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Abstract: In this paper, we generalize the 2 + 1-dimensional Gardner (2DG) equation to
three spatial dimensions, i.e., 3 + 1 and 3 + 2 dimensions, and construct the solutions of the
Cauchy problems and Lax pairs for the Gardner equation in three spatial dimensions via
a novel non-local d-bar formalism. Several new long derivative operators Dx, Dy and Dt

are introduced to study the initial value problems for the Gardner equation in three spatial
dimensions. It follows that Propositions 1 and 3 summarize the main results of this paper.

Keywords: Gardner equation; multi-dimensional; d-bar; Cauchy problem

1. Introduction
The study of initial value problems for integrable nonlinear evolution equations

(NLEEs) [1,2] has been an important research topic in mathematical physics. In 1967, Gard-
ner, Greene, Kruskal, and Miura proposed the inverse scattering transform method for
the study of Cauchy problems associated with the well-known Korteweg–de Vries (KdV)
equation [3]. The inverse scattering transform method plays a great role in solving the
initial value problem of the nonlinear evolution equations [4–7]. Many experts and scholars
have used this method to investigative different equations. The problems of solving the
Schrödinger equation [8], modified KdV equation [9], Degasperis–Procesi equation [10],
n × n AKNS [11] and other equations [12–14] are investigated. The role of the Riemann–
Hilbert problem is now referred to as the ∂̄ (d-bar)-problem [15,16]. In 1981, Beals and
Coifman proposed a more powerful ∂̄-dressing method [17,18] for solving the ∂̄-problem.
Ablowitz and A.S. Fokas utilized the ∂̄-method to solve the inverse scattering problem of
Kadomtsev–Petviashvili II (KPII) and Davey–Stewartson-type II (DSII) [19]. The ∂̄-method
is widely used to solve NLEEs [20–22] with initial value problems. In recent years, the
study of extended high-dimensional equations [23–25] has become the focus of attention of
experts and scholars at home and abroad, especially the higher-order and high-dimensional
equations with more than two spatial dimensions. For example, D.N. Chalishajar et al.
studied controllability of nonlinear integro-differential third order dispersion system and
obtained controllability results using two standard types of nonlinearities, namely Lips-
chitzian and monotone [26,27]. In [28], Fokas et al. obtained a 4 + 2 generalization of KP
and the DS-type systems, the solutions of the 4 + 2-dimensional KP and DS equations are
constructed in [29,30] by a nonlocal d-bar formalism. Non-local d-bar adopts the form of a
two-dimensional integral: kR and kI , k = kR + iki. The nonlinear Fourier transform [31,32]
depends on four real parameters lR, lI , kR and kI . Searching for the initial value solutions of
high-dimensional equations has been an important topic in the field of soliton theory and
integrable systems. Taking three-dimensional equations as an example, in [33], Zhang et al.
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extended the 2DG equation to three dimensions and constructed the Cauchy solution of the
Gardner equation in 3 + 2. Fokas et al. studied the initial value problem for the associated
three-dimensional extensions of the KP equation [34], which provides a good method to
study the extension of low-dimensional equations to high-dimensional equations.

In this paper, we first consider the 2DG equation, which can be constructed by two
types (see Section 3). One type is (3 + 1) dimensions

ut + α′uxxx + β′uux + γ′u2ux + δ′∂−1
x (uyy − uzz + 2iuyz) + ϵ′ux∂−1

x (uy + iuz) = 0, (1)

where α′, β′, γ′, δ′, ϵ′ are arbitrary constants. We need know that ∂−1
x is an inverse operator

of ∂x, ∂−1
x ∂x = ∂x∂−1

x = 1. When ∂z = 0, α′, β′, γ′, δ′, ϵ′ are real, Equation (1) reduces to the
2 + 1-dimensional Gardner equation.

Another is (3 + 2) dimensions, as follows:

ut + iuρ + α′uxxx + β′uux + γ′u2ux + δ′∂−1
x (uyy − uzz + 2iuyz) + ϵ′ux∂−1

x (uy + iuz) = 0, (2)

where u(x, y, z, t, ρ) is a complex-valued function, and ρ in Equation (2) is regarded as the
second time-like variable. Both equations can extend the applications by the approach
proposed by Fokas. The study of the (3 + 1)- and (3 + 2)-dimensional extended Gardner
Equations (1) and (2) also adopts the tool called the nonlocal d-bar method, which is
completely similar to that by Fokas. The difference between them the approach presented
in this paper is extended to a higher dimensional than that of the KP and the DS-type
systems investigated by Fokas.

Propositions 1 and 3 imply that the time dependence of the nonlinear Fourier trans-
form associated with Equations (1) and (2) involves the exponents exp(iωt + iυρ) and
exp(iωt − υt), respectively, where ω, υ are specific real functions of the spectral variables
lR, lI , ξ. By adding the dimension of the nth complex value function, we are adding an
exponential term of the time and frequency. For example, the nonlinear Fourier trans-
formation (spectral transformation) can become the linear limit. The dependence of the
time and frequency shows that the studies equations are dispersive and their Cauchy
problems are well posed. It should be emphasized that we introduce some new long
derivative operators to reduce the 4 + 2-dimensional equation. The solutions of the Cauchy
problem for the Gardner equation in 3 + 2 and 3 + 1 dimensions are constructed in the
Sections 5 and 6, respectively. To the best of our knowledge, these results, i.e., solutions of
the three-dimensional Gardner equation, have not appeared elsewhere.

2. Methods
The main methods in this paper are in the following: (a). Complexification of inde-

pendent variables: A way for extending the (2 + 1)-dimensional Gardner equation to 4 + 2
dimensions (see Section 3). (b). Non-local d-bar formalism: The solutions of the (3 + 1)-
dimensional and (3 + 2)-dimensional Gardner equations are obtained (see Sections 5 and 6).

3. Gardner Equation in Three Dimensions
First, we study the three-dimensional Gardner equation, namely 3 + 1 and 3 + 2,

and construct corresponding Lax pairs. The (2 + 1)-dimensional Gardner equation is
investigated in [35], which has received a surge of considerable attention in recent years,
to a great extent due to its emerging relevance in various applications. This equation
has been investigated by many mathematicians and physicists. For example, the quasi-
periodic solutions of the 2GD equation have been studied in [36]. Moreover, Casorati and
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Grammian determinant solutions of the equation have been constructed in [37]. Then, by
complexifying the independent variables x, y, t of the 2DG equation, we can obtain

ut̄ + ux̄x̄x̄ + 6βuux̄ −
3
2

α2u2ux̄ + 3∂−1
x̄ uȳȳ − 3αux̄∂−1

x̄ uȳ = 0, (3)

which is the Gardner equation in 4 + 2 dimensions, and

x = x1 + ix2, y = y1 + iy2, t = t1 + it2, x1, x2, y1, y2, t1, t2 ∈ R. (4)

Equation (4) is as follows:

∂x̄ =
1
2
(x1 + ix2), ∂ȳ =

1
2
(y1 + iy2), ∂t̄ =

1
2
(t1 + it2), (5)

and

(∂−1
x̄ f )(x1, x2) =

1
π

∫ ∫
R2

f (x′1x′2)
x − x′

dx′1dx′2, (6)

where α and β ∈ R.
By means of the following transformations:

ξ = ax1 + bx2, τ = ãt1 + b̃t2, (7)

where a, b, ã, b̃ ∈ R, we get

∂x̄ = A
∂

∂ξ
, ∂t̄ = Ã

∂

∂τ
, A =

a + ib
2

, Ã =
ã + ib̃

2
. (8)

Renaming u, y as Uu, y/Ȳ, where U and Y are complex constants, Equation (3) obtains
the following form:

uτ+α′uξξξ + β′uuξ + γ′u2uξ + δ′∂−1
ξ uȳȳ + ϵ′uξ∂−1

ξ uȳ, (9)

where

α′ =
A3

Ã
, β′ =

6βAU
Ã

, γ′ = −3α2 AU2

2Ã
, δ′ =

3Y2

AÃ
, ϵ′ = −3αY

Ã
. (10)

Replacing τ, ξ, y1, y2, δ′
4 , ϵ′

2 with t, x, y, z, δ′, ϵ′, Equation (9) with ãt1 = 2t, t2 = 0, we
obtain Equation (1). Likewise, Equation (9) with ãt1 = 2t, t2 = 2ρ forms Equation (2).

The lax pair for Equation (3) presents

[Dȳ + D2
x̄ + αuDx̄ + βu]ψ = 0, (11)

[Dt̄ + 4D3
x̄ + αuD2

x̄ + (3αux̄ +
3
2

α2u2 + 6βu − 3α∂−1
x̄ uȳ)Dx̄ + 3βux +

3
2

αβu2 + 3β∂−1
x̄ uȳ]ψ = 0, (12)

where Dx̄ = ∂x̄ + l, Dȳ = ∂ȳ − l2, Dt̄ = ∂t̄ − 4l3, l = l1 + il2. Equation (11) is rewritten as

[
Y
A2 ∂ȳ + ∂2

ξ + 2l∂ξ +
αU
A

u(∂ξ + l) +
βU
A2 u]ψ = 0, (13)

substituting l for Al into the above equation yields the following form:

[(
δ′

3α′
)

1
2 ∂ȳ + ∂2

ξ + 2l∂ξ + α(
−2γ′

3α′2
)

1
2 u(∂ξ + l) +

β′

6α′
u]ψ = 0. (14)
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The same steps apply to Equation (11), which becomes

{∂τ +
4
α′

∂3
ξ +

12
α′

l∂2
ξ +

12
α′

l2∂ξ + (
2α2γ′

3α′4
)

1
2 u(∂ξ + l)2 + [(

6α2γ′

α′4
)

1
2 uξ +

α2β′

4βα′2
u2

+
β′

α′2
u − (

−6α2γ′δ′

α′5
)

1
2 ∂−1

ξ uȳ]u(∂ξ + l) +
β′

2α′2
ux + (

γ′2β′

12α′5
)

1
2 ∂−1

ξ uȳ +
β′

4α′2
(
−2γ′

2α′2
)

1
2 u2}ψ = 0.

(15)

Renaming τ, ξ, y1, y2 as t, x, y, z, and renaming δ′
4 , ϵ′

2 as δ′, ϵ′, the lax pair of Equation (1)
is constructed as follows:

[(
δ′

3α′
)

1
2 (∂y + i∂z) + ∂2

x + 2l∂x + α(
−2γ′

3α′2
)

1
2 u(∂x + l) +

β′

6α′
u]ψ = 0, (16)

and

{∂τ +
4
α′

∂3
ξ +

12
α′

l∂2
ξ +

12
α′

l2∂ξ + (
2α2γ′

3α′4
)

1
2 u(∂ξ + l)2 + [(

6α2γ′

α′4
)

1
2 uξ +

α2β′

4βα′2
u2 +

β′

α′2
u

− (
−6α2γ′δ′

α′5
)

1
2 ∂−1

ξ (uy + iuz)]u(∂ξ + l) +
β′

2α′2
ux + (

γ′2β′

12α′5
)

1
2 ∂−1

ξ (uy + iuz) +
β′

4α′2
(
−2γ′

2α′2
)

1
2 u2}ψ = 0.

(17)

Similarly, Equation (2) has the following lax pair:

[(
δ′

3α′
)

1
2 (∂y + i∂z) + ∂2

x + 2l∂x + α(
−2γ′

3α′2
)

1
2 u(∂x + l) +

β′

6α′
u]ψ = 0, (18)

and

{∂τ + i∂ρ +
4
α′

∂3
ξ +

12
α′

l∂2
ξ +

12
α′

l2∂ξ + (
2α2γ′

3α′4
)

1
2 u(∂ξ + l)2 + [(

6α2γ′

α′4
)

1
2 uξ +

α2β′

4βα′2
u2 +

β′

α′2
u

− (
−6α2γ′δ′

α′5
)

1
2 ∂−1

ξ (uy + iuz)]u(∂ξ + l) +
β′

2α′2
ux + (

γ′2β′

12α′5
)

1
2 ∂−1

ξ (uy + iuz) +
β′

4α′2
(
−2γ′

2α′2
)

1
2 u2}ψ = 0.

(19)

4. Spectral Analysis of the t-Independent Part of the Lax Pair
Consider the spectral analysis of the following equation:

[∂y + i∂z + ∂2
x + 2l∂x + αu(∂x + l) + βu]ψ = 0, (20)

which can be generated by the equation formed from Equation (16) by letting β′ → 6βα′,
γ′ → − 3

2 α′2, δ′ → 3α′. Here, we suppose u(x, y, z) → 0 sufficiently rapidly as |x|, |y|,
|z| → ∞. We obtain the solution ψ of Equation (20):

ψ(x, y, z, l) = 1 +
∫

R3
G(x − x′, y − y′, z − z′, l)[αu(x′, y′, z′)(∂x′ + l)

+ βu(x′, y′, z′)]ψ(x′, y′, z′, l)dx′dy′dz′.
(21)

Then, we get that

∂ψ

∂l̄
(x, y, z, l) = F(x, y, z, l) +

∫
R3

G(x − x′, y − y′, z − z′, l)

× ∂̄[αu(x′, y′, z′)(∂x′ + l) + βu(x′, y′, z′)]ψ(x′, y′, z′, l)dx′dy′dz′,
(22)

where F(x, y, z, l) is defined by

F(x, y, z, l) =
∫

R3
∂̄G(x − x′, y − y′, z − z′, l)[αu(x′, y′, z′)(∂x′ + l)

+ βu(x′, y′, z′)]ψ(x′, y′, z′, l)dx′dy′dz′.
(23)
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By using the above equation, we have

Gy + iGz + Gxx + 2lGx = −δ(x)δ(y)δ(z), (24)

G(x, y, z, l) =
1

(2π)3

∫
R3

ei(ξx+ηy+ζz)

ξ2 − 2ilξ − iη + ζ
dξdηdζ, (25)

Ĝ(x, y, z, l) =
1

(2π)
3
2

1
ξ2 − 2ilξ − iη + ζ

, (26)

with
δ(x)δ(y)δ(z) =

1
(2π)3

∫
R3

ei(ξx+ηy+ζz)dξdηdζ. (27)

To calculate ∂G/∂l̄, we find

ξ2 − 2ilξ − iη + ζ = −2iξ[l + η/2ξ + i(ζ + ξ2)/2ξ], (28)

utilizing the following property:

∂

∂l̄
(

1
l − l̃

) = πδ(l1 − l̃1)δ(l2 − l̃2), l = l1 + il2, l̃ = l̃1 + il̃2, (29)

we obtain the equation

∂G
∂l̄

(x, y, z, l) = − 1
4iπ2

∫
R

ξei[ξx−2l1ξy−(ξ2+2l2ξ)z]dξ. (30)

We know that the expression F(x, y, z, l) is as follows:

F(x, y, z, l) =
∫

R
ξû(ξ, l)ei[ξx−2l1ξy−(ξ2+2l2ξ)z]dξ, (31)

where

û(ξ, l) =− 1
4iπ2

∫
R3

ξe−i[ξx′−2l1ξy′−(ξ2+2l2ξ)z′ ]

× [αu(x′, y′, z′)(∂x′ + l) + βu(x′, y′, z′)]ψ(x′, y′, z′, l)dx′dy′dz′.
(32)

Letting ψ(x, y, z, l) → ψ(x, y, z, l + iξ) in Equation (21), and multiplying by
ei[ξx−2l1ξy−(ξ2+2l2ξ)z], allows us to find

ei[ξx−2l1ξy−(ξ2+2l2ξ)z]ψ(x, y, z, l + iξ) = ei[ξx−2l1ξy−(ξ2+2l2ξ)z]

+
∫

R3
Ğ(x − x′, y − y′, z − z′, l, ξ)[αu(x′, y′, z′)(∂x′ + l) + βu(x′, y′, z′)]

× e−i[ξx′−2l1ξy′−(ξ2+2l2ξ)z′ ]ψ(x′, y′, z′, l + iξ)dx′dy′dz′,

(33)

where

Ğ(x, y, z, l, ξ) =
1

(2π)3

∫
R3

ei[(ξ̃+ξ)x+(η̃−2l1ξ)y+(ζ̃−ξ2−2l2ξ)z]

ξ̃2 − 2ilξ̃ + 2ξξ̃ − iη̃ + ζ̃
dξ̃dη̃dζ̃. (34)

Bringing the transformations

ξ̆ = ξ̃ + ξ, η̆ = η̃ − 2l1ξ, ζ̆ = ζ̃ − ξ2 − 2l2ξ, (35)

into Equation (34) yields

Ğ(x, y, z, l, ξ) =
1

(2π)3

∫
R3

ei(ξ̆x+η̆y+ζ̆z)

ξ̆2 − 2ilξ̆ − iη̆ + ζ̆
dξ̆dη̆dζ̆ = G(x, y, z, l). (36)
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In Equation (33), replacing Ğ(x − x′, y − y′, z − z′, l, ξ) with G(x − x′, y − y′, z − z′, l),
we obtain a d-bar problem as follows:

∂ψ

∂l̄
(x, y, z, l) =

∫
R

ξû(ξ, l)ei[ξx−2l1ξy−(ξ2+2l2ξ)z]ψ(x, y, z, l + iξ)dξ, (37)

where ψ(x, y, z, l) is to 1 as l is to infinity. The solution of (33) is constructed as

ψ(x, y, z, l) = 1 − 1
π

∫
R3

dξdkRdkI
k − l

ξei[ξx−2k1ξy−(ξ2+2k2ξ)z]û(ξ, k)ψ(x, y, z, k + iξ), (38)

and l ∈ C, k = k1 + ik2.
Equation (38) implies

ψ(x, y, z, l) = 1 +
ψ1(x, y, z)

l
+ O(l−2), l → ∞, (39)

where

ψ1(x, y, z) =
1
π

∫
R3

ξei[ξx−2k1ξy−(ξ2+2k2ξ)z]û(ξ, k)ψ(x, y, z, k + iξ)dξdkRdkI . (40)

Substituting Equation (39) into Equation (20) gives

u(x, y, z) = − 2
α

∂xln(β + αψ1(x, y, z)). (41)

and

u(x, y, z) = − 2
α

∂xln(β + α
1
π

∫
R3

ξei[ξx−2k1ξy−(ξ2+2k2ξ)z]û(ξ, k)ψ(x, y, z, k + iξ)dξdkRdkI). (42)

In summary, based on the above spectral analysis, we obtain two transformations—
the direct transform (32) and inverse transform (42)—which form the nonlinear Fourier
transform pair. In the linear limit of u, ψ → 1, we can obtain

û(ξ, l) = − 1
4iπ2

∫
R3

ξei[ξx−2l1ξy−(ξ2+2l2ξ)z][αu(x, y, z)(∂x + l) + βu(x, y, z)]dxdydz, (43)

u(x, y, z) = − 2
α

∂xln(β + α
1
π

∫
R3

ξei[ξx−2l1ξy−(ξ2+2l2ξ)z]û(ξ, l)dξdlRdlI). (44)

By variable transformations l1 = ξ, l2 = −2l1ξ and l3 = −ξ2 − 2l2ξ, we can obtain the
following three-dimensional Fourier transform pair:

û(ξ, l) = − 1
4iπ2

∫
R3

ξei(l1x+l2y+l3z)[αu(x, y, z)(∂x + l) + βu(x, y, z)]dxdydz, (45)

u(x, y, z) = − 2
α

∂xln(β + α
1
π

∫
R3

ξei(l1x+l2y+l3z)û(ξ, l)dξdlRdlI). (46)

5. Solution of Gardner Equation in 3 + 2
In this section, the initial value problem of the three spatial dimensions Gardner

equation with two spatial dimensions is studied.

Proposition 1. Given the complex-valued function u(x, y, z) ∈ S(R3), whose L1 and L2 norms
are sufficiently small, let ψ0(x, y, z, l) denote the solution of Equation (21), where u is replaced
by u0. Assuming û0(ξ, l) is defined by Equation (32) by letting u → ψ and u0 → ψ0, suppose
ψ(x, y, z, t, ρ, l) to be the solution of Equation (38), and allow û(ξ, l) to be replaced by
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û(ξ, l, t, ρ) = û0(ξ, l)ei(ωt+υρ) (47)

and

ω = 4ξ3 + 12(l2
1 + l2

2)ξ
2 + 6(2l2

2 − 2l2
1 − αl1)ξ,

υ = −3ξ(4l1 + α)(ξ + 2l2).
(48)

Let u(x, y, z, t, ρ) be defined in Equation (42) by substituting û(ξ, l) → ψ(x, y, z, l) and
û(ξ, l, t, ρ) → ψ(x, y, z, t, ρ, l). u(x, y, z, t, ρ) solves

ut + iuρ + uxxx + 6βuux −
3
2

α2u2ux

+ 3∂−1
x (uyy − uzz + 2iuyz)− 3αux∂−1

x (uy + iuz) = 0.
(49)

and
u(x, y, z, 0, 0) = u0(x, y, z). (50)

Proof. The equation met by u is equivalent to

∂ψ

∂l̄
(l) =

∫
R

ξE(l, ξ)ψ(l + iξ)û0(ξ, l)dξ, (51)

and
ψ(l) = 1 +

ψ1

l
+ O(l−2), l → ∞, (52)

where E(l, ξ) reads
E(l, ξ) = ei[ξx−2l1ξy−(ξ2+2l2ξ)z+ωt+υρ]. (53)

For convenience, we study Equation (49) when α = 0 and we suppress the x, y, z, t,
ρ dependence of ψ and E. Then, we know that if ψ is defined by Equation (51) and u has
the expression

u(x, y, z, t, ρ) = − 2
β

ψ1x(x, y, z, t, ρ), (54)

or equivalently via Equation (42), respectively, then u solves Equation (49) by letting
û(ξ, l) → ψ(x, y, z, l) and û(ξ, l, t, ρ) → ψ(x, y, z, t, ρ, l).

By defining the following long derivative operators Dx, Dy and Dt:

Dx = ∂x + l, Dy = ∂y + i∂z − l2, Dt = ∂t + i∂ρ − 4l3, (55)

we know that

∂

∂l̄
(Dtψ(l)) =

∫
R

E(l, ξ)Dtψ(l + iξ)dχ, dχ = ξû0(ξ, l)dξ, (56)

with
iω − υ − 4l4 = −(l + iξ)4. (57)

Then, we provide the proof procedure for Equation (56) as follows:

∂

∂l̄
(ψt(l)) =

∫
R

E(l, ξ)[iωψ(l + iξ) + ψt(l + iξ)]dχ, (58)

∂

∂l̄
(iψρ(l)) =

∫
R

E(l, ξ)[−υψ(l + iξ) + iψρ(l + iξ)]dχ, (59)

∂

∂l̄
(l4ψ(l)) =

∫
R

E(l, ξ)l4ψ(l + iξ)dχ. (60)
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Organizing Equations (58)–(60) leads to Equation (56). The following two properties
can be derived:

∂

∂l̄
(Dxψ(l)) =

∫
R

E(l, ξ)Dxψ(l + iξ)dχ, (61)

∂

∂l̄
(Dyψ(l)) =

∫
R

E(l, ξ)Dyψ(l + iξ)dχ. (62)

For the validity of the Property (62), we find that

iω − υ − l2 = −(l + iξ)2. (63)

Hence, we introduce the lax pair of Equation (49) and define Υ1(l) to be a (t, ρ)-
independent part of the lax pair

Υ1(l) = (Dy + D2
x + βu)ψ, (64)

and Υ2(l) to be the (t, ρ)-dependent part

Υ2(l) = (Dt + 4D3
x + P1Dx + P2)ψ, (65)

where pi = pi(x, y, z, t, ρ), (i = 1, 2).
The term of O(l−1) of Equation (64) presents the following:

ψ1y + iψ1z + ψ1xx + 2ψ2xx + βuψ1 = 0. (66)

and

ψ2x =
β

4
∂−1

x uy −
iβ
4

∂−1
x uz +

β

4
ux +

β2

4
u∂−1

x u. (67)

Then, we know that

P1 + 12ψ1x = 0,

P2 + P1ψ + 12ψ1xx + 12ψ2x = 0.
(68)

Organizing the above Equations (66)–(68) yields

P1 = 6βu, P2 = 3βux − 3β∂−1
x (uy + iuz). (69)

Equation (49) possesses the operators Υ1(l) and Υ2(l). The commutativity condition
Υ1[Υ2(Φ)] = Υ2[Υ1(Φ)] for Operators (64) and (65) is equivalent to Equation (49). Systems
(64) and (65) can be regarded as the lax pair of Equation (49). The Cauchy problem for the
Gardner equation in (3 + 2) dimensions appears in Equations (49) and (50). The Cauchy
problems could be similarly constructed for other (3 + 2)-dimensional equations.

Remark 1. ω and υ (48), which were defined in Equation (47), are obtained by substituting
u = ϵ + iλ into the linear form of Equation (49), such that the real and imaginary parts of the
equation are zero. And the exponential exp[iξx − 2il1ξy − i(ξ2 + 2l2ξ)z + iωt + iυρ] satisfies the
linear form of Equation (49)

Proposition 2. If the initial condition u0 has the following relation:

u0(x, y, z) = u0(x, y,−z), (70)
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then the solution of Equation (49) satisfies

u(x, y, z, t, ρ) = u(x, y,−z, t,−ρ). (71)

Proof. Putting ξ → −ξ, η → −η into (25) yields

G(x, y,−z, l̄) =
1

(2π)3

∫
R3

ei(−ξx−ηy−ζz)

ξ2 + 2il̄ξ + iη + ζ
dξdηdζ = G(x, y, z, l). (72)

By using Equations (70) and (72), as well as by putting z → −z, l → l̄ into
Equation (21), we obtain the following:

ψ(x, y,−z, l̄) = 1 +
∫

R3
G(x − x′, y − y′, z′ − z, l̄)ψ(x′, y′,−z′, l̄)

× [αu0(x′, y′,−z′)(∂x′ + l̄) + βu0(x′, y′,−z′)]dx′dy′dz′

= 1 +
∫

R3
G(x − x′, y − y′, z − z′, l)ψ(x′, y′,−z′, l̄)

× [αu0(x′, y′,−z′)(∂x′ + l) + βu0(x′, y′,−z′)]dx′dy′dz′ = ψ(x, y, z, l).

(73)

By substituting ξ → −ξ, z → −z, and l → l̄ into Equation (32), we have

−û(−ξ, l̄) =
1

4iπ2

∫
R3
(−ξ)e−i[−ξx′+2l1ξy′+(ξ2+2l2ξ)z′ ]

× [αu0(x′, y′,−z′)(∂x′ + l̄) + βu0(x′, y′,−z′)]ψ(x′, y′,−z′, l̄)dx′dy′dz′ = û(ξ, l).
(74)

Likewise, letting ξ → −ξ, z → −z, l → l̄, ρ → −ρ into Equation (51) gives

∂ψ(x, y,−z, t,−ρ, l̄)
∂l̄

=
∫

R
(−ξ)û0(−ξ, l̄)ei[−ξx+2ξl1y+(ξ2+2ξl2)z−ωt−υρ]ψ(x, y,−z, l̄ − iξ)dξ. (75)

The conjugate of Equation (51) presents

∂ψ(x, y, z, t, ρ, l)
∂l̄

=
∫

R
ξû0(ξ, l)e−i[ξx−2ξl1y−(ξ2+2ξl2)z+ωt+υρ]ψ(x, y, z, l + iξ)dξ. (76)

We can obtain the following symmetry relation by organizing Equations (74)–(76):

ψ(x, y, z, t, ρ, l) = ψ(x, y,−z, t,−ρ, l̄). (77)

Hence, the definition of u implies that u satisfies Equation (71).

6. Solution of Gardner Equation in 3 + 1
Based on the analysis presented in Section 5, we similarly study the following

3 + 1-dimensional Gardner equation:

ut + uxxx + 6βuux −
3
2

α2u2ux + 3∂−1
x (uyy − uzz + 2iuyz)− 3αux∂−1

x (uy + iuz) = 0. (78)

After an analysis similar to that made in Proposition 1, we let

û(ξ, l, t, ρ) = û0(ξ, l)eiωt+3ξ(4l1+α)(ξ+2l2)t. (79)

In order for the definition ψ(x, y, z, t, l, ξ) to be valid and to hold, the following condi-
tion is necessary:

3ξ(4l1 + α)(ξ + 2l2) ≤ 0. (80)
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Then, we need to control the sign of ξ, ξ + 2l2 and 4l1 + α simultaneously. For conve-
nience, we study the case when α = 0. Thus, the operator

∆l1,l2,ξ [·] =
∫ 0

−∞
dl1[

∫ 0

−∞
dl2(

∫ 0

−∞
dξ +

∫ ∞

−2l2
dξ) +

∫ ∞

0
dl2(

∫ −2l2

−∞
dξ +

∫ ∞

0
dξ)]

+
∫ ∞

0
dl1(

∫ 0

−∞
dl2

∫ −2l2

0
dξ +

∫ ∞

0
dl2

∫ 0

−2k1

dξ)[·],
(81)

is defined. The operator ∆l1,l2,ξ satisfies the inequality in Equation (80) in the domain of
integration. By using the defined operator ∆l1,l2,ξ and following a similar procedure as in
Proposition 1, we can obtain the following:

Proposition 3. Given the complex-valued function u(x, y, z) ∈ S(R3), whose L1 and L2 norms
are sufficiently small, let ψ0(x, y, z, l) denote the solution of Equation (21), where u is replaced
by u0. Assuming that û0(ξ, l) can be defined by Equation (32) by letting u → ψ and u0 → ψ0,
suppose ψ(x, y, z, l, t) to be the solution of the linear integral equation

ψ(x, y, z, l) = 1 − 1
π

∆l1,l2,ξ [Λ
ξû0(ξ, l)

k − l
ψ(x, y, z, k + iξ)], (82)

where

Λ : = Λ(x, y, z, t, k1, k2, ξ)

= exp[iξx − 2ik1ξy − i(ξ2 + 2k2ξ)z + iωt + 12k1ξ(ξ + 2k2)t].
(83)

We know that u(x, y, z, t) has the form

u(x, y, z, t) = − 2
β

ψ1x(x, y, z, t), (84)

where ψ presents

ψ(x, y, z, t) = 1 +
ψ1(x, y, z)

l
+ O(l−2), l → ∞, (85)

Then, u solves the 3 + 1-dimensional Equation (78), with

u(x, y, z, 0) = u0(x, y, z). (86)

In the linear limit ψ → 1, and based on the above results, the following novel transfor-
mation pair can be obtained:

û(ξ, l) = − 1
4iπ2

∫
R3

βξe−i[ξx−2l1ξy−(ξ2+2l2ξ)z]u(x, y, z)dxdydz, (87)

u(x, y, z) = − 2
βπ

∆l1,l2,ξ [ξei[ξx−2l1ξy−(ξ2+2l2ξ)z]û(ξ, l)]. (88)

This pair is intrinsic to the linear version of solving Equation (78), i.e., the one ob-
tained by neglecting the term with u. It implies that u(ξ, l) automatically satisfies the
following condition:

û(ξ, l) = 0, f or 12l1ξ(ξ + 2l2) > 0. (89)

An important point to emphasize is that Equation (89) is the appropriate constraint to
be satisfied by the initial data for the nonlinear evolution Equation (78).
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Remark 2. If the initial condition u0 has the following relation:

u0(x, y, z) = u0(x, y,−z), (90)

then the solution of Equation (78) satisfies

u(x, y, z, t) = u(x, y,−z, t). (91)

Similar considerations are valid for Equation (91). Equation (91) is obtained based on
some symmetry relationships.

7. Results
In this section, we outline key results of this paper: (a). The (4 + 2)-dimensional Gard-

ner Equation (3), (3 + 1)-dimensional and (3 + 2)-dimensional Gardner Equations (1) and (2)
and their corresponding Lax pairs (16)–(19), Fourier transformation pairs (43) and (44) were
obtained. (b). The solutions of (3 + 2)-dimensional and (3 + 1)-dimensional Gardner equa-
tions were constructed in Propositions 1 and 3. (c). The approach presented in this paper can
be used to other (2 + 1)-dimensional equations. Hence, the method has extensive applicable.

8. Discussion
This paper was structured as follows: In Section 3, the 4 + 2 integrable expansion

of the Gardner Equation (3) was given. It possesses some rich mathematical structures.
For example, the nonlocal commutators, d-bar equations for eigenfunction ψ, Green’s
function G, Fourier transformations, and so on. Then, the 4 + 2 integrable extension of
the equation was reduced to Equations (1) and (2) for three spatial dimensions through a
series of transformations. Moreover, we constructed their corresponding lax pairs, which
can be used to obtain a richer mathematical structure. In Section 4, by performing the
spectral analysis of the t-independent part (20) of the lax pair, a classical d-bar problem
(37) was defined, and we obtained a direct transform (32) and an inverse transform (42),
i.e., the nonlinear Fourier transform pair. In Sections 5 and 6, the solutions of the Cauchy
problems for the Gardner equation in 3 + 2 and 3 + 1 dimensions were constructed via
a non-local d-bar formalism, which were proposed in Propositions 1 and 3, respectively.
Several propositions given in this paper summarize the main results.

9. Conclusions
In this paper, solutions of Cauchy problems for the Gardner equation in three spatial

dimensions were solved. The three-dimensional Gardner equations given in this paper
have many potential applications in plasma physics, fluid dynamics, and other fields. For
example, the implicit expression of a traveling wave solution, the Lie point symmetry and
the group invariant solutions to the three-dimensional Gardner equation were investigated
in ref. [38]. When ∂z = 0 and ∂z = ∂ρ = 0 in Equations (1) and (2), respectively, they can be
derived as the 2DG equation [35], which has physical significance and potential applications.
Extending the low-dimensional equations to high-dimensional equations and investigating
their various properties and solutions, such as soliton solutions, complexiton solutions,
rational solutions, etc., via non-local d-bar method may be one of the future research topics.
Various types of exact solutions of the Gardner equation in three spatial dimensions are
being analyzed. The methods and results presented in this paper may provide a good
inspiration for dealing with similar high-dimensional nonlinear equations [39–41].
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editing, Y.Z. and L.G. All authors have read and agreed to the published version of the manuscript.
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