symmetry

Article

Investigating Oscillations in Higher-Order Half-Linear Dynamic
Equations on Time Scales

Ahmed M. Hassan »*{, Sameh S. Askar 202, Ahmad M. Alshamrani 2

check for

updates
Academic Editors: Zhenggiu Zhang
and Youssef N. Raffoul

Received: 3 October 2024
Revised: 21 December 2024
Accepted: 25 December 2024
Published: 13 January 2025

Citation: Hassan, A.M.; Askar, S.S.;
Alshamrani, A.M.; Botros, M.
Investigating Oscillations in
Higher-Order Half-Linear Dynamic
Equations on Time Scales. Symmetry
2025, 17, 116. https://doi.org/
10.3390/sym17010116

Copyright: © 2025 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

and Monica Botros 34

Department of Mathematics, Faculty of Science, Benha University, Benha-Kalubia 13518, Egypt
Department of Statistics and Operations Research, College of Science, King Saud University,

P.O. Box 2455, Riyadh 11451, Saudi Arabia; saskar@ksu.edu.sa (S.5.A.); ahmadm@ksu.edu.sa (A.M.A.)
Section of Mathematics, International Telematic University Uninettuno, Corso Vittorio Emanuele II, 39,
00186 Roma, Italy; monica.botros@deltauniv.edu.eg

Basic Science Department, Faculty of Engineering, Delta University for Science and Technology,
Gamasa 11152, Egypt

Correspondence: ahmed. mohammed@fsc.bu.edu.eg

Abstract: This study presents novel and generalizable sufficient conditions for determining
the oscillatory behavior of solutions to higher-order half-linear neutral delay dynamic
equations on time scales. Utilizing the Riccati transformation technique in combination
with Taylor monomials, we derive new and comprehensive oscillation criteria that cover
a wide range of cases, including super-linear, half-linear, and sublinear equations. These
results extend and improve upon existing oscillation criteria found in the literature by
introducing more general conditions and providing a broader applicability to different
types of dynamic equations. Furthermore, the study highlights the role of symmetry
in the underlying equations, demonstrating how symmetry properties can be leveraged
to simplify the analysis and provide additional insights into oscillatory behavior. To
demonstrate the practical relevance of our findings, we include illustrative examples that
show how these new criteria, along with symmetry-based perspectives, can be effectively
applied to various time scales.

Keywords: higher order; nonlinear dynamic equations; oscillation; Riccati transformation

1. Introduction

Time scales theory has attracted considerable interest since Hilger introduced it in his
landmark paper [1]. This framework offers a unified approach to unifying, extending, and
generalizing concepts from discrete, continuous, and quantum calculus to arbitrary time
domains, fostering a rapidly expanding field of research.

The study of the oscillation of dynamic differential equations with time scales is
great importance in understanding and analyzing continuous and discrete systems of
various natural-life phenomena. This in turn enables us to unify the modeling of processes
that evolve on continuous and discrete times and to bridge the gap between differential
equations and difference equations. For example, these equations are used in modeling the
cyclical behavior of economic systems using time scale calculation and in analyzing the
oscillation and stability of the economic market; for more information, please see [2—4].

The T time scale is defined as a closed nonempty subset of R that inherits the standard
topology. The intervals on a time scale, indicated with a subscript T, show where the usual
interval and T intersect. Specifically, when T equals R or Z, it matches the established
differential equations and difference equations theories, respectively.
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For any { € T, we define the forward and backward jump operators ¢ : T — T,
p: T — T, respectively, as follows:

c(Q):=inf{s€T:s>}, and p({):=sup{seT:s<} for eT.

A point { € T is classified as right-scattered if c({) > ¢, right-dense if 0({) = (,
left-scattered if p({) < (, left-dense if p({) = ¢, and dense if p({) = ¢ = 0 ({).

The T time scale has a p graininess function which is given by u(¢) = () — ¢ and
the function x7(¢) indicates x(c({)) for any x : T — R. We also define the rd-continuous
function k : T — R as a function with right-dense continuous points and that has finite
left-sided limits at left-dense points. Furthermore, the set C,;(T,R) denotes the all rd-
continuous functions and C}d(’]l‘, R) is the set of all differential rd-continuous functions
where x : T — R.

The delta derivative of a function x : T — R is defined as

x7(¢) —x(@)
, (¢)>0
x2(0) = V(C)_ s for CeT.

s (—s
The product rule for delta derivatives is

(X)) (Q) = x* (D)) + X" (Q)p™(g) for [ €T.

The delta derivative of the quotient ) /k is given by

X%z — PR —x@Q9r@)
(3) © =" for ¢eT.

If a function E satisfies E* = x on T¥, it is called an antiderivative of x. The integral
of x is defined as

/g)((T)AT — 5(¢) — Z(s), wheres, ¢ €T.

The past two decades have witnessed substantial research efforts dedicated to the
study of the oscillatory and nonoscillatory behavior of solutions to dynamic equations on
time scales; see [5-12]. Several papers are devoted to the study of oscillatory behavior in the
case of second-order dynamic equations. While some studies have addressed the oscillation
of solutions of higher-order equations, they primarily focus on the half-linear dynamic
equation without a neutral term. For example, in [13], the authors explore oscillatory
behavior under these conditions. Similarly, Grace et al., in [14], investigated the oscillation
of higher-order nonlinear dynamic equations with a negative nonlinear neutral term. Their
findings were derived using an integral criterion and a comparison theorem.

In contrast, the current work examines the oscillatory behavior of solutions to higher-
order dynamic equations with a neutral term. By employing Riccati substitution, this study
considers three distinct cases—superlinear, half-linear, and sublinear forms—to address
gaps in the existing literature.

Although higher-order dynamic equations on time scales have garnered significant
attention in recent research, many critical aspects remain unresolved within the broader
theory of dynamic equations on time scales. In this paper, we focus on specific higher-order
half-linear neutral delay dynamic equations of the following form:
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02 ([x(@) + P )|+ a2 (x(6(0) =0 forg € ) @

where @, (v) := sgn(v)|v|? forv € Rand v € RT, a, € RT, n € N with n even, and
n>2.

For any arbitrary time scale T with sup T = oo, and a fixed point {p in T, we assume
the following conditions:

(H1) e CL([o, %), (0,00)) such that r*(7) > 0 forall { € [{g, c0) with [ Aé) = 0.

H2) p, g€ Cu([fo, o)1, R)such that0 < p() < 1and g(g) > 0forall { € [{o, o).
(H3) 1€ Cy([Co,0)T, T) such that () < ¢ forall { € [{o, 00)7 with lim;_,. T({) = co.
(H4) 6 € CL([¢o, )1, T) such that 6(¢) < ¢ and 6%() > 0 forall { € [{o, o)1, with

6([go, o)1) = [6(0), 00) and limg o () = co.

A solution of (1) is a nontrivial function x € C,;([sx, o)1, R), where {y € [{p, )T

and sy = min{infc(r o) {7(0)}, infref, ), {6(0)}} This function has the property
that r®, ([x + p - x o T}NH) € CL([¢x,00)T,R) and satisfies (1) identically on [{y, o).
A solution x of Equation (1) is oscillatory if it changes sign infinitely often. Otherwise, it is
nonoscillatory. Equation(1) is oscillatory if all its solutions are oscillatory.

In the following, we provide background details that motivate our study in this paper.
Grace et al. [15] examined the oscillatory behavior of (1) in the specific case of n = 2,

p(Z) =0,and 6(Z) = ¢;ie.,

(r@u (x)) " (©) +9(0¥*(©) =0 forg € [Go, ), o

where « and f are quotients of positive odd integers, and r and g are real-valued, positive,
rd-continuous functions. They discussed all possible cases of B < &, B = &, and > «.

© AZ e
/ri(g)_

0< Q@) = /;q@)Aa <o for{ € [Zo,o0),

They considered

and

and determined sufficient criteria for oscillation of all solutions:

1 1
* limsup, f (Qg((f) f;?g) le;ig;;'l))mo " A¢ = oo for all large s € [Zo, o)
and small ¢ € R* 1f/3 > .

2=

1
e limsup,_,, (ff W%Ai(@@) (Q —i—af r; Z AC) > 1 for all large s € [{p, 00) if
B=ua.
| oot o g h ety 5k
» limsup,,, Q" (¢)(J? %) (Q@) +ef; Croden (£)82)" = o for all

large s € [{p,00)r and small ¢ € RT if B < a.

Yang et al. [16] considered another specific case, investigating the oscillation criteria
of second-order quasi-linear dynamic equations of the form

[ ([x(0) + PO +9@xP6@) =0 for g € [Go,00)r,

where [ fi) =00, 7({) < ,6(¢) £¢,0< p(g) < 1,and q(¢) > 0 forall { € [o, )7

with lim;_,o, T({) = o0 and lim; o, 6(Z) = oo.
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In 2013, Grace [13] established new oscillation criteria for the higher-order dy-
namic equation

A1 A o _
(e (<" ™)) (@) + (@) =0 for{ € [Go, o),

where « is the ratio of positive odd integers, and r and g are real-valued rd-continuous
functions defined on T.

On the other hand, many researchers have been interested in the oscillation of solutions
of differential equations of different orders and classifications, especially functional ones,
due to their importance in modeling systems that contain different times; see [17-22]. In
refs. [23,24], they studied the oscillation of fractional differential equations and developed
the well-known classical criteria. We also find some studies interested in partial differential
equations, such as [25].

This motivates us to study the oscillatory behavior of Equation (1) for § > «, f = «,
and 8 < &, improving and extending the results of [15] and [16] using the Riccati technique.

The results in this paper extend some of the findings in [6,11,26-30]. The obtained
results provide a unified approach for investigating the oscillation behavior of nth-order
quasi-linear neutral delay differential and difference equations.

In what follows, we introduce some theorems that we will use in the investigation of
our main results.

Theorem 1 ([3], Theorem 1.93). Suppose that there exists a strictly increasing function w : T —
R and the time scale T := w(T). Also, let the function S : T — R. If there is S5 (w(Z)) and w™ ()
for ¢ € T, then i

(Sow)®(g) = S (w(0)w (D).

Theorem 2 ([31], Theorem 5). Assume that f € CI'/(T,R) is positive or negative with
supT =co and n € N, and [2" is non-positive or non-negative, and not identically zero
on [Gop,00)r for some (o € T. Then, there is {1 € [Co,o0)r, m € [0,n)z such that
(=1)""F(E)FH() 2 0forall § € [Go, o), with

(i) FOFY(Z) > 0forall { € [Zo,00)r and all i € [0,m)z;

(i) (=)™ FY () > 0forall T € [y, 0)7 and all i € [m, 1)z,

Lemma 1 ([32], Lemma 2.8). Let n € N, withn > 2,sup T = oo, and F € C,(T, R ), with
FA" < 0o0n gy, 00)7. Let Theorem 2 hold with m € [1,n)y. Then, there exists a sufficiently large
s € T such that

FAZ) > hya(5,8)F2"(Q) forall T € [s,00)7.

Lemma 2 ([33], Lemma 2.7). Letn € N,supT = ocoand | € Cfd([go,oo),]Rar), with FA" <0
on [Cp,00). Let Theorem 2 hold with m € [0,n)y. Then, there exists a sufficiently large s € T
such that

F(Z) > hu(Z,s)F2"(Q) forall € [s,00)7.

2. Main Results

Firstly, we will introduce some fundamental lemmas.

Lemma 3. Let (H1)-(H4) hold. Assume that q is eventually not identically equal to zero. If x is a
nonoscillatory eventually positive solution of (1), then

A >0, 20 >0 and Z2"(Q) <0 for L € [Co, )T,
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where

2(¢) = x(8) + p(D)x(t(2)) for & € [, %0)7- )

Proof. Since x is an eventually positive solution of (1), then by (H3) and (H4) there exists
{1 € [Co, )1 such that x({) > 0, x(6(¢)) > 0and x(7({)) > 0forall { € [{7,00)T. From (1)
and (H2), we obtain z({) > x({) > 0 for all { € [{3, o). Consequently,

A

[rQ)®a(*"(©)] = —q(©)xP(6(2)) <0 forallg € [¢1,e0)r. )

Hence, r®, (z2"") is monotone and of one sign eventually. We claim that z2" ™ () > 0
for all { € [Cy,00)r. If not, then there is {, € [{1,00)T such that A () < 0 for all
7 € [, 00)7. Since g is not eventually identically zero, we can assume that z2" ' () < 0 for
all { € [Zp,00)r. From (4), we have

P()®u (22" (7)) < —c <0 forall{ € [, )7,

where ¢ := —r({) Py (zA”‘l(gz)) > 0, then

2=

c

2"7(g) < - forall 7 € [Z2, 0)r. 5)

1
o

r«(2)
Integrating (5) on [{2,{) C [2, )T, we obtain

1

n—2 n—2 é
20 <N (D) —cE/§ IA(: forall { € [{2,00)T.

2 ra (g
Letting { — oo, then it follows from (H1) that lim; zAn*z(g) = —o0. Conse-
quently, lim;_,, z({) = —oo, which leads to a contradiction. Therefore, A" () >0

forall { € [y, 0)T. Now, since

FOET©)] =P OET @) + @[T @) forang e 6o, ©

then, applying the Potzsche chain rule ([3], Theorem 1.90), we obtain
An—l o A 1 An—l Al a—1 Al
(@) o [ @+ @) = @)

A1 a—1 0o

>u (ZAnl(g)) a_/] LS (11 )]R ZAn(g) (7)
=% 90)" , a€ (01

forall { € [{1,00)r. By (4), (6) and (7), we obtain

A7) e (Loo)r

;,.A A1 ® rO’
@ (9) +a (g){(ZAnla(g))“_l, a € (0,1]r

}ZAW(Q <0 forall{ € [Zy,00)T,

which yields z2" () < 0 for all { € [¢,c0)r. Then, by Theorem 2 and Lemma 1, we obtain
) >0, 22" (2)>0 and z%'(7) <0 forall{ € [¢1,00)T,

which completes the proof. [

The following result extends [16] (Theorem 2.1).
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Theorem 3. Assume that o

/g 9(E)1 - p(6(2)))PAE = oo. (8)

Then, every solution of (1) is oscillatory.

Proof. Suppose Equation (1) has a nonoscillatory solution x on [1p, o). To simplify, assume
that x({), x(7({)), x(6(¢)) > 0forall { € [{1,00), where {; € [{o, o). Then, z is defined by
(3) and satisfies z({) > 0 for all { € [{;,0)1. By Lemma 3, there exists {, € [{1, c0)T such
that z2(7) > 0,z2" () > 0 and z2"({) < O for all { € [{»,00)r. Thus,

x(0) = z() — p(2)x(t(2)) = 2(0) — p(0)z(t()) forall{ € [gp,00)7

and
P (6(2)) = [1 - p(8(0)IFF(8(8) forall{ € [0, 00)r. 9)
Using (4) and (9), we obtain

O E©)"] < @0 - pEERDPAOE) forall £ € g2, o).

Now, we define

@)z ()"
)

“O= 60

forall ¢ € [p,00)T.

Then,

B A
[Zzﬂ(is(é))))]wa(g) for all { € [{p, 00)T. (10)

Recalling the condition (H4) and the increasing fact of z on [(2,00)T, we can use
Theorem 1 to obtain

() < —q(Q)[1 - p(6(0))1F ~

6@ ={ﬁ [ 26 + huzA(é(@))Jﬁ1dh}[z<é<g>>]A

for all { € [y, 00)T. Thus, we have

2P (6(0)]* 2(6(¢)

Zﬁ ) z2(6 z(6
) <Z(é(€)) ) ’ ( ll]R

(©)

ZA(‘S(@ P
z(67(2))

for all [{», 00)T, using the increasing fact of z on [{3, o) and ¢({) > . It follows from
(10) that

>
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H)({,8) =

22(0(2)

w(§) < —q@1 —p@ENI ~ ) TGz« © (11)

<—q(Q)[1 - p(a(@)))F

for all [{p, c0)T. Then, by integration, we obtain

[ 9@ - p0(@)1Pag = (@) ~ wl(@) < w(l) < oo forall € [¢o, o).

2

This contradicts (8), and thus the proof is completed. O

2.1. Super Half-Linear Case: B > a

Now, unlike mentioned in Theorem 3, we consider the case
[ a@n - plenFaz < 12)
To simplify notation, we let
Q)= [ @1 - pE@)FAL ford € G,

Theorem 4. Assume (12) and B > . Assume for all large s € [{o, 00)r and for all small ¢ € R that

S 55(¢)
hy—2(8(2),5)4— 2—He(0(£),5)A = oo, (13)
Jp mreal0@)s) 2 S (e @)
where
Q@+ [ hn_zww),s)%cz”i (@(n)An fors,{ € [o,oo)r and A € R. (14

Then, every solution of (1) is oscillatory.

Proof. Suppose that (1) has a nonoscillatory solution x on [, c0) such that x({), x(7()),
and x(6({)) are all positive for every { € [{1,00), where {; € [{p, o). By Lemma 3, there
exists { € [{1,00) such that z*(Z) > 0, A" (7) > 0,and z2"(¢) < 0 forall { € [{p, ). By
Lemma 1, we have

22(5(0)) = hu—2(8(2), 33)z" ' (6(7)) forall{ € [g3,00)r, (15)

where {3 € [{,00). Then, (11) leads to

A _ _ B a2 060©)
w (g) < q(€)[1 p((S(g))} ﬁhn—2(5(€)1€3)5 (C) Z(ég’(é)) w (C) (16)

for all { € [{3,00)T. But since ({) (ZNhl ()" < 0forall{ € [{3,00), then from (F14) it is
clear that

‘
B

—

N

M for all { € [3,00)7. (17)
r=(5(9))
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Thus, from (16) and (17), we obtain

1
o

An-1
(g (@)

A < - 1—p(6 B_ h,_2((Z), &8
w™(8) < =q(D)[1 = p(6(2))]" — Phn—2(6(2), £3)6%(0)r r (6(2))z(67(7))

w’(Z) (18)

for all { € (3, 00). Since [r({) (zA"’l(g))ﬂA < 0forall{ € [{3,00) and ¢({) > {, we have

r(Q)EYT Q1 = (@)Y 7)) forall { € [Z3, ).

Therefore, (18) takes the form

5A<€) b_q 5 141
- za 0))w T (o(C (19)
T O )

for all ¢ € [{3,00)1. Integrating (19) on [{,s)T C [{3, o)1, we obtain

w?(2) < =q(2)[1 = p(8(2))1P — Bhu—2(5(2), C3)

wis) = w@) < - [ 9@ - pl6@)Pas

4

s A 1

5 hy2(8(8), 83) )8 1(57() )+ (0(2)) A
Je r(0(2))

for all s,{ € [{3,00), with s > (. Again, since from (11), w?® < 0on [(3,00), we have
w > Qon [(3,), then

« A& 11 B 1/ ¢

> hy, 2(6(8), ) ——— Qe (67(2)A 20
()2 Q@)+ [ h-2(5(0).85) ey Qe ea o)
for all { € [{3,00)T. But since z is increasing on [{3,00), hence B > a, so there exists a

{4 € |3,0)T and a small constant ¢y € R™ such that zg’l(é(g)) > ¢gg forall § € [{4,00)T.
Hence, (20) yields

e 5A(§) 141 _
w(f) = Q(0) +C/§ hy—2(8(8),03) ——=—-Q " (0(8))AC = Hey (G, 03) forall € [y, 00)T, (21)

re(6(%))

where A := Be. Thus, from the definition of w and (21), we have

1) (™" ()7
27(3(0))

> Hey($,C3) forall { € [Cyq,00)T. (22)

where v 1= g > 1. Moreover, since r(zM_l)“ is nonincreasing on [(4, ), then by (22),
we have

r(8(2)) (22" (6(2)))" () (=" (0))"
2P(87(7)) 2P(67(7))

for all { € [4,00)r, which implies that

AT6) 1
27(67(2)) T ra(8(0))

Hey(0(2),83) forall{ € [C4,00)r. (23)
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Therefore, by (15), we obtain

| 2" (5(0)
2 hi-2000).8) 5oy

for all { € [4,00)T.

2(5(2)) I . .
Z’Y((SU(C)) > hn72(5(€)/€3)r% (5(€))H50((7(€)/€3) forall { € [g4/ )']I‘~ (24)

By the Potzsche chain rule and Theorem 1, we find that

A

E10(@)° = -] [0 + @) " an b2 0(2) @

1
—(1= {10 = )=(0(0) + hyz(67 (€))7 261000 D)
<(1 - 7)) E0) Q)

for all { € [3,00)r. Thus,

(Z705(0)" . (D)
=y 2 20°Q)°

This, with (24), gives

(¢) forallg € [{3,00)T.

A

(z7(5(2))) 2
L=y 7 ra(6(0)

Integrating on [3, )T C [{3,0), we obtain

n—2(5(€)r €3)H€0 (U(g)r §3) for all g € [€3/ 00)']1'-

(@)
(8(2))

/5 (=" 7(@)

A
¢
B ) AE > /gs hy—2(5(8), ¢3) He, (0(8),33)AE  forall € [g3,00)T.

r

Letting { — oo, we obtain

5(2) 21(5(23))
To, P ©@0r < =5

g
/g h2(5(0),29) for all { € (g3, 00)r.

This contradicts (13), and completes the proof. [

2.2. Half-Linear Case: & = 3
Theorem 5. Assume (12) and = a. If

A
x(2)

where H is defined in (14). Then, every solution of (1) is oscillatory.

limsup Hy (0 (0), s) (hn_z(é(g),s) /S(S(Q )a >1 foralllarges € [{p,00)r,  (25)

t—c0 r

Proof. Assume that (1) has a nonoscillatory solution x on [(y, o)t such that x({), x(7({)),
x(6(Z)) > Oforall{ € [{7,00), where {3 € [{o, c0)r. Putting B = a in (20), we directly obtain

w() = Q) +04/;hn—2(5(§)/€1)(%Q”i(tf(é))As’ forall ¢ € [C1,00)7. (26)

re(8(2))
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Moreover, we have
11 (Z(é(é))
w(@) (@) \z2"(Q)

Since lim;_,, 6({) = oo, we can choose { € [{1,00), so that 6({) > {; for all
{ € [C2,0)T. Hence,

)"‘ forall ¢ € [Zq,00).

__An2 . (g 1 A1 M
(6(0) == (@) = [ r;(g)[r@(z @)"]"ac

5@ AZ
2 ri(E)

ETN

n—2

27 (6()) 2

> [r(0@) (" (6(0))"] : /C

for all { € [y, 00)T. But since r(zNH )* is decreasing and 6({) < {, we obtain

270@0) = [r@) ()]

1
o

/;(5) 1A§) forall € [Z2, 00)r. 27)

2 ra(g

From Lemma 2, we have

A2 z(4(0)) fa o
z (5(€)) < hn72(5(g)r§2) fo llg € [€3, )T/

where §({) > {» for all { € [{3,00)7. From this, with (27), we obtain

1
o

et = Mo @) [ e o

2 re(g)

3(¢) @
52 (b0, [ ?5)) forall { € [¢5, o),

re(g

ie.,
(0 “
w(Z) (hnz((5(é),Cz) /Cz rlAé)) <1 forall{ € [{3,00).

From (26), we have w® < 0 on [{3, o). Given that ¢({) > , it follows that

2=
B[—=

wx () = ww(0(f)) = Ha(0(),83) forall g € [C3,00)r,

ie.,

(€ @
Ha(a’(g)/&%) (hn—Z((s(g)/gz) /; 4 A§ > <1 for all§ c [@3,00)11-.

1
2 re()
This contradicts (25), and completes the proof. [J

Corollary 1. Let (H1)—(H4) hold and B = w. If

iminf —>— ~ s m L e
lgﬁme(g)/g hn—2<5(§>/ )r%(é(g))Q ((T((:))A§> (‘X_i_l)l-i-%’ (28)

then every solution of (1) is oscillatory.
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Proof. Since 8 = «, then (20) takes the form

A 1
@02 Q) + o [ he2(001.00) 1 Qg

Now, since from (28), there exists ¢ > ﬁ such that
a+1)"Tw

& ® (6) 1+%
Q(é)/g h,2(8(6),¢1) %(5@)(2 (C(&)AE > ¢,

then

w(g) a e ) (Wi (@)
30 2o ) @ @)(fo@) A

Let A :=infrciz o) QE g; then A > 1+ ¢A1*% and then by simple calculation we obtain

tX

A— E)\l x < e +1)ﬂ ela This contradicts the fact that ¢ >

( 1)1 ; the proof is completed. O
o+

2.3. Sub Half-Linear Case: p < a
Theorem 6. Let (12) hold and B < «. Assume that

R\»—l

wp ( rd(0)
limsuph,_»(,s)Q * </
S

{—o0

<§)A¢>
1 (29)

o s 68(&) 1 " e
><(Q(§)+€ [ a5 aC ﬂ(o(c:))A@) -

for all large s € [o, o) and all small ¢ € R™. Then, every solution of (1) is oscillatory.

Proof. Assume that (1) has a nonoscillatory solution x on [y, o)1 such that x({), x(7({)),
x(6(¢)) > 0forall { € [{y,00), where {; € [{o,o0)T. By Lemma 3, there exists {» € [1,00)T
such that 22" (7) > 0, 2%"(7) < 0,and z2() > 0 for all { € [, o). From (20), we have
w(f) =2 Q(¢) and

1

()22 (0) > 2

A1

B
«

(6(2))Q(g) forall{ € [go, 00)r.

But since (z® )" is decreasing on [{3, o), then there exists a constant ¢y € R™ and
3 € [{o,0)T such that

1
o

2>

(022" (2) > 25(8(7))Q¥ () forall { € [g3,00),

g >t

v

z
which yields
s ap
Q) 2 e "QT (0() forall{ € [ga,00)r
But since B < a, then by (20), we obtain
64&) 11 B_q
w(@) = Q)+ B | hy2(6(8),03) ——=—-Q " x(c(&))z=(67(6))A  (30)
@z 6(0))
for all { € [(4,00), where 6({) > (3 forall { € [(4, )T, which yields

N (S Ea (3 . |02+
O™ 5 Jen [l S rrEAGQIL
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@

1—4
for all 7 € [(4,00)T, where &1 := e, P . From Lemma 1 and (30), (31) takes the form

a_q a—p 5(6)
el >h, 2(0,05)Q ( /g
3

X<Q@)+QANMz®@%@%§j®G+Hd®ﬂﬁ)

2\'—‘

rH(@)ac )

for all { € [4, ), which contradicts (29). O

3. Applications and Examples
In the case of n = 2, we have the second-order quasi-linear neutral delay dynamic

equation

A

r(Q)@u([x(@) + p@)x (T @NIY)] +a(0)(x(5(2))" =0 forg € [Go,0)r,  (32)

where «, B8, p, g, T, and J are as mentioned previously for (1).
In this case, our results reduce to the following one.

Theorem 7. Let (H1)—-(H4) hold. Suppose that one of the following conditions holds:
@ [T = p(a(@))IPAL = .

i T r%((?) He(0(§),5)A8 = o0 if B> a.

(i) limsup,_,., H,x(g,s)(f:(o ((@)))AC) >1ifp=w
ap i .
(i) limsup_.,(Q % (¢) ¢ ffg))(Q Ty 5@ Fho@ag)" = e if
B <.

Then, every solution of (32) is oscillatory.
Remark 1. The above conclusions are included in those of the results in [16].

According to Theorems 3-6, we can obtain oscillation criteria for (1) on any time scale.
For example, when T = R, (1) reduces to

F@@e([(x(@) + p@x(@)" V)] + 4@ (x(6©) =0 forg € (G, 0),  63)

where a and f are quotients of positive odd integers, and [~ % fié) = co. Note that when
ra

T =R, 0() = ¢and hi({,s) = g ) fors, € Rand k € N, by Theorems 3-6, we
establish the following theorems Wthh extend those of [6,11,26-30].

Theorem 8. Suppose that one of the following conditions holds:
@ 7 a@)0 - p(8(2))]PdE = eo.

n 2 U
i [ ‘i@) He(Z,5)d& = o0 if B > a.

re (g
) _\n—2 ! .
(iii)  limsupy_,o, H(6(0),5) (fs Sy r;(;fé)‘))d{:) >1fp=e
. . ﬂ —s n—2 n—2 /
(iv) limsup,_, (Q @ () fj(m %%) (Q(g) + f (5((2,2%1 ;(‘(52))

Q' (@)dg)" = coif p <

where
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Q¥ (&)de.

Q(g) = /gwq@)[l—r)(&(é))}ﬁds and  Hy(C,s) : ”/ (n, r%w(c))

Then, every solution of (33) is oscillatory.

Corollary 2. Assume that the conditions of Corollary 1 hold, and T = R. If

imin © (0@ =9)"" 8@ i e
1aoon@)/ 020 ey O e (4)

then every solution of (33) is oscillatory.

Our results are considered more general to second-order nonlinear dynamic equations
of the form

A
(@0 (%)) (@) + () @p(x(2) =0 for € [0, o),

where « and f are quotients of positive odd integers, and r and g are real-valued, positive,
and rd-continuous functions.

Remark 2. Theorems 4—6 include [15] (Theorems 3.1-3.3), respectively, in the case of n = 2 and
p(6) =0.

Example 1. Consider the second-order differential equation

"
5O+ (1- 5 )sc )| + Arad) =0 foricle 69
where g9 > 0,79 > 0,0 < v <1,0<d <1 Heree n =2,1r() =1, p{l) =1- g’r'
() =C—10,9() = gf—%, =B =1,and 6({) = 6 for { € [1,00)r. Readily, (H1)-(H3)
are satisfied. Also, (H4) is satisfied since 5({) = 6o < { and 5%({) = &y > 0forall € [1,0)R,
with &g[1,00)g = [dp, )R and lim;_,« (dpf) = oo. Since

QD) = [ @) - p@)de = I <o forallg e 1,0,
g % g
then all the assumptions of Corollary 2 hold, so we obtain

[P ED -9 I it mge T [T B e
B A I T Y A

From (34) and (36), we obtain
90

>
1—y
%

Then, by Corollary 2, (35) is oscillatory for g > 16,77

Remark 3. Applying [30] (Corollary 2.2) to Example 1, we find that (35) is oscillatory if g > 1.
Thus, for Example 1, Corollary 2 gives weaker conditions for oscillation than [30] (Corollary 2.2).

Example 2. Consider the differential equation

(®1/5 (x’(g)))' + %@1 /3(x(092)) =0 for g € [1,00), (37)
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where qo > 0. Note that r({) = 1, p(7) = 0, 9({) = 2%, a = B = 1/3, () = 0.9¢,

¢
fgoo r%dé) = co. Thus, (H1)—-(H4) are satisfied. Since

Q) = /;q(@)[l—p(a@))]ﬁdc: ;”7/03 for ¢ € [1,00)g,

we apply Corollary 2 to obtain

o R F(E)0(E) —9)" i G e Bhgg
hérig}fQ(C)/z; (n— 2)1rz (6(8)) © (C)dgfhérggf 9%/@ 64/3(0'9)d€ %)

From (34) and (38), we obtain
3 33
3
0~

Then, every solution of (37) is oscillatory if go > 0.163119485.

Remark 4. The established criteria related to the oscillation of (37) based on comparison with a
first-order delay differential equation (see, e.g., [26], Theorem 2) gives qo > 3.61643 and condition
(23) in [34] gives qo > 1.92916. This indicates that our results provide more effective oscillation
criteria for (37). Figure 1 illustrates solutions of (37) for various qqy values.

60
qo Values
— go=0.1631194851
Go=0.5
40 qo=4
20
=
28 0
—20
—40

0] 2500 5000 7500 10000 12500 15000 17500 20000
4

Figure 1. Some solutions of Equation (37).

4. Conclusions

This paper has presented the extensive development of new oscillation criteria for
nth-order dynamic equations. Our comprehensive analysis led to the establishment of
more effective criteria for oscillation in the case where p({) = 0. Notably, Corollary 2
enhances the results previously reported in [26] and provides improved criteria for delay
differential equations compared to those in [30]. Furthermore, we introduced novel and
significant findings specifically for the case where T = Z, contributing to the advancement
of oscillation theory on time scales. These results not only refine existing methodologies
but also expand the scope of applications within the field.

It would be interesting to extend this approach to the higher-order half-linear dynamic
equation with negative neutral term

A

02 ([0 - p@x@)] )| +a@2p(x(60) =0 forg € e
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