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Abstract: Inthis paper, we consider the reducibility of a class of nonlinear almost periodic Hamiltonian
systems. Under suitable hypothesis of analyticity, non-resonant conditions and non-degeneracy con-
ditions, by using KAM iteration, it is shown that the considered Hamiltonian system is reducible to an
almost periodic Hamiltonian system with zero equilibrium points for most small enough parameters.
As an example, we discuss the reducibility and stability of an almost periodic Hill’s equation.
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1. Introduction

In this paper, we are concerned with the reducibility of the almost periodic Hamilto-
nian system
X = (A+eQ(t)x+eg(t) +h(x,t), xR, 1)

where A has multiple possible eigenvalues, Q(t), g(t), and h(x,t) are all analytic almost
periodic with respect to f, and € > 0 is a sufficiently small parameter.

First, we review some relevant definitions for almost periodic systems. If A(t) is an
d x d almost periodic matrix, the equation

d
2 A(bx, x e R 2)
dt
is reducible if there exists a regular almost periodic transformation
x =x(t)z,

where x(t) and x~!(t) are almost periodic and bounded, which transforms Equation (2)
into p
z d
— =D R
= z, Y € ©)

where D is constant.

In recent years, the reducibility for linear equations has attracted the attention and been
studied by many researchers. The well known Floquet theorem states that every periodic
differential Equation (2) can be reduced to a constant coefficient differential Equation (3) by
means of a periodic change of variables with the same period as A(t). But this result no
longer holds true for the quasi-periodic and almost periodic linear equation; more details
can be seen in [1]. If the coefficient matrix satisfies the “full spectrum” condition, Johnson
and Sell [2] proved the reducibility of the quasi-periodic linear system (2).

Later, many authors [3-12] paid attention to the reducibility for the following quasi-

periodic linear system:

%’t‘ = (A+eQ()x, xR 4)

where € is a sufficiently small parameter.
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In 1996, Xu and You [13] studied the reducibility for the almost-periodic linear system

%f:(A+aygn,xeR¢ 5)
They proved that system (5) is reducible in the case that A has different eigenvalues, for
most sufficiently small e through KAM iteration and a “space structure”. Later, ref. [14]
studied the case in which system (5) is Hamiltonian and A has possible multiple eigenval-
ues; they obtained reducibility results similar to those in [13].

In 2017, J. Li, C. Zhu, and S. Chen [15] studied the quasi-periodic case of (1). It was
shown that for most sufficiently small parameters, under some assumptions of analyticity,
non-resonant and non-degeneracy conditions, through a quasi-periodic symplectic change
of variables, the considered system was changed into a quasi-periodic Hamiltonian system
with zero equilibrium points.

Motivated by [13-15], we will extend the reducible results of [15] to the case of
almost periodic Hamiltonian systems. Under some suitable assumptions, we will obtain a
similar result.

Theorem 1. Consider the almost periodic Hamiltonian system (1) in which A is a 2n x 2n matrix
that can be diagonalized with multiple possible eigenvalues A, Ay, -+ ,Agy, i =1,--- ,2n, and
Q(t) =X Aec Qa(f), (t) = Y aec 8a(t), and h(x,t) = Y acr ha(x, t) are all analytic almost
periodic functions on Dy, they have the same frequencies w = (w1, wy, - - - ) and spatial structure
(7, [-]). Moreover, h(x, t) is analytic with respect to x on B, (0),h(0,t) = 0, and D<h(0,t,&) = 0.
Here, B,,(0) is a ball centered on 0 with radius ag; € € (0,¢) is a sufficiently small parameter.
Suppose the following:

(1) There exists zg > 0 such that ||| Q|||z,0 < ©0;

(2) (Non-resonant conditions) A = (Aq, -+, Agy) and w = (wy, wy, - - - ) satisfy

X0

WWWH;MZEWMW@' ©
|mm¢ﬁéM+Mzzmﬁ%mﬂ 7

for1 <i,j < 2n,i # j,and k € ZN\ {0}, where ag > 0 is a small constant, and A is an
approximation function.

(3) (Non-degeneracy conditions) Denote the solution of the equation * = Ax + eg(t) by x. Let
Q(t) = Q(t) + e 'Dyh(x(t),t). Assume A+ eQ := A has eigenvalues AT, S, -+ ,AJ that
satisfy |A — )\]+| > 26e > 0and || > 26e > 0, wherei # jand i,j=1,2,--- ,2n.

(4) ||Dxxh(x,t,€)|| < Ko, x € Bg,(0).

Then, there exists a positive Lebesgue measure, non-empty Cantor set E* C (0, €¢), such that
for e € E*, there is an almost periodic symplectic transformation x = (t)y + ¢(t) that transforms
(1) into

¥ =By +he(y,t), (8)

where (t) and ¢(t) are almost periodic with the same frequencies and spatial structure as Q(t), B
is a real constant matrix, and heo(y,t) = O(y?) as y — 0. Moreover, meas((0,¢&) \ E*) = o(eg)
as ey — 0.

As an example, we will apply Theorem 1 in Section 4 to an almost-periodic Hill’s equation:
f+ea(t)x =0. 9)

Under some appropriate assumptions, we have that, for most small ¢, Equation (9) is
reducible. Furthermore, the zero equilibrium point of (9) is Lyapunov stable.
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The basic framework of this paper is as follows. In Section 2, we recall some definitions
and notations, present some results in the form of lemmas that will be useful in the proof
of Theorem 1. The proof of Theorem 1 is presented in Section 3. In Section 4, we analyze
the almost periodic Hill’s equation, Equation (9).

2. Some Preliminaries

Firstly, we present some definitions.

Definition 1. We say a function f is quasi-periodic with the basic frequencies w = (wy,wy, - -+ , W)
if f(t) = F(61,02,- - ,05) where F is 2rt-periodic in 0; = wjt for j = 1,2,--- 5. Moreover, if
F(0) (0 = (61,02, -+ ,65)) isanalyticon Dy = {0 € C° : [30;| < p,j =1,2,--- s}, then f(t) is
analytic quasi-periodic on D,.

If f(t) is analytic quasi-periodic, it can be expanded as a Fourier series

f(B)= 1 frelbev

keZs

with Fourier coefficients

[ [ F@)e v Tap.

The norm is denoted as || f||,:

1fllp = X IfileP.
kezs
Assume R(t) = (jj(t))1<ij<m is an m X m matrix. If all r;;(¢) (i,j = 1,2,--- ,m) are
analytic quasi-periodic on D, with frequencies w = (w1, wy, - - -, ws), then matrix R(t) is
said to be analytic quasi-periodic on D, with frequencies w.
The norm of R(t) is defined as

m

|IR]]p = ggnj lIIrz-]-Hp-

Obviously,

[|R1R2[|p < [[R1]pl|R2llp-

_ If Risaconstant matrix, to simplify, we record ||R|, as |[R]|. The average of R(t) is
R = (E‘j)lgi,]‘ﬁmr where

_ .1 T
rij = Tlgr;oﬁ /_Tri]'(t)dt,
The details can be found in [16].

Definition 2. A function f is said to be an almost periodic function if f(t) = Y o1 f(t), where
fm(t) are all quasi-periodic for m =1,2,- - - .

In [13], we see that “spatial structure” and “approximation function” are very powerful
tools to study almost periodic systems. We provide the definitions and notions from [17,18].

Definition 3 ([17]). If T is a set of some subsets of N, where N is the set of natural numbers, then
(7, []) is said to be a finite spatial structure if T meets the following conditions:

1. D e T;

2. If Ay, As € T, then Ay UAs € T;

3. Uaer = N, where [] is a weight function defined on T, satisfying (D] = 0 and [A, U Ag] <
[Ar] + [As].
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Let ! € ZN. Write the support set of I as
suppl = {(s1,s2, - ,sn)|lj #0,j=s51,5,",8n,1j =0,a5] = otherwise}.

Write the weight value as [I] = infg,ppica,aec[A]. Denote

[e.9)

1=} ILsl.

s=1

Definition 4 ([18]). A is called an approximation function, if
1. A:[0,00) — [1,00) is increasing, and A(0) = 1 is satisfied;

2. IOgA(t) is decreasmg on [0,00);

3. foo logA dt < oo.

Remark 1. If A is an approximation function, from Definition 4, it follows that A* is also an
approximation function.

Definition 5. Let R(t) = Y acr Ra(t). If RA(t) are quasi-periodic matrix functions with basic
frequencies w = {ws|s € A}, then R(t) is said to be an almost periodic matrix function with
spatial structure (T, [-]) and basic frequencies w.

We also write the average of R(t) as R, where

R=
T~>oo ZT /

Let R(t) = Yaec Ra(t). For p > 0and ¢ > 0,

HIRIo = Y- ™ [Rallq
AeT

is the weighted norms with finite spatial structure (7, [-]). From [13], we can select the
weighted function

[A] =1+ ) log?(1+s|),q > 2.
SEA

Also, we will present some lemmas in this section, which are useful for the proof of
our main result.

Lemma 1 ([8]). Let ¢ : B,(0) C R" — R" be a C? function with g(0) = 0,Dyg(0) = 0,
|IDxxg (x)|| < M, and x € By (0). Then, ||g(x)|| < & ||x||* and ||Dxg (x)|| < M||x]].

Lemma 2 ([8]). Suppose that By is an m x m matrix with the eigenvalues 9, - - - , 3, which
satisfy |[pf| > v, |u) — | > v,i # j,1 < i,and j < m. Let Sy be a nonsingular matrix with

So 'BoSo = diag(pd,- -+, u%,), Bo = max{||Sol|, ||Sy *||}, and o is a value such that

0<o< v

ENETEE
If By verifies ||By — By|| < o, then the following results hold:
(1) By has m different nonzero eigenvalues i, - - -, ub.

(2) There is a nonsingular matrix Sy such that Slel Sy = diag(ul, -+, ub,), which satisfies
[IS1l11IST ] < Br, where By = 2.
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Lemma 3. Consider the differential equation
X = AX +¢g(t), X € R, (10)

where A is a 2m X 2m constant matrix, which can be diagonalized and where the eigenvalues
A1, Ag, -+, Ay of A satisfy |A;| > &, and € is a positive constant. Also, §(t) = Y pcr Sa(t) is an
analytic almost periodic function on Dy, of which its frequencies are w = (wq, wy, - - - ) and spatial
structure is (T, []). If

[k )V =1 =Ml > e aar

forallk € ZN\ {0}, a > 0. Set 0 < p; < pand 0 < z; < z. Then, for Equation (10), there is a
unique analytic almost periodic solution X (t) that has the same frequencies and spatial structure as
g (t) and satisfies

cl'(p1)T'(z1)

10 22y < =22

1gll=pr

where T (p) = sup,-o{A*(t)e *'}.

Proof. Make the change of variable X = BY, and let i(t) = B~!¢. Equation (10) becomes
Y = DY +eh(t), Y € R¥™, (11)

where D = B™YAB = diag(Ay,- -+, Aom).
LetY = ZAGTyA/ h= ZAGT ”lA, and

=G0 A= L e
suppkCA

ha= 0D, W= Y W eVl

suppkCA
By (11), we have
. P
7l o= Ak '
M e w) V=T = A
So,
3 4 4 .
||371]\H,0*P1 < e Z A (|k|)A ([k])|hl[]\k|e(p—p1)|k|
suppkCA x
T(01)A*([A]) | 7
< e,
Thus,
T(p1)A*([A
lyallp—p, < e COEAD )
From Definition 5, we have
YNz - = X [[FAllo—pye® 2N

AeT
4
< oy DB AD i

AeT

Lle)I'(z1)

IN

alllzp-

Thus, from
BNz < 1Bz,
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1X1[1z=21,0-01 < IBIYlllz=21,0-p1
we have
cI'(p1)T(21)

10 =z gy < e

gl z,0:

O

The following lemma is very useful in proving Theorem 1, in order to perform a step
of the inductive procedure.

Lemma 4. Consider the equation
P(t) = AP(t) — P(t)A + M(t), (12)

where A is a 2m x 2m Hamiltonian matrix with eigenvalues Ay, Ay, - - -, Aoy Suppose |Aj| > o
and |A; — Aj| > o fori # jandi,j=1,--- ,2m. Furthermore, M(t) = Y cr M (t) is analytic
almost periodic on D, with frequencies w = (w1, wy, - - - ) and has finite spatial structure (T, [-]).
Then, M = 0, and
«
[(k,w)V—=1—=Ai+Aj| > e
CT T A ([ A ([K])

forallk € ZN\ {0}. Set 0 < p; < pand 0 < z1 < z. Then equation (12) has a unique analytic
almost periodic Hamiltonian solution P(t) with P = 0, where P(t) has the same frequencies and
spatial structure as M(t), and satisfies

e Q)
1Pl 2=z p-py < ==L M]]]2.

Proof. Choose the matrix S such that S™'AS = D = diag(Aq,- - -, A2,), make the change
of variable P(t) = SW(t)S~!, and define R(t) = S™!M(t)S. Equation (12) becomes

W(t) = DW(t) — W(t)D + R(t). (13)

Let W =Y pAct Wp and R = Y5 c; Rp, where

— (yIy S — i =T{kw)t
Ra=(r0), A= X rjev e,
suppkCA

— (g i _ iV =1{kw)t
Wa = (wh), wi= Y wye HEOn
suppkCA

Substitute these into (13). We have wi{o =0 and
ij

i r
w), = Ak k # 0.

<k,w>\/ —1—A; Jr)\]',

Since M(t) and R(t) are analytic on D,, we have

j A(KDAYTKD) | i (o
||wl/]\||pfp1 < Z wh’/]\k‘e(p p1) k|
suppkCA
L(p)AY(AD

o

IN

X le-

Thus,

Wallp-p < T D g,
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By Definition 5, we have

Wz pmpy = Y [[Wallp—p, e )1
AeT
T(P1)A4([A]) Al—z1[A
< L e Rt
r 1FZ1
< HeOTED gy,
Since,
N PHz=z00-01 < NISHHTWIlz=z2100-00 11571,
IR Izp < [1STHIIMI|2,0]1S]]-
Hence,
I'(z)l (o1
[T LG G ITIVITI

o

From now on, the symbol ¢ is used to denote different constants.
Now, we verify that P = Y, o, Pa is Hamiltonian. Since A and M = Y} 5c; My are
Hamiltonian, we have
A=]JA;, M= ]M;

where A; and M are symmetric. Let P; = J~!P. If Pj is symmetric, then P is Hamiltonian.
Now, we demonstrate that Pj is symmetric. Substitute P = JPj into Equation (12). We have

P]ZA]]P]—P]]A]-FM], (14)
Transposing Equation (14), we obtain
5 T
P;" = AjJP[ — P[JA; + M;.

Obviously, JP; and ]P]T are all solutions of (12). Furthermore, ]T’] = ﬁ = 0. From

the uniqueness of solution of (12) with P = 0, it follows that | Py = ]P]T ; hence, P is
Hamiltonian. O

Lemma 5. Consider the following Hamiltonian system:
X = (A+eQ(t)x +eg(t) +h(x,t), x € R¥, (15)

where A is a 2n X 2n matrix that can be diagonalized with the eigenvalues Ay, Ay, - - -, Ay, and
|Ai| > o, 0 > 0is a constant. Assume that Q(t) = Yacr Qa(t), §(t) = Lacc ga(t), and
h(x,t) = Yaer ha(x, t) are analytic almost periodic on D,. Their frequencies are w = (wy,wy, - - - ),
and they have the spatial structure (T, [-]). Suppose that h(x,t) is analytic about x on B,(0), where
||Dxxh(x)|| < M,Vx € By(0). Furthermore,

|<k1w>ﬁ_Ai| > W

holds for all k € ZN\ {0}, and the constant & > 0. Let 0 < p1 < pand 0 < z1 < z. Then, there
exists a symplectic transformation x = y + x that transforms (15) into

i = (A+eQ()y +€25(t) + h(y, 1),

satisfing
cI'(p1)T'(z1)

HIQIz=z10-p1 < QM2 + M——

gl Z,0
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and

181 1z—z1,0-1

<

I (p1)T(21)

H@MNMMﬁM%

114

where ay = ag — ||| x|||z—z,,0—p1, ¥ € Ba, (0).

T(01)T(z1)

14

)mm

2
Z,07

Proof. The solution of Equation ¥ = Ax + eg(t) is denoted by x. From Lemma 3,

it follows that

cI'(p1)'(z1)
lallle—zy-pr < e =P g |-

By the symplectic transformation x = y + x, Equation (15) is transformed into

where

and

i = (A+eQ()y +€25(t) + h(y, 1),

= Q)+ {Dah(x ),

O

1 1
g= Shlxt)+ QD

h=h(x+y,t) = h(x,t) — Deh(x, t)y.

From Lemmas 1 and 3, it follows that

~ M
QMz=z21,0-p1 < |||Q|||z,p+?|H£H|z—zl,p—p1

and

1811122101

<

<

cI'(p1)T(z1)

IN

HQIlzp +M

1 M

gl

1
2
) |||1|||z—z1,p—p1 + gHQszzw*pl |H£H|2721,p7p1

I (p1)T(21)
n

H@MNMMﬁM4

The results are obtained. [

3. Proof of Theorem 1
3.1. The First KAM Step

In the first step, we will change A in the Equation (1) from the case with multiple

eigenvalues into the case with different eigenvalues, and the € of eQ(t) and eg(t) become €.

T'(01)T(z1)

14

)mm

2
z,0°

2

First of all, for Equation (1), by the symplectic transformation x = x; + y, where x, is

the solution of

Xg = Axg +eg(t).

Hamiltonian system (1) is changed into

Here,

y = (A+eQ(t)y +8(t) +h(y,1).
1
= Q1) + _ Dsh(xo 1),

1 1
§= Zh(xo ) + Q()x(1),

O

h=h(xy+y,t) — h(xo,t) — Dxh(xo, t)y.

(16)
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By the assumptions of Theorem 1 and Lemma 3, we have
cl'(p,)I'(z1)
|||10|||zo—21,po—(71 <e 1“0 gl Z,071 (17)

where 0 < z; < %zo and 0 < p; < %po. Define the average of Q by 6 Equation (16) is
changed into
i = (A1 +eQ(0)y +€3(t) +h(yt), (18)

where - L

Ai=A+eQ, Q-0Q=Q,3=38 h=h
From the assumptions of Theorem 1, we see that the eigenvalues of A; are Af’, A;r Lo, A
which satisfy A} — AF| >20e > 0and [A| > 26e >0,4,j=1,---,2n, i #].

] 1

ePo(t)

+
2n’

Introduce the transformation y = e
(18) is changed into

x1. By this symplectic transformation, system

B = (e PI(Ag +eQ — ePp)eol!)
—€ Y L€ d £
+e Po(t) (gpoe Po(t) —_ ﬁ(e PU(t)))xl
+8_£P0(t)€2§(t) +e—sP0(t)7/l'(eng(t)xllt), (19)

where x; € B, (0).
Expand e/ and e~¢/ into

P =1+eP)+B, e P =1—eP+B,

here (eP0)* | (ePo)’ (eP)*  (ePo)®
(P &Py ~ (eP ePy
b=t gt BE g e
System (19) is rewritten as follows:
%1 = ((I—ePy+ B)(A;+¢eQ —ePy)(I +ePy+ B)

et P0(E) (epyeso®) _ di(espo(t))))xl
t

e POEg(E) e PORE 2, 1)
= (A1 +eQ—ePy+eA Py —ePyAr +QW)x

+e W25 () 4+ e PO (PO 1), (20)
where
QW = —&R(Q - Py) +e(Q— Po)Po — e*Po(A1 +eQ — ePy) Py
—ePy(Ay +€Q —ePy)B + (A1 +eQ — ely)B
+B(Aq +eQ — ePy)efPo 4 e—€h0 (ePOeEPO — ‘iesp(,).
We would like to have

Q- DPy+ APy — PyA; =0,

which is equivalent to B
Py = ARy —RA1+Q - Q. (21)
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According to Lemma 4, if

|(k,w)V/=1=Af +Af| > W}ﬂ([k])

forallk € ZN\ {0}, where a; = %, then Equation (21) has a unique analytic almost periodic
solution P(t), its frequencies are w, and it has a spatial structure (7, [-]), which satisfies

I'(z1)I'(py)

[1Poll|z9—221 0025, < CT‘HQ‘H%*E],‘UOfﬁl- (22)
System (20) becomes
X1 = (A] +82Q1(t))3€1 +€2g1(t) +h1(x1, t), (23)

where

Q1 = QW, g1(t) = G, hy(xy,t) = e Poh(ePoxy, t).
Since Q — Py = PyA; — A1 Dy,

Q1 = QW = —R(PoAr — A1Ry) + €2 (PoAr — ArPo) o
—SZP()(A1 + SPoAl — £A1P0)Po
78P0(A1 + ePyA1 — €A1P0)B + (Al + ePyAq1 — €A1P0)B

~ . d
+B(A] +ePyA; — eAPy)eto - e~¢P (aPOeEPO — dteSPO).
Thus, the symplectic transformation is Tox; = xq + e x1 = ¢o(t) + Po(t)x1. If

1
| ||PO H ‘207221,,00—2?1 S E/

then by (17) and (22), we have

cL'(p)T' (2
[Iolll20—221 0025, < 510(70|”8H|2,p-
TEE) |
| ||1P0 - I” |Zo—2§1,p0—2§] S STl ‘ HQH |ZO_211P0_51'

Hence, under the symplectic transformation x = Tpx1, system (1) becomes Hamilto-
nian system (23).

3.2. The mth KAM Step

The first step has been completed. That is, A1 has 2n different eigenvalues, and e2Q (t)
and ¢2g1 (t) are smaller perturbations. In the mth step, consider the Hamiltonian system

Xm = (Am+ szQO(t))xm + ezmgm(t) + hy (2, 1), m>1, (24)

where x,;, € By, (0), Qm, gm, hm are analytic almost periodic on D,,,, with frequencies w
and the same spatial structure (7, [-]). Ay, has 2n different eigenvalues AL -, Ay with

AT > e, |AI' = AT >0, i#j, 1< ij<2n,
where we denote A} = AF,i=1,---,2n.

By the symplectic transformation x,, = x,, + y, where x,, is solution of x,, = Aux,, +
e2"¢(t) on Dy,,5,,.,» Hamiltonian system (24) becomes

J=(Am+ " Qu(®))y + " g(t) + h(y, 1), (25)
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where ,

- 1 1

gm = eznﬁhm(im/t) + eTQO(t)&m(f),

71\m =l (X + Y, t) = (X, t) — Dl (X, 1)y-
By Lemma 3, if
o
kwvV/—1-A">——" __ kezh,
@V =2 i an( )
we have I Tz )
mC p z +1
| H&m H |Zm*Em+1/pm 7pm+1 — ? m+jxm = | ||gm || |Zm,,0m . (26)

Define the average of Oy, by 5,%. Equation (25) is changed into

om+1 o

7= (Aps1+& Qu(t)y+" gu(t) + hm(y, 1), (27)

where _ _ N R B
Ami1 = Am+ € Qu Qm — Qe = Qm, G = G, hm = him.

Denote the eigenvalues of A,, 1 by /\TH, /\3”1, ce, /\?HH.

In making the change of variables y = e Pnl)x,, .1, where P, (t) is to be determined

later, by the symplectic transformation, Hamiltonian system (27) becomes the new system

xm-i—l — (e—szm Pm(t)(Am+1 + ezm Qm . Szm pm)ESZm Ppu(t)
_am m. oM d  om
e &= Py (t) (82 Pmes Pp(t) _ E (es Pm(t))))xm+1

+e_82m Pm(t)eszrlgvm (t)
+e_€2n1 pm(t)il'm (652"’ P (t) X1, t), (28)

where x,,41 € Bg,,,,(0).

2m 27’1 .
Expand ¢ P and e~ P into
om m _om m ~
¢« " =1+&"Py+Bu, ¢ " =1—6"Py+ By,

where

_ (SZum)z (SZ’”Pm)S = (82um)2 (82’”Pm)3
T s TR TR

Then, system (28) can be rewritten as follows:

fm1 = ((I—€"Py+Bu)(Apy1 +€ Q—€"Py)(I+ " Py + By)
_om _ o d omm
4ot Pm(t)(€2 Pmes Pu(t) E(es Pm(t))))xm-i-l

e P02 g (1) e Wy (¢ Py, o, 1)

m ~ m . m m 1
= (Amp1 +€"0m — " D+ " A1 P — " PuApi1 + Q) s

+e @ PO g (1) e Py, (o Pult)y, ), )
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where

Qi =~ Pu(Qn — Pu) + " (O — Pur) P
— " Py(Apsr + € Qm — €Bp) Py
—&" Pu(Aps1 + € Qm — € Pp)Bum
+(Api1 + € Qm — € Py)Bu
+Bu(Apir + € Qm — ezmpm)eszm Pon

e P 2", o Pu 4 o P
dt
We would like to have

Qum — P+ Api1Py — PyAyy1 =0,

which is equivalent to

P = Aps1Pn — PuAyir + Qu — Qe (30)
By Lemma 4, if
1 1 1 L -
AP > g, (AT —/\]'.”+ | >0, i#j,1<i,j<2n

and

| (k@) V=1 = AP 4 AT > W&[k])

for k € ZN\ {0}, then Equation (30) has a unique almost periodic Hamiltonian solution
Py, (t). Furthermore,

L (Znt1)T (Opi1) | A
| ||Pm H |Zm*22m+1,,0m*2ﬁm+1 — = 0€m+1 o | || Qm || |Zm*2m+1,Pm*ﬁm+1 . (31)
System (29) becomes
. 2m+1 2m+1
X1 = (A1 +€ Quit()xmpr +& guy1(t) +hpp1(Xmy1,t), (32)

where
2m+1
€

1 _om _
Q1= Q1(11)/ Smi1(t) =€ Pngy,
_ 2771 ~ 21’"
Bt (X1, t) = €7 Pl (6 Py g, 1),
Since Qm - Pm = PuAmi1 — Am+1Pm,

m+1
82

Qmi1 = Qi(qp = —EZmHPm(PmAmH — Apy1Pm)
+&2" (PuAmst — Aps1Pu) P
— " Py (Aps1 + € P At — € Ayt Pon) P
—2" Py (Aps1 + € PuAyps1 — €2 Api1Py)Bn
+(Aps1 + € PuAyi1 — € Api1Py) By
B (Apat + € PuApis — € Apyp1 Pu)es P

m . m d m
1€ Pu <82 Pme82 P _ Eesz P"‘). (33)
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Hence, the symplectic changes of variables are
2m
TnXmi1 = Xy + €° mem-i-l = Pm(t) + P (t) Xp1-
If ||| Py || |Zm*22m+1,pm*2ﬁm+1 < %, by (26) and (31), we have

om Cr(ﬁm-‘rl)r(zm“rl)
Xm

|z —22,1.0m 25,001 < € gz

om €T (Zm+1)T (pm-i-] )
Xm+1

| ||l)[]m - I” ‘erl*zz;nJrl,Pm*Zﬁm*_l € | || Qm || |Zm*2m+1,Pm*pm+1 .

Under the symplectic transformation x,; = Ty, X;,41, system (24) becomes system (32).

3.3. Iteration

In this section, we prove the convergence of the iteration as m — oo.
From the arbitrariness of z and p, we set z;;, oy, as follows:

m m
Zm=2— Y 2%, pm=p— )20,
v=1 v=1

where z, | 0 and p, | 0 satisfy

Moreover, we choose

L a 1= Am — |||£m|| |Zm+1/Pm+1
Gt 12 ",

D‘m -
|| |Zm+1rpm+1
If |||e2" Py

|| |Zm+1xpm+l S %’ we have

am — | ||lm || |Zm+1 Pm+1
, 34
A1 =2 1 ¥ 2£2m | ||Pm ( )

H |Zm+1/Pm+1 .

If € is small enough, from [8], it follows that
oo = lim a,, > 0 > 0.
m—oo

By Lemma 5, we have

L (011)T (Zm+1)
Km

|HQmH|Zm*fm+1,Pm*ﬁm+1 S |HQm|||Zm/Pm +Km |||gm|||Zm,Pm (35)

Thus, by (31) and (35), we have

| ||Pm || |Zm*2zm+l'pmfzpm+1

L(0y41)T (Zmp1)
Xm+1

< Cr(ﬁm+1)r(zm+l)
Xm

(m@mMW+Km m&mwm)
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From K, being convergent (see below), it follows that there exists ¢g > 1 such that
Ky < ¢g. Thus, we have

| ||Pm || |Zm_22m+1/pm_2r)m+1

({2 o)

Xm+1

IN

2
) (1Qulzmpe + gl 2 p)

SR
X1

2
) (1Qul g + gl zmp)- (36)

We first estimate |||gy+1||2,.1,0m.1- By Lemma 5, we have

&m+1ll |zm+1,pm+1

cI'(p 1 )T (Zs1)
— "’H’a ‘HQmH|Zm/PmH|gmH|Zmer
m
_ _ 2
r(Pm+1)r(zm+1) 2
po ) g2,
m
LDy )T Zni1) \ 2
< o P (1 Qe gl + il B, )
(37)
Now, we estimate ||| Q1 |||z 1,001 I | €2 Py|| |zt omir < 1, it follows that
+e2"p
‘ ||e ¢ " || |Zm_22m+1rpm_2ﬁm+l
€% Pulll?, 2
om z Z 1.0 0
< 1+ |||€ Pm” ‘Zm*Eerlsz*ZﬁmH + m = m+10m =20 11
< 2.
Moreover, if |||82m 2 | — =P S %, by
d , om
= (€ Pon) 20220 41.0m 2,11
Zm - Zm —
S 7’l| ||8 Pm || |Zm*22m+1,,0m *zﬁm+1 (| H€ Pm || |Zm*22m+1,,0m *zﬁm+1 )Yl !
forn € ZT, we have
mo. oM d om
‘HEZ Pmeg P — Ees P H ‘ZnI*ZEm-%—lrpm*zperl
2”‘[ . 2m
< 4| ||£ Py H |Zm_22m+1rpm—zﬁm+1 | HS P || |Zrn_2zm+1fpm_zﬁm+l :
So,
—e2" Py 2" 5 e2" Py d 2" Py
|||e (8 Pme - Ee )|||Zm+l/pm+l
m+1
< e (IPull, 0 0mis + Pl 2y s [11Qunl 200
L (0,11)T (Zm1)
+||P711H|2m+1,.0m+1Km m+txm |||gm|||zm,Pm) (38)
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From the representations of By, and B,,, we have
| || Bm H |Zm*ZEm+1;Pm*Zﬁm+1’ | || Bm || |Zm*22m+1lpmfzﬁm+1
m
< 2/1€%" Pl l20s—22, 1 020011 (39)

Then from (33) and (38), it follows that

| || Qm+1 || |Zm*22m+1/p”lfzpm+l

Cf(ﬁm+1)F(Em+1) 2
zxm Al

Zm+1Om+1

+| Hpm || |Zm+1lpm+1 | ||Qm || |Zm,Pm + ‘ ||Pm || |Zm+1rpm+1 | Hgm || ‘ZWI!PIII).
Then by (36), we have

| || Qm+1 || |Zm+1/pm+1

(0,407 Enr1)\
o (gt

- Xm+1

1QullZ, o, + lligmlIZ, o,

+| HQm || |Zm,Pm | Hgm || |Znupm)'

Set
5

Cor = [(m+2 " (m 12" 2" 27

and
Pp(z) =T TE)P T, Pulp) =TT [T(p,))°

From [18], Cy, @1 (z), and @, (p) are all convergent as m — co.
Let

20,00 }

c
Cr = max{ 5,1}, 7 = max{[[[Qllzop0 8]l

0

and
M = max{1, sup(C1Cpy @ (2)Pm(p) } -
m

Then, we have

om+2 om+2
| ||Qm+1 || |Zm+llpm+1 <M ’ | ||gm+1 || |Zm+llpm+1 <M .

If0 < eM? < 1, then
lim €2"Q, =0, lim &g, = 0.
m—>00 m—oo

Moreover, by (35), we obtain

m, =
A1 = Anll < €[1Qul|

. Kol (B )T o 1)
S 82 (|||Qm|||zmlpm + mzm - |||Qm|||zm,Pm)
< (eM?)?".
Thus, limy e || A1 — Am|| = 0. That is, A, is convergent when m — oco. Let
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Furthermore, if (eM?)?" < ( énfi) g we have

o¢
Api1 — Apl|| £ —————5, foranym > 1,

where B, = max{||Su||,||S,'||}, and S, is the nonsingular matrix in Lemma 2 satisfing
Syl AmSm = diag(AT',-- -, ALL).

Therefore, from Lemma 2, it follows that the eigenvalues /\TH,~ .- ,Agfjl of A, are
different. Moreover,

A —A;."“| >ed, 1<i,j<2n,i#]j,

and
|A;’1+1| >ed, j=1,---,2n.

Next we present the proof of the above inequalities:

m
! ! ! !
AP AT > Al = A = YD (1AF = A AR - A
1_ 41 -
> A=A =2 ) (A - Al
1=1
1 1 - 242!
> A=A =2) (eM?)
1=1
- 22!
> 20e—2) (eM?)
=1
> 20e — 4(eM?)?.
Thus, if ¢ < ﬁ,we have

AT —ATY > 68, 1< j < 2m, 0 # ).
Similarly, we obtain
AP > e5,i=1,---,2n.
A}

Then,

n]1.1i>rc1>o |||¢m || |Zm+1/pm+1 = O’ n]ili}lo |||lpm - I” |Zm+1/pm+1 = O

LetT" = TopoTyo---0Ty_q1. Thus, T" is convergent on Dz py. Assume that T"" — T
272
as m — oo. By (32), we have

(1 +2[][¢*" ] )?
D h m+1Pm41 K . 40
| || ot el H |Zm+erm+1 - 1 - 2| ||€2m Pm || |Zm+lrpm+1 " ( )

If | |e2" P,y < 1,by (40), we have K, < (3)"Kj. Since, 1= < 1+2x,if0 < x < 1,

|| |Zm+1/pm+1 7 1—x

Km+1 S (1 + 482”1 | ||Pm || ‘Zm+1rpm+1 )3Km' (41)
Since K, < (%)’”KO, then by (41), we obtain the convergence of K. Let K;;, — Koo (1 — 00).

Hence,

m—o0

asy — 0.
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Thus, under the transformation
x=Ty=9(t)y+¢(t),
Hamiltonian system (1) is changed into system (8).
3.4. Measure Estimate
Firstly, we prove that the following non-resonant conditions
Xm
[(k,w)V—-1—-A" > —— 42)
CT Ak A ([K])
and i
|(k, w)v/—T — A+ ) > L (43)
l / A% ([k[)A*([K])

hold for most small ¢ € (0, ep), where k € ZN \ {0}.
By Theorem B in [13], there exist ¢y and non-empty set E* C (0,¢&g) such that for

¢ € E*, we have
Km

() V=T = AP+ A 2 ey

*
lim e8S(EY)
g9g—0 €o
Obviously, (43) holds.
In the same way as above, we can obtain
Xm

|<krw>\/j1*/\zm| > W,

E*
lim meas(E*)
eg—0 €0

=1.

That is, (42) holds.
Thus, there exists a non-empty Cantor subset E* C (0, &g) such that for e € E*, there
exists an almost periodic symplectic transformation

x =yt e)y+ ¢(te)
that changes (1) into
Y= By +heo(y, t).

where E* has a positive Lebesgue measure, and (t) and ¢(t) have the same basic frequen-
cies and spatial structure as Q(t). The matrix B is a real constant, and he(y, t) = O(y?) as
y — 0. Moreover, meas((0,€9) \ E*) = o(eo) as g — 0. Therefore, we have completed the
proof of Theorem 1.

4. Application
Now, we apply Theorem 1 to the almost periodic Hill’s equation

¥ +ea(t)x =0, (44)

where a(t) is an analytic almost periodic function on D, with frequencies w = (w1, w, - - )
and has spatial structure (7, [-]). Denote the average of a(t) by a.
Let x = y, Equation (44) equivalently becomes of the form

x=y, y=—ea(t)x. (45)
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References

In order to apply Theorem 1, we rewrite (45) as follows:

Z=(A+¢€Q(t))Z, (46)

z—@), A‘(S (1)>' Q‘(aom 8)

and g(t) =0, and h(x,t) = 0.1t is easy to see that A has multiple eigenvalues Ay = Ay =0
and that A + €Q has two different eigenvalues yy = iv/ae and yp = —iv/ae, wherei = /—1.
Obviously,

where

lwil = Vave>26e,i=1,2,

and

1 — 2| = 2Vav/e > 25¢
hold, where § = %\/a: Thus, by Theorem 1, we have the result as follows.

Theorem 2. Assume that a(t) = Y pc an(t) is analytic almost periodic on D, with frequencies
w = (wy,wy, - -+ ) and has spatial structure (T, []). Ifa > 0 and

(k) V=11 2 G

holds for all k € ZN \ {0}, where the constant ag > 0, and A is an approximation function.
Then, there exist small enough ey > 0 and the non-empty Cantor subset E¢; C (0,¢e) such

that for e € Ey, there exists an almost periodic symplectic transformation that changes (46) into a
meas(Eg)
)

(47)

constant coefficient linear system. In addition, — lasey — 0.

From Theorem 2, we see that, for most small ¢ > 0, Equation (44) is changed into
a constant coefficient system. Hence, similar to Xue [12], by an analytic almost periodic
transformation, Equation (44) is transformed into

oo + bxeo = 0, (48)

where b = ae + O(g?), which depends on @ and ¢ only. Obviously, Equation (48) is elliptic,
so the equilibrium is Lyapunov stable for most small enough e.

5. Conclusions

In this paper, we considered the reducibility of almost-periodic nonlinear Hamiltonian
systems and proved that, for most small enough ¢, system (1) was reduced to a Hamiltonian
system with an equilibrium. The result was proved by using some non-resonant conditions,
non-degeneracy conditions and the KAM iterations. Application to the almost periodic
Hill’s equation was also presented.
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