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Abstract: An electroencephalogram (EEG), recorded on the surface of the scalp, serves to characterize
the distribution of electric potential during brain activity. This method finds extensive application in
investigating brain functioning and diagnosing various diseases. Event-related potential (ERP) is
employed to delineate visual, motor, and other activities through cross-trial averages. Despite its
utility, interpreting the spatiotemporal dynamics in EEG data poses challenges, as they are inherently
subject-specific and highly variable, particularly at the level of individual trials. Conventionally
associated with oscillating brain sources, these dynamics raise questions regarding how these oscilla-
tions give rise to the observed dynamical regimes on the brain surface. In this study, we propose a
model for spatiotemporal dynamics in EEG data using the Poisson equation, with the right-hand side
corresponding to the oscillating brain sources. Through our analysis, we identify primary dynamical
regimes based on factors such as the number of sources, their frequencies, and phases. Our numerical
simulations, conducted in both 2D and 3D, revealed the presence of standing waves, rotating pat-
terns, and symmetric regimes, mirroring observations in EEG data recorded during picture naming
experiments. Notably, moving waves, indicative of spatial displacement in the potential distribution,
manifested in the vicinity of brain sources, as was evident in both the simulations and experimental
data. In summary, our findings support the conclusion that the brain source model aptly describes
the spatiotemporal dynamics observed in EEG data.

Keywords: spatiotemporal dynamics; EEG data; modeling; brain sources

1. Introduction

Recently, a renewed interest in EEG analyses and interpretation has been observed in
the scientific literature. The extreme complexity of the spatiotemporal electrical dynamics
of the 3D cortical neural tissue represents a real challenge. Furthermore, a theoretical
framework to understand these dynamics is still being explored and the exact functional
contribution of cortical electrical activity and dynamics to human behaviors is the focus of
intense research.

An electroencephalogram records the time-dependent electric potential at the surface
of the brain. This examination can unveil the presence of time oscillations, the amplitude
and phase of which may vary based on the spatial locations of the electrodes that character-
ize the dynamics of the electric potential. The investigation of spatiotemporal dynamics in
EEG data dates back to the 1930s (refer to [1] and the associated references). During this
period, it was discovered that the oscillating electric potential in the brain originates from
specific brain sources, initially termed ‘focuses’, located in the occipital lobes. The propo-
sition emerged that these sources could traverse within a confined brain area, inducing
phase and amplitude shifts in the signals detected by different electrodes—interpreted in
contemporary terms as moving waves or traveling waves.

Extensive research has delved into the exploration of traveling phase and amplitude
waves across various brain states in both humans and animal models, as documented in
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literature reviews [2,3]. A specific instance of traveling alpha waves was identified in [4],
where a four-electrode array in the occipital–parietal zone exhibited these waves during
visual stimuli in human subjects. Investigation of phase waves along the frontal–occipital
axis occurred in [5], observed during cognitive tasks and slow sleep waves [6], accounting
for 15–20% of the observation time. Interestingly, their directional dynamics alternated,
with frontal-occipital waves being slightly more frequent pre-stimulus, and occipital-
frontal waves post-stimulus. In the study in [7], both forward and backward waves were
identified, with forward waves dominating during visual stimuli and backward waves
dominating during rest. The primary visual cortex exhibited traveling waves, whose
intensity diminished under intense visual stimulation [8]. Furthermore, these waves
were linked to latency differences in semantic tasks [9] and offered insights into language
processing [10]. It is crucial to note that the phase waves observed in individual trials may
be obscured when examining cross-trial averages [11]. In addition to plane waves, sleep
spindles were explored in [12,13], and spiral waves in [14], broadening the understanding
of the diverse spatiotemporal dynamics within the realm of brain activity.

Alternative approaches to studying brain dynamics involve the examination of event-
related potential (ERP) and global field power (GFP), alongside the exploration of associated
brain micro-states [15–19]. Additionally, investigations into brain sources and networks
during various cognitive tasks have been conducted [20–22]. In [23], a comparative analysis
of the dynamics of phonological encoding in ERP was performed for both stroke patients
and control subjects. The coordinated analysis of brain dynamics, sources, and networks
during image naming was addressed in [24]. The spatiotemporal dynamics of electric
potential can be effectively characterized through topographic maps [25] and trajectories
(Section 3.4). The continued refinement of these methodologies holds the potential for a
more intricate, subject-specific classification of EEG data in relation to cognitive tasks.

1.1. Brain Micro-States

The spatiotemporal dynamics in EEG data can be elucidated by examining the time-
dependent amplitude and phase of the registered signals at specific spatial points correspond-
ing to the electrode locations. These functions can be effectively interpolated into continuous
space variables within a 2D (and 3D) domain. Notably, they are closely associated to brain
micro-states, also known as topographic maps, which serve as descriptors of EEG dynamics
under various brain conditions, such as rest, cognitive tasks, and motion [18,19], as well as
disorders like aphasia, epilepsy, and schizophrenia [16,23].

Brain micro-states are defined as relatively stable (with weak changes) distributions
of electric potential observed over sufficiently long time intervals (tens of ms), with swift
transitions between them [16]. Several predominant micro-states can account for a signifi-
cant portion of the observation time. To streamline the analysis of micro-states, they can
be characterized using parameters such as the maximum and minimum of the potential
distribution (including the direction of the interval connecting them) [15,26] or by tracing
the time trajectory of its maximum (Section 3.4).

Time sequences of micro-states provide a comprehensive representation of spatiotem-
poral dynamics, yet they may not fully encapsulate certain dynamic effects, such as trav-
eling waves (plane or rotating), or specific types of dynamics like sources, sinks, and
saddles. The properties of brain micro-states are intricately connected to the underlying
brain sources.

1.2. Brain Sources

Brain sources, from a biological perspective, are influenced by the cation flux from
the intracellular space to the extracellular space, while brain sinks result from the reverse
flux [27]. It is assumed that electrical neutrality in the brain implies that sources and
sinks exhibit equal intensity. In simplified models, they are often considered in pairs and
positioned close together, resembling a dipole. However, it is noteworthy that the positive
and negative poles of a dipole can be spatially distant [27]. The distribution of electric
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potential on the surface is dictated by the position and orientation of the dipole, and the
maximum and minimum of the potential distribution may not necessarily align with the
dipole location.

Identifying brain sources for each micro-state and comparing them with fMRI images
enables the determination of corresponding anatomical structures and associates micro-
states with specific brain functions [17–19].

The inverse problem of source identification presents multiple solutions. The selection
among these solutions is somewhat arbitrary and can be influenced by additional factors
such as fMRI data and anatomical structures. The transition between different micro-states
results in a change in the corresponding brain sources. Consequently, the spatiotemporal
dynamics of EEG data characterized by brain micro-states are determined using the alter-
ation of brain sources, although the underlying patterns or regimes of these dynamics have
not been definitively identified.

1.3. Dynamics Determined by Brain Source

In this work, we develop another approach to modeling EEG dynamics. We consider
fixed brain sources but suppose that they can have different phases and frequencies. In
this case, their interaction can produce different dynamical regimes. In particular, different
brain states can be observed for the same sources at different moments of time.

In the next section, we will introduce a brain source model based on the Poisson
equation. The Poisson equation for the distribution of electric potential was derived from
the Maxwell equations. It is conventionally used to model EEG [28]. We will study a 3D
model in simplified spherical geometry. We will develop an approximate analytical solution
and carry out direct numerical simulations. In the case of two brain sources, only standing
waves can be observed because of the limitation of electric neutrality (the sum of sources
equals zero at each moment in time). A rotating regime is observed for three sources with
different phases or frequencies, with a symmetric regime in the case of four sources.

In order to consider a realistic brain geometry, we carried out numerical simulations
with the software SimNIBS. Though it was developed to study transcranial direct current
stimulation (tDCS) (and can be adapted for transcranial alternating current stimulation
(tACS)), in such a way that the stimulating electrodes are located at the surface of the scalp,
we can assume that the dynamics remain similar if the sources are located under the surface
or close to it.Under this assumption, the results of the simulations can be interpreted as the
modeling of brain sources and compared with other results. As such, in the case of three
sources with different frequencies or phases, we observe rotating regimes similar to those
determined in 3D simulations.

Section 3 is devoted to spatiotemporal dynamics in the EEG data during picture
naming experiments. We identify different regimes in the averaged ERP data and in
individual trials. In both cases, the observed regimes are similar to those observed in
modeling. In particular, the rotating and symmetric regimes in the simulations and in the
data have very similar properties.

In the last section, we return to the discussion of the model and of the observed
dynamics, to moving and traveling waves, and give further perspectives of this study.

2. Modeling EEG Dynamics with Brain Sources
2.1. Formulation of the Model

Consider a three-dimensional domain Ω that represents the human brain, while its
surface corresponds to the brain cortex. We describe the distribution of electric potential in
this domain using the Poisson equation:

D∆u = f (x, t). (1)
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Here, the right-hand side f (x, t) depends on time [29]. Consequently, its solution
u(x, t) also depends on time, considered as a parameter. This equation is considered with
the Neumann boundary condition

∂u
∂ν

|Ω = 0, (2)

where ν is the outer normal vector. The Poisson equation with the Neumann boundary
condition is conventionally used to model EEG potential distribution [28]. Equation (1)
with boundary condition (2) has a solution if and only if∫

Ω
f (x, t)dx = 0. (3)

This is a usual solvability condition for elliptic problems applied in brain stimula-
tion [30].

2.2. Analytical Approximation

We consider Equations (1)–(3) with the function f (x, t) representing three point-wise
oscillating sources (see Appendix A for the precise formulation of the problem). The
solution of this problem can be approximated using a solution in the whole 3D space given
as a combination of Green’s functions.

An example of such an approximate solution is given in Figure 1 in three different cases.
If the sources have the same phase and frequency, time oscillations at different space points
are synchronized, in the sense that they have the same frequencies and phases (panel A).
These functions vanish at the same moment of time, and they can have different amplitudes
depending on their spatial location. Let us note that each of them mimic the signal of an EEG
electrode in a narrow frequency band.

Figure 1. Analytical approximation of a solution to Equation (1) with three point-wise sources. The
curves show the values of the solution in time at different space points (see Appendix A for more
details). (A) Sources with equal phases and frequencies, (B) different phases and equal frequencies,
(C) different frequencies.

In the second case, the frequencies of the sources are the same but their phases are
different. Time oscillations at different space points have the same frequencies but they
are shifted in phase (panel B). The oscillations have constant amplitudes but they do not
vanish at the same moments of time. Finally, if the frequencies of sources are different, then
time oscillations at different spaces points also have different frequencies (panel C). The
amplitudes of oscillations are modulated in time (see also Figure A4 in Appendix A).

2.3. Dynamics on a Sphere

The analytical solution constructed above shows the existence of different regimes depend-
ing on the phase and frequency of brain sources. Direct 3D numerical simulations allow us to
obtain a more detailed description of the dynamics of solutions. We consider Equations (1) and
(2) in a sphere. The function f (x, t) represents a sum of several sources (Appendix B) such that
Equation (3) is satisfied. The sources x(i), i = 1, 2, 3 (in the case of three sources) are located
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inside the sphere. We will determine the spatiotemporal dynamics of electric potential on the
surface of the sphere in order to compare it with the EEG data below.

2.3.1. Standing Waves

If the frequencies and phases of all sources are equal to each other, then the corre-
sponding regime can be characterized as standing wave (Figure 2). This is a periodic in
time regime with time-independent spatial distribution, which can be described as follows.
The whole surface S can be represented as a union of two domains, S1 and S2, such that
the signs of the solution are opposite in these domains for each moment of time. The
solution equals zero at the curve Γ separating these domains for all t. As such, during the
half-period, the solution is positive in the red color domain in Figure 2 (left) and negative
in the blue color domain. In the next half-period (right panel), the signs change to the
opposite. At the moment of sign change, the solution equals zero everywhere in space. If
we consider the solution as a function of time at certain given space points, u(xi, t), then
we observe exact synchronization of these functions (not shown). All of them are periodic,
with the same frequency and phase, and they vanish at the same moments of time (cf.
Figure A2, right). These functions correspond to electrode signals in EEG.

Figure 2. Two snapshots of the potential distribution on the upper surface of the sphere in numerical
simulations of Equation (1). There are three sources with the same frequency and phases (ki = 10 Hz,
ϕi = 0). The location of the sources approximately corresponds to the centers of the hot spots. For
standing waves, oscillations of the potential occur without motion of the hot spots. The right panel
shows the solution with inverse sign (time shift) compared to the left panel.

Let us note that standing waves are observed for any number of sources and their
positions if their frequencies and phases are equal to each other.

2.3.2. Rotating Regime

If the frequencies and/or phases of sources are different from each other, then instead
of standing waves we observe another dynamics that we call rotating regime. We describe
this with the help of Figure 3. The left panel of the figure shows the moment of time for
which the signal in two sources is positive, and it is also positive in the areas on the surface
of the sphere close to the sources (red circles). In the middle image, the blue area does not
change, the red area moves counter clock-wise, in such a way that its left part preserves its
boundary but increases amplitude, while its right part gradually disappears. Next, the red
area (hot spot) does not change, while the blue area moves to the next source. Thus, this
regime is characterized by the alternating motion of the positive and negative values of the
solution between the three sources and the corresponding areas on the surface.
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Figure 3. Snapshots of the potential distribution on the upper surface of the sphere in numerical
simulations of Equation (1). There are three sources with different frequencies (k1 = 9 Hz, k2 = 10 Hz,
ϕi = 0). Consecutive snapshots for the rotating regime show the motion of the hot spots between two
neighboring sources.

Furthermore, there are two different cases: (1) equal frequencies and different phases,
(2) different frequencies and equal or different phases. In the first case, the direction of
rotation is always the same. In the second case, the direction of rotation periodically
changes.

2.3.3. Symmetric Regime

We now consider four sources located inside the 3D sphere on the same plane (Figure 4).
The right-hand side in Equation (1) is given by the function

f (x, t) =
3

∑
i=1

sin(kit + ϕi)δ(x − x(i))− δ(x − x(4))
3

∑
i=1

sin(kit + ϕi), (4)

where ki are the frequencies of their oscillations, ϕi phases, and x(i) the positions of
the sources. In the simulation shown in the figure, we set k1 = 9 Hz (lower source),
k2 = k3 = 10 Hz (left and right sources), ϕi = 0, i = 1, 2, 3. Hence, this function is symmet-
ric with respect to the plane perpendicular to the cutting plane and crossing it along the
vertical line.

The solution is also symmetric with respect to this plane. Its dynamics in the cross-
section plane can be understood from the consecutive snapshots in the figure. In the
beginning, the hot spot is located around the lower source. Then, its forward front moves
upwards along both sides of the circle in the direction of the two other sources. At this
stage, it covers the whole lower part of the domain. After that, the upward front of the hot
spot does not move, while its backward front moves upwards. At the end of this stage,
there are two hot spots located around the left and right sources. Similarly to the case of
three sources, we observe here an alternating motion of the forward and backward fronts
of the hot spot. These dynamics continue in the lower panel of Figure 4. The forward front
of the hot spot moves upward towards the upper source. Next, this is followed by the
backward front, and the hot spot is now located in the upper sector of the circle. After that,
it goes down to the lower source along the central line and concentrates in the lower sector
of the circle. These dynamics correspond to one period of this regime.

Thus, the hot spot moves upwards along the boundaries and then moves down along
the central line. Similar dynamics are observed at the surface of the sphere. In this case, the
hot spots are smoothed by the distance from the sources to the surface.
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Figure 4. Snapshots of the potential distribution on the upper surface of the sphere in numerical
simulations of Equation (1). There are four sources with different frequencies (lower source k1 = 9 Hz,
left and right sources k2 = 10 Hz, ϕi = 0, upper source is return source, see (4)). Consecutive
snapshots show one period of the symmetric regime. The hot spot at the bottom (upper left panel)
splits into two spots, which move up to the left and right sources (upper right panel). From there,
they move to the upper source and merge (bottom left). Finally, the hot spot from the top descends
along the symmetry line towards the lower source (bottom right). The color map corresponds to the
value of solution at the cutting plane containing the sources (shown as dots).

2.4. Dynamics on the Brain Surface (SimNIBS Software)
2.4.1. Software

In this section, we present the outcomes of numerical simulations employing 3D real-
istic brain geometry through the SimNIBS software [31]. This tool facilitates the modeling
of transcranial direct current stimulation (tDCS) with stimulating electrodes positioned on
the scalp. The model employs the Poisson equation [29]. As this equation is linear, it is
applicable for modeling transcranial alternating current stimulation (tACS) with multiple
simultaneously active time-dependent sources [31]. The numerical implementation is
detailed in [32]. It is important to note that the stimulating electrodes are situated on the
brain’s surface. However, we anticipate that the simulation results will be comparable for
brain sources located internally or in close proximity to the surface. Hence, we utilize these
simulations as an approximation of spatiotemporal dynamics at the brain surface involving
three sources.

In our numerical simulations, we employ a total of 30 electrodes, comprising 3 stimulating
electrodes and 27 electrodes for recording EEG signals. Specifically, we utilize two stimulating
electrodes and one return electrode, adhering to the principle of charge conservation. This
means that, at any given time point, the sum of the injected currents equals zero. The
arrangement of electrodes is designed such that more of them surround the stimulating
electrodes, ensuring symmetry between the left and right sides of the scalp.

2.4.2. Regimes of Spatiotemporal Dynamics

In the scenario involving two stimulating electrodes and one return electrode, distinct
regimes emerge based on the frequency and phase at the two stimulating electrodes. Es-
sentially, these can be classified into three cases: (1) equal frequencies and phases, (2) equal
frequencies and different phases, and (3) different frequencies (with phases being either equal
or different).
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When frequencies and phases are equal, the dynamics exhibit standing waves (Figure 5,
left). All signals maintain a constant amplitude and diminish simultaneously. The spatial 2D
projection of the 30 point-wise simulated values on the circular domain resembles Figure 2.
In this scenario, time oscillations are synchronized, meaning that the spatial locations of
maximums, minimums, and zeros do not vary with time.

Figure 5. Numerical modeling of tACS (two stimulation electrodes and one return electrode) with
the software SimNIBS. Each curve corresponds to the electric potential at one of the 27 electrodes.
Three cases are studied: (1) the case of equal frequencies (10 Hz) and phases (left) corresponds to
standing waves, (2) the case of equal frequencies and different phases (middle) describes out-of-phase
oscillations, (3) different frequencies (10 Hz and 11 Hz, right) produce modulated oscillations. The last
two cases correspond to the rotating regime (see Figure 6). Bold black lines indicate time-dependent
GFP. Reprinted from [32].

Figure 6. (A) One period of a rotating regime in the data simulated using the software SimNIBS. There
are three sources with different frequencies (10 and 11 Hz). The hot spot moves counter clock-wise from
the left source (upper left) to the lower source (upper right), and then to the upper source (lower middle).
It is essential to note that the rotation is non-uniform; the advancement of the forward front is succeeded
by the progression of the backward fronts. The yellow dots indicate the maximum potential within a
specific time window corresponding to time t and certain preceding time points. The straight black lines
represent the transitions of this maximum. Each map in the upper row is paired with a corresponding
one directly below it, featuring a reversed sign (hot/cold color). (B) Schematic representation of the
trajectory of the maximum of the solution. Reprinted from [32].
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In the case of different phases, out-of-phase oscillations are obtained, characterized by
signals with constant amplitude but that are phase-shifted (Figure 5, middle). If frequencies
and phases differ, the dynamics correspond to modulated oscillations (Figure 5, right), with
signals periodically altering their amplitude.

Figure 6 illustrates topographic maps of the signal amplitude at consecutive time
points during one period in the case of different frequencies. These maps repeat for several
periods before changing rotational direction. The upper and lower panels in this figure
display similar distribution patterns of electric potential amplitude but with opposite signs
(indicated by inverted hot/warm colors). An additional characteristic of this solution is the
non-uniform spatial rotation. The rotation is propelled by an alternation of forward and
backward wave front propagation. One wave front propagates, while the other remains
fixed, and then the previously stationary front appears to rotate as the other remains fixed.
In this scenario, the maximums alternate between slow local displacement at approximately
constant speed and jumping to distant locations. Local displacement characterizes moving
waves, while distant jumps are specific to changes in brain states.

The three regimes observed in the simulated data align qualitatively with the analytical
solution: standing waves for equal frequencies and phases, out-of-phase oscillations for
different phases, and modulated oscillations if frequencies are different. The rotating
regime was previously simulated in [33].

2.4.3. Global Field Power (GFP)

GFP characterizes the deviation of a spatially distributed signal from the spatial
average [34,35]. If the solution is constant in space for some moment of time, then the GFP
equals zero. The GFP depends on time. The GFP manifests periodic dynamics in the case
of equal frequencies (Figure 5, left and center plots). Its smallest value equals zero in the
case of equal phases, and it is positive for different phases. If the frequencies are different,
the GFP represents high-frequency oscillations with a low-frequency modulation (Figure 5,
right). The function f (t) = sin(k1t + ϕ1) + sin(k2t + ϕ2) + 2 qualitatively describes the
three cases presented in Figure 5 for k1 = k2, ϕ1 = ϕ2 (left), k1 = k2, ϕ1 ̸= ϕ2 (middle), and
k1 ̸= k2 (right).

2.4.4. Trajectories

Another method used to characterize spatiotemporal dynamics is to follow the displace-
ment of the maximum of the solution. An example of such maximum tracking is shown in
Figure 6. Yellow dots in panel A indicate the position of the maximum at the same moment of
time as the snapshot of the solution, together with the preceding positions of the maximum
during some time interval. As such, the yellow dots at the center of the red area in the upper
left figure in panel A show the position of the actual maximum, while the yellow dots at the
top of this image correspond to the previous position of the maximum. Several consecutive
dots located close to each other indicate that the maximum slowly moves before a distant
jump to another location. The position of the maximum does not change in the next image,
then it jumps to the lower part of the circle, and after some time to its upper part.

This trajectory is schematically shown in panel B of the figure. It alternates between slow
motion in the vicinity of sources and distance jumps depending on the location of the sources.
These dynamics correspond to relatively constant brain states and transitions between them.

3. Spatiotemporal Dynamics in EEG Data
3.1. Data Acquisition and Analysis

The details of the experiments, data recording, and preprocessing pipeline are pre-
sented in Appendix C (see also [32]).
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3.1.1. Cross-Trial Analysis

The EEG signals underwent diverse analyses, encompassing approaches for both
averaged cross-trial and individual trials. The cross-trial methods involved calculating
frequency spectra and employing event-related techniques, with a focus on power spectral
density analysis results, which will not be detailed in this discussion. For each EEG channel,
event-related potentials (ERPs) were computed as the average across trials. This approach
illuminates the repeatability of signals across trials, allowing for an exploration of the main
trends related to specific events, typically the emergence or alteration of stimuli (refer
to [36] for a comprehensive review). The amplitude of ERP signals serves as a metric for
evaluating correlations between objective measures and psychophysical and behavioral
observations.

In this study, global field power (GFP) was computed for both broadband signals
(2–40 Hz) and within conventional brain rhythm frequency ranges: delta (2–4 Hz), theta
(4–8 Hz), alpha (8–12 Hz), beta-1 (12–17 Hz), beta-2 (17–22 Hz), beta-3 (22–30 Hz), and gamma
(30–45 Hz). It is worth noting that very-low-frequency components (<2 Hz) in EEG data
typically exhibit larger amplitudes than higher-frequency components, and their inclusion
can excessively smooth GFP curves. Consequently, filtering the data above 2 Hz has a direct
consequence of providing finer details in the GFP. Ultimately, both GFP and ERP pinpoint
timings where the topographic distribution of activity exhibits specific patterns. Topographic
maps were also computed to evaluate relevant cortical patterns (e.g., [24,37,38]).

3.1.2. Individual Trial Analysis

Various tools were developed to probe the spatiotemporal dynamics of the cortex in
the individual trials. For the amplitude tracking technique, a topographic activity map
was computed for each sample in each trial using the topoplot function, helping to identify
the peak amplitude. This process resulted in 2D trajectories of the peak amplitude, which
underwent additional treatments for diverse analyses. Notably, the amplitude trajectories
were also depicted in three dimensions, to visually capture their spatiotemporal evolution.
We introduced a method for automating the segmentation of these trajectories, enabling
the isolation of specific patterns of cortical activity.

3.2. Averaged Cross-Trial Dynamics

Figure 7 shows some examples of ERP signals (top row) and scalp maps determined at
the peaks of the GFP (vertical lines) in the theta frequency range. Time 0 corresponds to the
image presentation. We can observe precise synchronization of the signals from different
electrodes: they have the same frequency and phase of oscillations, and they vanish at the
same time moments. The amplitude of oscillations increases after image presentation and
then decreases after 300 ms. This is a typical behavior in EEG data associated with visual
stimuli. The GFP curve has the same periodicity and vanishes at the same moments of time
as the signals from the electrodes.

The topographic maps taken at the amplitude maximums also show quite precise
periodicity. The second image inverses colors (sign) in comparison with the first one,
the third image is close to the first, and so on. The zero line of the potential distribution
separating blue and red regions does not practically change in time. All these properties
correspond to standing waves as described in the previous section (cf. Figure A2 right,
Figure 2 and Figure 5 left). Let us recall that standing waves are observed for two or more
sources with the same frequencies and phases. The geometry of positive and negative
regions of the potential distribution is determined by the number and position of sources.
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Figure 7. Upper panel: ERP signals (colored lines) for 30 electrodes averaged for 100 trials, and global
field power (thick black line) for one subject in the theta range during the naming experiment. Time
0 corresponds to the image presentation, the large amplitude of the oscillations is consistent with
image processing during the first 300 ms. Lower panel: scalp maps at the moments of time shown by
the vertical lines in the upper panel. Synchronization of the electrodes and periodicity of the scalp
maps correspond to a standing wave.

In the case of equal frequencies but different phases, the electrode signals are phase-
shifted (Figure A3, right) and do not vanish all at the same time. The GFP is periodic in
this case, but its minimal value does not reach zero; that is, the potential distribution is not
spatially homogeneous at any moment of time (Figure 5, middle). A similar behavior in the
EEG data is shown in Figure 8. Let us note that some of the deviation from periodicity in
the topographic maps may be related to a frequency variation. Figure 9 shows an example
of EEG data with high-frequency oscillations modulated by low-frequency amplitude
variation. Similar dynamics are observed for sources with different frequencies in the
numerical simulations (Figure 5, right) and in the analytical solution (Figure A4).

Figure 8. Upper panel: ERP signals (colored lines) for 30 electrodes averaged for 100 trials, and
global field power (thick black line) for one subject in the alpha range during the naming experiment.
Time 0 corresponds to the image presentation. Lower panel: scalp maps at the moments of time
shown by the vertical lines in the upper panel. Asynchronization of the electrodes and the absence of
exact periodicity of the scalp maps indicate a phase shift in the sources. Note that the amplitude of
oscillations is close to constant.
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Figure 9. Upper panel: ERP signals (colored lines) for 30 electrodes averaged for 100 trials for one
subject in the beta range during the naming experiment. Time 0 corresponds to the image presentation.
Lower panel: scalp maps at the moments of time shown by the vertical lines in the upper panel.
Modulated oscillations of the electrodes indicate different frequencies of the sources. Note that the
brain maps are close to periodic.

Similar analyses were carried out for all frequency ranges and subjects (see Supple-
mentary Materials). In the majority of instances, a consistent topographic organization was
identified within the delta, theta, and alpha ranges, revealing a prevailing alternation in
activity between the occipital and frontal areas within the initial 500 ms following a visual
stimulus. These cross-trial dynamics correspond to several sources sharing identical fre-
quencies and phases, identical frequencies with different phases, and differing frequencies.
Comparable patterns were observed in the earlier section for the analytical model and in
numerical simulations involving two distinct models.

3.3. Spatiotemporal Regimes in Individual Trial Dynamics

Cross-trial dynamics characterize persistent patterns with suppression of random per-
turbations, due to averaging of a large number of trials. However, these averaged dynamics
can hide some features of individual trials. Though it is more difficult to characterize
individual trials because of their variability and perturbations, we can identify several
regimes including standing waves, and rotating and symmetric regimes. The last two are
most commonly observed in EEG data.

3.3.1. Rotating Regime

An example of the rotating regime is shown in Figure 10, with consecutive snapshots
during one time period. The red zone (hot spot) in the figure (positive value of the
potential) moves counter clock-wise in a specific manner, alternating the motion of forward
and backward fronts. As such, if we compare the first two images, the backward boundary
of the red zone does not change, while its forward boundary changes its position. Next, the
forward boundary does not change, while the backward boundary advances. Let us also
note that the upper and lower panels in these figures are similar to each other up to the
opposite sign of the potential (inverted colors). After several such rotations, the direction
of rotation reverses.
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Figure 10. Spatiotemporal dynamics in the individual trial of the EEG data in the alpha range for one
subject. The moments of time are indicated in the images. Negative time corresponds to the next
image preparation, but similar behavior was also observed during other stages of image processing
and speech production. Consecutive snapshots correspond to one period of rotating regime. Note
that the rotation is not uniform, propagation of forward and backward fronts alternate with each
other. Images in the upper and lower rows are pairwise similar to each other with opposite colors.
Direction of rotation changes after several periods. This regime is similar to the rotating regime
observed in the numerical simulations (Figures 3 and 6).

Similar dynamics were observed in the numerical simulations in the sphere and on
the brain surface. These same properties in the numerical simulations and in the EEG data
allow us to suggest that rotating regimes can be modeled with three sources with different
phases or frequencies. A comparison of Figures 10 and 6 seems particularly convincing.

3.3.2. Symmetric Regime

One of the frequently observed regimes in individual trials is shown in Figure 11. We
call it the symmetric regime because the dynamics of the hot spots here are symmetric
with respect to the central line of the circle representing the scalp. Consecutive snapshots
in the figure correspond to one period of this regime. The hot spot at the bottom of the
circle grows, then splits into two, moving upwards along the sides. These two hot spots
meet at the top, they merge, and the resulting hot spot goes down along the central line.
These dynamics can repeat over several cycles. Let us also note that the symmetry line is
not necessarily vertical, it can be inclined by different angles. In the model, this angle is
arbitrary and fixed. It is determined by the position of the sources. In the experimental data,
we observed different angles. For the same subject, this could have several different values,
each of them remaining fixed during some time intervals and changing some time later.

We can observe that the maximum of the potential is not reached in the hot spots at
the same time. It changes its location from one hot spot to another during their motion.
This may be related to a phase shift between the sources. This observation will be used
below in the discussion of trajectories.
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Figure 11. Spatiotemporal dynamics in the individual trial of the EEG data for the same subject and
trial as in Figure 10 but during a different time interval after the image presentation. Consecutive
snapshots correspond to one period of the symmetric regime. The hot spot at the bottom splits
into two spots moving upwards along the borders. They merge at the top and descend along the
symmetry line. Images in the upper and lower rows are pairwise similar to each other with opposite
colors. Note that the largest value of the potential (dark red) changes between left and right hot spots.
Several (4–5) periods of this regime follow each other. The symmetry axis can change during another
time interval; that is, form a nonzero angle with the vertical direction. This regime is similar to the
symmetric regime observed in the numerical simulations (Figure 4).

This regime can also be viewed as a combination of the two rotating regimes described
above and moving in opposite directions. If the rotating regime can be modeled with three
sources with different phases, the symmetric regime can be obtained with four sources,
with two of them located at the symmetry line and two others from both sides of the
symmetry line. The first three sources (two at the symmetry line and one aside) form
one rotating regime, while the second three sources form another rotating regime in the
opposite direction.

Let us finally note that the symmetric regime observed in the EEG data is similar to
the corresponding regime in the numerical simulations (Section 2.3).

3.4. Trajectories

Spatiotemporal dynamics in the EEG data can be characterized with the trajectories
tracking the maximum of the potential distribution. In the case of rotating regimes, such a
trajectory is schematically shown in Figure 6 for the numerical simulations on the brain
surface. In a simplified representation, this can be viewed as a triangle with smoothed
vertices due to a slow local motion of the maximum between distant jumps. Each of the
vertices of the triangle approximately correspond to the location of the sources. In the case
of the symmetric regime, the vertices of the trajectory form a rectangle connected through
its diagonals.

An illustrative time-unfolded trajectory is presented in Figure 12, where the time 0
corresponds to the presentation of the image on the screen, and the red line marks the onset
of speech production. Despite the notable variability across subjects and trials, several
observations can be gleaned from this depiction.

First, the trajectories traverse and link diverse regions of the scalp. These connections
may occur abruptly and on a large scale (e.g., frontal-occipital) or gradually and on a
smaller scale (e.g., successive samples in restricted regions). Second, the trajectories give
rise to specific patterns of activity that exhibit periodic repetition with notable regularity.
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Each of these patterns appear to connect a limited number of brain regions. This periodic
organization aligns with the presence of oscillatory activity, as the duration of each pattern
(referred to as a cycle) equals Tcycle = 1/frequency. Each pattern entails the maximum
amplitude moving along a distinct pathway. The recurrence of a specific pattern for several
cycles is termed a segment, and the durations of these segments vary widely, ranging from
tens of ms to several hundreds of ms. Longer segments might correspond to relatively
demanding cognitive tasks being executed, while shorter ones likely reflect transitions in
global cortical processing.

Third, the observation that most patterns form approximately closed polygons over
one cycle is related to the interplay between frequency and spatial velocity. Specifically, the
oscillation period covaries with the spatial period, indicating that oscillatory activity may
propagate along a specific pathway, whose length depends on the oscillation frequency.
This finding aligns with [39] and appears to be supported by data presented in the existing
literature [7,11,40].

Figure 12. Unfolded trajectory showing the position of the potential maximum for some subject
during one trial and frequency 22 Hz. Time 0 corresponds to image presentation, the red line (1200 ms)
corresponds to the beginning of speech production. The whole trial can be split into the time intervals,
where the trajectory periodically repeats its motion. These time intervals are shown by the color of
the trajectory and by the straight lines in the rectangle below the trajectory (till time 1450 ms). The
self-similarity of the trajectory was determined using the Hausdorff distance between the polygons
formed by the trajectory. Note that the vertices of the trajectories are formed by 2–3 neighboring
points, indicating local motion of the maximum. These vertices are separated by distant jumps (cf.
Figure 6). There are usually three or four vertices that correspond to the rotating and to symmetric
regimes. Longer sequences of neighboring points around 2000 ms correspond to moving waves
(Section 3.5).

We effectuated the automatic segmentation of such unrolled trajectories, which can
be seen as a single-trial microstate contrary to the ERP microstates [20,38,41]. Dotted lines
along the times axis in Figure 12 show these boundaries, and different colors indicate the
different segments.

Most of these segments have two, three, or four vertices, which we identify as standing
waves, and rotating and symmetric regimes. The last two are more frequent. The trajectories
for the same subject and the same word are different from each other, but the positions
of the vertices are the same. Their positions are essentially different for different subjects.
Such trajectories were constructed for all subjects and frequency ranges. Some elements of
their statistical analysis are presented in [32].



Symmetry 2024, 16, 189 16 of 33

3.5. Moving Waves

The notion of moving waves was first introduced in [1] for the description of the
spatial displacement of the maximum of the potential distribution. We will use here a
similar definition, assuming in addition that the maximum moves in the same direction at
least during some minimal number of consecutive steps (four); that is, the projection of the
trajectory at its tangential does not change direction. Let us note that there is a more precise
but restrictive notion of traveling waves widely used in mathematics and applied sciences.
We deliberately consider here a more general notion of moving waves. This question will
be discussed in the next section.

Moving waves can be observed in the numerical simulations with consecutive posi-
tions of yellow dots in Figure 6 and in the EEG data in consecutive points of the trajectory
in Figure 12. Let us note that if the number of neighboring points at the trajectory is less
than the minimal value, then this is not considered a moving wave. Moreover, the distance
between the neighboring points should be limited from above, in such a way that the points
separated by a distant jump do not belong to the same moving wave.

If we consider the rotating regime shown in Figure 6, then the moving waves corre-
spond to slow local motion of the maximum near one of the sources. Then, after a distant
jump of the maximum to another source, it forms another moving wave there, and so
on. Similar behavior is observed for the symmetric regime, though the number of closely
located points may not reach the minimally required number. In general, from the analysis
and simulations, we can conclude that the moving waves are located near the sources.

Figure 13 shows the trajectories of moving waves in the EEG data. They are concen-
trated in particular areas and form a patient-specific brain map. The areas of concentration
of moving waves correspond to the projection of vertices of unfolded trajectories on the
scalp (Figure 12).

Figure 13. Brain maps for two different subject at the frequency 22 Hz, (A) subject with aphasia,
(B) control subject (matched for gender and age). Each dot corresponds to the beginning or to the
end of the moving waves registered during 10 trials in the repetition of the same word (‘chien’ in
French, i.e., dog). The curves connecting the dots show the trajectories of the maximum, and their
color indicates the final moment in time of the wave existence relative to the image presentation (cf.
the color bar). The areas of dot accumulation determined by the density map analysis are indicated
by the black circles. Note the difference between the two maps and larger white areas without waves
for the subject with aphasia.
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4. Discussion

We describe in this work the spatiotemporal dynamics of electric potential in EEG data
with a mathematical model based on the Poisson equation and oscillating brain sources
(right-hand side in the equation). We determine the main regimes of these dynamics,
characterized as standing waves and, more frequently, rotating and symmetric regimes.
Rotating and symmetric regimes were for the first time identified in the individual trials of
EEG data and were also reproduced in the mathematical model.

4.1. Mathematical Model

There are numerous mathematical models describing the brain as an excitable medium,
among them the classical Hodgkin–Huxley and FitzHugh–Nagumo models, and various
neural field and neural mass models. The main idea behind these models is that neurons
receive signals from other neurons and fire if the level of the received signals exceeds some
critical value. This mechanism leads to the propagation of neuron excitation through the
brain tissue and to a complex spatiotemporal dynamics of electric potential.

Another approach to modeling brain dynamics is based on oscillating brain sources
projecting electric potential on the scalp, where it is registered using EEG electrodes.
Therefore, brain tissue is considered here as inert (not excitable), the propagation of electric
potential occurs through purely electrostatic mechanisms (electrodynamic effects being
neglected), and neuron firing is not considered. The position, number, and properties
of sources (frequency and phase of oscillations) are considered as given. This approach
is often used to solve the inverse problem which consists in source identification from
EEG data.

The principal question is which of these approaches is more appropriate for the descrip-
tion of EEG data. The first argument, which can be considered here, is related to the speed of
propagation in the observed dynamics. In EEG data, this can be estimated as L f , where L is
the characteristic length and f the frequency of oscillations. Taking L = 20 cm and f = 10 Hz,
we obtain the characteristic speed 2 m/s. This speed is in the range of 1− 10 m/s observed
for the propagation in the myelinated axons. Therefore, speed by itself cannot distinguish the
propagation of excitation from electrostatic projection. However, the brain surface is highly
curved, so that the distance along the cortex is essentially greater. Moreover, cortex gray
matter contains unmyelinated axons for which the speed of propagation is essentially lower.
Finally, though the spatial resolution of EEG electrodes is quite low, they do not show an
influence of sulci and gyri on the propagation phenomena, which might be expected in the
case of excitation propagation. Thus, though these arguments cannot be considered a rigorous
scientific proof, they are rather in favor of the ‘inert’ mechanism of propagation due to the
projection of brain sources.

Next, already in the first works on EEG dynamics, it was indicated that the potential
distribution from a brain source in a live subject is very similar to that in a cadaver from an
external source [1]. Therefore, excluding neuron firing in the latter, we conclude that it does
not determine the shape of the potential distribution in the former.

Finally, we can compare the spatiotemporal dynamics in the two modeling approaches
with those in the EEG data. Standing waves can be observed in excitable media and in
the brain source model, so that this regime does not distinguish the two cases, at least
qualitatively. However, other dynamic regimes are essentially different. The models of
an excitable medium are characterized by the propagation of traveling waves, while the
model of brain sources is characterized by moving waves. We will discuss the difference
between these below. The regimes of spatiotemporal dynamics in the brain source model
are similar to the regimes observed in the EEG data.

4.2. Dynamics in the Brain Source Model

The dynamics in the brain source model depend on the number of sources, their
frequency, and phases. For any number of sources, if the frequency and phases are the
same, then these dynamics can be characterized standing waves. If we consider the right-
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hand side f (x, t) of Equation (1) in Equation (A2) with equal values of frequency ki and
phase ϕi, then its solution u(x, t) can be represented in the form u(x, t) = a(t)v(x), where
a(t) is a periodic function of time. Separation of variables in solution u(x, t) determines its
properties associated with standing waves: spatial domains where the solution is positive
and negative are time-independent and alternate with each other periodically in time.
The signals from all electrodes are precisely synchronized, vanishing simultaneously and
periodically in time. This behavior was observed in the numerical simulations and in the
analytical solution. Standing waves are quite rare in individual EEG trials but they are
often observed in the cross-trial average.

If the frequencies and/or phases of oscillations are different, such separation of variables
is not possible. The boundary separating positive and negative areas of the solution oscillates
in time, and the electrodes are not synchronized. In the case where the sources have different
phases but equal frequencies, there is a phase shift in electrode signals, but their amplitudes are
constant. In the case of different frequencies, high-frequency oscillations have a low-frequency
modulation. Such behavior was observed in the numerical simulations, in the analytical
solution, and in the cross-trial EEG data. Let us note that modulated oscillations in the GFP
were observed for the majority of subjects and frequency ranges. We can now explain this
effect through superposition of different frequencies of brain sources.

Numerical simulations allowed us to determine spatiotemporal regimes in the case
of three or four sources. In the case of three sources (not aligned) with different phases
and equal frequencies, we observed a rotating regime. The maximum of the potential
distribution moved consecutively between the three sources. It is important to note that
this rotating motion is not uniform. It can be characterized by the alternating motion of
forward and backward fronts of the potential distribution and by distant jumps of the
maximum. The same pattern of motion was observed in the EEG data. In the case of
different frequencies, the direction of rotation periodically changed.

The most frequently observed regime in EEG data is called symmetric. It can be
reproduced in a model with four sources. Similarly to the rotating regime, it is observed
during several periods (usually four or five) and then changes to some other regime or
changes its axis of symmetry.

Let us also note that the standing waves frequently observed in the cross-trial dynamics
were quite rare in the individual trials. On the other hand, rotating and symmetric regimes
were not identified in the cross-trial dynamics. Therefore, cross-trial averaging can change
spatiotemporal dynamics.

Thus, the spatiotemporal regimes in the brain source model can be characterized using
the motion of hot spots (red area in the figures). These hot spots alternate slow motion
near the sources and fast transition between the sources. The slow motion near the sources,
when the potential distribution changes weakly, can be associated with brain microstates.

4.3. Traveling and Moving Waves

In the classical definition, the traveling wave is a solution u(x, t) = w(x − ct) that
depends on x − ct, where c is the wave speed. Therefore, traveling waves move with a
constant speed and profile (amplitude). Such solutions can exist in nonlinear models, such
as the models of excitable media. Linear models, for example the Poisson equation, do not
have solutions in the form of traveling waves. However, the numerical simulations and
analysis presented above showed that the solution of this equation can have some spatial
dynamics. In order to distinguish them from traveling waves, following [1], we call them
moving waves.

By moving wave, we understand a spatiotemporal distribution of the potential for
which the maximum of the distribution moves during some given time in the same direction.
This definition is more general than the definition of traveling waves, but it does not
correspond to a mathematically precise type of solution. Furthermore, moving waves
can be observed for the linear brain source model. Indeed, the maximum of the potential
distribution moves in the vicinity of sources in the case of different phases and frequencies,
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as we saw in the numerical simulations and in the analytical solution. Such local moving
waves were described previously in the first works on EEG dynamics [1].

After a short local displacement near one of the sources, the maximum of the potential
jumps to another source. This long jump is not considered a moving wave. However, it is
accompanied by a more gradual evolution of the potential distribution. As such, the hot
spot (red area) in Figure 10 has a smooth rotating motion, though the speed of this rotation
is not uniform. These dynamics resemble rotating waves (with a time-dependent speed)
but, in fact, the mechanism behind this motion is different, it is not related to the intrinsic
dynamics of an excitable medium.

Thus, the global dynamics in some regimes of the brain source model can resemble
traveling waves, due to the motion of hot spots between the sources. However, these are
not traveling waves, because this motion is determined by the electrostatic projection of the
sources and not by excitation propagation due to neuron firing. In order to avoid confusion in
terminology, we do not use the term traveling (or rotating) waves for the observed regimes.

Let us note that moving waves are observed for some subjects but not for all of them,
with no connection to their physical or mental characteristics [1]. According to the results
presented above, their presence depends on the relative frequencies of activated brain
sources. Though the sources themselves do not move, the maximum of the potential can
change its position due to superposition of signals with different phases and frequencies.

4.4. Limitations and Perspectives

We have presented in this work numerical simulations in the idealized (spherical)
geometry with brain sources inside the sphere. However, in a more realistic brain geometry
(SimNIBS), the sources (stimulating electrodes) are located on the surface, since this soft-
ware was developed to model brain stimulation and not brain sources. We can expect that
the spatiotemporal dynamics will be similar for the sources located under the surface. As
such, in the case of 3D simulations in the sphere, the regimes on the cutting plane crossing
the sources and on the surface are similar, though the former are more pronounced.

Individual trials in EEG data were characterized using the trajectories of the maximum
of the potential and using the time-dependent 2D potential distributions. Analysis of the
latter showed that the maximum of the distribution may be non-unique. The trajectory
indicates the position of the global maximum, but in some cases, especially for the sym-
metric regime, there is also an additional local maximum. Furthermore, the amplitudes of
these two maximums can change in time, so that the trajectory jumps from one maximum
to another. The presence of different maximums complicates the interpretation of the
trajectory in terms of spatiotemporal regimes. However, tracking of all possible maximums
would require more sophisticated methods and software.

In the analysis of the regimes of individuals trials, in this work, we considered standing
waves, and rotating and symmetric regimes. The latter two were more frequently observed.
However, some other regimes were also observed. Identification of these regimes and their
modeling with brains sources remain questions open for further investigation. Furthermore,
a larger number of sources can be considered.

Statistical analysis of the observed regimes and their relation to the cognitive tasks
represent further interesting and important questions.
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Appendix A. Analytical Solution

Consider the point-wise sources determined using a δ-function with time-dependent am-
plitude taken as sin(kt). For two sources located at x(i) = (x(i)1 , x(i)2 , x(i)3 ), i = 1, 2, Equation (3)
implies that their phases are opposite:

f (x, t) = δ(x − x(1)) sin(kt) + δ(x − x(2)) sin(kt + π).

Then, the solution u(x, t) of (1)–(3) becomes

u(x, t) = G1(x) sin(kt) + G2(x) sin(kt + π), (A1)

where Gi(x), i = 1, 2 are Green’s functions. If the sources are far enough from the boundary,
then Gi(x) can be approximated using the functions:

Gi(x) = − 1
4π|x − x(i)|

, i = 1, 2.

This solution can be similarly obtained for a different number of sources.
We study the behavior of solutions of (1), (2) in the case of three sources:

f (x, t) = a1δ(x − x(1)) sin(k1t + ϕ1) + a2δ(x − x(2)) sin(k2t + ϕ2)− (A2)

δ(x − x(3))(a1 sin(k1t + ϕ1) + a2 sin(k2t + ϕ2)).

Note that function f (x, t) is represented in such a form that Equation (3) is satisfied
for any values of a1, a2, k1, k2 and source locations x(i), i = 1, 2, 3. Approximating Green’s
functions in the bounded domain using Green’s functions in the whole space, we obtain
the solution of (1) and (2):

u(x, t) = − a1 sin(k1t + ϕ1)

4π|x − x(1)|
− a2 sin(k2t + ϕ2)

4π|x − x(2)|
+

a1 sin(k1t + ϕ1) + a2 sin(k2t + ϕ2)

4π|x − x(3)|
. (A3)

In order analyze the properties of this solution, consider the plane through the points
x(i), i = 1, 2, 3. Suppose, for simplicity, that its intersection with the boundary of Ω
is a straight line (Figure A1). Hence, we have a cross-section of the three-dimensional
domain by a plane. We introduce two-dimensional coordinates (ξ, η) where (ξi, ηi) are the
coordinates of the sources, hi are the distances from the sources to the boundary. Then
Equation (A3) has the following form:
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Figure A1. Schematic representation of the domain Ω in the case of three sources. The boundary of
the domain is shown by the straight line above them.

u(ξ, t) = − a1 sin(k1t + ϕ1)

4π
√
(ξ − ξ1)2 + h2

1

− a2 sin(k2t + ϕ2)

4π
√
(ξ − ξ2)2 + h2

2

+
a1 sin(k1t + ϕ1) + a2 sin(k2t + ϕ2)

4π
√
(ξ − ξ3)2 + h2

3

, (A4)

where ξ is the coordinate at the boundary.

Standing Waves and Other Dynamics

We study the behavior of Equation (A4) for equal frequencies and phases, equal
frequencies and different phases, different frequencies and equal phases, and different
frequencies and phases. In the first case, for k1 = k2 and ϕ1 = ϕ2, this solution describes
standing waves (Figure A2). The spatial distribution of potential at a specific moment in
time exhibits positivity in one half-axis and negativity in the other. These values oscillate
over time, alternating between positive and negative, yet the boundary where u(x, t) = 0
remains constant and independent of time. Moreover, the maximum and minimum values
of the solution occur in only two fixed spatial locations, periodically shifting between them.
This fixed position of the maximum during the half-period and the subsequent jump to
another fixed position are distinctive features of standing waves.

Figure A2. Solution (A4) for equal frequencies and phases at different moments of time (left). The
same solution as a function of time at different space points (right). The values of parameters:
k1 = k2 = 1, a1 = a2 = a3 = −4π, h1 = h2 = h3 = 1, ξ1 = 1, ξ2 = 2, ξ3 = 3, ϕ1 = ϕ2 = 0. Left:
moments of time: t1 = 0 (blue), t2 = 2 (green), t3 = 3 (orange). Right: time dependence at space
points: ξ = 2.6 (red), ξ = 1.8 (green), ξ = 1.5 (blue), ξ = 1 (violet).

When we select a fixed spatial point and examine the solution as a function of time
(Figure A2, right), we observe a periodic function with a consistent amplitude. Analogous to
EEG data, these functions can be interpreted as signals recorded by different electrodes, with
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each spatial point corresponding to a distinct electrode. There is precise synchronization
among these signals, as they all vanish at the same moments in time.

In instances where different phases coexist with equal frequencies, the primary dy-
namics of the solution bear a resemblance to standing waves. However, the zero point of
the solution becomes time-dependent and may not be unique (Figure A3, left). The time
dependence of the solution at distinct spatial points exhibits phase shifts (Figure A3, right).
Notably, the amplitudes of these signals remain constant over time. To establish a precise
terminology, we refer to such solutions as out-of-phase standing waves.

Figure A3. Solution (A4) for equal frequencies and different phases depending on the space variable
at different moments of time (left). The same solution depending on time for different space points
(right). The values of parameters: k1 = k2 = 1, a1 = a2 = a3 = −4π, h1 = h2 = h3 = 1, ξ1 = 1, ξ2 =

2, ξ3 = 3, ϕ1 = 0, ϕ2 = 1.3π/3. Left: consecutive moments of time: t1 = 0 (blue), t2 = 2 (green),
t3 = 3 (orange). Right: dependence on time at different space points: ξ = 3.1 (red), ξ = 2.2 (blue),
ξ = 1.8 (green), ξ = 1 (violet).

On the other hand, when the phases are identical but the frequencies differ, the
outcome is modulated standing waves (Figure A4). In this scenario, the amplitude of
signals undergoes periodic changes over time, while their phases essentially align, with
some variations in transition zones. These modulated signals arise from the combination of
two periodic functions with distinct frequencies. For example, sin(k1t) + sin(k2t) produces
a high-frequency oscillation (k1 + k2)/2 and low-frequency modulation (k1 − k2)/2, under
the assumption that k1, k2 > 0.

Figure A4. Solution (A4) for different frequencies and equal phases depending on time for different
points in space. The values of parameters: k1 = 1, k2 = 1.05, a1 = a2 = a3 = −4π, h1 = h2 = h3 =

1, ξ1 = 1, ξ2 = 2, ξ3 = 3, ϕ1 = ϕ2 = 0, dependence on time at different space points: ξ = 3.1 (red),
ξ = 2.2 (blue), ξ = 1.8 (green), ξ = 1 (violet).
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Finally, let us examine the scenario of different frequencies and phases. In this case,
we observe out-of-phase modulated waves (Figure A5) characterized by time-dependent
amplitude and shifted phase. It is noteworthy that, at times, the maximum of the solution
moves spatially over time (Figure A5, left). From this perspective, we can describe this
solution as a blend of standing waves and traveling waves, although neither precisely
aligns with the strict definition of these wave types.

Figure A5. Solution (A4) for different frequencies and phases depending on space variable at different
moments in time (left). The same solution depending on time at different space points (right). The
values of parameters: k1 = 1, k2 = 1.05, a1 = a2 = a3 = −4π, h1 = h2 = h3 = 1, ξ1 = 1, ξ2 = 2, ξ3 =

3, ϕ1 = 0, ϕ2 = 1.3π/3. Left: consecutive moments of time: t1 = 0 (blue), t2 = 2 (green), t3 = 3
(orange). Right: time dependence at different points in space: ξ = 3.1 (red), ξ = 2.2 (blue),ξ = 1.8
(green), ξ = 1 (violet).

Appendix B. Numerical Implementation

In this part, all the numerical simulations were performed with FreeFem++, [42] (www.
freefem.org, accessed on 27 August 2023) which is a free finite-element software available for all
existing operating systems.

Appendix B.1. Laplace Equation Convergence Rate

We consider the Laplace equation:

∆u = f (x) in Ω,
u = g(x) on ∂Ω,

(A5)

where Ω ∈ {R1,R2,R3}, x = x in R1, x = (x, y) in R2 and x = (x, y, z) in R3.
Following the example in oomph-lib’s(https://oomph-lib.github.io/oomph-lib/doc/

poisson/eighth_sphere_poisson/html/, accessed on 27 August 2023), we take the following
exact solution in R3:

uex(x) = tanh
(

1 − α
(x − x0) · N

|N|L2

)
, (A6)

where x = (x, y, z) is the vector of the spatial coordinates, and the vectors x0 = (x0, y0, z0)
and N = (N1, N2, N3) are constants. Noting that for large values of the constant α the
solution varies rapidly across the plane through x0 whose normal is given by N. The
corresponding right hand side of (A5) using (A6) is given by:

f (x) = 2α2
(

tanh2
(

1 − α
(x − x0) · N

|N|L2

)
− 1

)
tanh

(
1 − α

(x − x0) · N
|N|L2

)
,

g(x) = uex(x).
(A7)

www.freefem.org
www.freefem.org
https://oomph-lib.github.io/oomph-lib/doc/poisson/eighth_sphere_poisson/html/
https://oomph-lib.github.io/oomph-lib/doc/poisson/eighth_sphere_poisson/html/
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In this section, we investigate the convergence rate of (A5) in Figure A6 and we show
the result in Figure A7 of the 1D problem on a line segment [−R, R], in Figure A8 of the 2D
problem on a circle C((0, 0), R), in Figure A9 of the 3D problem on a sphere S((0, 0, 0), R)
and finally in Figure A6a) the different convergence rate of the 1D, 2D, and 3D problem
of (A5) and in Figure A6b) the number of unknowns used for each case.

The following parameters were taken for the following tests:

R = 0.5, α = 50, N = (−1), x0 = (0), ∆x = 1.e − 2/nref in 1D,
R = 0.5, α = 50, N = (−1,−1), x0 = (0, 0), ∆x = 1.e − 2/nref in 2D,
R = 0.5, α = 50, N = (−1,−1, 1), x0 = (0, 0, 0), ∆x = 5.e − 2/nref in 3D,

(A8)

where nref is the number of refinement nref = {1, 2, 4, 8}.
An important tool in FreeFem++ is mesh adaptation. It allows us to reduce the com-

putational time, while keeping a high degree of accuracy. The mesh is adapted in 1D
by taking more points between [-R/2,R/2] (∆x = 1.e − 2/nref) and ∆x = 1.e − 1/nref in
[-R,-R/2]∪[R/2,R]. In 2D, we use the adaptmesh command of FreeFem++ which creates
a new mesh adapted to the Hessian of the solution. In 3D, the adaptation is performed
through the libraries mshmet and mmg ([43]), which are directly linked to FreeFem++ .

We adapt the initial mesh around the exact solution using the following parameter:

hmax = R, errg = 1.e − 2, ratio = 1.3, iso = 1, nbvx = 1e8 in 2D,
hgrad = 1.7, aniso = 1, normalization = 1, nbregul = 1, nosurf = 0, mem = 4000 in 3D,

(A9)

and err = 1.e − 4, hmin = ∆x are common parameters for the 2D and 3D case.
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Figure A6. (a): Second-order accuracy with L2 norm is obtained for the 3 cases using P1 finite element,
(b) number of unknowns of each case of refinement.
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Figure A7. Numerical solution in the 1D case for different refinements, (a) nref = 1, (b) nref = 2, (c) nref
= 4, (d) nref = 8.

Figure A8. Cont.
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Figure A8. Numerical solution in the 2D case for different refinements, (a) nref = 1, (b) nref = 2, (c) nref
= 4, (d) nref = 8.

Figure A9. Numerical solution in the 3D case (cut of x < 0) for different refinements, (a) nref = 1, (b)
nref = 2, (c) nref = 4, (d) nref = 8.
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Appendix B.2. Laplace Equation Convergence Rate with Dirac Right Hand Side

We consider the Laplace equation:

∆u = δ(x − x0) in Ω,
u = g(x) on ∂Ω,

(A10)

where δ is the Dirac function. One of the solution for the (A10) in 3-dimensions is given by

uex(x) =
{

r(x, x0) if x > x0
0 if x <= x0

in 1D,

uex(x) =
1

2π
ln(r(x, x0)) in 2D,

uex(x) = − 1
4πr(x, x0)

in 3D,

(A11)

where r(x, x0) = |x − x0| is the distance between x and x0.
For the convergence test, we consider that g(x) = uex(x). In Figure A10, we only show

the convergence rate of (A10) in 2D and 3D, because in 1D we compare two affine functions.
We show the result in Figure A11 of the 1D problem on a line segment [−R, R], in Figure
A12 of the 2D problem on a circle C((0, 0), R), in Figure A13 of the 3D problem on a sphere
S((0, 0, 0), R), and finally in Figure A10a) the different convergence rates of the 2D and 3D
problem of (A10), and in Figure A10b) the number of unknowns used for each case.

The following parameters were taken for the following tests:

R = 0.5, x0 = (0), ∆x = 1.e − 2/nref in 1D,
R = 0.5, x0 = (0, 0), ∆x = 1.e − 2, split = nref in 2D,
R = .5, x0 = (0, 0, 0), ∆x = 5.e − 2/nref in 3D,

(A12)

where nref is the number of refinements nref={1, 2, 4, 8} and split defined in FreeFem++
to split the triangle using the nref part. We note that, since the used exact Equation (A11) is
not defined in 2D and in 3D at x = x0, we were obliged to trunc around this point in 2D
using r2 > (R/40)2 and in 3D using r2 > (R/8)2, in order to compute the error between
the exact solution and the numerical solution. On another hand, since the right hand side
of the equation (A10) has a singularity, the classical results for regular right hand sides are
not valid and a lower convergence rate can be expected, see [44,45].
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Figure A10. (a): First-order accuracy with H1 norm is obtained for the 2D and 3D cases using P1

finite element, (b) number of unknowns of each case of refinement.



Symmetry 2024, 16, 189 28 of 33

Figure A11. Numerical solution in 1D case for nref = 1.

Figure A12. Numerical solution in 2D case for nref = 4, (a) truncated solution on r2 > (R/40)2,
(b) full solution.

Figure A13. Numerical solution in 3D case (cut of x < 0) for nref = 4, (a) truncated solution on
r2 > (R/8)2, (b) full solution.



Symmetry 2024, 16, 189 29 of 33

Appendix B.3. Laplace Equation with Dirac Right Hand Side

We consider the following Laplace equation with a Neumann boundary condition:

∆u = aiδ(x − xi) in Ω,
∂u
∂n

= 0 on ∂Ω,
(A13)

where ai is the amplitude of the Dirac function δ at x = xi and
3

∑
i=1

(
aiδ(x − xi)

)
= 0. In

this section, we choose the position of the 3 Diracs x1 = (0, 0, 0), x2 = (0,−R/2, 0) and
x3 = (0, R/2, 0) and in Figure A14 we show the result of the 1D problem on a line segment
[−R, R], in Figures A15 and A16 of the 2D problem on a circle C((0, 0), R) and in Figures
A17 and A18 of the 3D problem on a sphere S((0, 0, 0), R).

Figure A14. Numerical solution in the 1D case.
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Figure A15. Numerical solution in the 2D case, (a) full solution, (b) truncated solution on the axis
x = 0.
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Figure A16. The mesh is adapted around the position of the Diracs.
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Figure A17. Numerical solution in the 3D case, (a) full isosurface solution, (b) truncated solution on
the axis x = 0 and z = 0.

Figure A18. (a) The solution on the boundary of the domain, (b) the mesh is adapted around the
position of the Diracs (cut of x < 0) .
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Appendix C. Data Preprocessing

All recordings were conducted using the Starstim-32 system by Neuroelectrics®.
Particular attention was given to preventing acoustic and electromagnetic noise during EEG
acquisition. Continuous EEG recordings were acquired through 30 NG Geltrode contacts
placed on the scalp at a sampling frequency of 500 Hz (Figure A19A). Two additional
electro-oculography electrodes (EOG) were placed above and below the right eye to capture
eye-related artifacts. The reference electrodes (CMS and DRL) were affixed to the right
ear lobe. The experimental protocol was designed using NIC2 software (Neuroelectrics,
Barcelona, Spain), PsychoToolbox [46], and custom Matlab interfaces (Matlab 2021, the
Mathworks, Natick, CA, USA).

Figure A19. (A) Electrode configuration used for EEG recordings. Purple circles represent 30 active
scalp contacts + 2 EOG contacts. (B) Preprocessing pipeline.

Offline signal processing and analyses were carried out using the EEGLAB open-
source toolbox [47] and custom Matlab scripts. Raw and continuous EEG signals underwent
preprocessing through the pipeline outlined in Figure A19B (EEGLAB functions). The
significance of independent component analysis (ICA) components was evaluated, and
any identified as problematic were removed. Movement and muscle artifacts were visually
identified and eliminated when necessary. The lowest cut-off frequency of the bandpass
filters was set at 2 Hz, to eliminate the slow drifts present in several datasets.

The various trials (n = 100 + retest) were isolated from the continuous data, spanning
from 1.5 s before image presentation to 4s after image presentation, resulting in 5.5-second-
long epochs. It is noteworthy that, while most items could be named within this default
response window, a few trials required more time. These specific trials were analyzed
separately, and the actual number of regular epochs is detailed in the subsequent analyses.
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