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Abstract: In our current study, we apply differential subordination and quantum calculus to introduce
and investigate a new class of analytic functions associated with the q-differential operator and the
symmetric balloon-shaped domain. We obtain sharp results concerning the Maclaurin coefficients the
second and third-order Hankel determinants, the Zalcman conjecture, and its generalized conjecture
for this newly defined class of q-starlike functions with respect to symmetric points.
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1. Introduction

Let H(D) denote the class of all of analytic functions ψ defined in the open unit disk
D = {ς ∈ C: |ς| < 1}, and let A be the subclass of H(D) containing all analytic functions
ψ(ς) provided by the Maclaurin series:

ψ(ς) = ς +
∞

∑
t=2

atς
t. (1)

By S , S∗, C, K, and R, we refer to the well-known subclasses of H(D), which include
all univalent, starlike, convex, close-to-convex functions, and functions with bounded
turnings, respectively. These classes and their generalizations have been extensively studied
using various techniques and tools over the past few decades. In Geometric Function
Theory, subordination is an important tool for defining certain new subclasses of analytic
functions and establishing several geometric properties of the subclasses. Let ψ and ξ be
two analytic functions in H(D), where ψ is said to be subordinate to ξ, written as ψ ≺ ξ, if
a Schwarz function w exists in H(D) with w(0) = 0 and |w(ς)| < 1, such that ψ = ξ(w(ς))
(see [1]). Furthermore, if the function ξ ∈ S , then

ψ ≺ ξ if and only if ψ(0) = ξ(0) = 0 and ψ(D) ⊂ ξ(D). (2)

For two analytic functions ψ and ξ in A with the series representation of ψ given in (1)

and ξ(ς) = ς +
∞
∑

t=2
btς

t, the convolution (Hadamard product) ψ ∗ ξ is defined by

(ψ ∗ ξ)(ς) = ς +
∞

∑
t=2

atbtς
t.
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By applying the principle of subordination, Shanmugam [2] and Padmanabhan
et al. [3] studied the natural generalization of starlike and convex functions. Later, Ma and
Minda [4] introduced unified classes S∗(ξ) and C(ξ), as follows:

S∗(ξ) =

{
ψ ∈ A :

ςψ′(ς)

ψ(ς)
≺ ξ(ς) ς ∈ D

}
, (3)

C(ξ) =
{

ψ ∈ A : 1 +
ςψ′′(ς)

ψ′(ς)
≺ ξ(ς) ς ∈ D

}
, (4)

where ξ is an analytic, univalent, and starlike function whose real part is positive in D
with ξ(0) = 1 and ξ ′(0) > 0. The geometry of the function ξ is such that its image
domain is symmetric about the real axis. Over time, numerous researchers have defined
and investigated various new classes of analytic and univalent functions by applying
certain operators and considering image domains of the diverse functions ξ. For detailed
information, see [5–11].

Researchers have recently shifted their focus towards q-calculus, recognizing its appli-
cations and significance. This shift led them to define important and interesting subclasses
of analytic functions in the framework of q-calculus. Q-calculus is like classical calculus,
but it does not use the notation of limits. Its theory has attracted researchers because of its
extensive applications in special functions, differential equations, mathematical analysis,
number theory, hypergeometric series, applied physics, complex analysis, and related areas.

Jackson [12,13] was the first to introduce the q-analogs of differential and integral
operators. Srivastava [14] initiated the application of q-calculus in Geometric Function
Theory by introducing q-hypergeometric functions. Since then, many authors have signifi-
cantly contributed by defining and exploring new subclasses of analytic functions using
q-calculus, which have played a crucial role in developing Geometric Function Theory.

Ismail et al. [15] employed the q-difference operator to extend starlike functions
to q-starlike functions, while Agarwal et al. [16] further extended this work. Further-
more, Ashis et al. [17] used q-hypergeometric series and trigonometric functions to derive
recursion formulas. For more details, see [18–23].

Recently, an appealing and innovative approach to defining and studying new classes
of analytic functions through image domain generalization and specific q-operators has
become an attractive and effective tool. For example, Jabeen et al. [24] defined and
studied a class of q-convex functions using the q-Ruscheweyh operator in conic regions.
Khan et al. [25] addressed sharp coefficient problems for a subclass defined by the q-
operator and a generalization of the lemniscate of Bernoulli. Mahmood et al. [26] proved
the geometric properties of q-starlike functions associated with the q-integral operator,
and Seoudy et al. [27] addressed certain coefficient problems for q-starlike and q-convex
functions. Vijay et al. [28] studied Ozaki-type functions related to fractional operators and
three-leaf-type functions. Sailu et al. [29] defined a new class of starlike functions using
the q-version of Limaçon functions, and Shaba et al. [30] proved important inequalities
for this generalized Limaçon a domain. Furthermore, Srivastava et al. [31] established a
subclass of q-starlike functions through the generalization of the exponential function and
estimated Hankel determinants of different orders, while Swarup [32] introduced a new
subclass of q-starlike functions associated with the q-extension of the tangent hyperbolic
function. Zhang et al. [33] introduced a new subclass of the q-starlike functions associated
with generalizing the conic domain.

Next, we present some basic q-calculus definitions that will aid our investigations.
Also, see [34] for more applications of the q− difference operator.

Definition 1 ([12]). For q ∈ (0, 1), the q− difference operator of a function ψ is defined as follows:

Dqψ(ς) =
ψ(qς)− ψ(ς)

ς(q − 1)
(ς ∈ D, ς ̸= 0). (5)
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For example,

Dq

{
∞

∑
t=1

atς
t

}
=

∞

∑
t=1

[t]qatς
t−1,

where [t]q is the so called q−number, defined by:

[t]q =


1−qt

1−q , t ∈ C,
n−1
∑

k=0
qk = 1 + q + q2 + ... + qn−1, t = n ∈ N.

One can observe that lim
q−→1−

Dqψ(ς) = ψ′(ς). Thus, the classical derivative can be seen

as the limit of the q−difference operators.

Definition 2 ([35]). For t ≥ 0, the q−generalization of the factorial notation is defined as follows:

[t]q! =
{

1, t = 0,
[1]q[2]q[3]q...[t]q, t ∈ N.

Definition 3 ([31]). For q ∈ (0, 1), the q−exponential function is defined as

eς
q =

∞

∑
t=2

ςt

[t]q!
= 1 +

ς

[1]q!
+

ς2

[2]q!
+

ς3

[3]q!
+ ... .

Now, we introduce the new class ψ ∈ S∗s
B (q) of q-starlike functions connected with the

q-difference operator and the balloon-shaped domain, as initiated by Ahmed et al. initiated
in [36]. This class is symmetric about the real axis.

Definition 4. Let ψ ∈ S∗s
B (q) denote the subclass of A that contains all ψ known as q-starlike

functions with symmetric points, such that the following subordination holds

2ςDqψ(ς)

ψ(ς)− ψ(−ς)
≺

2
√

1 + qς

1 + e−ς
q

, ς ∈ D, q ∈ (0, 1). (6)

Geometrically, for the function ψ ∈ S∗s
B (q), the functional 2ςDqψ(ς)

ψ(ς)−ψ(−ς)
maps the open

unit disc D into the inflated balloon-shaped domain. This new class extends the notion
of starlike functions with respect to symmetric points, initiated by Sakaguchi [37], to q-
starlike functions with respect to symmetric points. We also extend the class established
and investigated by Khan et al. in [38].

In Geometric Function Theory, coefficient-related inequalities play a key role in un-
derstanding the behavior and convergence properties of analytic functions within specific
domains, especially those with favorable geometric interpretations. For this purpose:

Zalcman proposed a conjecture for ψ ∈ S in the 1960s, which states∣∣∣a2
t − a2t−1

∣∣∣ ≤ (t − 1)2, for t ∈ N− {1}. (7)

In 1999, Ma [39] proposed a generalized Zalcman conjecture:

|atas − at+s−1| ≤ (t − 1)(s − 1), for s, t ∈ N− {1}. (8)

Despite several authors demonstrating these inequalities for specific values and coeffi-
cients of certain subclasses of univalent functions, these conjectures remain unsolved.
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Let ψ ∈ A, where the rth Hankel determinant Hr, n is defined in [40] as follows:

Hr, n(ψ) =

∣∣∣∣∣∣∣∣∣∣∣∣

an an+1 . . . an+r−1
an+1 an+2 . . . an+r

. . . . . .

. . . . . .

. . . . . .
an+r−1 an+r . . . an+2(r−1)

∣∣∣∣∣∣∣∣∣∣∣∣
,

where an are the coefficients of the Maclaurin series (1) for the analytic function ψ, with
a1 = 1. For example, the second and third Hankel determinants are given by.

H2,1(ψ) =

∣∣∣∣ 1 a2
a2 a3

∣∣∣∣ = a3 − a2
2, H2,2(ψ) =

∣∣∣∣ a2 a3
a3 a4

∣∣∣∣ = a2a4 − a2
3, (9)

H3,1(ψ) =

∣∣∣∣∣∣
1 a2 a3
a2 a3 a4
a3 a4 a5

∣∣∣∣∣∣ = a3

(
a2a4 − a2

3

)
− a4(a4 − a2a3) + a5

(
a3 − a2

2

)
. (10)

The primary goal of this investigation is to obtain sharp inequalities for the Maclaurin
coefficient bounds, the upper limits of second and third-order Hankel determinants, the
Zalcman conjecture, and its generalization conjecture for the newly defined class ψ ∈ S∗s

B (q)
of q-starlike functions with respect to symmetric points.

2. A Set of Lemmas

The following lemmas will be instrumental in illustrating our main findings and
providing further clarity.

Let P represent the subclass of H(D) containing all Carathéodory functions p, such
that p(0) = 1, Re(p(ς)) > 0, and with the following Maclaurin series.

p(ς) = 1 +
∞

∑
t=1

ctς
t. (11)

Let ψ ∈ A and p ∈ P be functions with series representation given in (1) and (11),
respectively. Then, class W(ϕ, φ, p) is defined in [41], as

ϕ ∗ ψ

φ ∗ ψ
≺ p, (12)

where

φ(ς) = ς +
∞

∑
t=2

utς
t and ϕ(ς) = ς +

∞

∑
t=2

vtς
t.

Lemma 1 ([40]). Let p ∈ P , then the following inequalities hold true

|ct| ≤ 2, for t ≥ 1, (13)

|ct+k − νctck| < 2, for 0 ≤ ν ≤ 1. (14)

Lemma 2. Let p ∈ P , then there exists k, δ ∈ D = {ς ∈ C : |ς| ≤ 1}, such that

c2 =
1
2

(
c2

1 + k
(

4 − c2
1

))
, (15)

and
c3 =

1
4

(
c3

1 + 2c1k
(

4 − c2
1

)
−
(

4 − c2
1

)
c1k2 + 2

(
4 − c2

1

)(
1 − |k|2

)
δ
)

. (16)

The values provided in (15) and (16) are due to [40,42], respectively.
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Lemma 3 ([42]). Let p ∈ P , 0 ≤ M ≤ 1 and M(2M − 1) ≤ N ≤ M. Then,∣∣∣c3 − 2Mc1c2 + Nc3
1

∣∣∣ ≤ 2.

Lemma 4 ([43]). Let p ∈ P , and α, β, γ, and λ satisfy the inequalities 0 < λ < 1, 0 < α < 1, and

8λ(1 − λ)
[
(αβ − 2γ)2 + (α(λ + α)− β)2

]
+ α(1 − α)(β − 2λα)2 ≤ 4α2(1 − α)2λ(1 − λ). (17)

Then, we have ∣∣∣∣γc4
1 + λc2

2 + 2αc1c3 −
3
2

βc2
1c2 − c4

∣∣∣∣ ≤ 2.

Lemma 5 ([41]). Let ψ ∈ W(ϕ, φ, p) and vk ̸= uk for (k=2,3). Then,

|a2| ≤
|p1|

|v2 − u2|
, |a3| ≤

|p1|
|v3 − u3|

max{1, |ρ|},

and ∣∣∣a3 − µa2
2

∣∣∣ ≤ |p1|
|v3 − u3|

max{1, |η|}, µ ∈ C,

where
ρ =

p2

p1
+

u2 p1

v2 − u2
and η =

v3 − u3

(v2 − u2)
2 p1µ − ρ .

The results are sharp.

3. Main Results

It is worth mentioning at the beginning of this section that if ψ ∈ A, has the series
representation given in (1), along with

ϕ1(ς) = ςDq

(
ς

1 − ς

)
= ς +

∞

∑
t=2

[t]qςt = ς + (1 + q)ς +
(

1 + q + q2
)

ς2 + . . . . (18)

φ1(ς) =
1
2

(
ς

1 − ς
+

ς

1 − ς

)
=

∞

∑
t=1

ς2t−1 = ς + ς3 + ς5 + . . . . (19)

and

pq(ς) =

√
1 + qς

1 + e−ς
q

= 1 + p1ς + p2ς2 + . . . .

Then, for a1 = 1,

ψ(ς)− ψ(−ς)

2
=

∞

∑
t=1

a2t−1ς2t−1 =

(
ς +

∞

∑
t=2

atς
t

)
∗
(

ς +
∞

∑
t=2

ς2t−1

)
= ψ(ς) ∗ φ1(ς). (20)

Furthermore, by applying the q−difference operator,

ςDqψ(ς) = ς +
∞

∑
t=2

[t]qatς
t =

(
ς +

∞

∑
t=2

atς
t

)
∗
(

ς +
∞

∑
t=2

[t]qςt

)
= ψ(ς) ∗ ϕ1(ς), (21)

It follows from (20) and (21) that

2ςDqψ(ς)

ψ(ς)− ψ(−ς)
=

ψ(ς) ∗ ϕ1(ς)

ψ(ς) ∗ φ1(ς)
.
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Thus, we conclude that the newly defined class S∗s
B (q) is a particular case of the class

W(ϕ, φ, p), that is
S∗s

B (q) = W
(
ϕ1, φ1, pq

)
. (22)

Moreover, we can apply Lemma 5 from (22) to obtain the following corollary.

Corollary 1. Let ψ ∈ S∗s
B (q), provided in (1), then we have

|a2| ≤ 1
2

, (23)

|a3| ≤ 1
2q

, q ∈ (0, 1) (24)

and ∣∣∣a3 − a2
2

∣∣∣ ≤ 1
2q

, q ∈ (0, 1). (25)

Proof. Let ψ ∈ S∗s
B (q), then by the application of Lemma 5,

u2 = 0, u3 = 1, v2 = 1 + q, v3 = 1 + q + q2, p1 =
1 + q

2
,

and

p2 =
1 + q

4
− 1

2(1 + q)
− q2

8
.

Using Lemma 5, we obtain

|a2| ≤
1
2

.

To prove (24) and (25), we consider

ρ =
p2

p1
+

u2 p1

v2 − u2
and η =

(v3 − u3)

(v2 − u2)
2 p1 − ρ.

Applying the given values and simplifying,

|ρ| =

∣∣∣∣∣ 1

4(1 + q)2

(
−q3 + q2 + 4q − 2

)∣∣∣∣∣ ≤ 1, for all q ∈ (0, 1),

|η| =

∣∣∣∣∣ 1

4(1 + q)2

(
3q3 + 3q2 − 2q + 2

)∣∣∣∣∣ ≤ 1, for all q ∈ (0, 1).

Hence, Lemma 5 proves that

|a3| ≤
|p1|

|v3 − u3|
=

1
2q

and
∣∣∣a3 − a2

2

∣∣∣ ≤ |p1|
|v3 − u3|

=
1
2q

.

Theorem 1. Let ψ ∈ S∗s
B (q), as given in (1). Then,

|a4| ≤ 1
2(1 + q2)

, for q ∈ (0.535, 1), (26)

|a5| ≤ 1
2q(1 + q2)

, for q ∈ (0.723, 1). (27)
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Proof. Let ψ ∈ S∗s
B (q), then by (6), we have

2ςDqψ(ς)

ψ(ς)− ψ(−ς)
≺

2
√

1 + qς

1 + e−ς
q

.

Thus, there is a Schwarz function w(ς), such that

2ςDqψ(ς)

ψ(ς)− ψ(−ς)
=

2
√

1 + qw(ς)

1 + e−w(ς)
q

.

Let p ∈ P , then we have

p(ς) =
1 + w(ς)

1 − w(ς)
= 1 + c1ς + c2ς2 + c3ς3 + c4ς4 + . . . .

It follows that

w(ς) =
p(ς)− 1
1 + p(ς)

=
c1ς + c2ς2 + c3ς3 + c4ς4 + . . .

2 + c1ς + c2ς2 + c3ς3 + c4ς4 + . . .
,

which provided

w(ς) =
1
2

c1ς +

(
1
2

c2 −
1
4

c2
1

)
ς2 +

(
1
8

c3
1 −

1
2

c1c2 +
1
2

c3

)
ς3

+

(
1
2

c4 −
1
2

c1c3 −
1
4

c2
2 −

1
16

c4
1 +

3
8

c2
1c2

)
ς4 + . . . .

Substituting the above Maclaurin series of w(ς) and simplifying, we obtain

2
√

1 + qw(ς)

1 + e−w(ς)
q

= 1 +
[2]qc1

4
ς +

(
[2]q

4
c2 −

(
10 − 2q + 5q2 + q3)

32[2]q
c2

1

)
ς2

+

 [2]q
4 c3 −

(5+4q+4q2+q3)
16[2]q

c1c2

+
(6+2q+13q2+8q3+4q4+q5)

128[3]q
c3

1

ς3

+


[2]q

4 c4 +
(78+24q+45q2+3q3+36q4+15q5+3q6)

128[2]q [3]q
c2

1c2

− (216−136q+208q2−76q3+173q4+118q5+179q6+95q7+30q8+5q9)
2048[3]q [4]q

c4
1

− (4+4q+5q2+q3)
16[2]q

c1c3 −
(4+4q+5q2+q3)

32[2]q
c2

2

ς4 + ... . (28)

On the other hand, taking the series form provided in (1) along with (5), we have

2ςDqψ(ς)

ψ(ς)− ψ(−ς)
=

2ς

(
1 +

∞
∑

t=2
[t]qatς

t−1
)

(
ς +

∞
∑

t=2
atςt

)
−
(
(−ς) +

∞
∑

t=2
at(−ς)t

) ,

=

(
1 + [2]qa2ς + [3]qa3ς2 + [4]qa4ς3 + ...

)
(1 + a3ς2 + a5ς4...)

.
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The simple computations provide

2ςDqψ(ς)

ψ(ς)− ψ(−ς)
= 1 + [2]qa2ς +

((
[3]q − 1

)
a3

)
ς2 +

(
[4]qa4 − [2]qa2a3

)
ς3

+
((

[5]q − 1
)

a5 −
(
[3]q − 1

)
a2

3

)
ς4 + ... . (29)

From (28) and (29), comparing the coefficients of ς, ς2, ς3, ς4 and simple computations
provide

a2 =
c1

4
, (30)

a3 =
1

q[2]q

(
(1 + q)

4
c2 −

(
10 − 2q + 5q2 + q3)

32(1 + q)
c2

1

)
, (31)

a4 =
1
[4]q

 (1+q)
4 c3 −

(q4+4q3+3q2+3q−1)
16q(1+q) c1c2

+
(q7+5q6+11q5+15q4+11q3−5q2−2q−10)

128q(1+q)(1+q+q2)
c3

1

, (32)

and

a5 =
1

q[4]q


(1+q)

4 c4 +
(3q7+15q6+34q5−9q4+37q3−2q2+62q−20)

128q(q3+2q2+2q+1) c2
1c2

− (q3+5q2+4q+4)
16(1+q) c1c3 −

(q4+5q3+2q2−2)
32q(1+q) c2

2

− Υ1(q)
2048q(q+1)3(q4+q3+2q2+q+1)

c4
1

, (33)

where

Υ1(q) = 5q12 + 40q11 + 158q10 + 377q9 + 505q8 + 504q7 + 74q6 + 39q5

−374q4 − 96q3 − 232q2 + 96q − 200.

From (32), we have

|a4| =
(1 + q)
4[4]q

∣∣∣∣∣∣∣
c3 −

(q4+4q3+3q2+3q−1)
4q(1+q)2 c1c2

+
(q7+5q6+11q5+15q4+11q3−5q2−2q−10)

32q(1+q)2(1+q+q2)
c3

1

∣∣∣∣∣∣∣.
To apply Lemma 3, we consider

M =

(
q4 + 4q3 + 3q2 + 3q − 1

)
8q(1 + q)2 and N =

(
q7 + 5q6 + 11q5 + 15q4 + 11q3 − 5q2 − 2q − 10

)
32q(1 + q)2(1 + q + q2)

.

It can be easily seen that 0 < M < 1 for q ∈ (0.24926, 1) and N < M for all q ∈ (0, 1).
Additionally, M(2M − 1)− N < 0 for q ∈ (0.5353, 1). Therefore, by Lemma 3, we have

|a4| ≤
1

2(1 + q2)
, q ∈ (0.5353,1).

From (33), we have

|a5| =
(1 + q)
4q[4]q

∣∣∣∣∣∣∣
Υ1(q)

512q(1+q)4(q4+q3+2q2+q+1)
c4

1 +
(q4+5q3+2q2+2)

8q(1+q)2 c2
2 +

(q3+5q2+4q+4)
4(1+q)2 c1c3

− (3q7+15q6+34q5−9q4+37q3−2q2+62q−20)
32q(1+q)(q3+2q2+2q+1) c2

1c2 − c4

∣∣∣∣∣∣∣.
To apply Lemma 4, we consider,

γ =
Υ1(q)

512q(1 + q)4(q4 + q3 + 2q2 + q + 1)
, λ =

(
q4 + 5q3 + 2q2 + 2

)
8q(1 + q)2 ,
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where

Υ1(q) = 5q12 + 40q11 + 158q10 + 377q9 + 505q8 + 504q7 + 74q6 + 39q5

−374q4 − 96q3 − 232q2 + 96q − 200,

and

α =

(
q3 + 5q2 + 4q + 4

)
8(1 + q)2 , β =

(
3q7 + 15q6 + 34q5 − 9q4 + 37q3 − 2q2 + 62q − 20

)
48q(1 + q)(q3 + 2q2 + 2q + 1)

.

Clearly, 0 < λ < 1 and 0 < α < 1 for q ∈ (0, 1). Now, consider

8λ(1 − λ)
[
(αβ − 2γ)2 + (α(λ + α)− β)2

]
+ α(1 − α)(β − 2λα)2 − 4α2(1 − α)2λ(1 − λ) = Ψ1(q),

where

Ψ1(q) =
Λ1(q)

147456q2(q + 1)10(q2 + q + 1)2 ,

and

Λ1(q) =


−111q20 − 672q19 + 2156q18 + 26552q17 + 65731q16 − 74150q15 − 884511q14

−2936298q13 − 6360820q12 − 10237558q11 + 12723173q10 − 12062862q9

−8015668q8 − 2679044q7 + 1316924q6 + 2479552q5 + 1758320q4 + 678208q3

+129344q2 + 17920q + 3328


After some simple calculations, one can see that Ψ1(q) ≤ 0, for all q ∈ (0.723, 1). By

using Lemma 4, we obtain

|a5| ≤
1

2q(1 + q2)
.

Remark 1. The inequalities (23)–(27) in Corollary 1 and Theorem 1 are sharp. The equalities are
obtained by the normalized extremal function ψn, respectively defined by

2ςDqψn(ς)

ψn(ς)− ψn(−ς)
=

2
√

1 + qςn

1 + e−ςn
q

, for n = 1, 2, 3, 4.

That is, the normalized extremal functions are provided by:

2ςDqψ1(ς)

ψ1(ς)− ψ1(−ς)
=

2
√

1 + qς(
1 + e−ς

q

) = 1 +
1
2
(1 + q)ς +

(
−q3 + q2 + 4q − 2

)
8(q + 1)

ς2 + ..., (34)

2ςDqψ2(ς)

ψ2(ς)− ψ2(−ς)
=

2
√

1 + qς2(
1 + e−ς2

q

) = 1 +
1
2
(1 + q)ς2 +

(
−q3 + q2 + 4q − 2

)
8(q + 1)

ς4 + ..., (35)

2ςDqψ3(ς)

ψ3(ς)− ψ3(−ς)
=

2
√

1 + qς3(
1 + e−ς3

q

) = 1 +
1
2
(1 + q)ς3 +

(
−q3 + q2 + 4q − 2

)
8(q + 1)

ς6 + ..., (36)

2ςDqψ4(ς)

ψ4(ς)− ψ4(−ς)
=

2
√

1 + qς4(
1 + e−ς4

q

) = 1 +
1
2
(1 + q)ς4 +

(
−q3 + q2 + 4q − 2

)
8(q + 1)

ς8 + ... . (37)

To show that the function defined by (34) is the extremal function of the sharpness of (23), we
compare the coefficients of the series in (29) with the coefficients of the series in (34), and then apply
definition (1), we have

[2]qa2 =
1
2
(1 + q), (1 + q)a2 =

1
2
(1 + q), which gives a2 =

1
2

.
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(
[3]q − 1

)
a3 =

(
−q3 + q2 + 4q − 2

)
8(1 + q)

, which gives a3 =

(
−q3 + q2 + 4q − 2

)
8q(1 + q)2 .

...

Thus, the normalized extremal function defined by (34) is given below.

ψ(ς) = ς +
1
2

ς2 +

(
−q3 + q2 + 4q − 2

)
8q(1 + q)2 ς3 + . . . .

In this manner, we can also obtain the extremal functions defined by (35)–(37).

The following example provides an extremal function of the sharpness (23) and con-
firms that the new class S∗s

B (q) is non-empty.

Example 1. Let

ψ(ς) = ς + 0.5ς2 + 0.064ς3 − 0.000137ς4 − 0.000355ς5,

then
2ςD0.8ψ(ς)

ψ(ς)− ψ(−ς)
=

2
√

1 + 0.8ς

1 + e−ς
0.8

, ς ∈ D.

It implies ψ ∈ S∗s
B (0.8) with

|a2| = 0.5,

|a3| = 0.064 <
1

2 × 0.8
,

|a4| = 0.000137 <
1

2(1 + 0.82)
,

|a5| = 0.000355 <
1

2 × 0.8(1 + 0.82)
.

Theorem 2. Let ψ ∈ S∗s
B (q) be provided in (1). Then,

|a4 − a2a3| ≤
1

2(q2 + 1)
, for q ∈ (0.762, 1). (38)

The result is sharply obtained by the function given in (36).

Proof. From (30)–(32), using the definition of q-number, we have

|a4 − a2a3| =

∣∣∣∣∣∣∣∣∣

(
(q+1)

4(q3+q2+q+1) c3 −
(q4+4q3+3q2+3q−1)

16q(q+1)(q3+q2+q+1) c1c2 +
(q7+5q6+11q5+15q4+11q3−5q2−2q−10)

128q(q+1)(q2+q+1)(q3+q2+q+1) c3
1

)
−
( c1

4
)( 1

q(q+1)

(
(q+1)

4 c2 −
(q3+5q2−2q+10)

32(q+1) c2
1

))
∣∣∣∣∣∣∣∣∣.

Collecting the like terms, we obtain

|a4 − a2a3| =

∣∣∣∣∣∣∣
(q+1)

4(1+q+q2+q3)
c3 −

(2q3+6q2+5q+5)
16q(q+1)(q3+q2+q+1) c1c2

+
(q8+7q7+10q6+30q5+27q4+34q3+3q2+8q−10)

128q(q+1)(q2+1)(q3+q2+q+1) c3
1

∣∣∣∣∣∣∣.
Some simple calculations yield
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|a4 − a2a3| =
(q + 1)

4(q3 + q2 + q + 1)

∣∣∣∣∣∣∣
c3 −

(2q3+6q2+5q+5)
4q(q+1)2 c1c2

+
(q8+7q7+10q6+30q5+27q4+34q3+3q2+8q−10)

32q(q+1)2(q2+1)
c3

1

∣∣∣∣∣∣∣.
Assume

M =

(
2q3 + 6q2 + 5q + 5

)
8q(q + 1)2 and N =

(
q8 + 7q7 + 10q6 + 30q5 + 27q4 + 34q3 + 3q2 + 8q − 10

)
32q(q + 1)2(q2 + 1)

.

Clearly, 0 < M < 1 for q ∈ (0, 1) and N < M for q ∈ (0, 1) also M(2M − 1)− N ≤ 0 for all
q ∈ (0.762, 1). Then, by Lemma 3, we have

|a4 − a2a3| ≤
1

2(q2 + 1)
, q ∈ (0.762, 1).

Theorem 3. Let ψ ∈ S∗s
B (q), as in (1). Then,∣∣∣a2

3 − a5

∣∣∣ ≤ 1
2q(q2 + 1)

, for q ∈ (0.628, 1). (39)

The result is sharply obtained by the function given in (37).

Proof. From (31) and (33), applying the definition of q-number, we have

∣∣∣a2
3 − a5

∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
1

q(q+1)

(
(q+1)

4 c2 −
(q3+5q2−2q+10)

32(q+1) c2
1

))2

−



(q+1)
4q(q3+q2+q+1) c4 +

(3q7+15q6+34q5−9q4+37q3−2q2+62q−20)
128q2(q3+q2+q+1)(q3+2q2+2q+1) c2

1c2

− (q3+5q2+4q+4)
16q(q3+q2+q+1)(q+1) c1c3 −

(q4+5q3+2q2−2)
32q2(q+1)(q3+q2+q+1) c2

2

− (5q12+40q11+158q10+377q9+505q8+504q7+74q6+39q5−374q4−96q3−232q2+96q−200)
2048q2(q+1)3(q4+q3+2q2+q+1)(q3+q2+q+1)

c4
1



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Collecting the like terms,

∣∣∣a2
3 − a5

∣∣∣ =
∣∣∣∣∣∣∣
(7q11+62q10+226q9+483q8+885q7+778q6+966q5+477q4+732q3+272q2+496q+216)

2048q(q2+1)2
(q+1)4(q2+q+1)

c4
1 −

(1+q)
4q(q3+q2+q+1) c4

+
(q3+5q2+4q+4)

16q(1+q)(q3+q2+q+1) c1c3 +
(3q3+9q2+6q+4)
32q(q2+1)(q+1)2 c2

2 −
(5q6+27q5+44q4+29q3+61q2+44q+78)

128q(q+1)2(q4+q3+2q2+q+1)
c2

1c2

∣∣∣∣∣∣∣,
We can rewrite,

∣∣∣a2
3 − a5

∣∣∣ = (1 + q)
4q(q3 + q2 + q + 1)

∣∣∣∣∣∣∣
Υ2(q)

512(q2+1)(q+1)4(q2+q+1)
c4

1 +
(q3+5q2+4q+4)

4(1+q)2 c1c3 +
(3q3+9q2+6q+4)

8(q+1)2 c2
2

− (5q6+27q5+44q4+29q3+61q2+44q+78)
32(q+1)2(q+q2+1)

c2
1c2 − c4

∣∣∣∣∣∣∣,
where

Υ2(q) = 7q11 + 62q10 + 226q9 + 483q8 + 885q7 + 778q6 + 966q5 + 477q4 + 732q3 + 272q2 + 496q + 216.

Now, by Lemma 4,

γ =
Υ2(q)

512(q2 + 1)(q + 1)4(q2 + q + 1)
, λ =

(
3q3 + 9q2 + 6q + 4

)
8(q + 1)2
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and

α =

(
q3 + 5q2 + 4q + 4

)
8(1 + q)2 , β =

(
5q6 + 27q5 + 44q4 + 29q3 + 61q2 + 44q + 78

)
48(q + 1)2(q + q2 + 1)

.

where 0 < λ < 1 and 0 < α < 1 for q ∈ (0, 1). Now, we consider

8λ(1 − λ)
[
(αβ − 2γ)2 + (α(λ + α)− β)2

]
+ α(1 − α)(β − 2λα)2 − 4α2(1 − α)2λ(1 − λ) = Ψ2(q),

where

Ψ2(q) = − Λ2(q)

4718592(q + 1)12(q4 + q3 + 2q2 + q + 1)2

and

Λ2(q) =



1089q28 + 19 866q27 + 176309q26 + 982794q25 + 3770070q24 + 9974594q23

+16186303q22 + 7211406q21 − 36456810q20 − 127230918q19 − 277137857q18

−499 537 850q17 − 825 273 602q16 − 1101 540 386q15 − 904 180 239q14

+340 893 602q13 + 2946 316 773q12 + 6160 911 116q11 + 8878 393 692q10

+9404 597 248q9 + 7766 676 656q8 + 4432 890 112q7 + 1351 376 128q6

−655 503 488q5 − 1192592 192q4 − 891 531 520q3 − 411 837 184q2

−110 432 256q − 13151232

A calculation shows that Ψ(q) ≤ 0, for all q ∈ (0.628, 1). Hence, by Lemma 4, we obtain∣∣∣a2
3 − a5

∣∣∣ ≤ 1
2q(q2 + 1)

.

Theorem 4. Let ψ ∈ S∗s
B (q) be given in (1). Then,

|a2a4 − a5| ≤
1

2q(q2 + 1)
, for q ∈ (0, 0.514). (40)

The result is sharply obtained by the function given in (37).

Proof. From (30), (32) and (33), along with the definition of q-number, we have

|a2a4 − a5| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

( c1
4
)( (q+1)

4(q3+q2+q+1) c3 −
(q4+4q3+3q2+3q−1)

16q(q+1)(q3+q2+q+1) c1c2 +
(q7+5q6+11q5+15q4+11q3−5q2−2q−10)

128q(q+1)(q2+q+1)(q3+q2+q+1) c3
1

)

−



(q+1)
4q(q3+q2+q+1) c4 +

(3q7+15q6+34q5−9q4+37q3−2q2+62q−20)
128q2(q3+q2+q+1)(q3+2q2+2q+1) c2

1c2

− (q3+5q2+4q+4)
16q(q3+q2+q+1)(q+1) c1c3 −

(q4+5q3+2q2−2)
32q2(q+1)(q3+q2+q+1) c2

2

− (5q12+40q11+158q10+377q9+505q8+504q7+74q6+39q5−374q4−96q3−232q2+96q−200)
2048q2(q+1)3(q4+q3+2q2+q+1)(q3+q2+q+1)

c4
1



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

Combining the coefficients of like terms,

|a2a4 − a5| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

(9q12+68q11+250q10+573q9+801q8+800q7+278q6+91q5−466q4−212q3−320q2+56q−200)
2048q2(q2+1)2

(q+1)4(q2+q+1)
c4

1

+
(q4+5q3+2q2+2)

32(1+q+q2+q3)q2(1+q) c2
2 +

(2q3+7q2+5q+4)
16q(q2+1)(q+1)2 c1c3

− (5q7+25q6+50q5+11q4+47q3+2q2+60q−20)
128q2(q+1)2(q4+q3+2q2+q+1)

c2
1c2 − (1+q)

4q(1+q+q2+q3)
c4

∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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It implies

|a2a4 − a5| =
(1 + q)

4q(1 + q + q2 + q3)

∣∣∣∣∣∣∣∣
Υ3(q)

512q(q2+1)(q+1)4(q2+q+1)
c4

1 +
(q4+5q3+2q2+2)

8q(1+q)2 c2
2 +

(2q3+7q2+5q+4)
4(q+1)2 c1c3

− (5q7+25q6+50q5+11q4+47q3+2q2+60q−20)
32q(q+1)2(q+q2+1)

c2
1c2 − c4

∣∣∣∣∣∣∣∣,
where

Υ3(q) = 9q12 + 68q11 + 250q10 + 573q9 + 801q8 + 800q7 + 278q6 + 91q5 − 466q4

−212q3 − 320q2 + 56q − 200.

Consider

γ =
Υ3(q)

512q(q2 + 1)(q + 1)4(q2 + q + 1)
, λ =

(
q4 + 5q3 + 2q2 + 2

)
8q(1 + q)2 ,

and

α =

(
2q3 + 7q2 + 5q + 4

)
8(q + 1)2 , β =

(
5q7 + 25q6 + 50q5 + 11q4 + 47q3 + 2q2 + 60q − 20

)
48q(q + 1)2(q + q2 + 1)

.

Clearly, 0 < λ < 1 and 0 < α < 1 for q ∈ (0, 1). Now,

8λ(1 − λ)
[
(αβ − 2γ)2 + (α(λ + α)− β)2

]
+ α(1 − α)(β − 2λα)2 − 4α2(1 − α)2λ(1 − λ) = Ψ3(q),

where

Ψ3(q) = − Λ3(q)

4718592q4(q + 1)12(q4 + q3 + 2q2 + q + 1)2

and

Λ3(q) =



49q32 + 574q31 + 2669q30 + 4330q29 − 34 358q28 − 383 594q27 − 2118 409q26

−8583 478q25 − 31 105 086q24 − 99 548 394q23 − 267 222 045q22 − 601 142 446q21

−1131536606q20 − 1773679062q19 − 2297680443q18 − 2421183786q17 − 2068071911q16

−1477288612q15 − 1124226544q14 − 1302948636q13 − 1851382648q12 − 2371066992q11

−2338 803 868q10 − 1735 883 520q9 − 915 866 752q8 − 241 534 464q7 + 86 898 560q6

+121 530 688q5 + 57 728 256q4 + 14 253 312q3 + 7542 528q2 + 3678 208q + 975104.

It can be observed that Ψ(q) ≤ 0 for all q ∈ (0, 0.514). Now, by Lemma 4, we have

|a2a4 − a5| ≤
1

2q(q2 + 1)
, q ∈ (0, 0.514).

Remark 2. (i) In Theorems 2 and 3, we prove the generalized Zalcman conjectures for s = 2, t = 3
and s = 3, t = 3, respectively.

(ii) In Theorem 4, we prove the generalized Zalcman’s conjecture for s = 2 and t = 4.

Theorem 5. Let ψ ∈ S∗s
B (q), as given in (1). Then,

|H2,2(ψ)| =
∣∣∣a2a4 − a2

3

∣∣∣ ≤ 1
4q2 , for q ∈ (0.119, 1). (41)
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The function in (35) sharply obtains the result.

Proof. From (30)–(32), utilizing the definition of the q-number, we have

∣∣∣a2a4 − a2
3

∣∣∣ =
∣∣∣∣∣∣∣∣∣
( c1

4
)( (q+1)

4(q3+q2+q+1) c3 −
(q4+4q3+3q2+3q−1)

16q(q+1)(q3+q2+q+1) c1c2 +
(q7+5q6+11q5+15q4+11q3−5q2−2q−10)

128q(q+1)(q2+q+1)(q3+q2+q+1) c3
1

)
−
(

1
q(q+1)

(
(q+1)

4 c2 −
(q3+5q2−2q+10)

32(q+1) c2
1

))2

∣∣∣∣∣∣∣∣∣,
Collecting the like terms,

∣∣∣a2a4 − a2
3

∣∣∣ =
∣∣∣∣∣∣∣∣

(1+q)
16(1+q+q2+q3)

c1c3 − 1
16q2 c2

2 +
(q4−4q3+12q2−q+10)

64q2(q2+1)(q+1)2 c2
1c2

− (−q10−3q9−11q8−42q7+53q6+31q5+291q4+162q3+308q2+80q+100)
1024q2(q+1)4(q4+q3+2q2+q+1)

c4
1

∣∣∣∣∣∣∣∣.
By using Lemma 2, we have

∣∣∣a2a4 − a2
3

∣∣∣ =
∣∣∣∣∣∣∣∣∣
(q4−4q3+10q2−5q+8)

128q2(q2+1)(q+1)2 c4
1 +

(q4−4q3+8q2−9q+6)
128q2(q2+1)(q+1)2

(
4 − c2

1
)
c2

1k

−
(

(1+q)
64(1+q+q2+q3)

)(
4 − c2

1
)
c2

1k2 − 1
64q2

(
4 − c2

1
)2k2

+
(

(1+q)
32(1+q+q2+q3)

)
c1
(
4 − c2

1
)(

1 − |k|2
)

δ

∣∣∣∣∣∣∣∣∣. (42)

For the convenience of notation, let c1 = c ∈ [0, 2], and

α1 =

∣∣∣∣∣
(
q4 − 4q3 + 10q2 − 5q + 8

)
128q2(q2 + 1)(q + 1)2

∣∣∣∣∣ =
(
q4 − 4q3 + 10q2 − 5q + 8

)
128q2(q2 + 1)(q + 1)2 > 0,

α2 =

∣∣∣∣∣
(
q4 − 4q3 + 8q2 − 9q + 6

)
128q2(q2 + 1)(q + 1)2

∣∣∣∣∣ =
(
q4 − 4q3 + 8q2 − 9q + 6

)
128q2(q2 + 1)(q + 1)2 > 0,

α3 =

∣∣∣∣− (1 + q)
64(1 + q + q2 + q3)

∣∣∣∣ = (1 + q)
64(1 + q + q2 + q3)

> 0,

α4 =

∣∣∣∣− 1
64q2

∣∣∣∣ = 1
64q2 > 0,

α5 =

∣∣∣∣ (1 + q)
32(1 + q + q2 + q3)

∣∣∣∣ = (1 + q)
32(1 + q + q2 + q3)

> 0

Now, applying the modulus and using the triangular inequality along with |k| = u,
|c| = t and |δ| ≤ 1, we have

∣∣∣a2a4 − a2
3

∣∣∣ ≤ { α1t4 + α2
(
4 − t2)t2u + α3

(
4 − t2)t2u2

+α4
(
4 − t2)2u2 + α5t

(
4 − t2)(1 − u2)

}
= L(t, u) (43)

Now, we suppose that the upper bound for (43) exists in the interior of rectangle
[0, 2]× [0, 1]. Differentiating L(t, u) with respect to u, we have

∂L
∂u

= α2

(
4 − t2

)
t2 + 2α3

(
4 − t2

)
t2u + 2α4

(
4 − t2

)2
u − 2α5t

(
4 − t2

)
u,

=
(

4 − t2
)(

(α2 + (2α3 − 2α4)u)t2 + 8α4u − 2α5tu
)

.

Setting ∂L
∂u = 0 implies either t = 2 or

(
(α2 + (2α3 − 2α4)u)t2 + 8α4u − 2α5tu

)
= 0. The

points (t, u) that satisfy these conditions are not interior points of the rectangle [0, 2]× [0, 1].
Consequently, the function L(t, u) cannot achieve its maximum value within the interior of
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the rectangle. Thus, the maximum value must occur at the boundary of the rectangle. For this,
we consider the following cases

(i) On the line t = 0, 0 ≤ u ≤ 1, we have L(0, y) = 16α4y2 and

maxL(0, y) = L(0, 1) = 16α4 =
1

4q2 .

(ii) On the line t = 2, 0 ≤ u ≤ 1, we have L(2, y) = 16α1 and

maxL(2, y) = 16α1 =

(
q4 − 4q3 + 10q2 − 5q + 8

)
8q2(q2 + 1)(q + 1)2 .

(iii) On the line u = 0, 0 ≤ t ≤ 1, we have L(t, 0) = α1t4 + α5t
(
4 − t2) = g1(t) and

g′1(t) = 4α1t3 − 3α5t2 + 4α5 > 0 for all 0 ≤ t ≤ 2,

this shows that g1(t) is an increasing function on 0 ≤ t ≤ 2, therefore

maxL(t, 0) = L(2, 0) = 16α1 =

(
q4 − 4q3 + 10q2 − 5q + 8

)
8q2(q2 + 1)(q + 1)2 .

(iv) On the line u = 1, 0 ≤ t ≤ 1, we have

L(t, 1) =
{
(α1 − α2 − α3 + α4)t4 + 4(α2 + α3 − 2α4)t2 + 16α4

}
= g2(t),

as g′2(0) = 0 and

g′′2 (0) = 8(α2 + α3 − 2α4) = −
(
q4 + 8q3 − 2q2 + 17q − 2

)
16q2(q2 + 1)(q + 1)2 ≤ for q ∈ (0.119, 1),

so
maxL(t, 1) = g2(0) = 16α4 =

1
4q2 .

Hence, on the rectangle [0, 2]× [0, 1], the maxL(t, y) = 1
4q2 , so

|H2,2(ψ)| =
∣∣∣a2a4 − a2

3

∣∣∣ ≤ 1
4q2 , q ∈ (0.119, 1).

Theorem 6. Let ψ ∈ S∗s
B (q), as given in (1). Then,

|H3,1(ψ)| ≤
(
q4 + 4q3 + 2q2 + 2q + 1

)
8q3(q2 + 1)2 , for q ∈ (0.762, 1).

Proof. From (10), we have

|H3,1(ψ)| =
∣∣∣a3

(
a2a4 − a2

3

)
− a4(a4 − a2a3) + a5

(
a3 − a2

2

)∣∣∣.
≤ |a3|

∣∣∣a2a4 − a2
3

∣∣∣+ |a4||a4 − a2a3|+ |a5|
∣∣∣a3 − a2

2

∣∣∣.
Using (24)–(27) and (38), (41), we have

|H3,1(ψ)| ≤
(

1
2q

)(
1

4q2

)
+

(
1

2(1 + q2)

)(
1

2(q2 + 1)

)
+

(
1

2q(1 + q2)

)(
1
2q

)
.
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Through simple calculations, we obtain the required result.

4. Conclusions

By applying the principle of subordination and quantum calculus, we introduced and
explored a new class ψ ∈ S∗s

B (q) of analytic functions connected with the q-differential
operator and the symmetric balloon-shaped domain. This class extended the notion of
starlike functions with respect to symmetric points to q-starlike functions with respect
to symmetric points. This study established sharp results for the Maclaurin coefficients,
Hankel determinants, the Zalcman conjecture, and its generalization conjecture for the
newly defined class.
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