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Abstract: The aim of this paper is to examine the L-fuzzy prime filter degrees on lattices and their
induced L-fuzzy convex structure. Firstly, the notion of L-fuzzy prime filter degrees on lattices is
established using the implication operator when L is a completely distributive lattice. Secondly, an
equivalent characterization of L-fuzzy prime filter degrees on lattices is provided. The equivalence
relation, through the definitions of reflexivity, symmetry, and transitivity, provides a method for
partitioning subsets within a lattice that possesses the prime filter property. Finally, the L-fuzzy
convex structure induced by the L-fuzzy prime filter degrees on lattices is examined. Simultaneously,
the properties of L-fuzzy prime filter degrees on lattices in relation to images and preimages under
homomorphic mappings are discussed.

Keywords: L-fuzzy prime filter degrees; image and preimage; implication operator; homomorphic
mappings

1. Introduction

Non-classical mathematical logic theories serve as significant tools in the field of
artificial intelligence for handling uncertain information. Among these, lattices are one
of the many important and widely applied algebraic systems within non-classical logical
algebraic systems, with filters and prime filters being two crucial concepts within lattices [1].
As is well known, filters and prime filters are important instrumental concepts in the study
of the structure of logical algebras. Moreover, filters and prime filters are also widely
applied in the domain of uncertainty inference. Subsequently, many scholars have pursued
the study of filters and prime filters on lattices, as well as their fuzzification. The fuzzy
prime filter on lattices was first introduced by Yuan and Wu [2] in 1990. Following this,
Thomas et al. [3–6] developed the fuzzy theory of lattices, defined a fuzzy lattice as a
type of fuzzy algebra and provided a description of its characteristics. Zhang et al. [7]
reported on fuzzy filters and fuzzy ideals of BL-algebras. In 1971, Rosenfeld [8] proposed
the notion of fuzzy subgroups, and it has since seen rapid development. In 2010, Shi [9]
first introduced the concept of measures for fuzzy subgroups. Providing a new tool for the
study of fuzzy algebraic system theory. In 2018, Huang Fei et al. [10] proposed the concept
of measures of fuzzy filters and fuzzy prime filters on lattices.

Convexity theory has become more and more important in the field of mathematics.
The in-depth exploration and advancement of convexity theory have given rise to the de-
velopment of numerous branches of mathematics, such as convex optimization [11], convex
geometry [12], and convex analysis [13], among others. Due to the widespread presence
of convex sets, convex structures are closely related to many mathematical structures. In
particular, with the development of fuzzy mathematics theory, the combination of convex
space theory and fuzzy mathematics theory has formed a new research direction, namely,
fuzzy convex space theory. Rosa [14] introduced the concept of fuzzy convex structure in
1994. In 2009, Maruyama [15] generalized the concept to M fuzzy sets. In 2014, Shi and
Xiu [16] generalized it from a completely different perspective and presented the notion
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of M-fuzzifying convex structures. In 2022, Wang and An [17] proposed a definition of
L-fuzzy subrings measures under completely distributive lattice conditions and its induced
L-fuzzy convex structure. In the same year, Wang and Zeng [18] proposed a novel approach
to the fuzzification of fields. In 2024, Wang and Xu [19] also proposed a study on the related
problems of L-fuzzy vector subspace.

The main purpose of this paper is to examine the L-fuzzy prime filter degrees on
lattices under completely distributive lattice conditions and its induced L-fuzzy convex
structure. Also, under the condition of lattice homomorphism, the properties of L-fuzzy
convex to convex mappings and L-fuzzy convex preserving mappings from the perspective
of category theory are studied.

2. Preliminaries

Throughout this paper, L is a completely distributive lattice and S is a non-empty set
and denotes the set of all L-fuzzy sets on S by LS. The largest element and smallest element
in L are denoted by ⊤ and ⊥, respectively. For a, b ∈ L, we say that a ≺ b, if forever subset
D ⊆ L, b ⩽

∨
D implies a ≤ d for some d ∈ D. The set {a ∈ L | a ≺ b} denoted by β(b) is

called the greatest minimal family of b [20]; In addition, For a, b ∈ L, we say that a ⊀ b,
if forever subset E ⊆ L, b ⩾

∧
E implies a ⩾ e for some e ∈ E. The set {a ∈ L | b ⊀ a}

denoted by α(b) is called the greatest maximal family of b [20]. An element a in L is called
a co-prime element if b ∨ c ⩾ a implies b ⩾ a or c ⩾ a for any b, c ∈ L [20]; an element a in
L is called a prime element if a ⩽ b ∧ c implies a ⩽ b or a ⩽ c for any b, c ∈ L [21]. The set
of all nonzero co-prime elements of L is denoted by J(L), and the set of all non-unit prime
elements of L is denoted by P(L).

In a completely distributive lattice L, there exist β(b) and α(b) for each b ∈ L which
have b =

∨
β(b) =

∧
α(b). α is an

∧
-
⋃

mapping, β is a union-preserving mapping [22].

Definition 1 ([1]). S is a poset, if ∀a, b ∈ S, sup{a, b} and inf{a, b} always exist, then S is a
lattice.

Definition 2 ([22]). L is complete lattice, {Ji | i ∈ I} is a family of sets with I as the index set, L
is called a completely distributive lattice, if any family of subsets Si = {aij | j ∈ I} and it satisfies
the following conditions:

(1)
∨
i∈I

∧
j∈J

aij =
∧

f∈∏
i∈I

(
∨
i∈I

ai f (i));

(2)
∧
i∈I

∨
j∈J

aij =
∨

f∈∏
i∈I

(
∧
i∈I

ai f (i));

Definition 3 ([23]). For a nonempty set S. Let M ∈ LS, a ∈ L, we define

(1) M[a] = {s ∈ S | a ⩽ M(s)};

(2) M(a) = {s ∈ S | M(s) ⩽̸ a};
(3) M(a) = {s ∈ S | a ∈ β(M(s))};

(4) M[a] = {s ∈ S | a /∈ α(M(s))}.

In a completely distributive lattice L, there exists an implication operator 7→in L, and
for any w, z, e ∈ L, its operation is given by:

w 7→ z =
∨
{e ∈ L | w ∧ e ⩽ z}. (1)

Next, we list some properties of the implication operation in the following Lemma.

Lemma 1 ([24]). Let (L,∨,∧) be a complete distribution lattice and let 7→ be the implication
operator corresponding to ∧, then for all w, z, e ∈ L, we have
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(1) ⊤ 7→ w = w;
(2) e ⩽ w 7→ z⇔ w ∧ e ⩽ z;
(3) w 7→ z = ⊤ ⇔ w ⩽ z.

Definition 4 ([1]). Let G be a non-empty set of S, and satisfy the following conditions:

(1) ∀s ∈ S, o ∈ G ⇒ s ∨ o ∈ G;
(2) ∀s, o ∈ G ⇒ s ∧ o ∈ G;
(3) ∀s, o ∈ G, s ∨ o ∈ G ⇒ s ∈ G or o ∈ G.

then G is a prime filter of S.

Definition 5 ([25]). A mapping ζ: LS → M is called an L-fuzzy convexity on S if it satisfies the
following conditions:

(LMC1) ζ(χϕ) = ζ(χS) = ⊤M;
(LMC2) If {ϖq | q ∈ Q} ⊆ LS is non-empty, such that ζ(

∧
q∈Q

ϖq) ⩾
∧

q∈Q
ζ(ϖq);

(LMC3) If {ϖq | q ∈ Q} ⊆ LS is totally ordered and non-empty, such that
∧

q∈Q
ζ(ϖq) ⩽

ζ(
∨

q∈Q
ϖq).

Where Q is the index set, (S, ζ) is called an (L, M)-fuzzy convex space, and an (L, L)-
fuzzy convex space is called an L-fuzzy convex space for short.

Definition 6 ([25]). Let (S, ζ) and (Y,D) be an (L, M)-fuzzy convex space, we have

(1) If for all ξ ∈ LY , exist D(ξ) ⩽ ζ( f←L (ξ)) , then a mapping f : S → Yis an (L, M)-fuzzy
convex preserving mapping.

(2) If for all ξ ∈ LS, exist ζ(ξ) ⩽ D( f→L (ξ)), then the mapping f : S→ Yis an (L, M)−fuzzy
convex-to-convex mapping;

(3) If a mapping f is bijection, (L, M)-fuzzy convex preserving and (L, M)-fuzzy convex to
convex, then the mapping f : S→ Y is (L, M)−fuzzy isomorphism.

3. L-Fuzzy Prime Filter Degrees on Lattices

In this section, we first proceed to define the concept L-fuzzy prime filter degrees on
lattices. In addition, the equivalence characterizations of the L-fuzzy prime filter degrees
on lattices are proposed.

Definition 7. ϖ ∈ LS, the L-fuzzy prime filter degrees of ϖ is defined as

I(ϖ) =
∧

s,o∈S
{(ϖ(s) ∧ϖ(o) 7−→ ϖ(s ∧ o)) ∧ (ϖ(s) 7−→ ϖ(s ∨ o)) ∧ (ϖ(s ∨ o) 7−→ (ϖ(s) ∨ϖ(o))}. (2)

This means that ϖ is an L-fuzzy prime filter of S if and only if I(ϖ) = ⊤. For convenience,
we always agree that ∅ is a prime filter of S

The theorem of the L-fuzzy prime filter when I(ϖ) = ⊤ can be expressed as follows.

Theorem 1. ϖ ∈ LS, if ∀s, o ∈ S, the following conditions are satisfied:

(1) ϖ(s ∧ o) ⩾ ϖ(s) ∧ϖ(o);
(2) ϖ(s ∨ o) ⩾ ϖ(s);
(3) ϖ(s) ∨ϖ(o) ⩾ ϖ(s ∨ o). then ϖ is L-fuzzy prime filter of S.

Example 1. Let S = {0, a, 1} be a lattice, L = [0, 1], define operation ∧, ∨ and µ, κ, ι ∈ LS, inside:
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∧ 0 a 1
0 0 0 0
a 0 a a
1 0 a 1
∨ 0 a 1
0 0 a 1
a a a 1
1 1 1 1

Let µ =
0.2
0

+
0.4
a

+
0.9
1

, then

(s, o) µ(s) µ(o) µ(s ∧ o) µ(s ∨ o)
(0, a) 0.2 0.4 0.2 0.4
(0, 1) 0.2 0.9 0.2 0.9
(a, 0) 0.4 0.2 0.2 0.4
(a, 1) 0.4 0.9 0.4 0.9
(1, 0) 0.9 0.2 0.2 0.9
(1, a) 0.9 0.4 0.4 0.9
(0, 0) 0.2 0.2 0.2 0.2
(a, a) 0.4 0.4 0.4 0.4
(1, 1) 0.9 0.9 0.9 0.9

I(µ) = ⊤.

Let κ =
0.4
0

+
0.6
a

+
0.2
1

, then

(s, o) κ(s) κ(o) κ(s ∧ o) κ(s ∨ o)
(0, a) 0.4 0.6 0.4 0.6
(0, 1) 0.4 0.2 0.4 0.2
(a, 0) 0.6 0.4 0.4 0.6
(a, 1) 0.6 0.2 0.6 0.2
(1, 0) 0.2 0.4 0.4 0.2
(1, a) 0.2 0.6 0.6 0.2
(0, 0) 0.4 0.4 0.4 0.4
(a, a) 0.6 0.6 0.6 0.6
(1, 1) 0.2 0.2 0.2 0.2

we can obtain the L-fuzzy prime filter degrees of κ: I(κ) = 0.2.

Let ι =
0.4
0

+
0.3
a

+
0
1

, then

(s, o) ι(s) ι(o) ι(s ∧ o) ι(s ∨ o)
(0, a) 0.4 0.3 0.4 0.3
(0, 1) 0.4 0 0.4 0
(a, 0) 0.3 0.4 0.4 0.3
(a, 1) 0.3 0 0.3 0
(1, 0) 0 0.4 0.4 0
(1, a) 0 0.3 0.3 0
(0, 0) 0.4 0.4 0.4 0.4
(a, a) 0.3 0.3 0.3 0.3
(1, 1) 0 0 0 0

I(ι) = 0.
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Lemma 2. Let ϖ ∈ LS, then for all a ∈ L, I(ϖ) ⩾ a if and only if for any s, o ∈ S,

ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o), ϖ(s) ∧ a ⩽ ϖ(s ∨ o), ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o). (3)

Proof. Necessity: let for any a ∈ L, have a ⩽ I(ϖ), i.e.,

a ⩽
∧

s,o∈S
{(ϖ(s) ∧ϖ(o) 7−→ ϖ(s ∧ o)) ∧ (ϖ(s) 7−→ ϖ(s ∨ o)) ∧ (ϖ(s ∨ o) 7−→ (ϖ(s) ∨ϖ(o))}. (4)

it means that for any s, o ∈ S, we have a ⩽ ϖ(s)∧ϖ(o) 7−→ ϖ(s∧ o), a ⩽ ϖ(s) 7−→ ϖ(s∨ o)
and a ⩽ ϖ(s ∨ o) 7−→ ϖ(s) ∨ϖ(o).

Furthermore, we can obtain
ϖ(s) ∧ a ⩽ ϖ(s ∨ o), ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o), and ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o).
Sufficiency: suppose that a ∈ L, such that for any s, o ∈ S, we have ϖ(s) ∧ a ⩽

ϖ(s ∨ o), ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o), and ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o).
Then
a ⩽ ϖ(s) ∧ ϖ(o) 7−→ ϖ(s ∧ o), a ⩽ ϖ(s) 7−→ ϖ(s ∨ o) and a ⩽ ϖ(s ∨ o) 7−→ ϖ(s) ∨

ϖ(o). i.e.,

a ⩽ (ϖ(s)∧ϖ(o) 7−→ ϖ(s∧ o))∧ (ϖ(s) 7−→ ϖ(s∨ o))∧ (ϖ(s∨ o) 7−→ (ϖ(s)∨ϖ(o)). (5)

Hence,

a ⩽
∧

s,o∈S
{(ϖ(s) ∧ϖ(o) 7−→ ϖ(s ∧ o)) ∧ (ϖ(s) 7−→ ϖ(s ∨ o)) ∧ (ϖ(s ∨ o) 7−→ (ϖ(s) ∨ϖ(o))}. (6)

Through the above lemma and implication operation, we can obtain the following
theorem.

Theorem 2. Let ϖ ∈ LS, then

I(ϖ) =
∨{a ∈ L | ϖ(s) ∧ a ⩽ ϖ(s ∨ o), ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o),

ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o), ∀s, o ∈ S}. (7)

An equivalent characterization of L-fuzzy prime filter degrees on lattices is given in
the next theorem.

Theorem 3. Let ϖ ∈ LS, then

(1) I(ϖ) =
∨{

a ∈ L | ∀c ∈ J(L), c ⩽ a, ϖ[c] is a prime filter of S
}

;

(2) I(ϖ) =
∨{

a ∈ L | ∀c ∈ β(a), ϖ(c)is a prime filter of S
}

, ∀h, t ∈ L, exist β(h ∧ t) =

β(h) ∩ β(t)
(3) I(ϖ) =

∨{
a ∈ L | ∀c /∈ α(a), ϖ[c] is a prime filter of S

}
, ∀h, t ∈ L, exist α(h ∨ t) =

α(h) ∩ α(t)
(4) I(ϖ) =

∨{
a ∈ L | ∀c ∈ P(L), c ⩾̸ a, ϖ(c) is a prime filter of S

}
;

Only properties (2) and (3) are proved. The proofs of properties (1) and (4) are omitted
since they are similar.

Proof. (2) Let ∀s, o ∈ S,
ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o), (8)

then ∀c ∈ β(a), s, o ∈ ϖ(c), this means that

c ∈ β(ϖ(s)) ∩ β(ϖ(o)) ∩ β(a) = β(ϖ(s) ∧ϖ(o) ∧ a) ⊆ β(ϖ(s ∧ o)). (9)
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have s ∧ o ∈ ϖ(c). Suppose that ∀z ∈ S, ϖ(g) ∧ a ⩽ ϖ(s ∨ z), can obtain

β(ϖ(s) ∧ a) ⊆ β(ϖ(s ∨ z)), (10)

it holds that
c ∈ β(ϖ(s) ∩ β(a) = β(ϖ(s) ∧ a) ⊆ β(ϖ(s ∨ z)), (11)

i.e., s ∨ z ∈ ϖ(c).
Similarly, by ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o). It can be proven that

β(ϖ(s ∨ o) ∧ a) ⊆ β(ϖ(s) ∨ϖ(o))⇒ β(ϖ(s ∨ o) ∧ a) ⊆ β(ϖ(s)) ∪ β(ϖ(o)). (12)

have s ∈ ϖ(c), o ∈ ϖ(c), this implies that ϖ(c) is a prime filter of S. This is to say that

I(ϖ) =
∨{a ∈ L | ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o), ϖ(s) ∧ a ⩽ ϖ(s ∨ o),

ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o), ∀s, o ∈ S}
⩽

∨{
a ∈ L | ∀c ∈ β(a), ϖ(c) is a prime filter of S

}
.

(13)

Conversely, let

a ∈
{

a ∈ L | ∀c ∈ β(a), ϖ(c) is a prime filter of S
}

(14)

For any a ∈ L, s, o ∈ S, let c ∈ β( ϖ(s) ∧ϖ(o) ∧ a).
By

β(ϖ(s) ∧ϖ(o) ∧ a) = β(ϖ(s)) ∩ β(ϖ(o)) ∩ β(a). (15)

we can obtain c ∈ β(a), s, o ∈ ϖ(c), due to the above assumptions, we have s ∧ o ∈ ϖ(c), i.e.,
c ∈ β(ϖ(s ∧ o)), this shows that

ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o). (16)

Similarly, it is proven that

ϖ(s) ∧ a ⩽ ϖ(s ∨ o). (17)

ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o). (18)

Therefore,

I(ϖ) =
∨{a ∈ L | ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o), ϖ(s) ∧ a ⩽ ϖ(s ∨ o),

ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o), ∀s, o ∈ S}
⩾

∨{
a ∈ L | ∀c ∈ β(a), ϖ(c)is a prime filter of S

}
.

(19)

(3) Suppose that a ∈ L, and ∀s, o ∈ S,

ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o). (20)

Then, ∀c /∈ α(a), s, o ∈ ϖ[c], we know c /∈ α(ϖ(s))∪ α(ϖ(o))∪ α(a)=α(ϖ(s)∧ϖ(o)∧ a).
By the above assumptions, we know α(ϖ(s) ∧ ϖ(o) ∧ a) ⊇ α(ϖ(s ∧ o)). Hence, c /∈

α(ϖ(s ∧ o)), have s ∧ o ∈ ϖ[c].
Suppose a ∈ L, and ∀s, o ∈ S, ϖ(s) ∧ a ⩽ ϖ(s ∨ o), then ∀z ∈ S, we know ϖ(s) ∧ a ⩽

ϖ(s ∨ z) and α(ϖ(s) ∧ a) ⊇ α(ϖ(s ∨ z)). Hence, c /∈ α(ϖ(s ∨ z)), have s ∨ z ∈ ϖ[c].
Similarly, by ∀s, o ∈ S, if s ∨ o ∈ ϖ[c], c /∈ α(ϖ(s ∨ o)), we have ∀a ∈ L, c /∈ α(a) and

c /∈ α(ϖ(s ∨ o) ∪ α(a)) = α(ϖ(s ∨ o) ∧ a).
By the above assumptions, we know

α(ϖ(s) ∨ϖ(o)) ⊆ α(ϖ(s ∨ o) ∧ a)⇒ α(ϖ(s)) ∩ α(ϖ(o)) ⊆ α(ϖ(s ∨ o) ∧ a). (21)
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Hence, let ∀a ∈ L, and s, o ∈ S, ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o), by c /∈ α(ϖ(s)) ∩ α(ϖ(o)),
i.e., s ∈ ϖ[c], o ∈ ϖ[c], this means that ϖ[c] is a prime filter of S and

a ∈
{

a ∈ L | ∀c /∈ α(a), ϖ[c]is a prime filter of S
}

(22)

It is proved that

I(ϖ) =
∨{a ∈ L | ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o), ϖ(s) ∧ a ⩽ ϖ(s ∨ o),

ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o), ∀s, o ∈ S}
⩽

∨{
a ∈ L | ∀c /∈ α(a), ϖ[c] is a prime filter of S

}
.

(23)

On the contrary, a ∈
{

a ∈ L | ∀c /∈ α(a), ϖ[c] is a prime filter of S
}

, now we prove
∀a ∈ L, and ∀s, o ∈ S,

ϖ(s) ∧ ν(o) ∧ a ⩽ ϖ(s ∧ o). (24)

Assume that c /∈ α(ϖ(s) ∧ϖ(o) ∧ a),
Due to

α(ϖ(s) ∧ϖ(o) ∧ a) = α(ϖ(s)) ∪ α(ϖ(o)) ∪ α(a). (25)

we have c /∈ α(a), s, o ∈ ϖ[c], since ϖ[c] is a prime filter of S, it is concluded that s ∧ o ∈ ϖ[c],
s ∨ o ∈ ϖ[c], i.e., c /∈ α(ϖ(s ∨ o)), c /∈ α(ϖ(s ∧ o)), we have

ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o), (26)

Similarly,
ϖ(s) ∧ a ⩽ ϖ(s ∨ o), (27)

ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o). (28)

It is proven that

I(ϖ) =
∨{a ∈ L | ϖ(s) ∧ϖ(o) ∧ a ⩽ ϖ(s ∧ o), ϖ(s) ∧ a ⩽ ϖ(s ∨ o),

ϖ(s ∨ o) ∧ a ⩽ ϖ(s) ∨ϖ(o), ∀s, o ∈ S}
⩾

∨{
a ∈ L | ∀c /∈ α(a), ϖ[c]is a prime filter of S

}
.

(29)

Corollary 1. Let ϖ ∈ LS, the following statements are equivocal

(1) ϖ is a prime filter of S;
(2) ∀b ∈ J(L), ϖ[b] is a prime filter of S;
(3) ∀b, h ∈ L, exist α(b ∨ h) = α(b) ∩ α(h), ϖ[b] is a prime filter of S;
(4) ∀b ∈ P(L), ϖ(b) is a prime filter of S;
(5) ∀b, h ∈ L, exist β(b ∧ h) = β(b) ∩ β(h), ϖ(b) is a prime filter of S.

4. L-Fuzzy Convex Structure Induced by L-Fuzzy Prime Filter Degrees on Lattices

In this section, we will induce the L-fuzzy convex structure based on L-fuzzy prime
filter degrees on lattices. Additionally, the properties of L-fuzzy prime filter degrees on
lattices between image and preimage under homomorphic mappings are discussed.

Theorem 4. Let ϖ ∈ LS. Then, I is an L-fuzzy convex structure on S. It is called an L-fuzzy
convex structure and is determined by an L-fuzzy prime filter on lattices.

Proof. (LMC1) I(χϕ) = I(χS) = ⊤ is obvious.
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(LMC2)
{

ϖq | q ∈ Q
}
⊆ LS is nonempty, it remains to prove that

I(
∧

q∈Q
ϖq) ⩾

∧
q∈Q

I(ϖq). (30)

assume that a ⩽
∧

q∈Q
I(ϖq), By Lemma 3, know ∀s, o ∈ S,

ϖq(s) ∧ϖq(o) ∧ a ⩽ ϖq(s ∧ o), (31)

ϖq(s) ∧ a ⩽ ϖq(s ∨ o), (32)

ϖq(s ∨ o) ∧ a ⩽ ϖq(s) ∨ϖq(o). (33)

where ∀q ∈ Q, this implies∧
q∈Q

ϖq(s) ∧
∧

q∈Q
ϖq(o) ∧ a ⩽

∧
q∈Q

ϖq(s ∧ o); (34)

∧
q∈Q

ϖi(s) ∧ a ⩽
∧

q∈Q
ϖi(s ∨ o); (35)

∧
q∈Q

ϖq(s ∨ o) ∧ a ⩽
∧

q∈Q
ϖq(s) ∨

∧
q∈Q

ϖq(o). (36)

It means that a ⩽ I(
∧

q∈Q
ϖq), therefore, infer that

I(
∧

q∈Q
ϖq) ⩾

∧
q∈Q

I(ϖq). (37)

(LMC3) {ϖq | q ∈ Q} ⊆ LS is totally ordered and non-empty. In order to prove∧
q∈Q

I(ϖq) ⩽ I(
∨

q∈Q
ϖq), it needs to prove ∀a ⩽

∧
q∈Q

I(ϖq); we have a ⩽ I(
∨

q∈Q
ϖq). By

Lemma 3, for any q ∈ Q, we can obtain

ϖq(s) ∧ϖq(o) ∧ a ⩽ ϖq(s ∧ o); (38)

ϖq(s) ∧ a ⩽ ϖq(s ∨ o); (39)

ϖq(s ∨ o) ∧ a ⩽ ϖq(s) ∨ϖq(o). (40)

for any s, o ∈ S, let h ∈ J(L), such that

h ≺ (
∨

q∈Q
ϖq(s)) ∧ (

∨
q∈Q

ϖq(o)) ∧ a, (41)

then, we have
h ≺

∨
q∈Q

ϖi(s), h ≺
∨

q∈Q
ϖi(o), h ⩽ a. (42)

there have q, j ∈ Q, it means that h ⩽ ϖq(s), h ⩽ ϖj(o), h ⩽ a.
since {ϖq | q ∈ Q} is ordered, there exists k ∈ Q, we assume ϖq ⩽ ϖk and ϖj ⩽ ϖk,

it follows that h ⩽ ϖk(s) ∧ ϖk(o) ∧ a.by ϖk(s) ∧ ϖk(o) ∧ a ⩽ ϖk(s ∧ o). We obtain h ⩽
ϖk(s ∧ o). Hence, h ⩽

∨
q∈Q

ϖq(s ∧ o). From the arbitrariness of h we have

(
∨

q∈Q
ϖq(s)) ∧ (

∨
q∈Q

ϖq(o)) ∧ a ⩽
∨

q∈Q
ϖq(s ∧ o); (43)
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similarly, ∨
q∈Q

ϖq(s) ∧ a ⩽
∨

q∈Q
ϖi(s ∨ o); (44)

∨
q∈Q

ϖi(s ∨ o) ∧ a ⩽
∨

q∈Q
(ϖq(s) ∨ϖq(o)) (45)

Combining Lemma 3, we have I(
∨

q∈Q
ϖq) ⩾ a. By the arbitrariness of a, we can obtain

∧
q∈Q

I(ϖq) ⩽ I(
∨

q∈Q
ϖq). (46)

In what follows, the properties of L-fuzzy prime filter degrees on lattices, specifically
between the image and preimage under homomorphic mappings are discussed.

Theorem 5. f : S→ M is a lattice homomorphism, ϖ ∈ LS, ρ ∈ LM, have

(1) I( f←L (ρ)) ⩾ I(ρ), if f is surjective, I( f←L (ρ)) = I(ρ);
(2) I( f→L (ϖ)) ⩾ I(ϖ), if f is injective, I( f→L (ϖ)) = I(ϖ);

Proof. (1) From Theorem 2, we can derive the following conclusion

I( f←L (ρ)) =
∨{

a ∈ L | ∀c ∈ J(L), c ⩽ a, ( f←L (ρ))[c] is a prime filter of S
}

=
∨{

a ∈ L | ∀c ∈ J(L), c ⩽ a, f←L (ρ[c])is a prime filter of S
}

⩾
∨{

a ∈ L | ∀c ∈ J(L), c ⩽ a, ρ[c]is a prime filter of S
}

.
= I(ρ).

(47)

The above ” ⩾ ” can be replaced by ” = ”, if f is subjective, therefore, I( f←L (ρ)) = I(ρ).
(2) Similarly, from Theorem 2, we can derive the following conclusion

I( f→L (ϖ)) =
∨{

a ∈ L | ∀c ∈ P(L), c ≱ a, ( f→L (ϖ))(c) is a prime filter of S
}

=
∨{

a ∈ L | ∀c ∈ P(L), c ≱ a, f→L ((ϖ)(c)) is a prime filter of S
}

⩾
∨{

a ∈ L | ∀c ∈ P(L), c ≱ a, ϖ(c) is a prime filter of S
}

.
= I(ϖ).

(48)

The above ” ⩾ ” can be replaced by ” = ”, if f is injective, therefore, I( f→L (ϖ)) =
I(ϖ).

Corollary 2. Let f : S→ M be a lattice homomorphism, let ϖ ∈ LS,ρ ∈ LM, we have

(1) if ρ is an L-fuzzy prime filter of M, f←L (ρ) is a prime filter of S;
(2) if ϖ is a prime filter of S, f→L (ϖ) is a prime filter of M.

Corollary 3. f : S → M is a lattice homomorphism, ϖ ∈ LS, ρ ∈ LM, IS and IM is the L-
fuzzy convex structure induced by L-fuzzy prime filter degree on S and M, respectively. Then,
f : (S, IS) → (M, IM) is an L-fuzzy convex-to-convex mapping and L-fuzzy convex preserving
mapping.

Corollary 4. f : S→ M is a lattice isomorphism mapping, let IS and IM be the L-fuzzy convex
structure induced by L-fuzzy prime filter degree on S and M, respectively. Then, f : (S, IS) →
(M, IM) is an L-fuzzy isomorphism.
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5. Conclusions

We first give the concept of the L-fuzzy prime filter degrees on lattices using the
implication operator and provide the equivalent characterization of L-fuzzy prime filter
degrees on lattices. Moreover, an L-fuzzy convex structure based on an L-fuzzy prime filter
degrees on lattices is induced. Additionally, the properties of L-fuzzy prime filter degrees
on lattices, specifically between the image and preimage under homomorphic mappings
are discussed. In future research, we will attempt to induce L-fuzzy convex structures
on a variety of algebraic structures, such as effect algebras and pseudo-effect algebras,
and discuss the relationship between these algebraic structures and the L-fuzzy convex
structures.Importantly, this concept is also expected to play a significant role in fuzzy
inference, image processing. Looking to the future, we can apply the theories discussed in
this paper to practical issues such as fuzzy inference for further in-depth research.

Author Contributions: Conceptualization, L.W. and J.C.; methodology, L.W. and J.C.; writing—
original draft preparation, L.W. and J.C.; writing—review and editing, L.W. and J.C.; supervision,
L.W. and J.C.; funding acquisition, L.W. and J.C. All authors have read and agreed to the published
version of the manuscript.

Funding: This study is supported by the Scientific Research Project of Mudanjiang Normal University
(MNUGP202303), the National Natural Science Foundation of China (12271036; 11871097), the
Heilongjiang Provincial Department of Education research record key project (1355JG010).

Data Availability Statement: Data supporting the findings of this study are included in the article.

Acknowledgments: The authors sincerely thank the anonymous reviewers for their insightful
feedback and the regional editors for their guidance.

Conflicts of Interest: The authors declare no conflicts of interest.

References
1. Zhang, X.H. Fuzzy Logic and Its Algebraic Analysis, 1st ed.; Science Press: Beijing, China, 2008.
2. Yuan, B.; Wu, w. Fuzzy ideals on a distributive lattice. Fuzzy Sets Syst. 1990, 35, 231–240.
3. Ajmal, N.; Thomas, K.V. Fuzzy lattices. Inf. Sci. 1994, 79, 271–291. [CrossRef]
4. Swamy, U.M.; Raju, D.V. Fuzzy ideals and congruences of lattices. Fuzzy Sets Syst. 1998, 95, 249–253. [CrossRef]
5. Davvaz, B.; Kazanci, O. A new kind of fuzzy sublattice (ideal, filter) of A Lattice. Int. J. Fuzzy Syst. 2011, 13, 55–63.
6. Tonga M. Maximality on fuzzy filters of lattices. Afr. Mat. 2011, 22, 105–114. [CrossRef]
7. Zhang, X.H.; Jun, Y.B.; Doh, M.I. On Fuzzy filters and fuzzy ideals of BL-algebras. Fuzzy Syst. Math. 2006, 20, 8–20.
8. Rosenfeld, A. Fuzzy groups. J. Math. Anal. Appl. 1971, 35, 512–517. [CrossRef]
9. Shi, S.R. Measures of fuzzy subgroups. Proyecciones J. Math. 2010, 29, 41–48.
10. Huang, F.; Liao, Z.H. Measure of fuzzy filters and fuzzy prime filters on lattices. Comput. Eng. Appl. 2018, 54, 26–33.
11. Boyd, S.P.; Vandenberghe, L. Convex Optimization, 1st ed.; Cambridge University Press: Cambridge, UK, 2004.
12. Coppel, W.A. Foundations of Convex Geometry, 1st ed.; Cambridge University Press: Cambridge, UK, 1998.
13. Rockafellar, R.T. Convex Analysis, 1st ed.; Princeton University Press: Princeton, NJ, USA, 1970.
14. Rosa, M.V. On fuzzy topology fuzzy convexity spaces and fuzzy local convexity. Fuzzy Sets Syst. 1994, 62, 97–100. [CrossRef]
15. Maruyama, Y. Lattice-Valued fuzzy convex geometry. Comput. Geom. Discret. Math. 2009, 164, 22–37.
16. Shi, F.G.; Xiu, Z.Y. A new approach to the fuzzification of convex structures. J. Appl. Math. 2014, 2014, 1–12. [CrossRef]
17. An, Y.Y.; Shi, F.G. A generalized definition of fuzzy subrings. J. Math. 2022, 2022, 5341207. [CrossRef]
18. Wang, L.; Zeng, M.Y. A novel approach to the fuzzification of Fields. Symmetry 2022, 14, 1190. [CrossRef]
19. Xu, J.J.; Wang, L. The L-fuzzy vector subspace degrees and its induced convex structure. Comput. Appl. Math. 2024, 43, 131.
20. Wang, G.J. Theory of topological molecular lattices. Fuzzy Sets Syst. 1992, 47, 351–376.
21. Gierz, G.; Hofmann, K.M.; Keimel, K. A Compendium of Continuous Cattice; Springer: Berlin/Heidelberg, Germany, 1980.
22. Raney, G.N. Completely distributive complete lattices Proc. Am. Math. Soc. 1952, 5, 677–680. [CrossRef]
23. Shi, F.G. L-fuzzy relation and L-fuzzy subgroup. J. Fuzzy Math. 2000, 8, 491–499.
24. Li, J.; Shi, F.G. L-fuzzy convexity induced by L-convex fuzzy sublattice degree. Iran. J. Fuzzy Syst. 2017, 14, 83–102.
25. Shi, F.G.; Xiu, Z.Y. (L,M )-fuzzy convex structures. J. Nonlinear Sci. Appl. 2017, 10, 3655–3669. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://doi.org/10.1016/0020-0255(94)90124-4
http://dx.doi.org/10.1016/S0165-0114(96)00310-7
http://dx.doi.org/10.1007/s13370-011-0009-y
http://dx.doi.org/10.1016/0022-247X(71)90199-5
http://dx.doi.org/10.1016/0165-0114(94)90076-0
http://dx.doi.org/10.1155/2014/249183
http://dx.doi.org/10.1155/2022/5341207
http://dx.doi.org/10.3390/sym14061190
http://dx.doi.org/10.1090/S0002-9939-1952-0052392-3
http://dx.doi.org/10.22436/jnsa.010.07.25

	Introduction
	Preliminaries
	L-Fuzzy Prime Filter Degrees on Lattices
	L-Fuzzy Convex Structure Induced by L-Fuzzy Prime Filter Degrees on Lattices
	Conclusions
	References

