recent results obtained by other authors. As a
natural consequence, we also derive new inequalities for the numerical radius and the
Davis-Wielandt radius.

Among other results, we obtain the following lower bounds for the Euclidean numeri-
cal radius:

w2 (A, B) > %max{w (o2 + ) (42 + B2) + 20¢B(4B + BA)),
w [(rxz + /32) (A2 + BZ) —2aB(AB + BA)} }

+ %max{|zx + Blw(A+ B), |a — Blw(A —B)} x |w(aA+ BB) —w(BA + aB)|,
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and
w?(A,B) > |ap|w(AB + BA)
+ 5 max{wla(l+)A+ B(1 — i)B] wla(l~ ) A+ B(1 +)B]}
X |w(xA+ BB) —w(eA — BB)|,

for A,B € L(H) and &, p € C with |a]* + [B|* =1

Let f, g, h, and k be nonnegative continuous functions on [0, o) satisfying the condition
f(t)g(t) = h(t)k(t) = tforallt € [0,00). If A,B € L(H) and &, 8,7, € {—1,1}, then we
also obtain the following upper bounds:

[ o] Jerany s |,

and
w2(4,8) < |Praan +ersp| | a s

for A,B € L(H) and p,q > 1 with % + % =1
Applications for the numerical radius and the Davis-Wielandt radius are also provided.

2. Main Results

In this section, we present our main results, beginning with the following initial result.
Theorem 1. For A,B € L(H) and a, 8,7, € C with |a* + |B|* = |7|* + |6]* = 1, we have
w7 (A, B) ()
>% x{w[(a +97) 42 + (8 + ) B + (af +10) (AB + BA)],
wl (a2 +92) A2+ (B2 +62) B2 — (aB+10)(AB+BA) | }
+ %max{w[(ﬂc +7)A+ (B+0)Blwl(a—7)A+ (B —5)B}
x |w(aA+ BB) —w(yA+6B)],

and
wz (A, B) ©)
> L max{w H( Wt B+ (v 102 A% 4 [ B+ (y— 07 B2
+(oc2+'y 82) (AB + BA),
w|[(a = B) + (v = 8| A2+ |(a+ B)° + (v +0)°| B2

+(a? 72— B2~ &%) (AB+BA) }

+imax{w[(a+’y+ﬁ+5)A+(ac+’yfﬁf(5)B],
w((a+p—7—0)A+(a—p—7+3)BJ}

X Jw((a+p)A+ (a = B)B) —w((y +)A+ (v = 9)B)|.
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Proof. By using the Cauchy-Schwarz inequality for |a|? + |B|* = 1, we have

<|oc|2 + \/3|2) (|<Ax,x>|2 + ‘(Bx,x>|2)
(el [(Ax, )] + |B][ (Bx, x))?

= ((wAx,x)| +[(BBx,%)|)’
|(xAx, x) + <5Bx,x>|2 = |((xA + BB)x, x) 2

[(Ax,2)[* + (B, 2)[°

AV

V

7

forall x € H.
If we take the supremum over x € H, ||x|| = 1, we obtain

w?(A,B) > w?(aA + BB).
Also, if |y|* + |6 = 1, we have
w?(A,B) > w*(yA + JB).
Therefore,
w?(A,B) > max{wz(zxA + BB), w2 (yA + 53)} @)
= % [wz(aA + BB) + w?(yA + zSB)]
+ %‘wz(zxA + BB) — w*(yA + (5B)’
_ % [P (a + B) + wX(vA + 5B)
+ %[w(zxA + BB) + w(yA + 6B)] ‘w(ocA + BB) — w(yA + 6B)|.

Now, observe that

w*(aA + BB) + w?(yA + 6B)
> w|(eA + B)’| +w|(vA +6B)]
> max{w [(zxA +BB)? + (A + 5B)2],w {(aA + BB)? — (vA + 5B)2} }
= max{w [(az n 72)142 + (2B + 70)(AB + BA) + (/52 + 52) BZ],
w{(zxz + ’yz) A2 — (aB+75)(AB + BA) + (ﬁ2 + 52> BZ} }
and
w(xA+ BB) +w(yA+6B)
> max{w((a + v)A+ (B+0)B,w[(a —v)A+ (B —6)B]},

and by (7), we derive (5).
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Now, if we replace A with C + D and B with C — D, then we obtain

w?(C+D,C—D)

> %max{w[(zxz +72) (C+ D)2+ (ﬁ2 +(52)(C —D)?

+ (B +6)((C+D)(C— D)+ (C—D)(C+ D)),
w|(a?+9?)(C+ D)+ (62 + %) (C~ D)’
—(ap+70)((C+D)(C—D)+(C—D)(C+D))J}

+ 3 max{w|(a +7)(C+ D) + (6+5)(C~ D)}

w[(a —7)(C+ D)+ (B—0)(C—D)[}

X |lw(a(C+ D)+ B(C—-D))—w(y(C+D)+46(C—D))]|.

Observe that

Then,

(ocz + 'yz) (C+ D)%+ (ﬁz + (52) (C - D)?

- (a2+72)(C2+D2+CD+DC)+(/32+52)(C2+D2—CD—DC)

_ (a2+72+ﬁ2+52><C2+D2>+(a2+72—/32—(52>(CD+DC)

(C+D)(C—-D)+(C—D)(C+D)
=C?-D*+DC-CD+C?>-D?=DC+CD
=2(c?-p?).

a2 +19%)(C+D)*+ (B2 +0%)(C— D)’

+ (af+96)((C+D)(C—D)+ (C—-D)(C+ D))

(42 +77+ 2 +82) (C2+ D?) + (o +17 — 2= 8) (CD + DC)
2(ap +6)(C* — D?)

- (uc2 F92 4 B2+ 82+ 2(ap + 75))C2

+

Ny N —Z(oaﬁ+'y(5))D2

(a+B)° + (v +0)°|C + [(a — ) + (v — 6)*| D?

(
(az I 52) (CD + DC)
[
(042 TPV, . 52) (CD + DC),

®)
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(42 +1%)(C+ D)+ (B2 + %) (C -
— (¢p+76)((C+D)(C—-D)+(C )(C+D))
= (2492 + B+ ) (C+D?) + (Dc +9% — g2~ 8*)(CD + DC)
—2(ap+79)(C* - D?)
= (2492 + B+ % 2(ap +70) ) C?
+ (o297 + B2+ 8+ 2(ap + 7)) D?
+ (oc2+'yz—ﬁ2—52)(CD+DC)
= [(a =)+ (v = 0| + [+ ) + (v + )| D?
+ (a2 +17 - g2 - 8*) (CD + DC).
Also,
(a+9)(C+D)+(B+6)(C—D)=(a+7v+p+6)C+ (a+v—p—0)D,
and
(€= 7)(C+D)+(5=8)(C—D) = (a+p—7—)C+(&—7—p+)D,
Moreover,
w?(C+ D,C — D) = 2w?(C,D),
and by (8), we obtain
2w;(C, D)
> 2 max{w| [t B2 + (v + 8% C+ [(@— B + (v - 8] D2
+ (42492~ B> — %) (CD + DC),
w|[(a— )+ (v = 6| + [(w+ B + (v + )| D?
+(a?+92 - 2~ &%) (CcD+DC) }
+ 5 max{wl(a + 7+ +8)C+ (-t y — f—8)D]
wl(@+p—7-06)C+(a—vy—p+0)DJ}
X [w((a+ B)C+ (« — p)D) —w((y+6)C+ (v —4)D)|,
and, by replacing C with A and D with B, the inequality (6) is obtained. [
Remark 1. We observe that fora =0, =1,y = 1 and 6 = 0 we obtain from (5) that
w2(A,B) > %w(A2+B2) + %max{w(MA),w(B —A)} )

x [w(B) —w(A)],
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while from (6), that

w?(A, B) > %maxw(Az +B?) + %max{w(A),w(B)} (10)
X |w(A - B) —w(A+ B)|.
It should be noted that the inequality (10) was obtained earlier in ([21], Theorem 2.2). Moreover,
both inequalities (9) and (10) are refinements of the inequality
1
2 2 2
wA(A,B) = sw(42+ B?),
obtained in 2006 by the second author, see [22].

Remark 2. If we take v = a, 6 = B in (5), then we obtain
w?(A,B) > max{w [(ocA + ﬁB)ﬂ,w [(aA - 53)2} } (11)

for A,B € L(H)and a, p € Cwith |a)*+|B|* =1.Fora = = g, we obtain

w?(A,B) > %max{w [(A + B)Z} , W [(A - B)Z} }, (12)

which is a known result, see [22].

If we take v = B, 6 = a in (5), then we obtain

w?(A, B) > %max{w (a2 +6) (424 B2) + 2¢B(AB + BA), (13)
wl (a2 + B) (4% + B?) — 20p(AB + BA)| }
+ %max{\a + Blw(A+B), |a — Blw(A —B)}
X |w(aA+ BB) —w(BA + aB)|,
for A,B € L(H)and a, p € Cwith |a)* +|B|* =1.Fora = = g, we obtain again (12).
If we take y = in, § = —if in (5), then we obtain
w?(A,B) > |ap|lw(AB + BA) (14)
+ 3 max{wla(1+1)A +B(1— i)B],wla(l —)A+ (1 +i)B]}
X |w(xA+ BB) —w(eA — BB)|,

for A,B € L(H) and «, p € Cwith |«|* + |B|* =1.Fora = p = @, we obtain
w?(A,B) > ~w(AB + BA)

max{w[(1+i)A+ (1 —1i)B],w[(1—i)A+ (1+1i)B]}
X |[w(A+B) —w(A — B)]|.

_|_

oyl SIS
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If we take y = iB, 6 = —iwn in (5), then we obtain
w?(A, B) (15)
1 2_ .2\ (p2 _ 42
> - max{w[ (82— o?) (B2 - A%) + 20B(AB + BA)],
w [(/32 - az) (32 - Az) — 20B(AB + BA)} }
1
+5 max{w|[(a +iB)A + (B —ia)B],w[(a —iB)A + (B +ix)B]|}
X |w(xA+ BB) —w(BA —aB)|,
for A,B € L(H) and a, p € C with |a|* + |B]* = 1. Fora = %iand B= %, we obtain
2 1 a2 a2
w?(A,B) > zmax{w{(B—i—zA) },w[(B iA) H
By choosing « = sin 6, f = cos 6, 6 € R, we can also state the trigonometric inequalities

w?(A,B) > max{w [(sin 6 A + cos GB)Z} ,W [(sin()A — cos GB)Z} },

w?(A,B) > %max{w [AZ + B? +sin(20)(AB + BA)},
w [AZ + B? —sin(20)(AB + BA)] }
1
+5 max{|sin 6 + cos 6|w(A + B), |sinf — cos8|w(A — B)}
X |w(sinfA 4 cos 0B) — w(cos 0A + sin6B)|,

w?(A,B) > ~|sin(26)|w(AB + BA)

=N -

+ 5 max{w[sin6(1+i)A + cos6(1 —i)B],
w[sinf(1 —i)A + cos0(1+1i)B]}

X |w(sinfA 4 cos 0B) — w(sinfA — cos 6B)|,

and

w?(A,B) > %max{w [cos(29) <32 - AZ) + sin(26)(AB + BA)} ,
w [cos(29) (B2 - AZ) —sin(20)(AB + BA)} }
+ %max{w[(sinQ +icosf)A + (cosf —isin@)B],
w((sin@ —icos0)A + (cosf + isin6)B]}
X |w(sin @A + cos 0B) — w(cos 0A —sin6B)|,

for A,B € L(H)and 6 € R.
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Now, if we take A = T and B = T* in Theorem 1 and since w?(T, T*) = 2w?(T), then
we obtain

w!(T) = g max{w| (a2 +92) T2+ (B2 402 ) (1) + (@B +40) (I T/ + |T°F) |,
w| (a2 +92) T2+ (B2 +62) (T*) = (B +16) (T + |T°F) | }
+ g max{wl(a+ )T+ (B + )T, wl(@— )T+ (B~ 5)T"]}
X |w(aT + BT*) —w(yT + 6T")|,

and
@ (T) > g max{w H( B4 (40 T2 4 [l 2 4 (= 0] (1)
'Y

=) (1P +1T°P),

w|[(a— B) + (v = 07| T2+ [(a+ B)* + (v + )| (T*)?
+(a2 92— g2 =) (TP +|T°7) }

+ gmax{ol(at v+ f+ )T+ (aty— 8T,

wl@+p—r=0)T+(@=-p—7+)T]}
X Jw((a+p)T+ (a = B)T") —w((y + )T+ (y =T

for a, B,7,6 € Cwith |a* + [B]* = [7[* + |6]* =1
If we take A = T and B = T* and v = &, 6 = §in (5), then we obtain

1
w?(T) > 3 max{w{(th—l— ,BT*)Z},w[(aT — ﬁT*)Z} },
for T € £L(H) and a, B € C with |a* + |]* = 1. Fora = p = @,we obtain
1
2 > - %112 k)2
wA(T) > g max{||T+T°|% |7 - T*|*}.
If we take A = T and B = T* and v = 8, § = a in (5), then we obtain

@(1) 2 gmax{uf (x4 2) (124 (1) + 20817+ 1),

wl (4 87) (124 (17)7) — 208 (I TF + 177 |}
+ g max{la+ BIIT + T, | — BIIT — T
x [w(@T + BT") — w(BT + aT")],

for T € £L(H) and o, B € Cwith |a|* + |B]* =1
For « = 0 and 8 = 1, we obtain

WA(T) > %w[<T2+<T*>2)} _ iHTzHT*)z

forT € L(H).
Further, from (14), for A = T and B = T*, we obtain
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WA (1) > 2ap| TP + |7

+ - max{w[a(1+i)T+ (1 —i)T*], wa(l —i)T+ B(1+i)T*]}

N

X |lw(aT + BT*) —w(aT — BT")|,
for T € £L(H) and a, B € C with |a> + |]* = 1. Fora = p = @,we obtain
(1) > 7 |ITP+ 17
+ %max{w[(lei)T—k (1— )T, w[(1— )T+ (1+)T]}
XNT+ T =T =TI,

forT € L(H).
This inequality is better than the first inequality of Kittaneh, (2).
Moreover, if we take A = T and B = T* in (15), then we obtain

w?*(T) (16)
imax{w[(ﬁz —a?) (1) = 12) + 20 (| TP+ |T*P) |,

w] (8 =a?) () = 7%) —2p (T + 7P |

+ L max{w](a +iB)T + (B — i) T*], wl(a — iB)T + (B + ia) T*]}

4
X |w(aT + BT*) —w(BT —aT™)|,

>

for T € £L(H)and a, p € C with |a|? + |B> = 1. Fora = %2i and p = %2, we obtain

WA(T) > lmax{w[(T*JriT)z],w[(T*—iT)z]}

4
= imax{H(T*—i—in },

(T — iT)Z‘

7

since (T* +iT)% and (T* — iT)? are normal operators.
Also, if we take « = 0 and § = 1 in (16), then we obtain

) Yol (1) = Y

7

since (T*)2 — T? is normal. This inequality was obtained before in ([22], Remark 2).

If we consider the real and imaginary part of T € L£(H), then the following Cartesian
decomposition holds: T = R(T) + iJ(T) and w2 (R(T),3(T)) = w?(T).

If we write the inequality (11) for A = R(T) and B = J(T), then we obtain

w?(T) > max{w|(@R(T) + p3(T))?], v (ar(T) - p3(T))?] },
for T € £L(H) and a, B € C with |a> + |8]* = 1. Fora = p = %,we obtain

@?(T) > 2 max{[(T) +3(T) |, [9%(T) ~ 3(T)]12}.
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By letting A = R(T) and B = J(T) in (13), we also have

1
2
w (T) > =m

ax{w[ (o? + 62) (RA(T) + 3(T) ) + 2¢B(R(T)3(T) + I(T)R(T))),
w[ (o2 + 82) (R3(T) + 3(T) ) — 2ap(R(T)I(T) + HT)R(T))] }

+ 3 max{la+ BlIR(T) + (D)1, la — BI(IR(T) ~ (D))}

% [w(@R(T) + B3(T)) — w(BR(T) + a3 (T))],

for T € L(H)and a, 8 € C with |a> + |B]* = 1.
If we take « = 0 and § = 1 in this inequality, then we obtain

@A (1) > 2 |9(T) +9%(7)|
+ %maX{Hf"*(T) +IMART) = 3D} > (D = [RT)]],

forT € L(H).
2, e 2

Since R?(T) + 3%(T) = M,hence

1)/ |Tf + |7

2
T) > -
w(T) = 5

+ 5 max{[9(T) + ()], IR(T) —3(T) [} x [|3(T) | ~ [T,

which is better than the first inequality of Kittaneh, (2).
Further, if we take A = R(T) and B = J(T) in (14), then we obtain

w?(T) > |ap||R(T)I(T) + 3(T)R(T)||
+%max{w[ a(1+)R(T

wa(1—i)R(T) + (1 +1)3(T
X |w(a@R(T) + I(T)) — w(aR(T) — p3(T))|,

for T € £L(H) and a, B € C with |a* + |]* = 1. Fora = p = @,we obtain

w(T) > %||9%(T)3(T) + I(T)R(T)||
+%max{w[(1+i)A+(1—i)B} wl(1— A+ (1+1)B]}
< |[|8(T) + 3(T)|| = IR(T) = 3(T)Il,

forT € L(H).
We can also provide some lower bounds for the Davis-Wielandt radius.
Let T € £(H).If we take A = T and B = |T|? in (11), then we obtain

dw?(T) > max{w [(ocT + ,8T|2)2],w [(sz _ ﬁ|T|2)2} }

fora, B € Cwith |a*> + |B]* = 1. Fora = = 4, we obtain

duw?(T) > ;max{w[@"—l— |T|2)1,w[(T - Tz)z] }
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From (13) for A = T and B = |T|?, we obtain
dw?(T) > fmax{w[(az +[32> (Tz + |T|4) +2uap <T|T|2 + |T|2T>],
w[ (a2 4+ ) (T2 +|T1*) - 208(T|TP +|71’T) ] }
+ 5 max{ja+ Blao(T + |TP), o — luo(T ~ ) }

X ‘w(th+,B|T|2) - w(ﬁT+ 0c|T|2)

7

for T € £L(H) and a, B € C with |a]*> + |B]* = 1.
Also, from (14), we obtain for the same choice of A, B that

dw*(T) > |ocﬁ|w(T|T|2+ |T|2T)
+ 5 max{w[a(U+ )T+ p(1—)[TF] wle — )T+ B +i)TP]}

X ‘ZU(DCT‘F ﬁ|T|2) — w(sz - /3|T|2)

4

for T € £L(H) and a, B € C with |a* + |[* = 1. Fora = p = @,we obtain

duw?(T) > %w(T|T|2 +[117)
+ gmax{w[(1 4T+ -)TP] w][@ )T+ +i)TP] )
x|w(T+1T17) (T~ |TP)|.
Finally, by (15), we obtain

dw?(T) > %max{w{(ﬁz - oc2> (|T|4 - T2) +2a5(T\T\2 + |T|2T)},
w| (B —a?) (1T = 1) - 20(TITP + |TPT)] }
+ 5 max{w[(w+iB)A+ (6~ )| TP, w[(@— i) A + (B + i) T]}

X ‘w(xxT—l— ,B|T|2) - w(ﬁT - a|T|2>

7

for T € £L(H) and , B € C with |a|*> + |B]* = 1. For a = ?i and B = g,we obtain

dw?(T) > ;max{w{(wﬁ+iT)1,w[(|T|2 _iTﬂ }

for T € L(H).
From a different view point, we can also state the following result:

Theorem 2. For A,B € L(H) and &, B,7,6,,1 € Cwith |a> + |B|* = |7[* + 61> = |7 +
17|* = 1, we have

wZ(A,B) > ~w*((al +y1)A+ (B +67)B), (17)

N =

and

w3 (A, B) > 3w (((a +8)0 + (v + B)) A+ ((« = 6)C + (v — B)n)B). (18)

N
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Proof. For |a|? + |B|* = 1, we have

2

7

](Ax,x>]2 + ‘(Bx,x>]2 > |((xA + BB)x, x)

and for |7|* 4 |6]> = 1, we have

|<Ax,x>‘2 + |<Bx,x>‘2 > |<(7A+5B)x,x>|2.

If { and # with |{ \2 + |1 |2 = 1, then by replacing A with (A and B with #B, we obtain from
the first inequality above that

2P| Ax, x) > + [n | (Bx, x)|* > [((«GA + ByB)x, x) |

7

while by replacing A with #A and B with {B in the second inequality above,
|17|2|<Ax,x>|2 + \C|2|<Bx,x>‘2 > |{((vnA+ (5§B)x,x>]2.

If we add these two inequalities, we obtain

2

|<Ax,x>|2 + |<Bx,x>}2 > |((alA + ﬁin)x,x>|2 + [{(vynA + 67B)x, x)|", (19)
for x € H.
By using the Cauchy-Schwarz inequality, we have
|((«ZA + ByB)x, x)[* + | (v A+ 67B)x, x) | (20)

> %(]((D@A + ByB)x, x)| + | ((ynA +§§B)x,x>\)2

> S |((aGA + BB + 9 A+ 6(B)x, x)|°

2

4

[{((ag +yy) A+ (B + 62)B)x, x)

NI = N[ —

for x € H.
By (19) and (20), we obtain

—_

2

7

2

[(Ax, x)[* + [(Bx, x)[* > 2 |(((ag + 1) A+ (B + 60)B)x, x)

2
for x € H.

By taking the supremum in this inequality, we deduce the desired result (17).
If we write (17) for A 4 B instead of A and A — B instead of B, then we obtain

w?(A+B,A—B)

Y

w?((aZ + y)(A+ B) + (B +67) (A — B))
w?((ag + 7 + Py + 60) A + (al + vy — By — 67)B)

W (((a+8)5+ (v + B A+ ((a = 8);+ (v — B)n)B),

NI = N =N =

and since
w?(A+ B, A —B) =2w?(A,B),

we obtain the desired result (18). O
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Remark 3. For v =w, 6 = B in (17), we obtain

w3 (A, B) 2 5|y +{[w? (wA + BB),

N =

for A,B € L(H)and a,B,,y € Cwith |a* + |B]> = |¢]* + 7> = 1.
Also, by taking { = aand 1 = B in (17), we obtain

w?(A,B) > %w2<(tx2—|—'y;7)A—|— (ﬁz +5§)B),

for el +[B[* = |y[* + |0 = 1.
By taking { = y and n = 6, we also have

W3(A,B) > 0 ((a+5)A+5(6+7)B)

for [a? +|B[* = 71> + |6 = 1.

To derive a significant consequence from Theorem 2, we first recall the following
lemma, as found in [23]:

Lemma1. Let C,D € L(H). Then,

1
w = —su
( ) 2 eeg

Now, we can state the following result:

0 C
D* 0

¢+ D).

Corollary 1. For A,B € L(H) and w,B,7,5,0,n € C with |a]* + |B]* = |y[* + |6]* =

¢+ Iy =1, then
we(A,B)z*wa( 0 (al +m)A ) (21)
V2 0 ((a+6)0+ (v +B)n)A
4“’([ (@=3)T+ (7-B)m)B* 0 ) @

B +67)B* 0
Proof. If we write the inequality (17) for ¢ A instead of A and e~* B instead of B, then we
obtain for § € R

w?(A,B) = w? (eigA, e*i9B>

Y

%wz ((th +n)e® A+ (By + 5€)€_i93)

> 2| (ag +vmea+ gy + 60|,

V

for A,B € L(H)and w,B,7,6,,1 € Cwith |a|* + |B]> = |v[>+ |6 = [Z]* + |5]* = 1.
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If we take the supremum over 6 € R, we obtain by Lemma 1 that

. . 2
w(A,B) > < sup|le®(ag +yn) A+ e~ (By + 50)B|

)

sup

0eR

of | 0 (al +yn)A
(BT +6¢) B* 0

N = o=
g

which proves (21).
The inequality (22) follows in the same way from (18). O

Remark 4. For v =, 6 = Bin (21), we obtain

oA B) > ﬁwq 0 a(g+mA
B(i7+)B* 0

)

for A,B € L(H)and a,B,,y € Cwith |a* + |B]> = |¢]* + |7|* = 1.
For {,n € Rwith {* + y*> = 1, we obtain from (23) that

V2 0 aA
we<A,B>zz|§+mw<[ o

fora, p € Cwith |a|* + |B]* = 1.
Since

sup |{+7n]=V2,
=1

then from (24), we derive

for a,0 € Cwith |a* + |o]* = 1.

(23)

(24)

(25)

In the case of a,c > 0 with &> + 02 = 1, the inequality (25) was obtained in Corollary 2.3

of [24].
Now, if we take o = f = % in (25), then we obtain

wg(A,B)ZﬁuJ([ 0 A
B* 0

Ifwe take A = T and B = T* in Theorem 2 , then we obtain

w*(T) = Jw((af +9n)T + (By +60)T"),

Iy

and

—_

w?(T) > ng(((“ FO)C+ (r + BT+ ((a =0T+ (v = B)TY),

for T € L(H) and , ,7,5,¢,1 € Cwith |a* + |B* = 7[> +[6]* = |¢* + [y]* = 1.

Further, if we take A = R(T) and B = J3(T) in Theorem 2, then we obtain

w*(T) 2 sw?((af +y)R(T) + (B +60)3(T)),

N

and
w*(T) >

N

W (((a+8)C + (7 + B)nR(T) + ((« = 0L + (v = BymI(T)),
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for T € L(H) and a,,7,6,5,1 € Cwith |a* + B> = |y[* + 5] = [¢* + |y|* = 1.
Finally, if we take A = T and B = |T|? in Theorem 2, then we obtain

dwd(T) = S ((ag + )T + (By + 80| ),

N\»—\

and

4w’ (T) > 1 (@ + )+ (v -+ BT + (@~ )T + (v~ HITP),
for T € L(H) and «, B,7,6,C,1 € Cwith |a)* + |B]> = |y[> + |6 = [* + [5]* =1

In order to derive our next main theorem, we need to recall the following generaliza-
tion of Kato’s Schwarz inequality for operators obtained by F. Kittaneh in 1988 (see [25]).

Lemma 2. If f and g are nonnegative continuous functions on [0, c0) satisfying the condition
f(t)g(t) = tforall t € [0,00), then

[(Tx,y)| < [LFATDx[ 8T Dyll, (26)

forall T € L(H) and x,y € H.

We observe that (26) is equivalent to

(T, )7 < (PUTDx )T )y, ),

forall T € £(H) and x,y € H. Kato’s inequality is obtained for f(t) = t', g(t) = t!7?,
ve|[0,1],ie
2 «12(1—
(T2 ) < (TP %) (I TPy, ),

forall T € L(H)and x,y € H.
We can state the following result providing upper bounds for the Euclidean numeri-
cal radius:

Theorem 3. Let f, g, h and k be nonnegative continuous functions on [0, o) satisfying the
condition f(t)g(t) = h(t)k(t) =tforallt € [0,00).If A,B € L(H) and a,B,7v,0 € {—1,1},
then

w3 (A, B) < w|af2(|Al) +iBH(|B]) | [vg2(|A*) + idk*(|B* ), 27)

and
w2(A,B) < w|af2(|Al) +idk2(|B*|) |[w | vg2(1A]) + iBI*(|BI) . (28)

Proof. We have

[(Ax,2)[* + |(Bx,x) (29)
< (AN x) (1A ), x) + (H(|BI)x, ) (K(|B*))x, x)
< ((PUADx ) + (2B ) x (204D + (B D)

for x € H.
Observe that for &, 8,,6 € {—1,1}, we have

(14N, + (R(1B]) ) = |a (A1), x) + BBz, )i

= ¢ [xr2014D) + igr2(B) | x|

4
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and
(A" )x, 2" + (B ), x)” = [( [152(14%]) + 0k (8] ], )

forx € H.
By utilizing (29), we then obtain

]<Ax,x>|2—|— ](Bx,x>|2 < ’([af2(|A|) —I—iﬁhz(\B|)}x,x>‘2’<[7g2(|A*|) —|—i(5k2(|B*|)}x,x> 2

forx € H.
Therefore,

w?(A,B) = |51|1p1(KAx,x>]2 + \<Bx,x>]2)

< sup {[([ar21aD +ipr2(BDJ 0 x| [rg14°]) + 6 (8D w0 |

Sf?gJ<[asz/H)-+iﬁh2(BD]x/X>f xsTgJ<[vgzufvw>+-Mk203*n}x,x>f
= w|af?(|A]) +iBH2(|BI) |w|7g*(1A%]) + iok*(|B*])]

which proves (27).
We also have

(FP(1ADx, x) (82 (| A |)x, x) + (H*(|B|)x, x) (K*(|B*|)x, x)
< ((PUADE = + (2B D))
< ((&20A" )+ 2B ) 7,
for x € H, which implies in the same way (28). O
Corollary 2. If A,B € L(H) and «, B, 7,0 € {—1,1}, then for v, A € [0,1], we have
w2 (A, B) < w|a| AP +iB|B |w|y| AP 4ol B PV,

and
w?(A,B) < w[zx|A|2" + i§|B*|2(1_)‘>}w[7\A*|2(1_") +i/s\B|“]

The proof follows from Theorem 3 by selecting f(t) = t, g(t) = t'7, h(t) = t* and
k(t) = t'=* with v, A € [0,1].

Remark 5. If we take v = A = 1/2 in Corollary 2, then we obtain
W2(A, B) < w(a A| +iB|B|)w(7|A*| +id]B*]),
for A,B € L(H)and a,B,v,6 € {—1,1}.
If we choose B = A* in Theorem 3, then we obtain

wA(A) < sw|af(|A]) +iBr(|A*]) [w [rg2(1A%]) +iok(|A])]

N~

and

wA(A) < swlaf(|Al) + ok (| Al) w1821 A")) +iBH2(1A"])]

N =

4
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where f, g, h and k are nonnegative continuous functions on [0, co) satisfying the condition
f(t)g(t) = h(t)k(t) = tforallt € [0,00), A,B € L(H)and &, B,77,6 € {—1,1}.
In particular, we have

wA(A) < sw(alAP +iplA" P Jw(v| AT PO+l APOY),

N —

and
1 . — * — . *
w(A) < §w(¢x|A|ZU+15|A\2(1 A))w(ﬂA 207 4 iglA |2A),

for v, A € [0,1]. Also, we have

w(A) < sw(a| Al +iB|A*Jw(y|A*| +i6|A]).

N —

Further, if we take A = R(T) and B = J(T) in Theorem 3, then we obtain
w3 (T) < w[af(IR(D)]) +ipr2(|3(T)]) w72 (R(T)]) + ik (| 3(T)]),

where f, g, h and k are nonnegative continuous functions on [0, c0) satisfying the condition
f(t)g(t) = h(t)k(t) =tforallt € [0,00), T € L(H) and a, B, 7,0 € {—1,1}.
For v, A € [0,1], we have

wA(T) < w (&R +iBl3(T) P ) (vIR(T) PO +is[a(r) ),
and, in particular,
w3 (T) < w(&R(T)| +B|I(T) Jw(y|R(T)| +i6]3(T)]),

where a, B,7,0 € {—1,1}.
Moreover, if we take A = T and B = \T\z in Theorem 3, then we obtain

dw?(T) < w|af(|T)) + il (1T1°) [w [vg2( T*)) + ik (ITP) ],

forT € L(H) and a, B, 7,6 € {—1,1}.
For v, A € [0,1], we have

dw?(T) < (@[T +iB|T|* Jw (v | TP i |0V,
and, in particular,
dw?(T) < w(rx|T| +iﬁ|T|2>w(7|T*\ + i(5|T|2>,

forT € L(H)and a,B,7,6 € {—1,1}.
We have the following Holder’s type upper bounds as well:

Theorem 4. Let f, g, h and k be nonnegative continuous functions on [0, 00) satisfying the
condition f(t)g(t) = h(t)k(t) = tforallt € [0,00). If A,B € L(H) and p,q > 1 with
% + % =1, then

1/q

w2(4,B) < |2 (a e at) + B (30)

and
1/q

w2(4,B) < [ an + (||| at ) + w281 (1)
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In particular, we have
1/2 1/2
w3(A,B) < ||FA(al) +r(BD | gt aaty kB
i 2 4 4 * 172 4 * 4 172
w3(A,B) < | FaD + k(B || lg* 1At + B |
Proof. By Holder’s inequality for p,q > 1 with % + % =1, we have
(F(1ADx, x) (2 (|A"|)x, x) + (H*(|B|)x, x) (K*(|B|)x, x) (32)
1/p * N 1/q
< ((PAD% ) + (2B )" ) T x ((2(A ), 2) + (R (B ))
forx € H.

By using McCharthy’s inequality for a positive operator P and powers > 1,

(Px,x) < (P, ), [1x] =1,

we have
(FUADx, )" + (W (|B)x, x)" < (fP(|ADx, x) + (hP(|B])x, x)
= ((£Pr(AD +r¥(B]))xx),
and
(@ (1A%, x)" + (R(1B*)x,x) < ((&2(|A%]) +K(|B*]) ) x, %),
for ||x|| = 1.

By making use of (29) and (32), we derive

(A, )+ [ (B, x) 2 < (£ (Al + 1P (B ), x) 7 (2101 47]) + (B ), )17,

for ||x|| = 1.
By taking the supremum over ||x|| = 1, we obtain the desired result (30).
We also have

(POADTx) (A A ), x) + (R (B])x, x) (R (B )x, x)

< ((P1ADx ) + (B e x)) T x (1A% )+ (R (B)x ),
for x € H, which implies, as above, the inequality (31). O
Corollary 3. If A,B € L(H) and p,q > 1 with % + % =1, then for v, A € [0,1], we have

1/ 1/
wi(4,B) < [||APP + B[O P

PH|A*|2q/\ i IB*|2q(l—/\)H

and
1/ 1/
wg(A,B) < H‘A|2F’U |B*|2P(1*/\)H pH|A*|2‘i(1*V) |B|2qAH ‘7'

In particular, we have

w?(A,B) < H|A|4v+ |BJ41—Y) /2H|A*|4A+ |B*|4(1_/\)H1/z,
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and
1/2 1/2
wg(A,B) < H|A|4v + |B*|4(17/\)H H‘A*|4(lfl/) + |B|4AH )

The proof follows from Theorem 4 by selecting f(t) = tV, g(t) = t'=V, h(t) = t* and
k(t) = 1= with v, A € [0,1].

Remark 6. If we take v = A = 1/2 in Corollary 3, then we obtain
2(A,B) < |[|A) + [B]P||"7|||A*|" + |B*|7||
w; (4,B) < [[[AF + B[ *7[[lA%1" + 1B,
forp,q > 1with%+% =1, and, in particular,

1/2 1/2
w2(A,B) < |||AP + BP|| |14+ 1B,

for A,B € L(H).
If we take B = A* in Theorem 4, then we obtain for p, g > 1 with % + % =1 that

w(4) < | Pran + a7 granh e ap |

and
w?(4) < 2 |lPraan+eeqan| s ar +waga |

In particular, we have

1 N . 1/2
wi(4) < S| A +rtat| st 1ath +kaap|
and 2 L)) g4 4 V20 4 4s a0 aeny |12
wi(4) < S| Faan +kqap|| st At +rtat)|
For v, A € [0,1], we have
w?(A) < %H|A|ZPU + APy 1/”H|A*|2M + |A|2»7<1—A)H1/q,
d
o 2 Ly 4 2pv 20(1=M) ||V P} g5 20(1-) «12g7 ||/
w(A) < 5 |[|APP + |APPE | jar A0 4 a e
Also, forv = A =1/2, we have
1 . .
wA(A) < S[[[AF + AP 1A + AP
In particular, we have
1 T IR VAT _ayl/2
wZ(A) S iH‘A|4U+ ‘A |4(1 I/) H'A |4)\_|_ |A|4(l /\)H ,
and

a1t g s o]

For v = A = 1/2, we obtain the known result; see the second part of inequality (2)

1
w(A) < 5 |14 + 147
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Further, if we take A = 9R(T) and B = J(T) in Theorem 4, then we obtain for p,q > 1
with § + ¢ =1, then

1/p 1/q

wA(T) < || 2R +r (3T))| |22 (Rm) + K aT)||

and
1/p 1/q

wA(T) < |2 URT)) + -2 (T)|| |21 IR(T) ) +H(3(T)) |

In particular, we have

V29T ) + K (13 (T) )

7

w?(T) < || fA(IR(T))) + K4 ([3(T)]) I

and
1/2 1/2
wA(T) < [FURmD+E 3| et (s + ]|
For v, A € [0,1], we have
1/ 1/
w(T) < [|I~(m) P+ |3(m) PP |7 i er) 224+ ) 00|,
d
- 2 2pv 2p(1-2) |1/ P 2q(1-v) 247 || V7
wA(T) < [[18(T) P+ 1) PO | i (r) PO+ ey P
forp,q>1with%+%:1.
Forv = A = 1/2, we obtain
w(T) < [[I8(T))7 + (D) |7 [[93(T) |7 + [a(T) 7.
In particular, we have
1/2

wX(1) < [iov(m)* + ey ]

(D) + [a(m) |

and
1/2

@A(T) < [l + O | i) 1400 + oy

Forv = A = 1/2, we obtain

7

A1) < IR + PR = 3|17 + 17

which is the second part of inequality (2).
Moreover, if we take A = T and B = |T|* in Theorem 4, then we obtain for p, g>1
with §; + ¢ = 1 that

aw(r) < | e+ (117) [ e + )
and
< im « rE) e )
In particular, we have
dw*(T) < Hf‘l(m) +h4(|T|2>Hl/2Hg4(‘T*|) +k4(|T|2>H1/2,
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d
o 4 4 V20 g4 a2\ |12
aut (1) < |[amn -+ # (1) [ st arn + w4 (7|
Forp,q >1 with 1 5 +% =1, then for v, A € [0,1], we have
1/ 1/
de(T) < H|T|2pv+ |T|4p(171/) ‘ P ‘|T*|2q)t_|_|r1—v|4q(lf/\)H q/
and
2pv ap(1-A) ||M P 129 (1) agr ||V
dw?(T) < |||TPP -+ O e a0 =) o et
In particular, we have
1/2 1/2
dw < H|T|4U+|T|8(l 1/ ‘T*|4/\+|T|8(17/\)H ,
and v 8(1-1) |12 4(1-v) 8A||1/2
dw?(T) < |||T1* + |7/ T T
Forv = A = 1/2, we obtain
1/2 1/2
dw?(T) < |||TP+ 7| |1 + 171 (33)

We observe that, if |T*|* < |T|*, namely, T is a hyponormal operator, then

i+ 17| <

and by (33), we obtain

dw?( <H|T| +|T| H H|T*| +|T] H

which provides a refinement of (3) for hyponormal operators.

Theorem 5. Let f, g, h and k be nonnegative continuous functions on [0, o) satisfying the

condition f(t)g(t) = h(t)k(t) =t forall t € [0,00) and A,B € L(H), then

w3(A,B) < 2 [[[ 204D + 128D + || 2(AD — (D[] x |s2(47) + 1B

and
w?(4,B) < 2 [[[ 204D + 2B D| + || 204D - 2|
ng (14*]) +#2(|B]) .
Proof. We have
(FPUADxx) (A" x) + ((|BI)x, x) ((|B")x, %)
< max{ (f2(|A])x, x), ((B))x,x) } (214" )%, %) + (k(|B*|)x, %))
ax{ (P21 ADx, x), (R (|B)x,x) }([$2(|A"]) + R ([B]) | x,%),

for x € H.

(35)



Symmetry 2025,17,7 24 of 28

Observe that

max{ (£2(|A])x, x), (H%(|B|)x, x) }
= %(<f2(|A|)xrx> + (h*(|B|)x, x) + ‘<f2(|A|)x,x> - <h2(|B|)x’x>D
: )

=5 (C(£2(aD +r2(B))x,x) + \<(f2(|A|) — 12(|B]))x, %)

and by (29) and (32), we derive

(A%, )" + |(Bx, x)|” < %(<(f2(|AI) +I2(|BJ) )%, x) + ’<(f2(|A|) - h2(|B|))x,x>D
< ([g1a7) +R(B]xx),

for x € H.

By taking the supremum over ||x|| = 1, we deduce the desired result (34).
Also, we have

(PN ) (2| A" ), x) + (2 (| B])x, x) (K (B ), x)
< max{ (£2(|Al)x, x), (R(1B*|)x,x) } (214" )x x) + (H(|B])x, %)),
from which we obtain (35). O

If we take f(t) = tV, g(t) = 17V, h(t) = t" and k(t) = '~} with v, A € [0,1], then
we obtain

Corollary 4. If A,B € L(H) and v, A € [0, 1], then

1 _ _
(A B E|:H|14|2U_'_|B‘2?\H +H|A|2U | H:| > H|A*|2(l V)+|B*|2(l A) ,

and
2 (1-1) 2 (1-1) %12(1— 21
w2(4,8) < 5[ 1A 418 PO+ AP < 8 PO ] [l 13|
Remark 7. If we take v = A = 1/2 in Corollary 4, then we obtain
w;(A,B) < [II\A|+\BIII+|||A| | BI[II[A™] + B[],
for A,B € L(H).

If we take B = A* in Theorem 5, then we obtain

() < [ 21an +Raa| + [ 2aan - a|] < |24t +2aap|,

and

@ (4) < 1| 21an +Raap|| + [ 2aan - Raap|] < [eaat + 24|,

for A € L(H), where f, g, h and k are nonnegative continuous functions on [0, o) satisfying
the condition f(t)g(t) = h(t)k(t) = tforall t € [0,00).
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If in Corollary 4 we choose B = A*, then we obtain
W2 (A) < E[H‘AFU* ‘A*|2AH N HlAlzv B |A*|2/\‘H y H‘A*|2(1—v) N |A‘2(1,A)H,
and
() < glAr 4 1AP D lap = AR D ] a4 a2,

forv, A € [0,1].
In particular, we have

1
w?*(A) < ZIIIAI+ [A"[ + Al = [AT[ID11A] + Al
Further, if we take A = R(T) and B = J(T) in Theorem 5, then we obtain

@1 < 5 (|2 | + [2ammn -]
[l + eaemp]
and
w(1) < 2[[[20menn + ) | + | Ao ]
[l + #amn]|

for T € L(H), where f, g, h and k are nonnegative continuous functions on [0, ) satisfying
the condition f(t)g(t) = h(t)k(t) =t forallt € [0, c0).
If in Corollary 4 we choose A = R(T) and B = J(T), then we obtain
2 )P 27
«A(T) < 5[ IROP + 3P + IR - [

Hm 0 4 (P,
and

@A(T) < 5 [|IRT) R + DR + i) P - aer) o]

x|l P + 3P,

forv, A € [0,1].
In particular, we have

w*(T) <

R+ 3D+ R = 3T R+ 13D,

N\P—‘

forT € L(H).
Finally, if we take A = T and B = |T|* in Theorem 5, then we obtain

w(T) < g [+ () |+ [2am () ] < Jarn + 2 () |
and

(1) < 3 (|27 +# (P) [ + |2 am R (17 ] < larp -+ (17P) |
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for T € L(H), where f, g, h and k are nonnegative continuous functions on [0, o) satisfying
the condition f(t)g(t) = h(t)k(t) =t forallt € [0, c0).
For v, A € [0,1], then by Corollary 4 for A =T and B = |T|2, we obtain

iy 3 9 o ] = |
and

de( |:H|T|2U+|T| (1-1) H—FH|T|2U |T| (1-1) Hi| > H|T*|2(lf1/)+|T|4/\H

<1
=3

In particular,

(1) < 5 [im+ 177 + im | i

forT € L(H).

3. Conclusions

In conclusion, the work presented in this paper marks a significant advancement
in the study of the Euclidean numerical radius of pairs of operators in Hilbert spaces.
By introducing novel weighted lower and upper bounds, we have not only expanded on
existing results in the literature but also demonstrated the asymmetrical nature of these
bounds, highlighting the complexity of the relationships explored.

Moreover, the discovery of new inequalities for the numerical radius and the Davis—
Wielandt radius adds depth to our understanding of operator properties in this setting.
These results pave the way for future research endeavors and open up exciting possibilities
for further exploration in the field.

One promising direction for future research is the parametric extension of the Eu-
clidean numerical radius, as defined by

wy(C,D) = sup (|(Cx,x)[7 + |<Dx,x>|%)”, 0<v<1),
x€H,||x||=1

This extension could lead to intriguing results, such as the inequality
wy(A,B) > max{w(aA + BB), w(yA+IB)}, (36)
for A,B € L(H) and complex numbers g, B, 7, § satisfying
1 1 1 1
2] ™+ |87 = | ™+ o =1, 0<o<1

Indeed, the application of the Holder inequality further enriches the analysis, as it states

n n 1 1-v /4 . v
Yo laillbi] < | ) fai =2 Y ble ), (0<ov<1).
i=1 i=1 i=1

So, by using Holder inequality and carefully calculating expressions for all x € H, one can
establish that

(Itaxx)F +1Bx21})" = (et + 817) " (Itax, ] + (B ) )
> la| x [(Ax, x)| 4+ |B| % |(Bx, x)|
> |((xA + BB)x, x)|.
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Taking the supremum over x € H with ||x|| = 1 demonstrates that
wy(A, B) > w(a A+ BB).

Similarly, wy, (A, B) > w(yA + 6B). Thus, we arrive at (36) as desired.

Therefore, the present work not only contributes significant findings to the study of
operator inequalities but also serves as a promising starting point for future advancements
and explorations in this field.
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