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Abstract: In our current study, we apply differential subordination and quantum calculus to introduce
and investigate a new class of analytic functions associated with the g-differential operator and the
symmetric balloon-shaped domain. We obtain sharp results concerning the Maclaurin coefficients the
second and third-order Hankel determinants, the Zalcman conjecture, and its generalized conjecture
for this newly defined class of g-starlike functions with respect to symmetric points.

Keywords: differential subordination; analytic function; g-starlike function; symmetric points;
Zaleman conjecture; Hankel determinant; balloon-shaped symmetric domain

1. Introduction

Let H (D) denote the class of all of analytic functions ¢ defined in the open unit disk
D = {g € C: [g| < 1}, and let A be the subclass of H (D) containing all analytic functions
§(¢) provided by the Maclaurin series:

Ple) =¢+ Y ac’. 1)
t=2

By S, 8%, C, K, and R, we refer to the well-known subclasses of # (D), which include
all univalent, starlike, convex, close-to-convex functions, and functions with bounded
turnings, respectively. These classes and their generalizations have been extensively studied
using various techniques and tools over the past few decades. In Geometric Function
Theory, subordination is an important tool for defining certain new subclasses of analytic
functions and establishing several geometric properties of the subclasses. Let i and ¢ be
two analytic functions in (D), where ¢ is said to be subordinate to §, written as < ¢, if
a Schwarz function w exists in H (D) with w(0) = 0 and |w(¢g)| < 1, such that p = &(w(g))
(see [1]). Furthermore, if the function ¢ € S, then

P < ¢ ifand only if ¢(0) =¢(0) =0 and ¢(D) C &(D). ()

For two analytic functions ¢ and ¢ in A with the series representation of i given in (1)

and &(¢) = ¢+ i big!, the convolution (Hadamard product) ¢ x & is defined by
=2

(p*8)(g) =g+ i arbic’.

t=2
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By applying the principle of subordination, Shanmugam [2] and Padmanabhan
et al. [3] studied the natural generalization of starlike and convex functions. Later, Ma and
Minda [4] introduced unified classes $*(¢) and C(¢), as follows:

e ¢y’ (c)

s<¢>{weA.¢(g) <) gev}, )
_ ()

c<¢>—{weA.1+ i gev}, @

where ¢ is an analytic, univalent, and starlike function whose real part is positive in D
with (0) = 1 and ¢'(0) > 0. The geometry of the function ¢ is such that its image
domain is symmetric about the real axis. Over time, numerous researchers have defined
and investigated various new classes of analytic and univalent functions by applying
certain operators and considering image domains of the diverse functions ¢. For detailed
information, see [5-11].

Researchers have recently shifted their focus towards g-calculus, recognizing its appli-
cations and significance. This shift led them to define important and interesting subclasses
of analytic functions in the framework of g-calculus. Q-calculus is like classical calculus,
but it does not use the notation of limits. Its theory has attracted researchers because of its
extensive applications in special functions, differential equations, mathematical analysis,
number theory, hypergeometric series, applied physics, complex analysis, and related areas.

Jackson [12,13] was the first to introduce the g-analogs of differential and integral
operators. Srivastava [14] initiated the application of g-calculus in Geometric Function
Theory by introducing g-hypergeometric functions. Since then, many authors have signifi-
cantly contributed by defining and exploring new subclasses of analytic functions using
g-calculus, which have played a crucial role in developing Geometric Function Theory.

Ismail et al. [15] employed the g-difference operator to extend starlike functions
to g-starlike functions, while Agarwal et al. [16] further extended this work. Further-
more, Ashis et al. [17] used g-hypergeometric series and trigonometric functions to derive
recursion formulas. For more details, see [18-23].

Recently, an appealing and innovative approach to defining and studying new classes
of analytic functions through image domain generalization and specific g-operators has
become an attractive and effective tool. For example, Jabeen et al. [24] defined and
studied a class of g-convex functions using the g-Ruscheweyh operator in conic regions.
Khan et al. [25] addressed sharp coefficient problems for a subclass defined by the g-
operator and a generalization of the lemniscate of Bernoulli. Mahmood et al. [26] proved
the geometric properties of g-starlike functions associated with the g-integral operator,
and Seoudy et al. [27] addressed certain coefficient problems for g-starlike and g-convex
functions. Vijay et al. [28] studied Ozaki-type functions related to fractional operators and
three-leaf-type functions. Sailu et al. [29] defined a new class of starlike functions using
the g-version of Limagon functions, and Shaba et al. [30] proved important inequalities
for this generalized Limagon a domain. Furthermore, Srivastava et al. [31] established a
subclass of g-starlike functions through the generalization of the exponential function and
estimated Hankel determinants of different orders, while Swarup [32] introduced a new
subclass of g-starlike functions associated with the g-extension of the tangent hyperbolic
function. Zhang et al. [33] introduced a new subclass of the g-starlike functions associated
with generalizing the conic domain.

Next, we present some basic g-calculus definitions that will aid our investigations.
Also, see [34] for more applications of the g— difference operator.

Definition 1 ([12]). For q € (0,1), the q— difference operator of a function  is defined as follows:

Dyp(g) = ‘W (ceD,¢+#0). 5)
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For example,

Dq{ Y ag } Y [Haars' 1,
t=1
where [t]; is the so called g—number, defined by:
1—4*
1—q’
-1

Z F=14qg+¢*+..+q"1, t=neN.

teC,

=

[t]q =

One can observe that Er}iqup(g) = /(g). Thus, the classical derivative can be seen

as the limit of the g—difference operators.

Definition 2 ([35]). Fort > 0, the g—generalization of the factorial notation is defined as follows:

Y £=0
[t]g! —{ g2 B[l EN.

Definition 3 ([31]). For g € (0,1), the q—exponential function is defined as

= L _ G s G
e M R TR PR

Now, we introduce the new class ¢ € S;3°(g) of g-starlike functions connected with the
g-difference operator and the balloon-shaped domain, as initiated by Ahmed et al. initiated
in [36]. This class is symmetric about the real axis.

Definition 4. Let ¢ € S;°(q) denote the subclass of A that contains all { known as g-starlike
functions with symmetric points, such that the following subordination holds

2D,9(g) | 2y/T+4g
W) -9 1gec €PN

(6)

Geometrically, for the function ¢ € S5°(g), the functional (gg)qi;lj(()g) maps the open

unit disc D into the inflated balloon-shaped domain. This new class extends the notion
of starlike functions with respect to symmetric points, initiated by Sakaguchi [37], to g-
starlike functions with respect to symmetric points. We also extend the class established
and investigated by Khan et al. in [38].

In Geometric Function Theory, coefficient-related inequalities play a key role in un-
derstanding the behavior and convergence properties of analytic functions within specific
domains, especially those with favorable geometric interpretations. For this purpose:

Zalcman proposed a conjecture for ip € S in the 1960s, which states

’a%—aZt_1’ < (t—=1)% forteN—{1}. (7)
In 1999, Ma [39] proposed a generalized Zalcman conjecture:
latas —apis—1| < (t—1)(s—1), fors, t € N—{1}. 8)

Despite several authors demonstrating these inequalities for specific values and coeffi-
cients of certain subclasses of univalent functions, these conjectures remain unsolved.
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Let p € A, where the " Hankel determinant H,, » is defined in [40] as follows:

an Apy1 - - - Apgr—1
In+1 n+2 - - - Antr
Hrn (1/7) = ’
Optr—1 Antr - - o Apgo(r—1)

where a,, are the coefficients of the Maclaurin series (1) for the analytic function ¢, with
a; = 1. For example, the second and third Hankel determinants are given by.

1 an

2 ay 4as 2
Hoa () = 0 ay | =T Hop() = 0y ay | 20T % )
1 ap as
Ha 1 (P) =| ax a3 ay | =a3 (0204 - ﬂ%) — ayg(ag — azaz) + as (ﬂ3 - ﬂ%)- (10)
as ag 4ds

The primary goal of this investigation is to obtain sharp inequalities for the Maclaurin
coefficient bounds, the upper limits of second and third-order Hankel determinants, the
Zalcman conjecture, and its generalization conjecture for the newly defined class ¢ € S5°(q)
of g-starlike functions with respect to symmetric points.

2. A Set of Lemmas

The following lemmas will be instrumental in illustrating our main findings and
providing further clarity.

Let P represent the subclass of (D) containing all Carathéodory functions p, such
that p(0) = 1, Re(p(g)) > 0, and with the following Maclaurin series.

p(o) =1+) ¢ (11)
t=1

Let ¢ € A and p € P be functions with series representation given in (1) and (11),
respectively. Then, class W(¢, ¢, p) is defined in [41], as

p*y (12)

where

9(c) =c+ Y ug'and ¢(c) = ¢+ Y vig'.
=2 =2

Lemma 1 ([40]). Let p € P, then the following inequalities hold true

lee] < 2, for t >1, (13)
lcrik —verek| < 2, for 0<v <1 (14)

Lemma 2. Let p € P, then there existsk, § € D = {¢ € C : |g| < 1}, such that
_Lra 2
C2—§(C1 —|—k(4—c1)>, (15)

d
oAk ) (s Q)R 2(s- @)1 k)e) ae

The values provided in (15) and (16) are due to [40,42], respectively.
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Lemma 3 ([42]). Let p € P,0 < M < 1and M(2M —1) < N < M. Then,
‘c3 — 2Mcycp + N&3| < 2.
Lemma 4 ([43]). Let p € P, and a, B, <y, and A satisfy the inequalities 0 < A < 1,0 < « < 1, and
8A(1—A) [(aﬁ — 29 + (a(A + ) — ﬁ)2] Fa(l—a)(B—2Aa)% < 402(1 —a)?A(1— A). (17)

Then, we have

3
vei + Ack + 2acqcs — EIBC%CQ —cy| <2

Lemma 5 ([41]). Let p € W(¢, ¢, p) and vy # uy for (k=2,3). Then,

’Pl‘ ‘LZ3‘ < ‘Pl‘

a» , < max{1, ,
oa] < P ol < P max (1, )
and 7
2 P1
s =] < B max{L ) weC
where . o ;
2 2P1 3 —
= and n = —
Y pr vy — 1 Ui (07— )Plﬂ Y

The results are sharp.

3. Main Results

It is worth mentioning at the beginning of this section that if € A, has the series
representation given in (1), along with

¢i(e) = ¢ q( )-ﬁz 1+q)f;+(l+q+q) .. (18)
fl 9 G _ 2t—1 _ 3 5
p1(g) = 2(1 g+1_g)—t_zlg =ct+g +g +.... (19)
and
v/ 1+4gg
Pq(g)z%zlﬂﬂlﬁngz%---

1+ eq
Then, fora; =1,

#e) — 9(=¢) _zlp(_g) =Y ayag? = (g +3 atd) * (g +3 gz*‘1> =(c) * p1(g). (20)
t=1 t=2 t=2
Furthermore, by applying the g—difference operator,
¢Dyp(c) = ¢+ Z tl,ar6" = (g + Zatgt> (g + Z ) «¢1(5), (@D
t=2

It follows from (20) and (21) that

26Dg9() —_ p(e) ¢ (c)
(g) —¥(=¢) (o) *1(g)
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Thus, we conclude that the newly defined class S;°(g) is a particular case of the class
W(¢, ¢, p), that is
Sg*(q) = W(PL 91.pq)- (22)

Moreover, we can apply Lemma 5 from (22) to obtain the following corollary.

Corollary 1. Let ¢ € S5°(q), provided in (1), then we have

aa] < (23)

a3l < 5, 4€(0,1) (24)

S

and

1
‘03—11%’ < 5 1€, (25)

Proof. Let ¢y € S;°(g), then by the application of Lemma 5,

1+
Uy =0, us=1,03=1+¢q, v3=1+q+7>, =

and

1+g 1 I
p2 = — .
4 2(1+q) 8

Using Lemma 5, we obtain

1
|[12| S —.
2

To prove (24) and (25), we consider

(v3 — u3)

u
P2 2P ZPl—P-

1
==+ and 77 =
b p1 V2 1 (v2 — up)

Applying the given values and simplifying,

lo| = —q3+q2+4q—2> <1, forallg € (0,1),

41+ q)z (

<1, forallq € (0,1).

ln| = 3q3+3q2—2q+2>

41+ q)2 (

Hence, Lemma 5 proves that

pil 1

|p1l -
los —us|  2q

1
|as| < 05— ] 29 and ’as—ﬂg‘ <

O

Theorem 1. Let ¢ € S§°(q), as given in (1). Then,

1
|ﬂ4| S m, fOT’q S (0535,1), (26)

1

TRk forq € (0.723,1). (27)

las| <
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Proof. Let ¢ € S;°(q), then by (6), we have

26D49(c)  2y/1+46
¥(6) —9(=¢)  1+e°

Thus, there is a Schwarz function w(¢), such that

26Dgy(¢)  24/1 +qw(g)'

Plo) =p(=¢) 14,70

Let p € P, then we have

_1+w() 2 3 4
P(‘Q)—l_w(g) =1+4cig+cg”+c3g” +ceug +... .

It follows that
w(g) _ P(Q)—l _ C1g+62€2+03g3+04g4+...
1+p(c) 2+cg+eg?>+escd+agt+...

which provided
1 1 1 1 1
w(g) = 5616 + <2C2 - 4C%> ¢+ (86% — 50102 + 2C3> ¢
1 3
- —ci+ c%Cz)g4+....

+lc—1cc—1c2
24T 2B T4 161 T 8

Substituting the above Maclaurin series of w(g) and simplifying, we obtain

(10 — 2 +5¢% + ¢°) z> 2

2y/1+qu(e) _ 1+[2]7qc1g+ <[%4]qcz_ 32[2] B
q

1 1e,© 4

Rl _ (5tigtis’+s)
i 13 16[2]
(64+2q+13¢°+84° +4q* +4°) 3
12803], 1
Ry o (7842494450 1301360 +15¢°+34°) 5
L 12802, 3], 162
I (216—1369-+2089% —764°+1734* +1184° +1794°+95¢” +-304°+54° ) o 4,
2048[3], 4], 1 lg -

4+4g+5¢%+¢° 4+49+5¢%+¢°
q+5q q)c1C3—( 9+50°+4°) o
16721, 320, 2

102
3
G

(28)

On the other hand, taking the series form provided in (1) along with (5), we have

26Dg9(e)  _ % <1 i ti[t]qatgtl)
¥(e) —9(=9) <g+t§2atgf) B ((_g) +t§2ﬂt(—g)t),

_ (1 + [Z}qazg + [3]11”392 + [4]11”493 + )
(1+a3¢? +asg*...) ‘
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The simple computations provide

26Dgy(g) ) ;
do—vg = Ve (Bl - 1)e)e+ (Mo - Rlas)s
+(([5]q—1)ﬂ5— ([3]q—1)a§)g4+.... (29)
From (28) and (29), comparing the coefficients of ¢, ¢%, ¢, ¢* and simple computations
provide
- a
2Ty (30)
1 (A+g  (10-29+5¢+7°) ,
i = €2~ ci |, (31)
q02], ( 4 32(1+q) !
1+ 7 +44°+3¢2 4371
o o= = e, - { 169(1+9) e 32)
4 = [4] I (q7+5q6+11q5+15‘74+11‘73—5q2—2q—10) C3 ,
! 289 (1) (14 +7) 1
and ( 7 6 5 4 3 2 )
(1+q) 347 +154°+344° —94*+374% —24?+627—20) 5
. Aé . Cq j ) 128q((q2+2q§+2q;1)) 12
= q°+59"+4q+4 553 +292-2) 5
BTGEL | T T 18T Ty 2 , (33)
" _ Y1(q) o4
20484(q+1)° (7*+43+242+q+1) 1
where
Yi(q) = 5q'%+40q" +158¢" + 3774° + 5054° + 504q” + 744° + 394

—3744* — 964° — 232¢% 4 964 — 200.
From (32), we have

(7*+49°+34%+39-1)

€3 — c1c

|as| = (Ltg) = g 2
4[4]q n (7 +545-+11°+15¢* +114° —5¢> 24 —10) 3
32q(1+4)” (1+9+4¢%) 1

To apply Lemma 3, we consider

(7" +44° + 34> + 39 — 1) nd N — (47 +5q¢° + 11¢° + 15¢4* + 114° — 5¢4* — 24 — 10)
8q(1+q)* 329(1+9)*(1+q+¢?)

It can be easily seen that 0 < M < 1 for g € (0.24926, 1) and N < M forallg € (0,1).
Additionally, M(2M — 1) — N < 0 for q € (0.5353, 1). Therefore, by Lemma 3, we have

M=

1
lay| < T (0.5353,1).

From (33), we have

Y4 (q) 4, (*+55°+242+2) , (q3+5q2+4q+4)c c

|as| = (1+4) | 5u2g(Leq) (7+o>427g1) | sg(1+g)? 2 TR
4q(4], _(3q7+15q6+34q5—9q4+37q3—2q2+62q—20)CZC iy
32¢(1+9) (73 +242+2q+1) 162 7~ ¢4

To apply Lemma 4, we consider,

Y1(q) o gt +50+ 247 +2)

v = ,
512(1+ ) (g + PP +2¢2 + g + 1) 8q(1+ q)?
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where
Yi(q) = 5" +409" +1587'° +3774° + 5054° + 504¢” + 74¢° + 39¢°
—3744* — 964 — 23247 + 964 — 200,
and
(P52 4q+4) | (3¢7 +150° + 3447 — 9q* +374% — 24 + 629 — 20)
8(1+¢)?* 489(1+q)(7° +29* + 29 +1) '

Clearly,0 < A <1and 0 < & < 1forq € (0,1). Now, consider
8A(1—A) [(zxﬁ —29)% + (a(A 4 a) — ﬁ)z} +a(1—a)(B—27a)* —4a2(1 — 2)?A(1 — A) = ¥1(q),

where A
v 1(9)

7= 1474562 (9 + 1) (2 + g+ 1)*

and

—111¢% — 672" + 215648 + 2655297 + 657314'® — 741504"> — 88451144
Ar(g) = —29362984'3 — 63608204'2 — 102375584 + 127231734 — 120628624°
1 —80156684% — 267904447 + 13169244° + 24795524° + 17583204 + 6782084°
+12934442 + 17920q + 3328

After some simple calculations, one can see that ¥1(g7) < 0, for all g € (0.723,1). By
using Lemma 4, we obtain
1

<
55 < 2T

O

Remark 1. The inequalities (23)—(27) in Corollary 1 and Theorem 1 are sharp. The equalities are
obtained by the normalized extremal function i, respectively defined by

Zqulp"(g) _ ZW forn=1,2,3,4

¥n(g) — ¥u(—¢) 1+eq_gn ’

That is, the normalized extremal functions are provided by:

26Dgyi(e)  _ 2/TH4c 1, (- +P+49-2) , 34
= (0 (1+e,,‘g) +5(1+q)c+ 5T 1) 2+, (34)
ZQDql/JZ(g) _ 2\/@ =1 1 1 2 (_q3+q2+4q_2) 4 35
¥2(c) — Pa(—¢) (1—1—6,?“72) + 2( +q)¢”+ 8(q+ 1) ¢+, (35)
26Dgy3(e)  _ 2y1+g 1o s (PP H4-2) 36
RO B T (ege) 2T g 0
2Dgyale)  _ 2YThget g 1o e (CPHEA4-2) 6 37)

$a(g) — ¢a(—¢) (1_1-6;94) 2 8(7+1)

To show that the function defined by (34) is the extremal function of the sharpness of (23), we
compare the coefficients of the series in (29) with the coefficients of the series in (34), and then apply
definition (1), we have

(1+¢q), which gives a = %

N —

(1+9q), (A+g)a =

N =

[2] 02 =
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_ 3 2 4g —2 _ 3 2 49 —2
([3]67*1)43:( d —g(z_:_q)q ), which gives a3:( M | )

89(1+q)°

Thus, the normalized extremal function defined by (34) is given below.

3 2
—q® +? +4q -2
(- +4q 7 )g3+
8q(1+4q)

1
plo) =c+ 56"+
In this manner, we can also obtain the extremal functions defined by (35)—(37).

The following example provides an extremal function of the sharpness (23) and con-
firms that the new class S3°(q) is non-empty.

Example 1. Let
¥(c) = ¢ +0.5¢% +0.064¢> — 0.000137¢* — 0.000355¢°,

then

26Dy s¥(¢) _ 2y/1+0.8¢ ceD

¥(¢) —9(—¢) 1+eps
It implies 1 € Si*(0.8) with

‘az‘ = 0.5,
5] = 0064 < —
S 2%08’

— 0000137 < -,

a4] < 2(1+0.82)
1

—  0.000355 .

25| < 2% 08(1+08)

Theorem 2. Let ¢ € S;°(q) be provided in (1). Then,

1
|a4 - 112113‘ S m, fOT’ q € (0762, 1) (38)
The result is sharply obtained by the function given in (36).

Proof. From (30)—(32), using the definition of g-number, we have

( (g+1) (7*+49°+34%+3q9—1)

H@+P+q+D) B 7 Teq(qr )@+ +q+1) 12 T

28+ ) (D) (PP a+D) 1

+1 P+5¢>—2q+10
_(641)<Q(q11) ((q‘* o 32(¢+1) )C%)>

Collecting the like terms, we obtain

(77 +50°+114°+15¢* +114° 54 —29—10) 3>

ay — aa3| =

@) .. (24°+64%+5q+5)
A(1g+¢7+¢%) 3 16q(q+1) (P2 +q+1)
(4°+797 +104°4-309°+274*+344°+34°+87—10) 5
1284(q+1) (9> +1) (47 +4*+g+1) 1

102
|ag — azaz| =

Some simple calculations yield
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(247 +642+5q+5)
3 — ~—————5—>C1C
|ﬂ4 - 612613| = (q+ 1) ’ 8 74(1([/]—~_e,1)2 5 . i 3 2
AP+P+q+1) n (7°+797 +104°4309° +274*+344°+34%+87—10) 3
32q(q+1)*(¢>+1) !
Assume
M (29° + 64 + 54+ 5) nd N — (4® + 797 +10q° + 304° + 274* + 344° + 3¢ + 89 — 10)

8g(q+1)° 329(7+1)%(q2 +1)

Clearly, 0 < M < 1forq € (0,1)and N < M forg € (0,1) also M(2M —1) — N < 0 for all
g € (0.762,1). Then, by Lemma 3, we have

lag — azas| < , q € (0.762,1).

1
2(g2+1)
O

Theorem 3. Let ¢ € S5°(q), as in (1). Then,

]ag - a5‘ , forq € (0.628,1). (39)

1
<
~ 29(¢* + 1)
The result is sharply obtained by the function given in (37).

Proof. From (31) and (33), applying the definition of g-number, we have

2
1 (), (@457 -29110) o
g\ EF 2 20+ 1
(g+1) " (397 +15q°+349° —9q* +374° — 24> +629—20) »
‘uZ a5’ - (P +g+a+1) 4 BTt D) (P22 +2q+) 12
2 —as| =
| (4547 +4q+4) cen (4" 455 +242—2) 2
16q(@+P+9+D) (1) 173 7 2@+ (P +7+4+1) 2
(5q"24404™! +1584104-37747 +50548 +5044” +744°+394° —3744* —964° —2324%+969—200 ) !
204842 (q+1)° (¢*+43+29%+q+1) (3+2+q+1) 1
Collecting the like terms,
(79" +629'0+2264° 48348 +88547 +778q° +9664°+4774* +732° +2724% +496q+216) 4 (1+4q)
211)? 12 17 (B raliar1) 4
2 gl = 20484 (¢24+1)° (4+1)* (42 +q+1) (> +q°+q+1)
37T (P+50>+4q+4) et (34°+942+6q+4) 2 (5q6+27q5+44q4+29q3+61q2+44q+78)C2C ’
169(1+9) (@@ +a7+a+1) 173 7 32q(2+1)(g+1)2 2 1284(q+1) (P +P+27+q+1) 12
We can rewrite,
3 2 3 2
+5¢2 +4q+4 34°+94%+6q+4
Ata) Ya(a) b4 (Croried) o Coorrerd)
‘a% _ a5‘ _ q 512(42+1) (q+1) (qi+q+15) , At 8(q+1)
p— 3 2 7
d(P+q2+q+1)  (54°+27q°+444 +229q +61q%+44q+78) c%cz e
32(q+1)"(q+4*+1)
where

Y2(q) = 7q" 4 6290 +2264° + 4834° + 88547 + 7784° + 966q° + 477q* + 732¢° + 272¢% + 4964 + 216.
Now, by Lemma 4,

Ya(q) (B +947 +6q+4)

Y= ’
512(2+ 1) (g + D2 + g +1) 8(g+1)*
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and

W (7% +59> + 49+ 4) b
8(1+q9)>°

(59° 4+ 27¢° + 444* + 294° + 614> + 444 + 78)
48(g+1)*(q+ g2 +1)

where0 < A <land 0 < a < 1forgq € (0,1). Now, we consider

BA(L— ) [(6B—27)" + (&(A +a) = B)?] +a(1 — &) (6 — 2A0) — 4a> (1 — &)*A(1 = A) = ¥3(q),

where
¥y(g) = — A2(9)
4718592(q + 1) (¢* + ¢® + 242 + g +1)°

and

1089478 + 1986647 + 1763094%° + 9827944 + 3770070%* + 9974594¢%
+16186303¢%% + 72114064%! — 36456810420 — 1272309184 '° — 2771378574'8
—499 537 85047 — 825273 6029'® — 1101540 3864'% — 904 18023944

Ax(q) = { +3408936027" + 294631677392 + 6160911 1164'" 4 8878 393 69240
+9404 597 2484° + 7766 676 65645 + 4432890 11297 + 1351 376 1284°
—6555034887° — 1192592 192¢* — 891531 5204° — 411 837 1844>
—110432256q — 13151232

A calculation shows that ¥ (g) < 0, forallg € (0.628,1). Hence, by Lemma 4, we obtain

-0 < gy

O

Theorem 4. Let ¢ € S;°(q) be given in (1). Then,

lagay —as| < forq € (0,0.514). (40)

1
2q(g* +1)
The result is sharply obtained by the function given in (37).

Proof. From (30), (32) and (33), along with the definition of g-number, we have

(2) (g+1) (4P 437 430-1) S (97+5q°+114°+154*+11¢> —542—2—10) 3
)\ @+ 3 T Teq(q D) (PP g+ 12 1289(+ ) (PH+ ) (P +P+g+1) 1
(g+1) ot (347 +150°+344° —9q* +374° — 242 +629—20) 2,

. B G(P+P+rqrn) 4 12802 (P + 2 +q+1) (P22 +2q+1) 1¢2
204 — 5] = ’
_ (q3+5q2+4q+4) 1o — (q4+5q3+2q272) 2
B 169(P++q+1)(g+1) 172 7 2P+ D) P+ +q+1) 2
(541244041 +15840+-3774° +5054° + 50447 +744°+39q° —3744* —964° —2329%+969 —200 ) 4
20482(9+1)° (¢*+ 33 +202+9+1) (PP +42+q-+1) 1
Combining the coefficients of like terms,
(99'2+684'1+2504"0+5734°+80145+800q7 +2784°+914° —4664* —2124° —3204%+56—200) !
204872 (2 +1)% (q+1)* (2 +q+1) 1
4 3 2 3 2
+5¢°+2¢%+2 2¢° 4742 4+-59+4
S (¢*45°+20°+2) 5 | (2°+74°+59+4)

R+ +P) P 1+9) 2 T Teg(41)(gr1)7 L3

(597 +25¢°+500°+114* +474° +2¢*+609-20) > (144) c
128¢2(q+1) (q*+>+242+q+1) 12 7 G4+ +9) 4
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It implies

Y3(q) 4, (*458°42¢+2) 5 (2°+79%+50+4) e
(1+9) 5129(¢%+1) (9+1)* (42 +q+1) 1 89(1+q)> 2 4(q+1)°
491 +q+q*>+q%)| (577 +25¢°+50°+114* +4743 + 242 +60q—20) 2 . ’
32q(q+1)*(q+47+1) 1727

aray — a5| =

where

Y3(q) = 942 +68¢' +2504'° + 5734 + 8014% 4 800q” + 2784° +91¢° — 4664*
—212¢° — 3204 + 56q — 200.

Consider

) Y3(q) y (g5 +24° + 2)
5129(¢> +1)(q + D* (2 + 9+ 1) 89(1+q)°

and

(24° + 79> +5q+4) (597 +25¢° +509° + 11g* + 474° + 29* + 60q — 20)

8(g+1)> 489(7+1)°(9 + 2 +1)

Clearly,0 <A <land 0 < a <1forg € (0,1). Now,

BA(L— ) | (6B —27)" + (&(A +a) = B)?] +a(1 — &) (6 — 2A0)” —4a> (1 — &)*A(1 = A) = ¥5(q),

where

Ys(q) = — Aa(9)
471859244 (9 + 1) (q* + ¢® + 242 + g + 1)°

and

49g% + 574431 +26694%° + 43304%° — 3435848 — 383594477 — 2118 4094%°
—85834787% — 31105 0864%* — 99 548 394423 — 267 222 0454%2 — 601 142 4464°!
As(g) = —11315366064%° — 1773679062 — 229768044348 — 242118378647 — 20680719114'°
3\ —1477288612¢"> — 1124226544¢'* — 13029486364'3 — 185138264842 — 23710669924
—23388038684'0 — 1735883 5204° — 915866 7524% — 241534 4644 + 86 898 5604°
+1215306884° + 57 728 2564* + 14253 31243 + 7542 52842 + 3678 2087 + 975104.

It can be observed that ¥(g) < 0 for all ¢ € (0,0.514). Now, by Lemma 4, we have

|axay — as| ,q € (0,0514).

1
<
T 2q(q*+1)
O

Remark 2. (i) In Theorems 2 and 3, we prove the generalized Zalcman conjectures fors =2,t =3
and s = 3, t = 3, respectively.
(ii) In Theorem 4, we prove the generalized Zalcman’s conjecture for s = 2 and t = 4.

Theorem 5. Let ¢ € S3°(q), as given in (1). Then,

1

[H22(9)| = ’aza4 —ué‘ < gz forae (0.119,1). (41)
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The function in (35) sharply obtains the result.

Proof. From (30)—(32), utilizing the definition of the g-number, we have

S § Lk S T (P e o | 1280 ) (P ) (Pt g+ 1
2
‘ﬂ2ﬂ4 - 613’ = ’

_ 1 (+1) . (P+5°-29+10) 5 2
PTCES) A W R

Collecting the like terms,

1 (g+1) (7*+49°+34%+3-1) (97+5¢°+11°+15¢* +114° —54>—29—10) 5
(Z) 4(q ) 1C2+

(144) con— L 24 (7*—44°+12¢42—q+10) 2¢
’ 2‘ 16(T+g+e7+47) 173 7 1622 T a2 (211)(g+1)2 12
aray — Adz| =
28453 (—q'0—34°—114®—4247 +-534°+314°+2914* +1624° +3084>+807+100) !
102492 (q+1)* (q* +93+292+q+1) 1

By using Lemma 2, we have

(7*—40°+1042—59+8) 4 | (4*—45°+8¢>—99+6)
12842 (2+1)(g+1)> 1 12842 (q2+1) (q+1)?

(4—ct)c3k

_ 22 = 1+ 1 2
’a2a4 113‘ - - 64(1-&;!14—1%-&-143) (4 — C%)C%kz — @ (4 — C%) k2 . (42)
1+g 2 2
+ (e Jor (4= @) (1= K?)o

For the convenience of notation, let c; = ¢ € [0,2], and

o (7" — 49> +104° — 57 +8) | _ (¢* —49° + 104> — 57 + 8) =0
12842 (4% +1) (g + 1)* 1282(g% +1)(g + 1) ’
wy — |(@ 4T85 =90 +6) | (' — 44> +8¢° —9 +6)
12842(42 +1) (9 +1)* 12842 (4% +1)(q + 1)* ’
M (1+9) _ (1+9) /
64(1+q+g2+¢°)| 64(1+g+g%+4°)
ny = L =L>0,
64g%| 644>
v = (1+4q) _ (1+4q)
R(1+q+4>+43)| 32(1+g9+¢*+4¢°)

Now, applying the modulus and using the triangular inequality along with |k| = u,
|c] = tand |6] <1, we have

4 2\ 2 2\2,,2
o] ot toap(4 =) Putaz(4— )2 | , .
201 3] —{ Fag(d— 2R rasta— ) (1) [ EEW @)

Now, we suppose that the upper bound for (43) exists in the interior of rectangle
[0,2] x [0,1]. Differentiating £(t, u) with respect to u, we have

%
Ju

i (4 - t2) 2 + 203 (4 - t2) 21+ 2ay (4 - t2)2u ~ 2a5t(4 - t2> u,
= (4 — tz) ((zxz + (203 — 2004 )u) 2 4 Sagu — 2a5tu>.

Setting % = 0 implies either t = 2 or ((a + (203 — 204 )u)t? + 8agu — 2a5tu) = 0. The
points (¢, u) that satisfy these conditions are not interior points of the rectangle [0,2] x [0, 1].
Consequently, the function £(t, 1) cannot achieve its maximum value within the interior of
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the rectangle. Thus, the maximum value must occur at the boundary of the rectangle. For this,
we consider the following cases

(i) Onthelinet=0,0<u <1,wehave L(0,y) = 16044]/2 and

max £(0,y) = £(0,1) = 16ag =

492"
(i) Onthelinet=2,0<u <1, wehave £(2,y) = 16a; and

*—4q4° +104% — 57+ 8
max £(2,y) = 16a; = (9 0 q;_ )
8% (7> + 1) (9 +1)
(ili) Onthelineu = 0,0 <t <1, we have L(t,0) = ayt* + ast(4 — *) = g1(¢) and

g1(t) = dart® — 3ast? +4as > 0 forall0 < t <2,

this shows that g1 (¢) is an increasing function on 0 < ¢ < 2, therefore

4403 +10g%2 — 50 + 8
max £(1,0) = £(2,0) = 16ny — 47 +104" 50 +8)
84%(¢* +1)(q +1)

(iv) Onthelineu =1,0 <t <1, we have

L(t1) = {(“1 — gy — o3+ ag) 4o + a3 — 2ag)F + 16“4} = &2(t),
as g5(0) = 0 and

44875 — 242 +17q -2
Q1(0) = 8(ar + s — 20g) — — T+ 8T 24" +17g ; ) < forg e (0119,1),
169°(4> +1)(9 +1)

so
1
max L£(t,1) = g2(0) = 16ay = yre
Hence, on the rectangle [0,2] x [0,1], the max L(t,y) = #, SO

1
Ha2(9)] = a0 — | < 42 1€ (019,1)

O

Theorem 6. Let ¢ € S§°(q), as given in (1). Then,

Y1 4g® 1297 +29+1
Hsa(9)| < (g +49° +29 +2q+ ),forq€(0.762,1).
84°(4* +1)

Proof. From (10), we have

[Hs1(9)]

2 2
‘ﬂ3 (a2a4 - a3) —ag(aq — azas) +as (ag - a2> ‘

|a3|‘a2a4 — a%‘ + |ay||ag — aaz| + |a5|‘a3 — a%’.
Using (24)-(27) and (38), (41), we have

o= ()8 (o) () ) ()

1+42))\2q

IN
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Through simple calculations, we obtain the required result. [

4. Conclusions

By applying the principle of subordination and quantum calculus, we introduced and
explored a new class ¢ € S;°(q) of analytic functions connected with the g-differential
operator and the symmetric balloon-shaped domain. This class extended the notion of
starlike functions with respect to symmetric points to g-starlike functions with respect
to symmetric points. This study established sharp results for the Maclaurin coefficients,
Hankel determinants, the Zalcman conjecture, and its generalization conjecture for the
newly defined class.
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