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Abstract: This paper presents a robust fitted mesh finite difference method for solving a
dynamical system of two parameter convection-reaction-diffusion delay differential equa-
tions defined on the interval [0, 2]. The method incorporates a piecewise uniform Shishkin
mesh to accurately resolve the solution behavior caused by small perturbation parameters
and delay terms. The proposed numerical scheme is proven to be parameter-robust and
achieves almost first-order convergence. Numerical illustrations are provided to showcase
the method’s effectiveness, highlighting its capability to address boundary and interior
layers with improved accuracy. The results, supported by symmetrical considerations in
the figures, enhance the precision and serve as validation for the theoretical results.
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1. Introduction

Singularly perturbed differential equations (SPDEs) emerge in numerous scientific and
engineering fields, such as fluid dynamics, chemical reactor theory, population dynamics,
particle fluid motion [1], and control theory [2]. A notable subset of these equations is the
singularly perturbed delay differential equations (SPDDEs); these equations are charac-
terized by the presence of two distinct small perturbation parameters, which introduce
additional complexities due to the occurrence of boundary and interior layers. These layers
arise because of the small perturbation parameters and delay terms, making the numerical
approximation of SPDDEs particularly difficult. To tackle these challenges, numerous
specialized numerical techniques,including fitted mesh methods [3] and fitted operator
methods [4], are developed and well established. This approach offers robust and precise
solutions to singularly perturbed differential equations (SPDEs). For instance, Cen [5]
analyzed a class of first-order SPDDEs utilizing a hybrid difference scheme combined with
a piecewise uniform Shishkin mesh, demonstrating that the approach achieves near second-
order convergence. Gracia, O’Riordan, and Pickett [6] stated that a singularly perturbed
ordinary differential equation is influenced by two small parameters that impact both
the convection and diffusion terms . They proposed a second-order monotone numerical
method to solve the problem. In [7], parabolic singularly perturbed parabolic differential
equations involving two parameters on a rectangular domain were examined.
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SPDDE:s are typically defined a system of boundary value problems influenced by two
small parameters, y and €;. The interaction between these parameters produces intricate
layers, determined by the ratio u?/¢;. This work has focused on developing parameter-
robust methods for solving these equations, especially as both €; and y approach zero
simultaneously. The most important papers among all are [6,8,9]. This paper focuses on the
numerical solution of a boundary value problem for SPDDEs with two small perturbation
parameters. The interaction between these parameters introduces complex, symmetry-
influenced layer patterns in the solution, further compounded by the delay term. Our goal
is to construct a parameter-robust numerical method that ensures the accurate solution of
boundary and interior layers, regardless of the perturbation parameters. In doing so, we aim
to establish the minimum principle and stability result of the solution and derive bounds for
the solution’s derivatives to support the convergence analysis of the proposed fitted mesh
finite difference method, which will achieve nearly first-order convergence, regardless of
the two perturbation parameters, and offer a robust layer-solving solution. Several studies
have addressed singular perturbation problems, focusing on their asymptotic properties,
parameter-uniform methods, and delay differential equations to ensure robust and accurate
solutions across varying parameters [10-12].

The novelty of this paper lies in its approach to solving a system of two-parameter sin-
gularly perturbed delay differential equations (SPDDEs) of the convection—diffusion type.
Unlike previous works, such as [9], which focuses on single delay differential equations,
and [8], which addresses a system of convection-reaction-diffusion equations without
delay terms, this paper considers interacting variables influenced by both delay and two dis-
tinct small perturbation parameters. This dual influence introduces significant complexities,
particularly in the formation of boundary and interior layers. To tackle these challenges,
a more robust numerical scheme integrating advanced mesh techniques, such as the use of
a piecewise uniform Shishkin mesh, is proposed. Furthermore, this method employs more
robust numerical schemes and advanced mesh techniques, potentially achieving almost
first-order convergence, independent of the two perturbation parameters.

2. Formulation of the Problem
Eni (3¢) + pA(0) (3¢) — B(3)i(5¢) + D (30)ii(3c — 1) = f(3) forall c € Q = (0,2), (1)

i=¢ on[-10], u2) ==

S (wm\ z_ (A et 0 L) = (w0 0 ») =
Here, i = <u2>’ f = (fz)l E (0 €2>, A(x) = ( 0 az(%)>’ B(x)
)

< b11(52) 512(%)>, D(x) = (01(%) 0 >,where €;, fori =1,2 satisfy 0 < €1 <

—b21(2)  bx(x) 0 22(3)

€y < 1and p satisfy 0 < p < 1 are small parameters. The coefficient functions a;(),

bjj(5¢),0;(5), and f;(5¢) are all sufficiently smooth over the domain Q = [0,2] and a;(3) >

a > 0,b;;(5) +bi]‘(%) > B > 0,0;() > 0, bjj(5) +bi]‘(%) —0i(%) > x >0, fori,j =

1,2 and i # j. The @(x) is sufficiently smooth over the interval [—1,0]. The value of
. . (T bi(0) = 0i(50)

7 is determined as y = irgg 00

the above problem is considered in [13] without delay. The problem demonstrates boundary

for i=1,2and i # j. When u = 0,

layers that are influenced by both €; and y, in particular the layers are influenced by the

2 2
ratio of £ If &= < I, the reduced problem can be expressed as
i 1 o

—B(»)i(s) + D(s)ii(x—1) = ?(%), »x € (0,2],1i(5) = $(») on [-1,0]. (2)
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This predicts a boundary layer of width O(,/€;) near » = 0 and an interior layer at ¢ = 1
(due to the unit delay component), assuming 1(0) # (0). Also, a boundary layer of width
O(/€;) is expected near » = 2 and an interior layer at sz = 1 (again due to the unit delay

component); if 1i(2) # 7. If g > %, the reduced problem

AW (5¢) — B()ii(3) + D(s)ii(3c — 1) = f(x), »¢€(0,2), 3)
() = @(») on [-1,0, u(2) =7

is once again singularly perturbed with the parameter . A boundary layer of width O(y)
is anticipated near s = 2 and an interior layer at s = 1 (due to the unit delay component),
unless the solution at s = 2 differs from 1i(2); additionally, a boundary layer of width
O(%) is anticipated near s = 0 and an interior layer at »c = 1 (also due to the unit delay
component), if 1i(0) # ¢(0). Numerical experiments suggest that the interior right layer
weakens considerably when €; < 2. Consider the problem

L12(5) = E2"(50) + pA()2' (52) — B(»)Z(x) = §(), =€, 4
[22(5) = E2"(5) + wA()2' (%) = B()Z() + D()Z(5 — 1) = f(3), 2 €Dy, (5)
with boundary conditions
2(0) = 3(0), Z(1—-)=z2(14), Z'(1-)=zZ'(1+), Z(2)=7,
where g(3¢) = f(5¢) — D () (3¢ — 1), for e € Oy, O = (0,1), O = (1,2).

3. Analytical Results

This section presents a minimum principle and a stability result, and it provides
estimates for the derivatives of the solution to the problem defined by Equation (1).

Lemma 1. Let 3 € C2(Q)) be such that $(0) >0, $(2) >0, Ligp < 0on (0,1) and Lygp < 0
on (1,2), $(1) =0, $(1) <0, then ¢ > 0 on [0,2].
Proof. Assume that »* and s* be such that 9. (") = mm 1/;5( ). Suppose

. (5*) < 0. Then, >* cannot be at the boundaries 0 or 2. At »*, the ﬁrst derivative of ..,
denoted as . (»*) = 0 and the second derivative 3. (>*) > 0. Claim (i): »* ¢ (0,1).
If »* € (0,1), then

(Ligh)s (5) = es 9l (5") + page (") s (52 Z bse( %) >0,
which contradicts the assumption that Ly < 0 on (0,1) . Thus, »* ¢ (0,1). Claim
(i): »* ¢ [1,2). If 5c* € [1,2), then

2
(Latp)s (5¢7) = esetp(5¢7) + paage (5" ) e (") — }_[bs (>%)

j=1

—05 (2" )P (5" — 1) >0, (6)

which contradicts the assumption that L, < 0 on [1,2). Hence, »* ¢ [1,2). When
»* = 1, the differentiability of ¢_. at »» = 1 is investigated. If 9.(1) does not exist,
then ¢l. (1) = 1_[3;*(14—) - 1]3;*(1—) > 0, which contradicts the condition ¢%.(1) < 0.
If 4. is differentiable at 5 = 1, then pag (1)L (1) — Z _1 bs+j(1)gp;(1) > 0. Since all



Symmetry 2025, 17, 68

4 of 35

entries of A(3), B(3), and #;(5) are continuous on [0,2], there is an interval [1 — /1, 1)
where pag ()l () — 2]2:1 bsej(50)8p;(3) > 0. If ¢ (p) > Oforany p € [1 - I, 1), then
(L1¢)s- (p) > 0, which leads to a contradiction. Therefore, it is assumed that ¢, (3¢) < 0 on
the interval [1 — &, 1). This indicates that 3p’. () is strictly decreasing over [1 — ,1). Given
that ¢/, (1) = 0 and 4. is continuous on (0,2), it follows that ¢.. () > 0on [1 —h,1).
As a result, the continuous function 3. () cannot attain a minimum at » = 1, which
contradicts the assumption that »* = 1. Thus, ¢ > 0 on [0,2]. The proof of the lemma
is complete. O

Lemma 2. (Stability Result) Let p € C*(Q)). For x € Q,

- . 1,-- 1,--
90| < max{ 1O B, L IEPl, 3 12l -

Proof. Define

. - 1,-- 1, -~
M = max{ [BOL B, L IEF o, I Blo, |

Consider the functions 6+ (3¢) = Me =+ $(), where € = (1,1)T. Clearly, 6+ € C2(Q);
at both 0 and 2, 6+ is non-negative, i.e., 6=(0) > 0 and 6+(2) > 0. For » € (0,1),

[16% (5¢) = —B(s)Me £ Lgp(s) <0,
and for » € (1,2),
[56% (3) = —B(3)Mé + D () ME + Ly (5) < 0.
Also, 8%(1) is equal to (1), both of which are zero, i.e., (1) = +¢(1) = 0 and
6%/(1) = +¢' (1) = 0, then 6+ (5¢) > 0. By applying Lemma 1, it is obtained that |¢p;(s)| <
M for 3 € Q). The proof of the lemma is complete. [

Theorem 1. Let ii be the solution of (1); then, its derivatives satisfy the following bounds on (),

k
w60l < (1+ ( }) >max{||ﬁ|,||f||}, )
C n\’ S LE P
W] < o (1 (%) >max{||u|, 171171}, ®
4
(o) < (\/%)4 <1+ <\”ﬁ) )max{llﬁI,|f||,||f’||,|lf“||} ©)

where the constant C is independent of €; and p , i, k=1, 2.

Proof. The proof follows the methodology outlined in Lemma 2.2 of [14]. For any s € (0,1),
a neighborhood N, = (p,p + ,/€;) can be constructed in such a way that s € N, and
N, C (0,1). According to the mean value theorem, there is a y € N, satisfying

): ui(p+\/a)_ui(p) — \u'(y)| <

€ €;

/

2w
ly ]

Now,



Symmetry 2025, 17, 68

5 of 35

Thus,

w1 < = (1 J ) max(Ul, 170

The bounds for ug' are obtained from Equation (1) and the bounds from Equation (7) for

®)

i

(4)

k = 1. Similarly, the bounds of u;”" and u;

can be established for higher-order derivatives

through analogous corresponding manipulations. The proof of the theorem is complete.

O

4. Shishkin Decomposition of the Solution

For each of the cases oc;ﬂ < ve7 and oc;ﬂ > ey, 1i is expressed by

where

Ly
wh () = wlL (>) , forse|0,1)
. Wy ()
W"(s) = L /
2
w2 (5) = wi 2 () , fors e [1,2]
w2 (5¢)
Ry
R (5¢) = wlR G e 0,1)
wR(%) _ wy ™1 ()
Ry
wR2(3) = w2 () , forse[1,2]
w2 (52)
Case (): ap® < ve;
In this case,
L17(s) = §(5), for € (0,1), 7(0)and 7(1) are selected,
[28(%) = f(x), forsx e (1,2), 5(1)and3(2) are selected,

@2 (3c) = W1 (3), for » € [0,1)

, forsx e (0,1), ZTJRl (O) = cl(ei,y), ZT)Rl (1) = kz(é‘l‘,

@R (5) = @R (5), for s €0,1)

Case (ii): ap? > ve;
In this case,

L17(5) = §(5), for» € (0,1), #(0)and 7(1) are selected,
[28(5) = f(5), forsxe (1,2), 5(1)and3(2) are selected,

=0, forxe (0,1), @"(0)=i(0)—5(0)—ci(e,p), @1(1)=0
0, forsxe (1,2), zTJLZ(l) =ky(e;, ) —calei, m), wl2 (2) = 0,

, forxe (1,2), @R(1) =cy(e,n), @R2(2) =ii(2) - 5(2),

(10)

(11)

(12)

(13)
(14)
(15)

(16)
(17)
(18)

(19)
(20)
(21)

(22)
(23)
(24)
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Lyt =0, forsxe (0,1), @™ (0) =ii(0) —3(0) —ci(ej,p), @(1)=0, (25
Lyw2 =0, forxe (1,2), @2(1) =k (€;, 1) —calei ), ZTJ%(Z) =0, (26)
@2 (3) = Wl (5), for » € [0,1) 27)
Lyt =0, forxe (0,1), wk (0) = c1(ei, p), @R (1) = ko (ei, m), (28)
Lt =0, forxe (1,2), @%(1) =cale,pn), @2(Q2)=1i(2)-52), (29)

@82 (5) = @R (5), for s €[0,1) (30)

To ensure the jump conditions at »c = 1 in Equations (13) and (22) are satisfied, the constants
ki(ej, u) and ky (€;, u) must be selected appropriately. Additionally, the constants c; (€, pt)
and ¢, (e;, ) should be determined independently for the cases ap? < ey and au? > ey,
ensuring they meet the bounds required for the singular component. Given that 1i(0) and
1i(1) are bounded by constants that do not depend on €; and y, even though ¢y, ¢3, k1, and k
are functions of €; and y, the magnitudes |c1|, |c2], |k1|, and |ky| are constants independent
of €; and .

5. Bounds on the Regular Component and Its Derivatives
Case (): ap? < ve;
Establishing the bounds of the regular components 7 and §', they are broken down as in [9]

=10+ Ve + (Ve) i + (Ve2) s, n = [0,1] (31)
§ =72y + ez + (Ver)* i + (Ve)323, O = [1,2] (32)

where ij; = (yi1,yi2)",Zi = (zi1,22)T,i = 0,1,2,3, and their respective equations are on the
intervals [0,1] and [1, 2], where ¥;(5) and Z;(3), i = 0,1, 2,3 are defined by

—B()ijo(») + D(5)P(x—1) = ?(%), for »x € [0,1], (33)
—B(5)Zy (%) + D(30)ijo(3c — 1) = f(3), for € [1,2], (34)
B(s)ij1 () = &1, forsx€[0,1], (35)

B(»2)Z1(%) = D(x)ih(3c—1) =41, forsx e [1,2], (36)
B(5)ija(3) = §», forsx € [0,1], (37)

B(»)Zy(3) — D(5)ja(3c—1) = g5, fors e [1,2], (38)
Lijjs(2) = —g3, for > € (0,1), (39)
73(0) =0, ¥3(1) =0, (40)
LoZ3(3) = —q3, forsx e (1,2), (41)
_)3(1) = 0, 23(2) = 0, 23(%) = ?3(%), on [0,1). (42)

N € / 5
where g = (gi,82)", & = Té—zyi,lj+%ajyi,1j, and i = (qi.92)", 95 =
€]‘ "

NI %ajz;;lj, i=1,2,3, j = 1,2, Equations (33)-(37) give

S(k Sk
175, <C 120 1a, <C for0<k<7, (43)
(k S(k
1700, <€ 12710, <C, foro<k<s, (44)
S(k S(k
175 a, <C 127a, <C, foro<k<3. (45)
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Now, from (39)-(42) and using Lemma 2, |3|] < C. Using the estimates
||y32 | < Ce_k/ 2,k = 1,2. From the defining equation of y31 in (39),

€1 H
€1y3 + patyz — by = —ﬁy'zﬁ - ﬁaﬂ/m — b1oyzo.

Decomposing y31 as y31 = po + e1p1 + (v/€1)?p2 + (y/€1)>p3 where

€
bi1po = T;—Zylzﬁ + %alyél + b1oy3n (46)
b + — 47
1p1 = Veipy \/a a1p0 (47)
biips = \erp! + ——ap) 48
1p2 = Veipy e 171 (48)
e1py + parps — bups = —/erps — %alpé (49)
p3(0) = p3(1) =0 (50)

using the above, py, p1, p2, and p3 are found and then, from (46), |yé’i) ()| <C k=01,
4 (x)| < Cy/e; -1 Y5 ()| < Cyfer _1\ﬁ ~2. By differentiating the defining equation
of y3, once and using the bounds of v, 71, ¥2, and y31, the following bound ||y} (x)| <
Cyer 2 is obtained. Now, by choosing

7(0) = 70(0) + Ve271(0) + (v/€2)?72(0) + (v/€2)°¥73(0) (51)
(1) = Fo(1) + Veii (1) + (Ve2)*7a(1) + (ve2)*73(1) (52)
from the above, it is derived that
Irgk)(%)l < C,wherek =0,1,2, |r{" ()| < \r§k>(%)| < C,wherek =0,1,2,3. (53)
\/»
Similarly,
|s§k)(%)| < C,wherek =0,1,2, |s{' ()| < \sgk)(%)| < C,wherek=0,1,2,3. (54)

\F
Case (ii): ap® > ver
Establishing the bounds of the regular components 7 and ', they are broken down as

7 =ijo + €2if1 + e§]72 + egy’g,, 01 =10,1] (55)

-

§ =720+ €71 + €37 + 373, = [1,2] (56)

where ij; = Yi1 7= Zi1 ,i=0,1,2,3.
Yi2 Zip

To estimate the smooth components 7 () and § () for au?> > ve,, the decomposition
of 7(5) and §(») is analyzed on two levels. Furthermore, the maximum principle for a
linear first-order operator in the context of a terminal value problem is established. Define
the operators

Ly = pA(o)ti' (32) — B(30)1i(5), (57)
Ly = pA(0)ii/ (32) — B(30)ti(5¢) + D(»0)ii(3c — 1). (58)

Consider the following decompositions:
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3 _ 3 . _
e n) =Y eisan), »eM,S0oenu) =) eZi(op), »xey,
i=0 i=0
— Yin\ 5 Zi1 ) . .
where ij; = ,Zi = ,1=0,1,2,3 are defined as follows:
Yi2 Zip
Laijo(») = 8(x), »€[0,1), #o(1) is taken, (59)
LyZo() = f(x), »€[1,2), Z(2) is taken, (60)
Z0(%) =jo(x), »€][0,1),
Laiji (%) = =it (%), € [0,1), (61)
1’441(%) = —ﬁl(%), A [1,2), (62)
Z1(5) =1 (), x€[0,1),
Laia(2) = —iiia(3), s €10,1), (1) =0, (63)
_L'4*2(%) = —ﬁz(%), VAS [1,2), 22(2) = 6, (64)
Zo(5) =ia(32), »€10,1),
Liija(2) = —iiz(3), € (0,1), ¥3(0) =0, #3(1) =0, (65)
LoZ3(%) = —fiz(s), »x€(1,2), Z3(1)=0, Z3(2) =0, (66)
23(%) = yg,(%), AS [0,1).
where 71; = (milrmiZ)T/ mij = %yﬁl,lj, and 7i; = (”n,niz)T, njj = \%Z;/,lj- Here,

3(>) and f () are given functions, and the functions ¥/;(5¢) and Z;() are chosen to satisfy
the boundary and continuity conditions.

Lemma 3. Let ¥ € C'([0,2]) with ¥(1) > 0and ¥(2) > 0. IfL3¥ <0o0n [0,1) and L4¥ <0
on [1,2), then ¥ > 0on [0,2].

Proof. Let »* be a point , where ¥ (") = m[in] ¥ (). Assume for contradiction that
»€[0,1

¥(»*) < 0; this implies that »* # 1 and ¥/(5*) > 0. If * € [0,1). Then, this can
analyzed as

-

La¥ (%) = pa(s*)¥ (%) — b(s")¥ (") >0,
which contradicts the assumption that L% < 0 on [0,1). Furthermore, if »* € [1,2)
Ly¥ (") = ua(se") ¥ (5¢*) — b(5) ¥ (") + 0 (") F (5" —1) >0,

which also leads to a contradiction. Thus, ¥ () > 0 on [0,2].
The decomposition of iy (s; i) and Zy(3¢; ) is given by

Jo(56 1) = Go(5¢) + i (3¢) + W?Ga(32) + s (5¢), for ¢ € Oy,
Zo (56 1) = Po(5¢) + upr () + w?pa () + 12ps(x), for sc € Oy,
where

—B(s)qo(s) = §(3¢), fors€[0,1], (67)
(), forsxell,2], (68)
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B(:)i () = A=) (), for s € [0,1], (69)

B(x)p1 () — D(5)G1 (5 — 1) = A(3¢)g §(5), for s € [1,2], (70)

B(:)fa() = A (%), for € [0,1], 71

B(3)p2(5) — D(5)f2 (3¢ — 1) = A(5)p] (), forsxe[1,2], (72)

L33 () = —A(5)Fh (), forxe[0,1), F3(1) =0, (73)

Lifa(3) = —A()p5(3), forx€[1,2), §(2) =0, (74)

03() = G3(3) on|0,1). (75)

Since LA(x), B(), D(x), and f(s¢) are sufficiently smooth, it follows that

S (k S (k S (k
1758 oy <C0 11dW 1o, <C 1105 oy £C, for0 <k <7,

100 [l <€ 1185y loy <€ 1l g2 lloy <€, for0<k<7.
Using Lemma 3, it can be proved that ||73(1) || < C, [|73(2)|| < C, ||ps(1)]] < C,
183(2) || < C. Also, from (73),
|7/l <C 7|l <C, |[lfn]l <C and |[|z|| < C.

Hence, choosing
Jo(1) = Go(1) + uin (1) + p?G2(1), Z0(2) = po(2) + up1(2) + 12p2(2),

yields ||g‘(§")|| < Cfor0 <k <7 and ||ﬁo(k)]| < Cfor 0 < k < 3. Similarly, find-
ing 1,72, and ¥3 and using Lemma 3, ||y‘1(k>|| < Cl+u*M),0 < k < 3and
||y’2(k)|| < cu~ 1), 0 < k < 3. Utilizing the bounds from Theorem 1, the resulting
estimates are as follows:

lysall < Cu™3, lyaall < Cey'u2, vkl < Cey?u™!
Also , from the equation of jj31 in (65),
7 o __&a n
€1Y31 + poay 3 — buys = €2yz1 b12y32,

and these bounds are obtained
lysall < Cu™> lymll < Cu, Iyl < Cey'u™>and  [lys1l] < Cler +e3%u™).
Differentiating the equation of ij3; and using the bounds of j/3; and its derivatives,
lys|l < Cey® + Cey ' + Cey 22
similarly,
lzaall < Cu™2, 2l < Cu?, 25l < Cey'n™>, [I25]1] < Cley ' + 62070

and ||Z58]| < Cey> + Cey '+ Cey 22
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Hence,

7(0) = #0(0) + €271 (0) + €3772(0) + €3773(0),  7(1) = #o(1) + €201 (1), (76)
5(0) = Jo(1) + 21 (1) + €372(1) + €3773(1),  §(2) = #o(2) + €201 (2) (77)

and by utilizing all the aforementioned bounds, the bounds of the regular component are
obtained by

[FW| <C fork=0,12 ||| <Cet, ||y <C. (78)
Similarly, it can be determined that

FW <C fork=0,1,2, [|s{|]| <Ce;', |ls3']| <C. (79)
The proof of the lemma is complete. [

6. Layer Functions

The functions for the layers are denoted by ‘Bél () and B!'(5),i = 1,2 and are
specified over the interval [0, 1],

%ll(%> — 6761%1 0‘}42 < 761/%71(%) — 6791(17%)/ ‘X.MZ < 761’ (80)
1 e, Wz > yey 1 eK(1=5) WZ > yey

BY () =

792% 2 <
e ,oaus < e
{ Fo=T @000 = e 2079, 2 < yeq (81)

eM%, ap? > e

The layer functions ’B? (»),8B72(5),i = 1,2 are specified over [1,2],

1

—01(3—1) 2 —01(2—5) 2
e % , o au?t < ye e , apus < e
B (50) = Fo=T (00 = =79 (82
e*)q(%fl), D(HZ > Yér e*K(Z*%)/ aVZ > e
—92(%—1) 2 <
1 e , ApT = Y€1 T —0,(2— ) 2
B2 = ,B.? =e¢ 2 ,oaut < e 83
2 (%) {eflz(%l), ap? > vep 2 (%) He=ra (83)
where 6; = Z—?‘; A= %; K= %, fori = 1,2. Following the Lemma 5 presented in [13],

the points s € (O, %) , which satisfy the conditions for the case au? < ey, can be proved.

By () _ By (5%) BY(1— ) _ BY(1— )
€ & 1 q €

7

B (% —1) _ B (55— 1)
€l €

B(2—s%) _ BY(2- )

, and = =
1 2

, 0<s<

N W

Similarly, for the case ocyz > ey, it can be shown that there are points 54, k = 1,2,3 in
(O, %) such that

B (5a) _ B3 (%)

k k
€1 €
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7. Bounds on the Singular Component and Its Derivatives

Theorem 2. Let @, @R satisfy problems (16), (19) and (25), (28) for the cases ap® < e, and

ap® > ey, respectively. Consequently, the components of - and WR satisfy the following
bounds on (0,1).

For the case ay? < 7yeq,
[y ()] < CBY (20); [w}? (30)] < CBY (0);
i o] < (V2B (30) + ;2B (), k=1,2,3;
w59 e)| < Cey 2B (30), k=12
|w§1'(3)(%)| < Ce;l (61_1/2%111 () + 62_1/2%121 (%))

For the case ap?® > ey,

Wyt (50)| < CBY (5);  |wy! (5)| < CBY (50);
w9 )| < O (7587 (50) + B (), k=123

s ™ (50)| < Cpfe; ¥BY (), k=1,2;

3 3
L1,(3) K l H ol

Moreover, the components satisfy the following bounds of @WR1. For the case ap® < ey,

wf! (30)] < CBY (5¢);  |wy (30)] < CBY (52);
[ ()| < e 7280 () + €327 (%)), k=1,23;
w3 (50| < Ce; 2By (), k=1,2;

|w§1/(3)(%)| < Ce;l (6;1/2%;1(%) —I—e;l/Z%;l(%)).
For the case ocy2 > e,
R R
[w'(0)| <G fwy' ()| < C
WO <ok, k=12
Wi (o)| < 3+ cer;
Wh B G <cp®, k=123
Components of w2 and WR2on (1,2), for the case ocyz < 7veq,
w12 (30)] < CBR(3¢); w5 (5¢)| < CBF(»0);
M )| < (7287 (30) + 2B (), k=1,2,3;
0y ()| < Ce;*BR (), k=1,2;
L2/(3)

_ — 1 — I
wh?® (5)| < eyt (el V282 (3) 1 ; 1/29322<%)).
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For the case ocyz > yey,
|wh2(50)| < CBE();  |wh?(5¢)] < CBE(50);
0¥ 0| < Cpf (7B () + "85 (), k=123,

w9 ()| < e, BR (), k=12

3 3
Ly,(3) [ ! H ol

Moreover, the components satisfy the following bounds of @WR2. For the case ay® < ey,
R R
Wi (30)] < CBF () [wy?(30)] < CBF (0);
w2 ()| < C e /2B (50) + €, 2B (%)), k=1,23;
s> ® (0| < Ce 282 (5), k=1,2;
|w§2’(3)(%)| < Cey? (61_1/2%?(%) + 62_1/2%;2(%)).
For the case ap?® > e,

w2 ()| <G ()] £ G
Wi <o, k=12
,(3)(%” < Cy‘3 + C€1—1;
1w ® o) < cp*, k=123

Proof. The bounds on @R and its derivatives are established for the case ap? > 7ye,. In this
scenario, @R is decomposed over the interval (0, 1).

— -R —R SR SR
ot = qo '+ €24, '+ 5%’72 '+ 63‘73 Y (84)

Ry
where E]’iRl = <q"}< . ) ,i=0,1,2,3, and their equations are given as follows:
9in

HAG)TY =BG =0 gt (1) = ur(1) —01(1); g9 (1) = ua(1) —v2(1), (85)
T
o o €
HAG) Y — B = (—E;q(ﬁ]"',—mﬁ”"> ;A () =5 (1) =0, (86)
Ry, R €1 Ry Ry 1 T R R
.MA(%)% v _B(%)ﬁz '= <_€2q111’ ,—11121’ ) ’ %11(1) = qzzl (1) =0, (87)

T
195" + pA(G) G — B(x)s" = (—Zqﬁ“’ﬂ—qﬁ“”) , (88)

431 (0) = 4351 (0) = 0;  q41(1) = g3 (1) = 0.

It can be easily derived from Equations (85)—(87) that,
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Also, from the equation of q?zl in (88) using Theorem 1 and the fact that ap? > ey,
the following can be derived:

R — Rq,/ -1,,— Ry, -2
435 | < Cp °, la3," | < Ce, e, |93, |§C€22?‘ 4

Consider the equation of q;l in (88), which can be written as,

Ry Ry, Ry €1 Ryn Ry
€143 + Ho1q3" — brigy = T T b1243; -

The decomposition of qé{f is as follows:

R
931 = o+ €191 + €102 + €103,
where @;,i = 0,1,2,3 are characterized by,

€1 R , R
pay g — bripo = —équ " —b12g33, po(1) =0,

parp) —bupr = —py,  01(1) =0,
parpr —bugn = —pf, a(1) =0,
€198 +parph — brips = —py,  3(0) = p3(1) =0.
From the above equations,

0§71 < U, k=0,1, Jpf| < Cu O 4 cey KR, k=23,

|p§k)‘ < Cpu~ B0 4 Cey (640, |@§k)| < Cp (1040 4 Ce 2640k = 0,1;

|p§k)| < Cpu= @+ 4 Ces k=80 4 Cengk)engk)y_(k_l), k=2,3;

947] < Cum 00 4 Cey V87 4 el ey 9D, k=23

By applying Theorem 3 of [6], the following bounds are established by
o3| < Cu 24+ Ces%u 4+ Cey ey 'u3;

|p§k)| < Cefk(;f(u*k) + 6273‘117(671{) + e;legly*(%k)), k=1,2,3.
Using o, 91, 92, and g3, the following bounds of qé{f are obtained by

|q§11/(k)| S Cy_(6+k) + Cez_k]/[_(6_k), k= 0, 1,2,

g3V < Cp 4 Cey 2+ Cey 2 + Cep ey
Now, using the bounds of qgll , qﬁl, qlqul, and q?ll and

Ry, (3 oy o _ 5
|q321( )|§C;4 7621+C622y 5+Cez3y 3

using the above bounds, the following bounds of @" and its derivatives are found for
k=0,1,2,3

|wfl’(k)| <cu* k=012 |wf1’(3)| < Ceyt+Cu3; |w§1’(k)| <cu k. (89
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+
For the case ocyz > vep, we define the barrier functions lﬁi = <¢1i> , where gbii = C%ZZI +
(23

wiL1 fori = 1,2. Itis evident that lﬁli(O) > 0 and lﬁli(l) > 0. Additionally, L1*(x) <0
for all x in the interval (0, 1). Therefore, it can demonstrate that \w%l (%) <C %121 (5¢) and
jwy! (3¢)] < CB7 (52).

Considering the equation of wé 1 from (25),

e (30) + pan ()b (56) + by (36) w0l (36) — by (36)wh! (30) = 0. (90)
This can also be written as,

" / 1 1 1
wh" (3¢) + e—yzag(%)wél’ (5) = e—zbzz(%)wél(%) - 5521(%)w§1(%)> = 5hz(%),

where
Now, taking A, (0) = ap,
/ / _r _ X »* _
wéu () = wél, (0)e & (A2(5)—ag) +€£l/ h2(s)e€’; (Az(s) Az(%))dsl
0

where Aj(5) is the indefinite integral of a,(¢). Using the bounds on 1i, it is established

that |w§1'/ (0)] < Ce, !. Using the inequality ¢~ (A2(s)—A2(x)) < ¢ Ples)

integration by parts, it is derived from the above that

and applying

Ly —1lggh
[wy" (50)| < Cey By (5).
Using a similar argument, it can be
Ly —1ml —1ml!

[wy (5¢)| < Cep 18] (5) + Cey 1B ().
Differentiating the equation and using a similar procedure as above, it can be shown that

w1 (30)] < Cey 2B (52) + Cey 2BY ().
Similarly,

n
|y (30)| < Ce®BY (5¢) + Cey B ().

The bounds on wé v (5) can be obtained from the equation of wé ! in (25) and the bounds
on wél (x), wél’/ (x), and w{‘l (x). The bound on w%l’m is obtained by differentiating the
equation of wfl in (25) twice and using a similar argument as above. Now, by differentiating
the defining equation of wél in (25) once and using the bounds on wé s (50), w% v (5) and

wé v (5), the following can be derived below

Llr//l

_ — 1 — !
wy" ()] < Cey ! (7B () + 5 2B () ).
It has been established that
Ly, Al el
[} (4)] < C(e7 87 (54) + €7 '8 () ).

Consequently,

Lyl (50)] < c( K oghi(0) + ”%;1(%)),

€1
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where

Ly} (3¢) = ex () (3¢) + pray (32) (] ) (5¢) = by (s2)w} (30)

= a1 (32)wh (5¢) — bra(3)wE" (52) — by (3)wh! (5¢) + by (3e)wh (52).

By introducing the barrier function

v 00 = (Lo + Lo ) 2ol 00,

it can be demonstrated that * > 0 on [0,1] and L™ () < 0 on [0,1], which implies

Ly, H H
o o) < (Lo + Evi)),

By introducing another barrier function

l l ,//
$= () = C (’Q%M + ’2%;(@) +wl” (50),
€] €
it is derived that
L, — I — I
[} (50)| < Cpu (€781 (50) + €324 ()

2
Ly, I
" (0)] < CE58 ().
2

By differentiating the equations of w% ! and wél once and applying the bounds of wfl’,,

L " L i L " ..
wy" , wy"” ,and w," , it is found that

3 3
,/N l l
|w§1 () <C <Z§’%1] () + ngle (%)),

3 3
Ly, M h B oph
w <C|——53 + =B .
[wy (50)] < <€1€% 1 (%) eg 2(%)>
Similarly, analogous results can be derived for @2 on [1,2].
Next, the bounds on @1 for the case au? < e are derived. The bounds on w%l (5) and

wé !(5) can be derived by defining the barrier functions

Y () = CBY (3) £ Wl (30), i=1,2.
To bound wfl’, (5) and wé v (5¢), the argument proceeds as follows, and from the equation
of wél in Equation (16) and Theorem 1, it is obtained that |w§1’,(%)| < Cey v 2%121 (5).
From the equation of w! in (16) and Theorem 1, |w%1’/ ()| < Cey 1/ 2%121 (5). To improve
the above bound on |w;" ()|, proceed with the following and differentiate wlL Lin (16)
once, obtaining

Lywht’ (36)] < Ce; /281 (x),

To establish the necessary bounds, define the barrier functions as follows:

97 (x) = C €7 /2B] () + €, /2B (30) ) £ ] ()i = 1,2
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and apply the minimum principle for the operator L;. The bound on wé v () is obtained
from the equation of wél in (16). To bound wlL v (5) and wlL 1 (5), the defining equation
of wi‘ L in (16) is differentiated twice and thrice, respectively, and an argument analogous to
the one used to bound w%l’, (5¢) leads to the required bounds. The bound on wé 1 (5) is
obtained by differentiating the defining equation of wé ! in (16) once and using the bounds

Llr/, Ll,/l L]/, Llr, .
of wy (32), wy" (3¢), wy" (3¢), and w," (3¢); it can be seen that

L /l// _ l _ l
i ()] < C(er 2B (30) + €81 () )

|w§1,m(%)| < Ce;] (6;1/2%111 (3) + 6;1/2%121 (%))

Similarly, using an analogous way, it can be derived for @2 on [1,2].

For the case ap? < 7ej, the bounds on @*? are obtained by the above analogous
arguments to those applied in bounding @". The proof of the theorem is complete. [
8. Sharper Bounds for w{“l, szl, wlLZ, and wg‘z
To achieve sharper bounds on the derivatives of the singular components wfl , wé L wfz, and
wéz, decompose these components further for [0,1] and [1,2]. This refinement will help to
demonstrate the nearly first-order convergence of the proposed method. Now, focusing on

the case ay? > ye,. For @M and @2, decompose it as follows: @51 (5c) = wf () + wé 1(x)
on [0,1] and @"2 (5) = wle(%) + wéQ(%) on [1,2]. Decompose of wfl (5)

L L L
wy' () = wy] (32) + wyy ()

where
—30)K ,
Loy TR w P Ge)  for s € [0,50)
W1 (%) - L (91)
wy (52) for ¢ € 50, 1]
wij () = wy' () — wy] ().
Decompose of wél (5)
wy' (5¢) = wyi () + wg} ()
where
—s01 )k ,
Ly _ Zi:o(( k!l) )wél (k)(%l) for » € [0,51)
wi () =11 (92)
wy' () for 3 € [3,1]
w5} () = wh! (3¢) — Wy} (52).
Decompose of wlL 2(x)
w2 (2¢) = Wi} () + wiF ()
where
—sy)k ,
Loy BB e) for x € [1,0) 93
“it) = 93)
wy? (52) for s € [xp,2]

Decompose of wéz (5)
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where

L2(50) = {Zk— oS w50 (o) or e € [1,50) (94)

L2 (5) for > € [1,2]

w3 () = wy? (32) — wy (52).

Lemma 4. Given the decompositions of w11 , wfz, wél, and w2 the following bounds hold on [0,1]:

!
[wii” ()] < C.”3€1 € , 2B 2 (%),
Ly, —2pnl
jwiy ()] < CuPer By (), 95)
,/// _ 1
wht!" ()] < CpPe Bl (),
Ly, —2¢ml
wyy ()| < Ce, *B; ()
Similarly, the decompositions of wll, w%, w,; and wzé, the following bounds hold on [1,2]:
L ,/// 1
wip (30)] < Cpler ey By (),
Ly, —2pnl
[wiy ()] < C,”2€1 2%12 (50), (96)
L ,/// l
Wyl ()| < Cle; *BF (50),
Ly, !
|wy3” (30)| < CpPey B3 ()

Ll,///
Proof. For wy]" (),

On [0, x2)
L, L) _ i -1 - 1
|w ()] = |w11 (s2)] < C}“3(€1 3(’31](’{2) +€; 162 2%2] (22))
< Cy3€1_1€2_2%121 (5).
On [%2, 1]

—1_—2ml
ooy} (5 )l—le1 ()] < Crler ey B3 ().
L
Foerl ( ),O0n [0, 1)

L/ L, — I — I
|wy; "(0)| = [y (3a)| < CPey (e 1By (501) + €5 185 (501))
< Cple; B3 ()
L ,/// L ,/// _ l
On [y, 1] [kt ()] = [ (30)] < Cpde; BY ().

" " "
For wle’ (5) and wfé (5¢), similar bounds are obtained. For [1,2], wff (5¢) is considered
and on [1, 55)

Wk (50)| = [0 (3)| < C(HPe B2 (502) + €7 ey 2B (5))
< Cpley ;B ()

On [%2,2]

, 1 ol
i3 (3 I)l—leZ ()] < Cile; ey B3 ().
Forwél’ (5),0n [1, 5)

L ’/N L ,/// _ _ l _ I
[wy ()| = [wy* (5a)| < CV3622(€1 187 (50) + €5 ' BF (541))
< Cy 62 lz(%)

On [%1,2]
Wk (50)| = |wh>” (30)| < CPe; 3B (50).
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" "
For wle’ (») and wlL§ (5¢), similar bounds are obtained. Similarly, find the sharper bounds
for the case ayz < 7eé;. In this scenario, the decomposition of wi‘l and wfz remains as
before. The proof of the lemma is complete. [

Lemma 5. Given the decompositions of wn, wh, wél, and w2 the following bounds hold on [0,1]:

|wL1’ (»)] < Ce_%EBll(%)
—= 2 2 7

Wi ()] < C(e7'B] (30) + 5 'BY (),

L -3 (97)
|wyy” (22)] < Cey 2By (5),

Ly, —1gnl
[wyy (3)| < Cey '8 (52),

and given the decompositions of wlle, wfz, wy7, and wzé, the following bounds hold for [1,2]:

Ly -3
i (30)] < Cey *B7 (),
Wi (50)] < C(e7' B2 (50) + &, ' B3 () ),

( 1 2 22 ) (98)

Ly, -3
Wi ()] < Cey B (30),

k2" (30)| < Cey 182 (50).
Proof. The proof follows the same logic as Lemma 4. [

Analogously, the decompositions can be made for @& and @2 in both cases. Corre-
sponding bounds for these components can be similarly demonstrated in a similar manner.

9. Numerical Method

This section presents the proposed numerical method for solving (1) and utilizing a Shishkin
mesh for the discretization.

For the cases ap® < ye; and ap? > ey, appropriate Shishkin meshes are developed over
interval [0, 2].

Case (): ap® < ve;

In this case, the Shishkin mesh for QN over the interval [0, 2] is determined by the transi-
tion parameters 1; and TTp. The interval [0, 2] is partitioned into the subintervals [0, T;],
[11,12], [12, 1-— _[2}, [1 — _Iz, 1-— _ll], [1 — -Il, 1},[1, 1+ _[1] ,[1 + _Il, 1+ 12], [1 + -I2,2 — _Iz],
[2—"T,2—"TN], and [2 — 71y, 2], where TT; and 7, are defined as,

-Iz—nurl(j1 2\\?1 N) = mm(’;2 Z\Vﬁil N)

Each of the intervals [0, 1], [Ty, T2, [1— T, 1= TN], [1 — T1,1], [, 1+ ], [1+ T, 1+
], [2— T, 2— ], and [2 — Ty, 2] are divided into £ subintervals, while the intervals
[T, 1— ] and [1 + T, 2 — o] are divided into % subintervals. When T, = % and T; = %,
the mesh is uniform. Let Hy, Hp, and Hj denote the step sizes on the intervals [0, Ty],
[T, T2, and [Tp, 1 — o], respectively. Thus, H; = %,Hz = %N_-ll),H?, = W'
The step sizes in the intervals [1 — 7,1 — ;] and [1 — Ty, 1] are H, and Hj, respectively.

Based on the selection for T1; and T, there are four possible meshes in this case.

Case (ii): ap® > ver

In this case, the Shishkin mesh for ONon [0,2] is defined by the transition parameters Ty,
Tp, and 0. The interval [0, 2] is divided into the subintervals [0, 1], [Ty, 2], [T2, 1 — 1],
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1—01,1], [L,1+T],[14+ T, 1+ ), [1+ T2,2— 0], and [2 — 07, 2], where Ty, Tp, and 07
are defined as

-Iz—min<1 eilnN),-h —min<T2,;tlxlnN>,(71 —min(1 VlnN).

4" u 2 4"

Each of the intervals [0, 4], [T, o], [1,1+ Th], and [1 + Ty, 1+ 7] is divided into f
subintervals, the intervals [1 — 07,1] and [2 — 07, 2] are divided into & subintervals, and the
intervals [Tp, 1 — 7] and [1 + Tp,2 — 07] are divided into & subintervals. Let the step length
for each of the intervals be [0, 1], [T, T2], [T2,1 — 1], and let [1 — 07, 1] be denoted by Hj,

Hj, H3, and Hy, respectively. Thus, H; = %,Hz = &N_-[l),Hg = MLI\II__‘Z),H; = 8%.

Although there are eight possible meshes QN resulting from the various options for the
transition parameters, 7, = 411' o7 should take the value 411' Otherwise, the case of inequality
ap? < yex would be true, leading to a contradiction. Therefore, there are only six possible
meshes in this case.

10. The Discrete Problem

The discrete problem is defined as follows:

ENQ(%]-) = E(Szﬁ(%j) + yA(%j)©+fl(%j) — B(%j)ﬁ(%j) (99)
+D ()8 (3 —1) = f(3) onQN, 0<j<N-1,

with boundary conditions specified as follows:

Let
E{\]ﬁ(%]) = Eézﬁ(%]-) + ]/tA(%j)®+ﬁ(%j) - B(%j)ﬁ(%]-) = 8(5)) on avy, (100)

—1)  (101)

The discrete derivatives are defined as

D H(5) = ﬁ(%”;li; ﬁ(%j),ﬁ_ﬁ(%j) _ 8bx) _hjzl(%j_l),
4(5)) = ;_ll(@ﬂl(%j) — D (),

[y

. N ey -
with h] = — Hj_q, h] = jT]H, ”j € ON.

11. Numerical Results

This section establishes a discrete minimum principle, a discrete stability result, and the
first-order convergence of the proposed numerical method.

Lemma 6. (Discrete Minimum Principle) Assume that the mesh function ‘f’(%j) satisfies ¥ () >
0and ¥ (scy) > 0. Then, szll\]‘_f’(%]) <0fr1<j<f-1, Eé\"—f’(%j) <0for ¥ <j<N-1,
and @*‘f’(%g) - ’D"_I"(%g) <0, it implies that‘f’(%j) >0forall0 <j<N.
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Proof. Leti* and j* be such that ¥;: (5« ) = min ¥;() and suppose ¥« (5j:) < 0. Then,
ij

75 & {0, N}, Wis (5650 ) < Fis (55+41), and Wi (2 ) < i (55— ).Therefore, 2% ;- (%) > 0.
Conside the two cases, for 1 < j* < % — 1,if xj € Ql , then

2

j=1
which is a contradiction, which gives (E ‘?) (%]-*) < 0. For % <j* < N-Lif s € Qy,
then
PN 2
(LZT) ( )—61*51Y ( )+}”az( )9 ¥ 251]%] )
j=1

—Dl (x]* ‘Yl*( Mix — 1) O

which is a contradiction, which gives (LY P (3¢+) < 0. The only remaining possibility is
that > = N Thus, by hypothesis, it follows that

D Y (s %)<0 and DY (s )zo.

This implies
@Jﬂfi*(%%) — @*1}!1,*(%%) <0,

and since D~ ¥« (J{%) <0< DY (J{%)’ it follows that
DY (s %) <D~ Tl*(%N)
Consequently, it follows that
Ti*(%§—1) = ‘Pi*(’fg) = Ti*(%¥+l) < 0.

Now, consider the operator acting on the solution at sy /51

2
(Lzl\]‘fj)i*(%%il) = 6{*52“1’(1'* (J{%fl) + a;* (%%71)‘1'(;* (%Nfl) - Z bi*j(’{%fl)‘}[j(%ﬁfﬁ

2 j:l 2

—

_61*(5 Ile J{];] 1 Z bl] J{N 1 Ti*(%N/Zfl) >0,
JELF

leading to a contradiction, implying that ‘_I"(%]) >(0forall0<j<N. O

Lemma 7. (Discrete Stability Result) If ¥ (s ;) is any mesh function, then

[¥;(5)| < max( [¥(q)|, [F(ay)l, max [LN¥(q)|, max |LY¥(q)] ).
1<j<h -1 F<jsN-1
Error Estimate

Analogous to the continuous case, the discrete solution £l can be decomposed into V
and W as defined below.

- — — —

LNVi() = §(5), for 0<j< = -1 Vi(x)=H0), V, (%%) —71), (102)
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R - N N .
Ly Va(s) = f(54), for — <j<N-1, V; (%g) =5(1), Va(een) =5(2), (103)
N .
Va (5 1):V1(%].7%), for > <j<N,
LYWh () =0, for 0<j< g -1, Whixg) =aM(0), WwWh (%g) =ah(1), (104)
LYW (5) =0, for g <JN=1, Wh(sey) =aR(1), Whia)=a"(2), (105)
- - N .
WLl(%jfl):WLl(%];%) for 5§]<N
It is clear that
_ ‘71(%]), for OS]S%—l
V(%]) = _, N . s
VZ(%]), for 5 <j<N

Lemma 8. If ¥ is the solution of (10), (13), (22) and V is the solution of (102) and (103) , then
|(V—8)(>5)| <CN7Y, for 0<j<N.

Proof.

Hence,

N
LY (V —7)(xj) = () — LY7(55) = (L — LY)7(5) (106)
d2 d .
= E (d%z — 52 7(%]) +u (d% — ©+> A(%])r(x]) (107)

(108)

Determining the local truncation error

< Clj1 = 1) (eillri |+l 1),

(s = 8 i)+ o) (1~ 2 il )

fori=1,2. Itis established that (5,1 — 5 1) < CN~L. In this case au? < ey, from (53)
and (54),

"

o e |lr || + ullr;
07 - < ()
e[y || + plir |l

<CN-1 €1C€171/2 +ucC
- €C+uC
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1/2
S CNil C€1 +]/lC S CNil
€2C+}lc

—

|z12\](vl —g)(%)l < CNil <€1||Sl || +‘1/l||51|>
AR

" "
eallsy | + plls, |

—-1/2
SCN_l €1Ceq +ucC §CN_1.
€2C+‘HC

Using Lemma 7, consider the mesh function,

¥(g) =CN @) £ (Vi =7)(35), 0<j<

N[ Z

Provided that the value of C is sufficiently large, it follows that LN '*T’i(%]') < 0, for
1<j<5¥-1,9*%04) >0, and‘_fi(%%) > 0.

|(l71 —?)(%j)| <CN!, for0o< j<

S{ES

Similarly,

—

(V=) ()| <CN71, forg <j<N.
For the case ap? > vep
(Vs —7)(5)| < CN71, for0<j<

Similarly,

\7275' )| < CN7L forNS'SN.
I( j )

N

It can be stated that for both cases,

(Vi —=7)(>)| <CN7L, for0<j<¥
- (Vo —7)(55)] <CN7!, foro<j<¥
(V=0)G)l =49 . _ | o
(Vi —8)(55)] <CN7!, for ¥ <j< N
(V2 =5)(>)| <CN7!, for § <j<N.
Thus,
(V—8)(>)| <CN"!, for0<j<N. (109)

The proof of the lemma is complete. [

The bounds on the error in the singular components @ and @' are estimated for the
case ocyz > ey, utilizing the mesh functions defined on QN

N j aph;\ ! Ip,N L apuhi\ !
BN =115 B e -0 52)

with B (5) = BN (349) = 1 for p=1,2.
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Lemma 9. For the case ap® > vyey, the layer components W and W2 satisfy the following
bounds on QN:

IWE (5)| < CBSNY) (56), (W2 (54)] < CBN) (5¢))
IWh (55)| < BN (5, [WE (54)| < CBN) (51y).

Proof. This result can be demonstrated by defining the mesh functions l[Jii(%j) =
CBY"™ (5) + WH (34); 9 (5) = CBY"™ (5) £ W' (54); i =1, 2; and p =1,2 and
noticing that t,bl.i(%o) > 0 and IIJZ-i(%N) > 0. Furthermore, (LN ﬁi)i(%j) < 0, and
(LY PE)i(5) < 0, j =1,2,---,N — 1. Therefore, the discrete minimum principle pro-
vides the desired outcome. The proof of the lemma is complete. O

Lemma 10. Let @' and @' satisfy (25) , and let WLt and Wiz satisfy (104) and (105). Then,
Wit — @k || < CN~!'InN.
W2 —@l2|| < CN~!InN.

Proof. The local truncation error is given by

Nl Al et o + plw o
|L1 (W —w )‘ < C(%j-i-l - %j—l) L, L, (110)
exfwy |Ip + pllwy [Ip
L n L "
SN elwi® |Ip + pllwy® [Ip
|L£\](WL2 )‘ < C( Hj+1 — %]—1) 12’/// 12’// (111)
e2lwy,® |p + ullwy* |Ip

where D = [5_1, 5,1]. When T = %, T = % and o = }1, the mesh QY is uniform; then,
the value of h = N~L. In this instance, yel_l < ClInN, ;462_1 < CInN, and ;Fl < CInN.

(8 Gn) + 30 0))

ILN(Wh —@l)| < CN~18 l (112)
(B22005-0) + 2900
)
- (gz% 1)+ 9550
LY (Wh2 —@h2)| < CN~1p? L l (113)
€1 62%2( j— 1)+ %2(%] 1)>
Develop the mesh functions ¢ that were specified in QN by
_ CN! hp\ 4 vhp\ 4
gbl(%]) = =) (exp( - )el nY; —l—exp( = )62 yZ]), (114)
CN-! 2vhpu\ 4
P2(5) = a _V)exp( o )61 uZj, (115)
where v is a constant and it satisfies 0 < v < «,
AN=I 1 vuh NI —1 vuh
Y=——, A=1 Zi="— = —_—
JTOAN -1 T Y N—1" ¢ L=
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The mesh functions described above are inspired by those constructed in [15]. Now, that 0 <
Y;, Zi <1, (€182 + pv@1)Y; = 0, (€202 + pvd1)Z; = 0,91Y; < —vpe; exp( vy%j+1ef1)
and DFZ; < —vue; exp(—vy%]-Hez ) Then, define §* (5;) = ¢(54) = (WL — @L) (5 i) It
is easy to observe that §(5j) > 0,j=0,...,Nand LN¢(5 i) < 0, LY¢(s i) < 0,1<j<
N —1. Hence, by applymg minimum principle,

1 1
(Wi — @) (54))| < CN1<(€1 ”j% ”)) <CN !'InN.
€ M

Simillarly,

|(Wh2 — @12) (5)| < CN™ 1<€1 ”*;2 ”) <CN'InN.
2

Nz,

Now, when T, = 62 In N, for the mesh elements s, for <j<

(Wi —01"1) (5) | < Wi (54) | + [wor ™ (54
< CBY"™N) (35) + CBY (34))
< cB"N) () + cmh () < N,
Similarly,
|(Wa" — ") (54)| < CN

For 2N <]<N

|(W"2 —wi2)(54)| < |W1L2(%j)| + |w1L2(%]’)|
< CB! ’2N (-lz) + C%z (‘iz) <CNL
Similarly,
[(Wa'2 —w,"2) (5)| < CNT.

When T, = % In N, there are two distinct cases that are considered: €; > % and e; < 3
In the case 3 < €1 < e, for % <j< %, T < zy%lnN. Hence,

- I
|EN(WL17@L1)(%,)| <CN—1lnN € 1;@% (%] 1)+€2 ‘u (%] 1)
! 7= Z;Bl( ) .
62 ﬂ ]7

-1 1
|EZZV(WL2—ZTJL2)(%]‘)|SCN11nN<€1 ;12%12( )+62 u>B ( P 1))
€ Vz%zz( #j-1)

For this case, €, > 2¢; for % <j< %; using the decomposition of wh and @2, the follow-
ing results are derived based on (95)—(98). Let h = xj41 — »j-1; then,

N (e |fwh” —|—C le’” +e w —I—C w
TN (H — ) < [ (I 1+ Cll ||) il || + Cplfwry’|
coluty | + el || + |
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CN~'In Nyze_l%ll( #ji_1) + Cel_lyz%lf(%]-l)>

LY (Wh — @) (5)| <
! ! CN=1In Np2e; "B (34 1) + Cey 2Bl (34_1)

Lz, LZ/ L2r

i Ly,
I (2 — i) < | (I 1+ ot |)+eluw |+ Cullwr
exhllwy?" ||+ exllews3 || + Cub| |5

< (CN Un Np2e; 1982 (541) + Cey ;42%112(%]-_1)>
CN— 1lnNye 12( j,l)—i-Cez 12 éz(%j,l)

fl%l( - 1)+€z %l( > 1)>‘
€5 1B (¢ 1)

—1enb ) —1enh '
LY ("2 — @) (9)| < CN 712 1nN<€1 Br ) + e s <m>>_
€; By (5-1)
Let us define the mesh functions ® on the domain QN for the value of j such that 0 < j < Me,
p=1land for § <j <38 p=2as follows:

D1(x) = CN~'InN {exp(%)ng'N)(%j) + exp(bcgfl)Bgl’“’N)(%]’)} ,

®;(34) = CN~'In Nexp (2“2‘H1>B§ZP’N)(%/-),
2

andfor%gjg%,pzland%gjg%,p:Zas

®;(5) =CN™! lnN[exp<ngHz>Bélp'N)(%j) + CBSZP'N)(%]-)],
2

@, (5) = cwllnN[exp<2"‘”H2) “*"N>(%,-)+CN*1((TZ— ey +1)].

-

By defining the barrier functions ‘-I’i(%]-) = D(3) + (W — @ph1) (5 i) for0 < j <
utilizing the minimum principle, it can be estabhshed that ‘I’i( ) > 0 forall 0 < j

j < 2N and utilizing the minimum principle, it can be estabhshed that ‘I’i( ) > 0 for all
% < ] < 5N . Consequently, it follows that

|(Wh —zT)Ll)(%j)| <CN7!'InN, for0<j<

(W2 —@'2)(5)| < CN"'InN,  for
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Now, consider the case T, = %, 0= %, and Ty = ;—}X In N. In this scenario, €, Ly <ClnN.
For x; € [0, TIy), it follows that (3¢ — 5j_1) < Ce1p~'N~1In N. Hence,
D)

For »; € [1,1+ ), it follows that (1 — 1) < Ce1p~'N~1In N. Hence,

Ly, L
€1||w1 !

+ pl|wy

ea||ws”

LY (WH — @) (34)| < C(sgj41 — 24j-1) Ny
|D+14||w2

el el
< CN“MIn Ny (61 1%11 (%-1) + € 1%21 (%jl)>

— !
62 1%21 (%]',1)

>N /7 €1]|w p +ullw® lp
I (2 — ) o] < Clogon — 1) [ 18] ”'g”
e|lw,® ||p + pl|wy

—1eph I
gcz\rllnN;f(el i H;ij(ez %; 205 ”).

For »; € [Ty, ], by utilizing the decomposition in the previous case, the following
is derived

&m%lu+cmm Il) +enlleory” I+ Callelt |
|

| < CN ' In Npey 185 (5¢-1) + Cey B0 (521
CN ' InNpe; 183 (541) + Cey 2B (3-1) )

Ly, Ly

| + Cpuh| |wy

€2h||w21 | + €1||w

For > € [1+ 71,1+ T,

L
o B er||wy? 2,
LY (W' — @'2) (54)| < ( (

Lz, LZr L2/ |

CNfllnN;ﬂegl%lZ( i 1)+Ce;1y2%12( : ))
CN~1In Np2e; 187 (34-1) + Ce;y '42B7 (3-1) )

)

exh||wy?

| + Cph||wy

|+Cmmf|0+qu NI+ callwi3’ |
| + €1l|wy)

TN (b — ) ()| < (

Similarly, for »; € [T, 1), it follows that (311 — 5¢j_1) < CN~'InN. Hence,

erl[wf” [lp + i 1o

LY (W = @) ()] < Coja ;—1>( L

e[y b + |
< CN~'In Ny? 62 ll( - )—i—Ce*lyz%lll(%j,l)
CN~1llnNpu?e; ll( )—i—Cezlyz%ll( D)

For s; € [1+ T, 2), it follows that (1 — 5j_1) < CN~'In N. Hence,

L " L "
L €1||w12’ ||D+ﬂ||w12’ Ip
LY (W' = @"2) (54)| < C(51 — %;—1)(

€2||w2 ||D + Vszz ||D

CN~- 1lnNyze_1% (5 )+Cel_1y2%lz(%] 1)
CN ' In Np2e; 182 (541) + Cey ' 12BE (51) )
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Finally, by utilizing the minimum principle along with the specified barrier functions,
the required bounds can be obtained. Let §*(5) = $(3¢) + (Wh — @) (5¢;), where
¢ = (¢1,¢2)7T is defined for 0 < j < &, p = 1 and ll;i(%]-) = (fﬁ(;ﬁ) + (Wha — ZI’)LZ)(%]-) for
% <j< %,p = 2 as follows:

_ 2auH Iy, 2a0uH 1,,
214) = EN i fexp (225 ) B )+ exp (2L ) B0 o,

1, N
)ng e

P2(5) = CN~! lnNexp<2‘XZH1
2

andfor%gjg%,pzlandgl—l\jgjgw,pzZas

2auH
¢1(55) =CN"'InN {exp<“§‘22)3§”"m<%f> + CBY*"NR%»]

P2(5) = CN'InN {exp(zwl/{H2
2

)Bg’f’“) (36) + CNT' (o = 3)e3 " + 1)} .

andfor%ﬁjg %,pzlandfor% <j<N,p=2as

0169) = N fexp (222 ) B ) + B0 (),
¢2(3) =CN'InN [exp(%szg')Bgl"'N)(%j) + CB&I”'N)(%j)}.

Thus, for each of the cases, the barrier function is constructed, and, using maximum
principle, it has been derived that

(Wh — @) (34)] < CN“'InN,

|(Wh2 — @12) (5)| < CN"'InN.

Therefore,
|(WE—@")(54)] < CN"'InN.

The proof of the lemma is complete. [

For the case ap®> < 7ey, the error in the component @' is bounded as follows:
Lemma 11. Let @™ and @2 satisfy (16) , and WLt and Wk satisfy (104) and (105). Then,
|[Wh — @l || < cCN~!InN.
|Wt2 — @2 || < CN~!InN.

Proof. The local truncation error is given by

Ll//” Ll,//
PN /7 e1l|lw + ul|lw
LNWh — @M (5¢)| < C(sei0 — 211 ey o+ pllwy™ o (116)
1 ] j+ j

L,/// L,//
e2flwy” [l + pljwy™ o

Lz,l// Lz,”
IR €1||w + ul|w
|L§(WL2—wL2><%j>|SC(%]-+1—%j—1>(1”1 o+ plen ”D)- (117)

. ||w§’2’m

L ,//
D + pllw,?

D
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For Ty = % and T, = }1, with a uniform mesh size h = N~1 it follows that € 1/2 <CInN
and e;l/z <CInN,

1 gh 1
. L8l (g0) + B} ()
|L{\’(WL1—LTJL1)(%]')|§CN1( o @2 <CN"'InN  (118)
+-Lo

1 ph

e BY (1) + (%-1)

LY (W' —w'2) (o) < N[V ve DT <eNTiN. (119)
\/?1%12 (%jfl) + %22(%]'71)

Consider the intervals separately for the case when 71; = % InN and T, = }1, for

€ (_iz,l — -Iz), (1 + 0,2 — _lz)

N N7 =B, (1)
INWh — @) <c|  YE ) <eNT'inN
N~ 7%21(%]'_1)

LY (W — @'2) (54

N1 B2(5 )
])|§c( ve 2Tl <CN“'inN.

_ I}
N~1_LB2(5_4)

For 5 € (Ty, T2), (1 — T2, 1 — TTy),using the decomposition of @ and @"2, it follows that

E
N

1 e .
|EN(WL1 _ ZTJLl)(%‘)l < CN—l V€l SBl (%]71) +
1 ] — 1 l] 1
—‘Bl (%]‘,1) +

B (54i_1)
L
L B

< CN'InN. (120)
2 (%41

3

Fors; € (1+ 7,1+ ), (2—"T,2-"h)

| onby | onby
LY (Wh2 — @) (5)| < CN™! (ﬁn%f(”]l) + 7587 (1)
- 1

5
N
N

<CN'InN. (121
ﬁﬁhan+l%ﬂmﬂ)— "

3

For s € (0, ), (1 — Th, 1), it follows that (51 — 5j_1) < CN~!,/&In N; then,

1 1
. =+ 0=
LY (Wh — @'1) ()| < CN71/er 1nN<Vfl N va) <CN!'InN. (122)
NCEENCY

For »; € (1,1+ 1), (2—T1,2)

1 1

N L +-L

LY (W2 — @l2) (5¢)| < CNl\/aM\r(Vla N VF) < CN 'InN. (123)
Ve Ve

To estimate this bound, the following mesh functions are defined on QN

j -1
BN () = 1‘{(1 +./ Z’l"h ) ) (124)
(IpN) J fra, 7
B, (5) = 1‘!(1 + o hi ) , (125)
i=
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N) I,,N)

thB(l” (30) = By (50) = 1, for Qy,p = 1, for O, p = 2. When T = , /2 In N and

= 2 , it follows that ‘/7 < €1 < /€ hence, T < Cy/erInN. For »; € [T, 1~ T,
it follows that

(Wit — 01" (54)] < W (54)) | + o™ (59|

j -1
< CBY"M) (5) + CBY (¢ H( +, /= i> +CBY(Th)
€1

i=1
<(1+16N'InN)™ +CN"! <CNL.

Similarly,
|(W2L1 — szl)(%j)| < CNL.

For »; € [1+ TTp,2 — T}, it follows that
|(Wh'2 —w172) (54))| < [Wh'2(547)| + |wr ™2 (54))]

-1
< CBY™N) (32) + B2 (34)) < <1+ Wh) +CBA(T)

€1

Ly

<(1+16N'InN)® +CN"! <CN"L
Simillarly,
|(Wa'? —wy"2)(54)| < CN™.
When 3 € (TTy, T2) or (1 =", 1—"), 241 — 31 < CN~1,/e1InN. Therefore,

- —

LY (Wh — @l1) ()| < czv*@mzv( € ) < CN!'InN. (126)

e
- -
LR

FOI‘% (l—l-_Il,l-i-_[z) (2—_‘2,2—-I1)

e =+
LY (Wh2 — @) (54)| < CN~ 1,ﬁ1nN<v1 +v12> <CN!'InN. (127)
ver T Ve

1 1
€

When 5 € (0,71) or (1 — T, 1), (541 — %j—1) < Cy/etN~'In N, and the required bounds
are der1ved as

) <CN'In N
(Wh2 — @12)(5¢))] < CN"'InN.

When T, = ,/ 2lnNand Ty = el In N and when »; € [T, 1 - T]or [14 T,2 - T,

NWh — @) (54)] <CN"'In N
N(Wh — @2) ()| < CN"'InN.

For 5; € (0, 7T1] or (1 — T, 1), analogous arguments to those applied in the corresponding
1ntervals of earlier cases yield the required bounds, (511 — ;1) < C\/e/N “lInN,

ILN(Wh — @M)(54)| < CN"'InN.
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For s € (1,1+ ] or (2 —",2),
LY (W2 — @12) ()| < CN"'InN.

When 3 € (1, Tp) or (1= T, 1= ), 2641 — 21 < CN™'" < CN"'/&In N. Hence,
LN (Wh — @) (54)] < CN"InN.

For »; € (1+ 7,14+ ) or 2— ", 2~ "Ty),
LY (W' — @*2)(5)| < CN"'InN.

Therefore,
|(WL — LTJ’L)(%j)| <CN7'InN.

The proof of the lemma is complete. [J

For the case api®> > e, the error in the component @*! is bounded as follows:

=R

Lemma 12. When @R (5¢) is decomposed as in (84), the following bounds hold |@®1(0)| < Ce™ ¥.
Proof. Decomposition of (84),

@1 (0) = @R (0) + €@ (0) + 3wy (0).

Let 1/;1.i (x) = ce #1179 &+ wgl.l (x), for i = 1,2, where C is chosen to be sufficiently large and
it is evident that l,bl.jE (0) > 0. Additionally, it is known that L1 ¢; < 0 as defined in Lemma 3.

By utilizing the minimum principle, it follows that *(x) > 0, leading to the inequality
R (30)| < Ce #17) fori=1,2,
Using this result and Equation (85), the bound is derived as follows:

~fa)

1wk (0)] < Se fori=1,2.
01 U

By differentiating Equation (85) and applying the previous bounds, it is obtained that
B (20)] < che_z(l_%), fori—1,2.

Thus,
C —2(1-x)

0i < W@ , fori=1,2.

Next, considering wfl (5¢) and using the established bounds on wgil (5¢) and their deriva-
tives, it is concluded that

|wi1’(k)(%)| < (liz) efg(lf%), wherek =0,1,2andi=1,2.
K
Similarly, it is found that
|w§1’(k)(%)| < Le_%m_”), wherek =0,1,2and i =1,2.

y(k+4)
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By combining all these results, the bound is obtained as follows: ok (%) < Ce ¥ i (1=2)

for [0,1]. Analogously, it is easy to find |@R2(s)| < Ce™ 72 for [1,2]. The proof of the
lemma is complete. [J

Lemma 13. The singular component @wX1 (3c) and @R2(5) for the case au?® > «ye, satisfies the

following bounds:

|Z_L3R1(%>| < Ce*%(lf"),

Proof. Utilizing the previous lemma, deriving the above bound is not hard. To establish
the bounds on the error |(WR1 — 1) (3¢)], the mesh function is defined over anN

N N\ -1
BN (o) = T (1 + 7}”) , BU»N)(50y) =1, where B'»N) i = 1,2,
i=j¥1

Now, consider ¥R1 (¢ i) = CBU1N) (5 i) + + Wkt and ?RZ(%j) = CB(VZ'N)(%]') + WR2. Also,

since WR1(0) < e h , WR1(0) < BU1N) (54). Hence, ¥R1(0) > 0. Also, for an appropriate
choice of C, it follows that $X1 (%N) 0. Further, _L'lN YR (%) < 0and _L'gl 1"15132(%].) < 0.

TR

Hence, by the minimum principle , ¥%1(5¢;) > 0 and ‘_I}Rz(%j) >0, for 0 < j < N. Hence,
similarly, it can be stated for [WR2 (5 i)l

[WRL(3¢)] < CBMN) () and  [WR2(5¢7)| < CB"2N)(5¢) on QN.
The proof of the lemma is complete. [
Lemma 14. At each point >; € O, |(WR — @R)(5)] < CN~InN, for the case ap? > vye.

Proof. The local truncation error is given by

SN TR, 61||wfl’m Ip+ ,u||wfl’// D
|L1 (W )‘ < C Hj+1 — %]—1> Ry, Ry, (128)
e2llwy" [Ip + pllwy" [Ip
RZ/I” R2,//
N N € w + w
7 % Ry, Ry,
eallwy* |lp + ullwy* llp

where D = [5¢_1, 5j11]. Consider the case 07 = %lnN, xj € (0,1 —01]. Hence,
[(WRT—@R1) ()| < [WR (55)) ] + [T (54)]

< CB"N) (5) + CBL (54))
< CB"N)(g) + CB] (07) < CN Y,

for »; € (1,2 — 01]

(W — @R2) (55)| < [WF2 (55)) | + @72 (o)
< CB(’Z/N)(%]-) + C%;z(%j)
< CB1*N)(07) + OB (07) < N,
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Examine the mesh region (1 — o7, 1]; it is known that h= i1 — Hj-1, then, i1 — #j1 <
CuN—'InN

C C C
. €l + =) tulz
LY (WR — @R1) (5¢) | < ClelnN< 1(ﬂ3£€1 s 2)>.
3

<CNlInN.

For (2 — 07, 2]

When oy = }—1, y‘l < CInN. Hence,

|(WRt — @R1)(5) < CN“1p™! < CN“'InN,

—.

WR2 — @R () < N1y ! < CN 'InN.
] H
Thus,
HWR — ?/TJR”QN < CN1lInN.

The proof of the lemma is complete. [J

From the previous Lemmas 10-14 , for ay?> < ve;, analogously ||WR - _’RHQN <
CN~!In N is obtained.

Theorem 3. Let 1i be the solution of (1) and 1 be the solution of (99)—(101). Then, for each mesh
point x; € ay,
| —ii|gv < CN"1InN,

for both of the cases au? < ey and au? > yes.
Proof. The proof follows Lemmas 8, 10,11, and 14. O

12. Numerical Illustration
Example

The numerical approximated the solution to the following system on the interval (0,2),
applying the proposed method to both cases where ap? < vej and ap? > ye,

ey’ (52) + 0.5u1" (5¢) — 617 (3¢) + 2up(3¢) + 0.8uy (3 — 1) = 1.0

exty” (52) + 0.5u1y" (5¢) + 2uq (3¢) — 6uy(3¢) + 0.8up (2 — 1) = 2.0

with boundary conditions specified as u; (0) = u3(2) = 1and up(0) = up(2) = 1.

To evaluate the order of convergence, maximum pointwise errors, and error con-
stants, a modified two-mesh algorithm was utilized . The findings are summarized in
Tables 1 and 2. Notably, as # decreases, the error stabilizes for each N, while the maximum
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error Dy reduces with increasing N. Furthermore, the order of convergence py rises as N
increases, confirming the theoretical results.

Figures 1 and 2 illustrate the graphs of the solutions obtained and demonstrate how
symmetry in the layers contributes to the accuracy and validation of the theoretical results.
In Figure 1, where the ratio Z—f < %, boundary layers for u; and u; are observed near s = 0,
» =1, and s = 2, which is consistent with expectations. In contrast, Figure 2 shows that
when g > 1, the initial layers for u; and u, are present near > = 0, while boundary layers
appear for both u; and u, near >z = 2 and a delay appears near > = 1.

Table 1. Values of Dg\], DN, pN, p*,and C;\i when ¢1 = 6'7—4,62 = 37—2,;1 = %for Dcyz < yeéq.

7 Number of Mesh Points N
64 128 256 512

0.250 0.326 x 1072 0.242 x 1072 0.137 x 1072 0.691 x 1073
0.625 x 1071 0.326 x 1072 0.216 x 1072 0.131 x 1072 0.756 x 1073
0.156 x 101 0.326 x 1072 0.216 x 1072 0.131 x 1072 0.756 x 1073
0.391 x 1072 0.326 x 1072 0.216 x 1072 0.131 x 1072 0.756 x 1073
0.977 x 1073 0.325 x 1072 0.215 x 1072 0.131 x 1072 0.755 x 1073
DN 0.326 x 1072 0.242 x 1072 0.137 x 1072 0.756 x 1073

pN 0.429 x 10° 0.823 x 10° 0.857 x 10°
cy 0.754 x 1071 0.754 x 1071 0.574 x 101 0.427 x 1071

The order of convergence p* = 0.429 x 10°

Computed error constant, Cp\ = 0.754 x 107"

1.0

Uy

0.9

— U

0.8
1

Numerical Solutions
07
1

05

L

0.0 0.5 10 15 20

X - AXis

04

Figure 1. Graphical representation of numerical solutions for the case ay? < ve;.
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Table 2. Values of Dé\], DN, pN, p*,and C;\i when e = 6'7—4,(—:2 = 3'7—2,;4 = %for rxyz > yer.

7 Number of Mesh Points N
64 128 256 512
0.625 x 1071 0.159 x 1071 0.111 x 1071 0.367 x 102 0.958 x 1073
0.156 x 1071 0.123 x 1071 0.158 x 1071 0.109 x 1071 0.357 x 102
0.391 x 1072 0.169 x 1071 0.123 x 1071 0.154 x 1071 0.106 x 10~ 1
0.977 x 103 0.499 x 101 0.337 x 1071 0.201 x 1071 0.147 x 1071
0.244 x 1073 0.889 x 101 0.761 x 1071 0.576 x 1071 0.372 x 1071
DN 0.889 x 1071 0.761 x 1071 0.575 x 1071 0.371 x 10!
pN 0.224 x 10° 0.403 x 10° 0.631 x 10°
cg’ 0.157 x 10* 0.157 x 10* 0.138 x 10* 0.104 x 10!
The order of convergence p* = 0.224 x 10°
Computed error constant, C;\i = 0.157 x 10!
o
2 .
()]
w O 7 —
&
v
T o~
8z
Q
£
J ©
Z o 7|
0|
o
A
o T I I [ [
0.0 05 1.0 15 20

X - Axis

Figure 2. Graphical representation of Numerical solutions for the case: ay? > ves.

13. Conclusions

In this paper, a robust fitted mesh finite difference method is introduced for solv-
ing a system of two-parameter singularly perturbed delay differential equation of the
convection-reaction—diffusion type. By employing a piecewise uniform Shishkin mesh,
our robust fitted mesh method effectively addresses the complexities arising from two
distinct small perturbation parameters, delay terms, and resolved boundary and interior
layers in SPDDESs. The theoretical analysis confirms that the proposed scheme achieves
almost first-order convergence in the maximum norm, independent of these two distinct
perturbation parameters. Numerical illustrations validate the method’s effectiveness, show-
casing its ability to resolve intricate boundary and interior layers. This work highlights
the importance in numerical techniques for SPDDEs and lays the groundwork for further
advancements. Future research could focus on extending this methodology to multidimen-
sional and time-dependent problems, exploring adaptive mesh strategies and applying the
approach to real-world applications in engineering and science.
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