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Abstract: A reaction—diffusion susceptible-infectious—susceptible disease model with ad-
vection, vital dynamics (birth—-death effects), and a standard incidence infection mechanism
is carefully analyzed. Two distinct diffusion coefficients for the susceptible and infected
populations are considered. The Lie symmetries and closed-form solutions for the RDA-SIS
disease model are established. The derived solution allows to study dynamics of disease
transmission. Our simulation clearly illustrates the evolution dynamics of the model by
using the values of parameters from academic sources. A sensitivity analysis is performed,
offering valuable perspectives that could inform future disease management policies.

Keywords: susceptible-infectious—susceptible epidemic; Lie symmetry methods; advection
rate; sensitivity analysis; diffusion coefficient

1. Introduction

In recent years, there has been growing interest in reaction—diffusion-advection (RDA)
systems, especially due to their diverse applications in epidemiological research and be-
yond. Numerous studies have utilized the susceptible—infected—susceptible (SIS) epidemic
models, with a particular focus on RDA frameworks. These systems are utilized to study
how spatial and temporal heterogeneities affect the dynamics of disease transmission.
Researchers analyzed models with a variety of factors that affect the dynamics of disease
transmission, including environmental conditions, reaction—-diffusion processes, advection,
different infection mechanisms, external sources, and demographic aspects, including birth
and mortality rates. In this study, we start by considering a general RDA-SIS disease model
with external sources, governed by a system of two non-linear partial differential equations
(PDEs):

St = dSSxx - 95x - ,B(x)CD(S, I) + T(X)I + ‘P(X, S, I)/

Iy =dilyy — 0L + B(x)D(S,I) — T(x)I — u(x)I, @

where t > 0,0 < x < L, L represents the spatial extent of the habitat, x = 0 is located
at the upstream end, and x = L at the downstream end. The population densities of
susceptible and infected individuals at time ¢ and location x are given by S(t,x) and I(t, x),
respectively. dg stands for the diffusion coefficient of susceptible individuals, whereas
dj represents the diffusion coefficient for infected individuals. The symbol 6 denotes the
advection rate, which corresponds to the effective speed of the current. The infection rate is

Symmetry 2025,17, 3

https://doi.org/10.3390/sym17010003


https://doi.org/10.3390/sym17010003
https://doi.org/10.3390/sym17010003
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0001-6232-4957
https://orcid.org/0000-0003-0386-6216
https://doi.org/10.3390/sym17010003
https://www.mdpi.com/article/10.3390/sym17010003?type=check_update&version=1

Symmetry 2025,17,3

2 of 15

represented by B(x), T(x) denotes the recovery or removal rate, and (x) is the mortality
rate of infected population. The nonlinear function ®(x, S, I) is infection mechanism, and
¥ (x,S,I) indicates the density of the inflow and outflow of susceptible individuals in
this model.

Cui and Lou [1-3] developed the RDA-SIS model (1) with a standard incidence
infection mechanism ®(S,I) = SSTI, no external source (¥(x, S, I) = 0), and zero death rate
(i-e., u(x) = 0). Cui and Lou [1] explored both the stability of the disease-free equilibrium
(DFE) and the conditions for the existence of an endemic equilibrium (EE). This study
reveals that, in a low-risk habitat, there is a critical value for the advection rate at which the
stability of the DFE can change at least twice as the diffusion rate of infected individuals
ranges from zero to infinity. When the advection rate exceeds this critical threshold, the
DFE becomes unstable for any value of the diffusion rate of infected individuals. Cui et
al. [2] extended the analysis by examining the dynamics and asymptotic profiles of steady
states under extreme conditions, such as high advection and varying diffusion rates in both
population groups. The high advection rates could lead to the concentration of populations
at downstream locations, significantly affecting disease persistence or elimination [2].
Kuto et al. [3] focused on the concentration profiles of the endemic equilibrium. The study
revealed that, under certain conditions such as high advection rates or low diffusion, the
entire infected population could potentially vanish. This finding points to potential disease
management approaches in complicated environments. Other studies [4-8] have explored
the RDA-SIS model, incorporating saturated incidence, mass action, and spontaneous
infection mechanisms, without considering external sources or death rates.

Many studies incorporate diffusion, advection, and demographic processes (external
sources/birth—death effects) into epidemic models to examine the existence and stability
of disease-free and endemic equilibria. A linear source term, ¥(x,S,I) = A(x) — d(x)S,
is considered in many studies [9-13]. The functions A(x) and J(x) represent the exter-
nal recruitment rate and the mortality rate of the susceptible population, respectively.
Huicong et al. [9,10] analyzed the SIS epidemic reaction—diffusion system with a linear
source for é(x) = 1 without including advection effects. The study [9] addressed the
standard incidence infection mechanism, and [10] focused on the mass action infection
mechanism. According to Li et al. [9], changes in the total population can lead to a greater
persistence of infectious diseases. Huicong et al. [10] performed qualitative analysis to
examine the stability of the disease-free equilibrium and the global stability of the endemic
equilibrium. A comparison was made with similar models. It was concluded that factors
such as infection mechanisms, varying population, and population movement significantly
impact the transmission dynamics of disease. These insights are valuable for disease control
and prevention strategies. Rao et al. [11] studied the RDA-SIS with a linear source term and
standard incidence infection mechanism. The study revealed that diseases in open advec-
tive environments can be eradicated by either increasing the advection speed or lowering
the diffusion rate of infected individuals. Chen and Cui investigated the reaction—diffusion
SIS model with standard incidence [12] and saturated incidence infection mechanisms [13]
within advective environments, incorporating a linear source term in their analysis. The
study provided the critical role of the basic reproduction number in disease persistence or
elimination. A linear source can increase the likelihood of disease persistence and advection
can lead to a concentration of infected individuals [12]. These studies highlight the crucial
role that demographic variables play in epidemiological modeling.

Motivated by the literature, we consider the linear source term ¥(x,S,I) = A(S +
I) — uS to capture the birth-death effects in the susceptible population. To track the model
for the closed-form solutions, we consider A, §, T, and p as constant. We focus on standard
incidence infection mechanism. The system of non-linear second-order PDEs governing
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our reaction—diffusion SIS epidemic model with vital dynamics (birth and death effects) in
an advective environment is given as follows:

S

S (2)

This system generalizes the model in Naz and Torrisi [14] by incorporating vital dy-
namics (birth—death effects). Moreover, two distinct diffusion coefficients for the susceptible
and infected populations are considered, in contrast to [14]. In that paper, as in this work,
the search for solutions is performed using Lie symmetry methods. The literature on
searching for solutions via Lie methods is rich and broad. In this context, it is appropriate to
refer to some key monographs by Bluman and Kumei [15], Ibragimov [16], Olver [17], and
Ovsiannikov [18]. Hereman [19,20], Cheviakov [21], and Rocha Filho and Figueiredo [22]
have developed software CODEs for efficiently computing the Lie symmetries of certain
differential equations. Finally, we emphasize that specific applications of symmetry anal-
ysis are demonstrated in recent papers focused on heterogeneous epidemic or reaction
systems [14,23-28], compartmental models [29], or multidimensional models [30,31].

The structure of the paper is organized as follows. In Section 2, we derive the Lie
symmetries, reductions, and closed-form solutions for the RDA-SIS disease model with
vital dynamics (2). Moreover, by utilizing biologically suitable Cauchy conditions, we
determine the unknown constants that appear in certain special classes of closed-form
solutions. Section 3 focuses on investigating the spread of the infectious disease using
the obtained closed-form solutions. We utilize graphs to clearly illustrate the dynamics
captured by the model, using the values of parameters from the literature. This section
includes a sensitivity analysis, offering insights that can inform future policy guidelines for
disease management. In Section 4, we present the conclusions.

2. RDA-SIS Disease Model with Vital Dynamics: Symmetry Derivation,
Reductions, and Classes of Solutions

After setting B, T, and p as constants, and keeping future applications in mind, we
analyze the following general system within the framework of symmetry analysis:

)
Iy =dily — 01, + BP(S,I) — tI — ul.
2.1. Preliminaries
We consider here a family of invertible transformation 7°¢:
t=t(t%85 1),
x=x(t%38,1€),
A (4)
S=5(%,5,1¢),
I1=1(}%,8,1€),

which depend continuously on a parameter €. If 7€ contains the identity transformation,
inverse transformations of its elements, and their composition, then 7€ is said to form
a continuous group for the system (3). It is a symmetry group if it leaves the form of
(3) invariant.
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A symmetry group 7 € is characterized by an infinitesimal operator that, for the class
(3), is written as

X = &(t,x,8,1)0; + E%(t,x,5,1)d: + ' (t, x,S,1)ds + 12(t,x,5,1)d;. (5)

The infinitesimal coordinates &', &2, 5!, and 52 are obtained by applying the Lie
infinitesimal criterion, which leads to the following invariance conditions:

X@) (=S 4 dsSyx — Sy — BP(S, 1) + I +¥(S, 1)) |5 =0,

6)
X@ (=T +d Loy — 01 + BO(S, T) — 71 — pul) |5 = 0.
X(2) denotes the second prolongation of X given by
d d 9 9 d d
2 _ 19 219 -1 9 29 20 | 2 9 7
X X+ gt aSt + Cx an + éxx 35” + gt alt + gx alx + gxx alxx : ( )

Typically, the expressions for the coordinates { tl, Lol z tz, and so on are written as (see,
e.g., [15-18])

d = D:(111) — StDt(Cl) - Sth(Cz)/ galc = Dx(m) - sth(gl) - SXDX(‘;IZ)I
Txe = Di(C3) = SuDx(&') = SxxDx(8%), 7 = Di(n2) — IiDi(&") — Ds(8%), (8)
gyzc = Dy (172) — Ith(gl) - IxDx(gz)/ gix = Dx(gazc) - Ixth(gl) - IxxDX(‘§2)'

The operators Dy and D; represent the total derivatives with respect to x and ¢,
respectively.

2.2. Determining System

From (6), after some basic simplifications, we derive the following Lie symmetry
determining equations:

& =0, &1 =0, 2ddsé; =0, 9)

g =0,¢8=0, (10)

didsnss =0, didsni; =0, 2didsnl; =0, (d; —ds)y =0, (11)
didsn?s =0, didsy?; = 0, 2ddsy?; =0, (ds —dp)n? =0, (12)
2ddsny +6(ds —dp)yp =0, (13)

2ddsn’s + 6(d; —ds)ng =0, (14)

ds¢i — dsd Ey, + 0dsEy —2ds8% =0, (15)

18} — dsd Gy, + 0d15y — 24,835 =0, (16)

2dsdynys — dsd iy, — 0d18% +di&F =0, (17)

2dsdpn?; — dsd &3, — 0dsEy + dsif =0, (18)

dsdin?, +2dsE2(B® — (u+ 1))

+d i3 <‘3q> —Tl+ ‘I’)

—ds (nf + 03+ (PP — (n+ 1)1 )11%)

+Bn Psds + (BP; — p — T)p*ds =0, (19)
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dsdpy, — 24153 (BP —TI+ ¥)
+dmd (/3(1) —Tl+ ‘I’)
—d;(nf +0n3) — (B® — (u+ 1) I)njds

—n'd;(BPs + ¥s) — (BPr + ¥ — T)p?d; =0, (20)

As a preliminary remark, for arbitrary ®(S,I) and ¥(S,I), we have & = a; and
¢» = ap. The principal Lie algebra Lp [15,16] is spanned by space and time translations.

In order to obtain an extension of Lp, we discuss the determining system.

Equations (9)-(16) for the ds # 0, d; # 0, and dg # d; cases yield

&' =), &= SHO + (), @)
7t = F3(t,x)S + Fy(t, x), (22)
n? = Fs(t,x)I + Fs(t, x). (23)

Then, Equations (17) and (18) can be written as
4dsF3, — OF[(t) + xF{'(t) + 2F5(t) = 0, (24)

and
4d;Fs, — OF](t) — xF/'(t) + 2F;(t) = 0. (25)

By differentiating Equation (19) with respect to S and after having introduced the

standard incidence infection mechanism ®(S, I) = SS—JFII, we obtain

Fi(t) = aq, F5(t,x) = F5(t,x), Fg(t,x) =0, F(t,x) =0. (26)

Equations (24) and (25), with the aid of Equation (26), provide

2(ds —d)Fsx =0, F, =0, (27)

which yields
F5(t, X) = F3(t, JC) = F7(t), Fz(t) = aj. (28)
§'=a1, F=a, ' =F(1)S, 1> = F(HL (29)

By utilizing &', &2, 171, 2 from (29), the Lie symmetry-determining Equations (9)—(18) are
satisfied. Equations (19) and (20), with ®(S,I) = %, lead to
Ei(t) =0, (30)

and
F(t) (S‘I’g +I¥Y; — ‘I’) =0, (31)

Equation (30) yields F;(t) = as.
If a3 # 0, the final expressions for 61, §2, 11, 772 are

S =a, & =0y nt =a3S, 1> =a3l, (32)
and Y satisfies the quasi-linear first-order PDE

S¥s+ ¥, — ¥ =0. (33)
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For a3 = 0, only space-time translations are allowed.

Remark 1. It is important to mention here that, in an analogous way, we introduce a different
incidence function in (19), as in [14]:

e O(S,I) = SI, mass action incidence;

e &S, I)= %, saturated incidence coefficient, where m > 0 is the saturation coefficient.
One can look for the extensions of Lp and their corresponding forms of ¥.

2.3. Lie Symmetry Reductions

For ¥(S,I) = —uS + A(S + I), satisfying the quasi-linear first-order PDE (33), the
RDA-SIS disease model with vital dynamics is then governed by

SI
St =dsSxx —0Sy — B +(A—u)S+ (T +A)],
S+1
S (34)
Iy = d[Ixx — Glx + ,Bm - (T+ ]/I)I
Then, the following basis of generators is derived:
Xl = atr
Xy =0y, (35)
X3 = Sdg + 9.

The general infinitesimal operator X is obtained by taking the linear combinations of
a basis of the Lie symmetry generators

X = a10¢ + a0y + a3Sos + azlo;. (36)

Here, we utilize the infinitesimal generators X to obtain closed-form solutions for the
RDA-SIS disease model with vital dynamics. The detailed procedure to find the reductions
and solutions of differential equations is provided in the textbooks [15-18]. By employing
the invariant-surface conditions, we obtain

aS aS
a1 — +ap— = as$,
a ﬂ +a ﬂ asl
Yor " Mox
When a1 # 0, Equation (37) leads to
a3t
S(t,x) =G em,
(t,3) = Gi(v) o)

azt

I(t,x) = Ga(x)e™,
where xy = x — %t. With the aid of Equation (38), the system of PDEs (34) is transformed
into the following system of two ODEs:
d’G dG
(G1+ Go) (aldsdle — (110 — az)Xm> — ((‘u —AN)ag + a3)G%
+(T+A)mG + ((t— B—p+2A)a; —a3)G1G = 0,
d*G aG
—((t+w)ay +a3)Gs — ((u +7 — B)ay +a3)G1G, = 0.

(39)
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The system of ODEs (39) is obtained when a; # 0, while the other two constants, a,
and a3, may be zero or non-zero. It is challenging to construct closed-form general solutions
of the system of second-order ODEs (39), that is, when a1, a5, and a3 are all non-zero. In the
following subsection, we explore traveling wave solutions by setting a3 = 0.

2.4. Traveling Waves via X1 and X

The traveling wave-type solutions are obtained using the Lie symmetries X; and Xj,
and they take the form

a
S=Gi(x), 1=Gx), x=x— ﬁt. (40)

Setting a3 = 0 in the system of ODEs (39) leads directly to the following reduced system:

a2G aG
a1d5(G1 + Go) ——5 — (118 — a2)(Gy + G2) = — (u — A)a; G?

dx? dx
+H(T+ A)a G5 + (1= p— p+2A)mGi1Gy = 0,
(41)
adr (G +G)@—(a 6 —ap)(G +G)&
G+ G2) 1 G +62) 5

—(t+u)mG; — (p+ 71— B)mG Gy = 0.

Specifying a1 and a; in (41) allows for the derivation of special solution classes. When
7 =0and A =y, we have

d
G = deGz‘FCoXJrCL (42)
S

where Cy and C; are arbitrary constants and

‘17(24‘(615(:3_7—74)—14—T)G2

+(B—T1—u)(Cox +C1)G2 =0,

d
—d1<(d; +1)Gy + Cox + c1>

(43)
dp d%G, dp 5
d1<(ds+1)G2+C0X+C1>dX2+ <ds(ﬁ—T—V) —p—T)G)
+(B—7—p)(Cox +C1)G2 =0.
The final form for G; and Gy, as derived from Equations (42) and (43), are
ds(T+p)
G = Cox +C1),
1(X> dI(V+T_,B)+dS(V+T)( 0X 1) (44)

_ ds(B—1—p)
R T R ATE A

provided % = and A = u, with x = x — 0t. For the RDA-SIS disease model with vital
dynamics given in Equation (34), the traveling wave solution for both population groups is

B ds(T‘f’ﬂ) _

S(t,x) = di(p+7—B)+ds(p+7) (CO(x BtHCl)’ (45)
B ds(p—1—p) =

I(t,x) = At T—p) +ds(ut 1) (Co(x Gt)+C1>.

One can recover the solution provided by Naz and Torrisi [14] for the RDA-SIS disease
model without vital dynamics by setting 4 = 0 and ds = d; in the traveling wave solution
(45) for the susceptible S(t, x) and infected I(t, x) populations derived here.
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2.5. The Closed-Form Solutions via Lie Symmetries Xp and X3

In the previous subsections, reduction and the solution search were performed for the
scenario where a7 # 0. Here, we explore the case when a7 = 0 in the general symmetry
generator X. When a; = 0, Equation (36) yields the following group-invariant solution for
system (34):

S(t,x) = Fi(He "™,

(46)
I(t,x) = F(t)e "
With v > 0 and without loss of generality, we assign the symmetry constants as a, = 1,
a3 = —v. The system of PDEs (34) transforms into the following system of ODEs:

dF
(F1+Fz)d—t1—(v9+d5v2+A—y)F127(T+A)F22
—(v?ds —B+T+v0 —u+2A)FF =0,

( fj]-" B 1z JF1Fy @)

(F1+F2)d—t2—(v2d1+[3—r+v9—y)FlF2

—(v2d; — T4 v8 — u)E3 = 0.

We derive the following expression for F; from the second equation in the reduced system

of ODEs (47):
FiB

(dv? —1—pu+v0)F — K52

F(t) =
1) (T—ﬁ—v2d1+y—v9)F2+dF2

(48)

Using Equation (48), the first equation in the reduced system of ODEs (47) results in

dFZ 2 dFZ
P {(d dl)ﬁ _2} F
+ [2d1(d1 —dg)v* +26(d; —ds)v + ((3d1 —dg)B+2(ds —dy)(u + r))#

+2vB0 — 2u+T1— B — A)/B] ;‘ZZ (49)

+[(d1<d1 syt + 6(d; — ds)VP + (dif + (ds — dy) (1 + 7)) + vBO — Bl — A))

x(p41—dpn? —vh — ﬁ)]ﬁFz—O.

After determining F,(t) from (49), we use (48) to derive F;(t). Then, the closed-form
solutions Fy (t) and F,(t) to the system of ODEs (47) are given by

( V2ds+v+A—p)t
(dﬂ/z dsl/z-i-ﬁ—"f— A)Aq

Fi(t) =

X[((T+A)A1€(dsuzd’vzﬂ”“\) (dsv® —djv* — AZ)

" (dsvz _ dll/z _ ﬁ)(Alef(dsyzfdluzfﬁ+'f+/\)t dsvz dlv2 (50)
B(dsv2 —dp? —B+T1+A) ’
Fz( ) (dlv +B—THvO—p)t

7

(d51/2 _ dﬂ/z _ ﬁ)(Ale—(dsvz—d[vz—ﬁ+r+A)t _ A2) ‘is‘/zf%
‘B(dsvz — dﬂ/z - ,B + 7T+ A)
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where A; and A, are arbitrary constants of integration.

Let S and Iy denote the initial values of susceptible S(t, x) and infected I(t, x), respec-
tively. Let Q)(x) represent the initial distributions of both population groups across the
domain; then, the initial conditions are defined as follows:

5(0,x) = SpQ(x), x >0,

(51)
1(0,x) = IpQ(x), x > 0.
The initial conditions (51) on group-invariant solution (46) yield
F1(0) = So, F2(0) = Iy, (52)
and
Q(x)=e"*,v>0. (53)
We utilize Equations (50) and (52) to compute the following values for C; and Cy:
vz(d%—d[)
I
A= ﬁso +I ’
0 0
v2(dg—dp)—p (54)
4 — Pl ’ L dsv? —dp? — B+ T+ A)So+ (A+ 1)l
2T T TS0+ Iy dsvZ —dp? — B '

After substituting F; (t) and F,(t) from (50) into (46), the final form of the group-
invariant solution of system (34) is

e(v2d5+v9+A—y)t—1/x
(d11/2 — dsl/2 +B—T— A)Al

S(t,x) =

x [((r +A)Age sV A PETENE L (302 g2 5)A2)

B

(dsv? —dp? — /5)(Ale_(dsv2_d1v2_ﬁ+r+A)t — )\ T )

" AB(dSVZ*d[UZ—IB+T+A) ,
I(t, x) = e(drvz+ﬁfr+u97},)t,1,x

(dsl/z _ dﬂ/z _ ﬁ)(Alef(dsvzfdlvzfﬁJr‘H»A)t _ A2) W
B(dsv? —dp? —B+T+A) ,

where Aj and Aj; are provided in (54).

3. Visualization of Closed-Form Solutions to Understand Transmission
Dynamics of an Infectious Disease

This section focuses on visualizing the closed-form solution, as provided in Equa-
tion (55), for the RDA-SIS disease model with vital dynamics. Our analysis includes density
plots, contour maps, heat maps, and two-dimensional representations of both population
groups. We conducted a sensitivity analysis to understand the dynamic effects of the
diffusion coefficient and advection rate on population profiles.

3.1. The Density Plot, Contour Map, Heat Map, and 2D Plots of Susceptible and Infected
Populations: Figures 1-3

The values of parameters employed are adopted from the established epidemiological
literature [14,23,32,33] and references therein. The benchmark values of the initial densities
of populations and the model parameters chosen for visualization are provided in Table 1.
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Table 1. Benchmark values of the initial densities of populations and parameters for the model.

Parameter Description Symbol Value
Initial density of susceptible So 10° — 200
Initial density of infected Ip 200
Diffusion coefficient of susceptible population  dg 0.2
Diffusion coefficient of infected population dr 0.1
Infection rate B 0.5
Recovery rate T 0.4
Advection rate 0 0.03
Recruitment rate A 0.01
Natural death rate for both population groups u 0.02

Time interval t 0<t<300
Spatial range x 0<x<10

Figures 1-3 present the density plots, contour maps, heat maps, and two-dimensional
plots of both populations: susceptible and infected.

(a) Density map for the susceptible (b) Density map for the infected population
population S(t, x). I(t,x).

Figure 1. The density maps for susceptible and infected population groups for Sy = 10° — 200,
Ip =200, v = 0.06,ds =02,d =01, =057 =040 =0.03, A =001, u = 0.02 over time
interval 0 <t <300and 0 < x < 10.

Heat Map of S x10* Contour Map of S x10*

Ii L |

Heat Map of | ’ Contour Map of |
0 8000
8000
6000
6000
x 5
4000 4000
2000 2000
0

Figure 2. The heat maps and contour maps of S(t, x) and I(t, x) for Sy = 10° — 200, Iy = 200, v = 0.06,
ds=02,d1=01,=051=0460=0.03,A=0.01, 4 =0.02 over time interval 0 < t < 300 and
0<x<10.

©

o
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8 q 8000
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4r 1 4000
..... 3000 -
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t t
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Figure 3. Two-dimensional visualization of susceptible and infected population groups for
So = 10° — 200, Iy = 200, v = 0.06, ds = 0.2,d; = 0.1, = 0.5, T = 04, 0 = 0.03, A = 0.01,
u =0.02for 0 <t <300 and fixed values of x = 0, 6, 10.

We observe the trend in the susceptible population in Figures 1-3. The susceptible
population decreases over time ¢ at the origin point x = 0 where the disease emerges. The
same trend is evident at other locations along x. As x increases, the number of susceptible
members decreases. The trajectory of the susceptible population is highest at the origin
and lowest at the point furthest from the disease source, x = 10. Naz and Torrisi [14]
investigated RDA-SIS without vital dynamics. The population of susceptible individuals
first decreases and then increases with respect to time ¢ at the source of diseases x = 0 and
other locations as well.

For the infected population, Figures 1-3 show that, at x = 0, the population increases,
attains a peak, and then decreases. This pattern is consistent across other locations. The
trajectory of the infected population is highest at x = 0 and lowest at x = 10, which is
further from the disease source. Naz and Torrisi [14], for RDA-SIS without vital dynamics,
observed that the number of infected individuals increases rapidly at first, then shifts
abruptly after a specific time period, and continues to increase at a steady pace thereafter.

3.2. Dynamic Effects of Diffusion Coefficient dy on Infection Spread

By fixing all parameter values at the benchmark and varying the diffusion coefficient
of the infected population, we generated Figures 4 and 5. Figure 4 presents contour maps
for both population groups across different values of the diffusion coefficient d;. In Figure 5,
two-dimensional graphs of both population groups are shown for varying values of d;
at a fixed location of x = 6. The upward shift in the graph of both population groups is
observed as the diffusion coefficient d; for the infected increases. This means that higher
diffusion coefficients result in higher values for both population groups. This upward
shift is especially noticeable after the time ¢, when the epidemic peak is reached. A larger
value of d; leads to an increased movement of individuals into the susceptible and infected
compartments. A similar effect of varying the diffusion coefficient was observed in the
RDA-SIS model without vital dynamics and equal diffusion rates, as shown in [14].
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Figure 4. Contour plots of susceptible and infected population groups for d; = 0.1,0.3,0.8, 1.5.
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Figure 5. Two-dimensional visualization of susceptible and infected for d; = 0.1,0.3,0.8, 1.5 at fixed
location x = 6.

3.3. Dynamic Effects of Advection Rate on Infection Spread

We generated Figures 6 and 7 by holding all parameter values at their benchmark
levels while varying 6 for susceptible and infected populations. Contour maps for the
susceptible and infected population groups across varying advection rates, 0, are presented
in Figure 6. At the fixed location x = 6, Figure 7 presents two-dimensional graphs of the
susceptible and infected population groups for varying advection rates, . The graph of
susceptible and infected population groups shifts upward as the advection rate 6 increases,
indicating that a higher advection rate leads to higher values for both populations. It is
interesting to note that increasing the advection rate, 6, beyond a specific point results in
significant changes in the trajectories of the susceptible population. When 6 = 0,0.05,0.1,
the susceptible population decreases over time ¢, and the infected population increases,
peaks, and then decreases. However, with 8 = 0.2, both populations abruptly shift and
continue to rise over time. A similar dynamic effect of the advection rate was observed in
the RDA-SIS model without vital dynamics and with equal diffusion rates, as demonstrated
in [14].
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Figure 7. Two-dimensional visualization of susceptible and infected at various advection velocities 0
at fixed location x = 6.

4. Conclusions

In this paper, we investigated an RDA-SIS disease model, incorporating birth—death
effects and a standard incidence infection mechanism. We searched for closed-form solu-
tions by applying Lie group methods. Some linear combinations of Lie symmetries allowed
us to reduce the system of second-order PDEs to systems of second-order ODEs. In this
way, traveling wave solutions were derived by utilizing Lie symmetries X; and X;. A
closed-form solution satisfying a Cauchy problem was established for the reduced system
of first-order ODEs by using the combination of Lie symmetries X; and X3.

Moreover, we explored the closed-form solution associated with the Cauchy problem
in detail to examine the spread mechanisms of the infectious disease. We selected the
parameter values from the published studies to perform the graphical analysis. A sensitivity
analysis was performed, providing insights that can inform prospective policy guidelines
for disease management. The results were compared with those established for the RDA-
SIS model with equal diffusion coefficients and without vital dynamics to understand how
the birth—death factor affects the transmission dynamics of the infectious disease.

Since deriving closed-form solutions for complex mathematical models is challenging,
we considered a one-dimensional model to enable analytical solutions. Modeling a multidi-
mensional diffusive epidemic model and deriving solutions via group analysis remains an
open question and will be considered in future work.
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