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Abstract: In the current exploration, we defined new subclasses of analytic functions, namely
Rlim(l, ν) and Clim(l, ν), defined by subordination linked with a Limacon-shaped domain. We found
a few initial coefficient bounds and Fekete–Szegő inequalities for the functions in the above-stated
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discuss the Poisson distribution as an application of our consequences.
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1. Introduction and Motivation

Consider the class A that signifies the family of all holomorphic functions h(ξ) normal-
ized by h(0) = 0, h′(0) = 1 defined in the domain of open unit disc ∆ := {ξ ∈ C : |ξ| < 1}.
In view of the above normalization, the function h(ξ) admits a “Taylor–Maclaurin” series
expansion given by

h(ξ) = ξ +
∞

∑
n=2

hnξn (ξ ∈ ∆) (1)

where hn are the coefficients of the function h(ξ).
The subclass of A that is univalent in ∆ is denoted by S . For two functions g, h ∈ A, we

call the function h subordinate to another function g, or g as superordinate to h, represented
as h ≺ g if there exists a function ϖ(ξ) with ϖ(0) = 0 and |ϖ(ξ)| < 1, such that

h(ξ) = g(ϖ(ξ)) (ξ ∈ ∆). (2)

In other words, for a function h ∈ A specified by (1), Pommerenke [1,2] introduced
the kth Hankel determinant as:

Hk,n(h) =

∣∣∣∣∣∣∣∣∣
hn hn+1 · · · hn+k−1

hn+1 hn+2 · · · hn+k
...

...
...

...
hn+k−1 hn+k · · · hn+2(k−1)

∣∣∣∣∣∣∣∣∣ (n, k ∈ N = 1, 2, 3 . . . ).
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It is constructive to identify whether certain coefficient functionals connected to the
function f are bounded in the disc ∆ or not. In particular, Noor [3] investigated the asymp-
totic behavior as n → ∞ of Hk,n( f ). In [1], Pommerenke discusses a few of the applications
of Hankel determinants for learning about the presence of singularities. Various researchers
have also considered the determinant for different subclasses of A in various ways, and
their consequences are presented in the literature survey. For details, interested readers can
see [4–10]. For the choice of “k = 2, n = 1” and for the choice of “k = n = 2”, we have

H2,1(h) =
∣∣∣∣ 1 h2
h2 h3

∣∣∣∣ = h3 − h2
2,

and

H2,2(h) =
∣∣∣∣h2 h3
h3 h4

∣∣∣∣ = h2h4 − h2
3.

Note that H2,1(h) and H2,2(h) are popularly known special cases for Fekete–Szegő
inequality for the choice of µ = 1 and the Hankel determinant, respectively.

Various subfamilies involving the S class of univalent functions that had developed
during the period of Bieberbach conjecture are, respectively, the classes of functions that
are starlike, convex, close-to-convex, and so on. In 1992, Ma and Minda [11] introduced
and defined two new classes of analytic function classes, namely:

S∗(ϕ) =

{
h ∈ A :

ξh′(ξ)
h(ξ)

≺ ϕ(ξ) (ξ ∈ ∆)
}

and

C(ϕ) =
{

h ∈ A : 1 +
ξh′′(ξ)
h′(ξ)

≺ ϕ(ξ) (ξ ∈ ∆)
}

where the function ϕ(ξ) is an analytic function with a positive real part on ∆ with ϕ(0) =
1, ϕ′(0) > 0, which maps the unit disc ∆ onto a starlike region with respect to 1 and is
symmetric with respect to the real axis. Various subclasses of starlike and convex functions
satisfying the condition of the Ma and Minda type for different choices of the function ϕ
have been studied by different researchers.

Sokół and Stankiewicz [12] studied and discussed the starlike class S∗
L connected

with the right-half of the lemniscate of Bernoulli (u2 + v2)2 − 2(u2 − v2) = 0. In the
sense of Ma and Minda, one can express S∗

L := S∗(
√

1 + ξ). Further, a function h ∈ S∗
L

is known as a Sokół and Stankiewicz starlike function. Sokół [13] introduced one more
important class, S∗

qc := S∗(qc), where qc(ξ) =
√

1 + cz with c ∈ (0, 1]. For c ∈ (0, 1), the
function qc(ξ) maps the unit disk ∆ onto the interior of right loop of the Cassinian ovals
(u2 + v2)2 − 2(u2 − v2) = c2 − 1. There are many classes discussed in detail by specializing
the function ϕ(ξ) fulfilling the conditions of Ma and Minda. The classes are listed herewith
in the paragraph below. Mendiratta et al. [14] introduced the class S∗

RL := S∗(ϕRL) with

ϕRL(ξ) =
√

2 − (
√

2 − 1)

√
1 − ξ

1 + 2(
√

2 − 1)ξ
.

It is observed that the function ϕRL(ξ) maps ∆ onto the region enclosed by the left-

half of the shifted lemniscate of Bernoulli
(
(u −

√
2)2 + v2

)2
− 2
(
(u −

√
2)2 − v2

)
= 0.

The class of function S∗
$ := S∗(ξ +

√
1 + ξ2) was introduced and discussed by Raina

and Sokół [15] with further investigations in [16–18]. We remark that, in this case, the
function ϕ$(ξ) = ξ +

√
1 + ξ2 maps ∆ onto the crescent-shaped region {w ∈ C : |w2 −

1| < 2|w|,Re w > 0}. An examination of the class S∗e := S∗(eξ) was introduced and
investigated by Mendiratta et al. [19], while S∗

C := S∗(1 + 4ξ
3 + 2ξ2

3 ), coupled with the
cardioid (9u2 + 9v2 − 18u + 5)2 − 16(9u2 + 9v2 − 6u + 1) = 0, a heart-shaped curve, was
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investigated in detail by Sharma et al. [20]. Kumar and Ravichandran [21] considered and
discussed the function class S ∗

R := S ∗(ϕ0), associated with a rational function ϕ0(ξ)

ϕ0(ξ) := 1 +
ξ

k

(
k + ξ

k − ξ

)
= 1 +

1
k

ξ +
2
k2 ξ2 + · · · , (k = 1 +

√
2). (3)

Yunus et al. [22] studied the class S ∗
lim := S ∗(1 +

√
2ξ + ξ2/2) associated with a

limacon domain (4u2 + 4v2 − 8u − 5)2 + 8(4u2 + 4v2 − 12u − 3) = 0, and Kargar et al. [23]
considered and discussed a function class

BS (α) := S ∗
(

1 +
ξ

1 − αξ2

)
, 0 ≤ α < 1,

a starlike class associated with the Booth lemniscate. For 0 ≤ α < 1, Khatter et al. [24]
discussed the classes

S ∗
α,e := S ∗(α + (1 − α)eξ) and S ∗

α,L := S ∗(α + (1 − α)
√

1 + ξ),

that involve the exponential function and the lemniscate of Bernoulli. Trivially, for the
choice of α = 0, the above classes reduce to the function classes S ∗

e and S ∗
L, respectively. A

recent investigation about the starlike class S ∗
SG := S ∗(ϕSG), associated with the sigmoid

function ϕSG(ξ) =
2

1 + e−ξ
, was systematically performed by Goel and Kumar [25]. In some

recent papers of [26,27], as well as [28], certain subclasses of A were defined by means of the
subordination that ξh′(ξ)/h(ξ) ≺ ϕ(ξ) for ξ ∈ D, where ϕ was not necessarily univalent.

For instance, the coefficient inequalities of the function associated with petal type
domains were considered by Malik et al. [29]. Yunus et al. [22] (see also [30,31]) introduced
a region bounded by a bean-shaped limacon domain as follows:

ϖ(∆) = {w = x + iy : (4x2 + 4y2 − 8x − 5)2 + 8(4x2 + 4y2 − 12x − 3) = 0}.

Assume that l : ∆ → C is defined by

l(ξ) = 1 +
√

2ξ +
1
2

ξ2. (4)

Relation (4) is selected so that Limacon l(ξ) is in the bean shape.
Motivated by the works of the above-mentioned researchers, and using the concept of

subordination between the two analytic functions, we here introduce generalized classes of
analytic functions satisfying the following subordination conditions.

Definition 1. Let 0 ≤ ν ≤ 1. Let h ∈ A. Then, h is said to belong to the class Rlim(l, ν) if the
following condition is satisfied:

[
h′(ξ)

]ν
[

ξh′(ξ)
h(ξ)

]1−ν

≺ l(ξ) (ξ ∈ ∆) (5)

Note that

R∗
lim(l) = Rlim(l, 0) = {h ∈ A :

ξh′(ξ)
h(ξ)

≺ l(ξ) (ξ ∈ ∆)},

and
R∗∗

lim(l) = Rlim(l, 1) = {h ∈ A : h′(ξ) ≺ l(ξ) (ξ ∈ ∆)}.

We also define another new class as follows.
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Definition 2. Let 0 ≤ ν ≤ 1. If h ∈ A, then h is said to be in the class Clim(l, ν), if it satisfies the
subordination condition:

[
h′(ξ)

]ν
[

1 +
ξh′′(ξ)
h′(ξ)

]1−ν

≺ l(ξ) (ξ ∈ ∆). (6)

It may be noted that for ν = 0 and ν = 1, we obtain the following classes respectively:

C∗
lim(l) = Clim(l, 0) = {h ∈ A : 1 +

ξh′′(ξ)
h′(ξ)

≺ l(ξ) (ξ ∈ ∆)},

and
C∗∗

lim(l) = Clim(l, 1) = {h ∈ A : h′(ξ) ≺ l(ξ) (ξ ∈ ∆)}.

The objective of the present article is to investigate the coefficient inequalities, Fekete–
Szegő functional |h3 − µh2

2| for both the real parameter and complex parameter µ and
coefficient inequality for the inverse function h−1 for the above classes. We also discuss
Poisson distribution as an application to our results.

2. A Set of Preliminaries

Let us denote by P the class of functions q(ξ) that are holomorphic with a positive
real part in ∆ and having a representation of the form:

q(ξ) = 1 +
∞

∑
n=1

qnξn (ξ ∈ ∆). (7)

For our current investigations, the following results in the form of lemmas are required,
and are stated as follows.

Lemma 1 (see [32]). Let q ∈ P and be of the form (7). Then, for ∀n ∈ N := {1, 2, 3, . . . },

| qn | ≤ 2. (8)

Lemma 2 (see [11]). Let q ∈ P and be of the form (7). If µ, is any complex number, then we have

|q2 − µq2
1| ≤ 2 max{1, |2µ − 1|}. (9)

Lemma 3 ([11]). Let q ∈ P and be of the form (7). Then,

|q2 − νq2
1| ≤


−4ν + 2 ν ≤ 0,
2 0 ≤ ν ≤ 1,
4ν − 2 ν ≥ 1.

(10)

3. Coefficient Bounds and the Fekete–Szegő Estimate

We start the section with the following theorem, where in we obtained the first two
Taylor–Maclaurin coefficients for the function class Rlim(l, ν) and Clim(l, ν).

Theorem 1. Let h ∈ A in the form (1) belong to the class Rlim(l, ν). Then, we have

|h2| ≤
√

2
1 + ν

, (11)

|h3| ≤
√

2
(2 + ν)

max

{
1,

5 − ν2

2
√

2(1 + ν)2

}
. (12)
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Proof. Let the function h defined in (1) be in the class Rlim(l, ν) . By virtue of Definition 1,
there exists a function ϖ(ξ), which is analytic and satisfies the condition of the Schwarz
lemma such that [

h′(ξ)
]ν
[

ξh′(ξ)
h(ξ)

]1−ν

= l(ϖ(ξ)) (ξ ∈ ∆). (13)

Let q ∈ P . By using the Schwarz function ϖ(ξ), and applying the definition of
subordination, we can write

q(ξ) =
1 + ϖ(ξ)

1 − ϖ(ξ)
= 1 + q1ξ + q2ξ2 + q3ξ3 + · · · ,

which, once for all, gives

ϖ(ξ) = Q(ξ) =
q1ξ + q2ξ2 + q3ξ3 + · · ·

2 + q1ξ + q2ξ2 + · · ·

=
1
2
(q1ξ + q2ξ + q3ξ3 + · · · )

(
1 +

q1ξ + q2ξ2 + · · ·
2

)−1

(14)

=
q1

2
ξ +

(
q2

2
−

q2
1

4

)
ξ2 +

(
q2

1
8
− 1

2
q1q2 +

q3

2

)
ξ3 + · · ·

where Q(ξ) = (q(ξ)− 1)/(q(ξ) + 1). Using the relation given in (14) in the representation
of l(ϖ(ξ)), we obtain

l(ϖ(ξ)) = l
(

q(ξ)− 1
q(ξ) + 1

)
= 1 +

q1√
2

ξ +

[
1√
2

(
q2 −

q2
1

2

)
+

q2
1

8

]
ξ2

+

[
1√
2

(
q3 − q1q2 +

q3
1

4

)
+

q1

4

(
q2 −

q2
1

2

)]
ξ3 + · · · . (15)

On the other hand, from (1), it is trivial and can be derived that

[h′(ξ)]ν
[

ξh′(ξ)
h(ξ)

]1−ν

= 1 + (1 + ν)h2ξ + (2 + ν)

(
h3 −

1 − ν

2
h2

2
)

ξ2

+
(3 + ν)

6
[6h4 − 6(1 − ν)h2h3 + (1 − ν)(2 − ν)h3

2]ξ
3 + · · · . (16)

Now, by using (15) and (16) in (13), and then by equating the coefficients of ξ and ξ2

on both sides, we easily obtain

h2 =
q1√

2(1 + ν)
, (17)

(2 + ν)

(
h3 −

1 − ν

2
h2

2

)
=

1√
2

(
q2 −

q2
1

2

)
+

q2
1

8

=⇒ h3 =
1√

2(2 + ν)

(
q2 −

2
√

2(1 + ν)2 + (ν2 − 5)
4
√

2(1 + ν)2
q2

1

)
(18)

=
1√

2(2 + ν)
[q2 − γ1q2

1],

where

γ1 =
2
√

2(1 + ν)2 + (ν2 − 5)
4
√

2(1 + ν)2
.
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For h2, utilizing (8) of Lemma 1 in (17), we obtain

|h2| ≤
√

2
1 + ν

. (19)

For h3, applying (9) of Lemma 2 in (18), one will obtain

|h3| ≤
√

2
(2 + ν)

max

{
1,

∣∣∣∣∣ 5 − ν2

2
√

2(1 + ν)2

∣∣∣∣∣
}

. (20)

The proof of Theorem 1 is thus completed.

Theorem 2. Let the function h ∈ A of the form (1) be in the class Clim(l, ν). Then,

|h2| ≤
1√
2

, (21)

|h3| ≤
√

2
3(2 − ν)

max
{

1,
5 − 4ν

2
√

2

}
. (22)

Proof. Let the function h given by (1) be in the class Clim(l, ν) . Then, from Definition 2,
there exists an analytic function ϖ(ξ) satisfying the condition of the Schwarz lemma such
that

[h′(ξ)]ν
[

1 +
ξh′′(ξ)
h′(ξ)

]1−ν

= l(ϖ(ξ)) (ξ ∈ ∆). (23)

From (1), it can be easily derived that

[h′(ξ)]ν
[

1 +
ξh′′(ξ)
h′(ξ)

]1−ν

= 1 + 2h2ξ + [3(2 − ν)h3 − 4(1 − ν)h2
2]ξ

2

+[8(1 − ν)h3
2 − 18(1 − ν)h2h3 − 4(3 − 2ν)h4]ξ

3 + · · · . (24)

Using (15) and (24) in (23), and then by equating the coefficients of ξ and ξ2 on both
sides, we easily obtain

h2 =
q1

2
√

2
, (25)

3(2 − ν)h3 − 4(1 − ν)h2
2 =

1√
2

(
q2 −

q2
1

2

)
+

q2
1

8

=⇒ h3 =
1

3
√

2(2 − ν)

[
q2 −

4ν + 2
√

2 − 5
4
√

2

]
q2

1. (26)

Making use of (8) of Lemma 1 and (9) of Lemma 2, respectively, gives the bounds of h2
and h2. This proves the result of Theorem 2.

The next theorems give Fekete–Szegő inequality for the class Rlim(l, ν) and Clim(l, ν)
when µ is both complex and real.

Theorem 3. Let the function h ∈ A belong to the class Rlim(l, ν). Then, for any complex number
µ, we have

|h3 − µh2
2| ≤

√
2

2 + ν
max

{
1,

∣∣∣∣∣ (ν2 − 5) + 4(2 + ν)µ

2
√

2(1 + ν)2
.

∣∣∣∣∣
}

(27)
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Proof. From relations (17) and (18), we obtain

|h3 − µh2
2| =

1√
2(2 + ν)

[q2 − γ2q2
1], (28)

where

γ2 =
2
√

2(1 + ν)2 + (ν2 − 5) + 4(2 + ν)µ

4
√

2(1 + ν)2
. (29)

An application of Lemma 2 to relation (29) gives

|h3 − µh2
2| ≤

√
2

2 + ν
max

{
1,

∣∣∣∣∣ (ν2 − 5) + 4(2 + ν)µ

2
√

2(1 + ν)2

∣∣∣∣∣
}

.

This essentially completes the proof of Theorem 3.

Theorem 4. If the function h ∈ A belongs to the function class Rlim(l, ν), then for any real
number µ, we have

|h3 − µh2
2| ≤


− (ν2−5)+4(2+ν)µ

2(1+ν)2(2+ν)
µ ≤ − (ν2−5)+2

√
2(1+ν)2

4(2+ν)√
2

2+ν − 2
√

2(1+ν)2+ν2−5
4(2+ν)

≤ µ ≤ 2
√

2(1+ν)2−ν2+5
4(2+ν)

(ν2−5)+4(2−ν)µ
2(1+ν)2(2+ν)

µ ≥ 2
√

2(1+ν)2−ν2+5
4(2+ν)

.

(30)

Proof. An application of Lemma 3 to relation (28) gives the desired estimates, as stated in
the theorem. This completes the proof.

Theorem 5. Let the function h ∈ A belong to the class Clim(l, ν). Then, for any complex number
µ, we have

|h3 − µh2
2| ≤

√
2

3(2 − ν)
max

{
1,
∣∣∣∣ (4ν − 5) + 3(2 − ν)µ

2
√

2

∣∣∣∣}. (31)

Proof. From (25) and (26), we obtain

|h3 − µh2
2| =

1
3
√

2(2 − ν)
|q2 − γ3q2

1| (32)

where

γ3 =
(4ν + 2

√
2 − 5) + 3(2 − ν)µ

4
√

2
(33)

Application of Lemma 2 to (32) yields the required bound. The proof of Theorem 5 is
thus completed.

Theorem 6. Assume that h ∈ Clim(l, ν). Then, for a real µ, we have

|h3 − µh2
2| ≤


− ν(4−3µ)+6µ−5

6(2−ν)
µ ≤ − 4ν+2

√
2−5

3(ν−2)√
2

3(2−ν)
− 4ν+2

√
2−5

3(2−ν)
≤ µ ≤ 2

√
2−4ν+5

3(2−ν)
ν(4−3µ)+6µ−5

6(2−ν)
µ ≥ ν(4−3µ)+6µ−5

6(2−ν)
.

(34)

Proof. Making use of Lemma 3 in relation (32) yields the estimate as mentioned in the
theorem. This completes the proof.
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4. Coefficient Inequalities for the Function h−1

Theorem 7. If the function h ∈ Rlim(l, ν), given by (1) and h−1(w) = w + ∑∞
n=2 lnwn, is the

analytic continuation of the ∆ of the inverse function of h with |w| < r0, where r0 > 1
4 (the radius

of the Koebe domain), then, for any complex number ν, we have

|l2| ≤
√

2
1 + ν

, (35)

|l3| ≤
√

2
2 + ν

[
q2 −

8(2 + ν) + 2
√

2(1 + ν)2 + (ν2 − 5)
4
√

2(1 + ν)2

]
(36)

and

|l3 − νl2
2 | ≤

√
2

(2 + ν)
max

{
1,

∣∣∣∣∣ (ν2 − 5) + 4(2 + ν)(2 − ν)

4
√

2(1 + ν)2

∣∣∣∣∣
}

. (37)

Proof. Since

h−1(w) = w +
∞

∑
n=2

lnwn (38)

is the inverse of h, we have

h−1(h(ξ)) = h(h−1(ξ)) = ξ. (39)

From (39), we have

h−1(ξ +
∞

∑
n=2

hnξn) = ξ (40)

From (38) and (40), we have

ξ + (h2 + l2)ξ2 + (h3 + 2h2l2 + l3)ξ3 + · · · = ξ. (41)

Comparing the coefficients of ξ2 and ξ3 on both sides of (41), we obtain

l2 = −h2 (42)

and
l3 = −h3 − 2h2l2 = 2h2

2 − h3. (43)

Taking the values of h2 and h3 from (17) and (18) in (42) and (43), we obtain

l2 = − q1√
2(1 + ν)

(44)

and

l3 = − 1√
2(2 + ν)

[
q2 −

8(2 + ν) + 2
√

2(1 + ν)2 + (ν2 − 5)
4
√

2(1 + ν)2
q2

1

]
. (45)

The bound for l2 can be obtained by using (8) of Lemma 1. Further, an application of
Lemma 2 to (45) gives

|l3| ≤
√

2
2 + ν

max

{
1,

∣∣∣∣∣8(2 + ν) + (ν2 − 5)
2
√

2(1 + ν)2

∣∣∣∣∣
}

Moreover, for any complex number ν, we have

|l3 − νl2
2 | =

1√
2(2 + ν)

∣∣∣∣∣q2 −
2
√

2(1 + ν)2 + ν2 − 5 + 4(2 + ν)(2 − ν)

4
√

2(1 + ν)2
q2

1

∣∣∣∣∣. (46)
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Making use of Lemma 2 in (46) yields

|l3 − νl2
2 | ≤

√
2

2 + ν
max

{
1,

|(ν2 − 5) + 4(2 + ν)(2 − ν)|
4
√

2(1 + ν)2

}
.

This completes the proof.

Theorem 8. If the function h ∈ Clim(l, ν) given by (1) and h−1(w) = w + ∑∞
n=2 lnwn is the

analytic continuation of the ∆ of the inverse function of h, with |w| < r0, where r0 > 1
4 (the radius

of the Koebe domain), then, for any complex number ν, we have

|l2| ≤
1√
2

, (47)

|l3| ≤
√

2
3(2 − ν)

max
{

1,
∣∣∣∣7 − 2ν

2
√

2

∣∣∣∣} (48)

and

|l3 − νl2
2 | ≤

√
2

3(2 − ν)
max

{
1,

|7 − 2ν − 3(2 − ν)ν|
2
√

2

}
. (49)

Proof. Proceeding Theorem 7 and substituting the values of h2 and h3 from (25) and (26)
into (42) and (43), we obtain

l2 = − q1

2
√

2
(50)

and

l3 = − 1
3
√

2(2 − ν)

[
q2 −

7 + 2
√

2 − 2ν

4
√

2
q2

1

]
. (51)

The bound of l2 can be obtained by virtue of Lemma 1. Further, the application of
Lemma 2 to (51) gives the required estimate.

Moreover, for complex parameter ν, we have

|l3 − νl2
2 | =

1
3
√

2

∣∣∣∣∣q2 −
7 − 6ν + 2

√
2 + ν(3ν − 2)

4
√

2
q2

1

∣∣∣∣∣ (52)

Using Lemma 2 in (52) gives the result. The proof of Theorem 8 is thus completed.

5. Application of the Poisson Distribution

Now, we discuss the application of the Poisson distribution to the results obtained for
the function classes Rlim(l, ν) and Clim(l, ν).

Definition 3. Let X be a discrete random variable. Then, we say that X is said to follow a Poisson
distribution with parameter λ if the probability mass function of the random variable X is p(x),
where p(x) is given by

p(X = x) =
e−λλx

x!
, x = 0, x = 1, x = 2, x = 3, · · · . (53)

Porwal [33] introduced a power series whose coefficients are probabilities of Poisson
distribution. That is,

P(λ, ξ) = ξ +
∞

∑
n=2

λn−1

(n − 1)!
e−λξn (λ > 0; ξ ∈ ∆). (54)

Applying the ratio test, one can establish that the radius of the convergence of the
series defined in (54) is infinity.



Symmetry 2024, 16, 183 10 of 13

Let us introduce an Sλ : A −→ A, defined by

Sλh(ξ) = P(λ, ξ) ∗ h(ξ)

= ξ +
∞

∑
n=2

λn−1

(n − 1)!
e−λhnξn (55)

= ξ +
∞

∑
n=2

ηnhnξn

where ηn = ηn(λ) =
λn−1e−λ

(n−1)! . It can be shown that the operator introduced in (55) is linear.
Here, ∗ denotes the Hadamard product or convolution between two analytic functions.

Now, we define the class Rlim(l, ν, η) and Clim(l, ν, η) as follows:

Rlim(l, ν, η) = {h ∈ A : Sλh ∈ Rlim(l, ν)} (56)

and
Clim(l, ν, η) == {h ∈ A : Sλh ∈ Clim(l, ν)} (57)

where Rlim(l, ν) and Clim(l, ν) are defined in Definitions 1 and 2, respectively.
Continuing as in Theorems 1 and 3, we can establish the coefficient bounds, as well as

the Fekete–Szegő functional, for the class Rlim(l, ν, η) by using the analogous bounds for
the function of the class Rlim(l, ν).

Theorem 9. Let 0 ≤ ν ≤ 1 and Sλh be given by (55). If h ∈ Rlim(l, ν, η) then, for any µ ∈ C,
we have the inequality

|h3 − µh2
2| ≤

√
2

(2 + ν)η3
max

{
1,

∣∣∣∣∣4µ(2 + ν)η3 − (5 − ν2)η2
2

2
√

2(1 + ν)2η2
2

∣∣∣∣∣
}

. (58)

Proof. Since h ∈ Rlim(l, ν, η), it follows from (56) that

[
(Sλh(ξ))′

]ν
[

ξ(Sλh(ξ))′

(Sλh(ξ))

]1−ν

= l(ϖ(ξ)) (ξ ∈ ∆). (59)

From (55), we obtain

[(Sλh(ξ))′]ν
[

ξ(Sλh(ξ))′

(Sλh(ξ))

]1−ν

= 1 + (1 + ν)η2h2ξ + (2 + ν)

(
η3h3 −

1 − ν

2
η2

2h2
2
)

ξ2

+
(3 + ν)

6
[6η4h4 − 6(1 − ν)η2h2η3h3 + (1 − ν)(2 − ν)η3

2h3
2]ξ

3 + · · · . (60)

Applying (15) and (60) to (59), and then by equating the corresponding coefficients of
ξ and ξ2, one can obtain

h2 =
q1√

2η2(1 + ν)
, (61)

and

h3 =
1√

2(2 + ν)η3

[
q2 −

(1 + 2
√

2)ν2 + 4
√

2ν + (2
√

2 − 5)
4
√

2(1 + ν)2
q2

1

]
. (62)

From (61) and (62), we obtain

h3 − µh2
2 =

1√
2(2 + ν)η3

[
q2 − νq2

1

]
(63)
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where

ν =
[2
√

2(1 + ν)2 + (ν2 − 5)]η2
2 + 4(2 + ν)η3µ

4
√

2(1 + ν)2η2
2

. (64)

The application of Lemma 2 to (63) gives the desired result and, thereby, proof of the
theorem is also completed.

The Fekete–Szegő inequality for the class Rlim(l, β, η) is stated in the next theorem for
the case of a real µ.

Theorem 10. Let 0 ≤ ν ≤ 1 and h ∈ Rlim(l, ν, η). For any real number µ, we have

|h3 − µh2
2| ≤


− (ν2−5)η2

2+4(2+ν)η3µ

2(1+ν)2(2+ν)η2
2 η3

µ ≤ − [2
√

2(1+ν)2+(ν2−5)]η2
2

4(2+ν)η3√
2

(2+ν)η3
− [2

√
2(1+ν)2+(ν2−5)]η2

2
4(2+ν)η3

≤ µ ≤ [2
√

2(1+ν)2−(ν2−5)]η2
2

4(2+ν)η3
(ν2−5)η2

2+4(2+ν)η3µ

2(1+ν)2(2+ν)η2
2 η3

µ ≥ [2
√

2(1+ν)2−(ν2−5)]η2
2

4(2+ν)η3
.

Proof. An application of Lemma 3 to Relation (63) gives the desired estimate. This com-
pletes the proof.

In the next theorem, from the analogous coefficient estimates for the class Clim(l, β),
we ascertain the coefficient bounds and Fekete–Szegő functional for the class Clim(l, β, η).

Theorem 11. Let 0 ≤ ν ≤ 1 and µ be any complex number. Let Sλh be given as in (55). If
h ∈ Clim(l, ν, η),

|h3 − µh2
2| ≤

√
2

3(2 − ν)η3
max

{
1,

∣∣∣∣∣3µ(2 − ν)η3 − (5 − 4ν)η2
2

2
√

2η2
2

∣∣∣∣∣
}

. (65)

Proof. Since h ∈ Clim(l, ν, η), it follows from (57) that

[
(Sλh(ξ))′

]ν
[

1 +
ξ(Sλh(ξ))′′

(Sλh(ξ))′

]1−ν

= l(ϖξ) (ξ ∈ ∆). (66)

From (55), we obtain

[(Sλh(ξ))
′
]ν
[

1 +
ξ(Sλh(ξ))′′

(Sλh(ξ))′

]1−ν

= 1 + 2η2h2ξ + [3(2 − ν)η3h3 − 4(1 − ν)η2
2h2

2]ξ
2

+[8(1 − ν)η3
2h3

2 − 18(1 − ν)η2η3h2h3 − 4(3 − 2ν)η4h4]ξ
3 + · · · . (67)

Applying (15) and (67) to (66), and then comparing the corresponding coefficients of ξ
and ξ2, we easily see that

h2 =
q1

2
√

2η2
, (68)

and

h3 =
1

3
√

2(2 − ν)η3

[
q2 −

(4ν + 2
√

2 − 5)
4
√

2
q2

1

]
. (69)

The bounds of h2 and h3 can be obtained by using Lemma 1 and Lemma 2 in Rela-
tions (68) and (69), respectively. Moreover,

|h3 − µh2
2| =

1
3
√

2(2 − ν)η3

∣∣∣∣∣q2 −
(4ν + 2

√
2 − 5)η2

2 + 3µ(2 − ν)η3

4
√

2η2
2

q2
1

∣∣∣∣∣. (70)
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The result follows by virtue of Lemma 2, which completes the proof.

Application of Lemma 3 to Equation (70), when µ is real, gives the Fekete–Szegő
inequality for the class Clim(l, ν, η) as follows:

Theorem 12. Let µ be real and 0 ≤ ν ≤ 1. Further, let Sλh be given by (55). If h ∈ Clim
(l, ν, η), then

|h3 − µh2
2| ≤


− (4ν−5)η2

2+3µ(2−ν)η3
6(2−ν)η2

2 η3
µ ≤ − (4ν+2

√
2−5)η2

2
3(2−ν)η3

,
√

2
3(2−ν)η3

− (4ν+2
√

2−5)η2
2

3(2−ν)η3
≤ µ ≤ (2

√
2−4ν+5)η2

2
3(2−ν)η3

,
(4ν−5)η2

2+3µ(2−ν)η3
6(2−ν)η2

2 η3
µ ≥ (2

√
2−4ν+5)η2

2
3(2−ν)η3

.

Concluding Remarks: In the present article, by making use of a limacon-shaped do-
main, we introduced two subclasses of analytic functions, namely Rlim(l, ν) and Clim(l, ν).We
investigated the coefficient bounds and the Fekete–Szegő functional associated with the
limacon domain for the said class. Apart from this, we established the coefficient estimates
and the familiar Fekete–Szegő estimates for the inverse function class h−1. We highlighted
the Poisson distribution as an application of the main results.
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