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1. Introduction

In 1905, Fréchet [1] introduced the study of spaces equipped with a distance function
by assigning a nonnegative value to each pair of arbitrary objects of a nonempty set.
Hausdorff later named these spaces as metric spaces. In such spaces, the distance between
two objects is characterized by a distance function or metric function which, apart from
nonnegativity, also possess the identity of indiscernibles, the properties of symmetry and
the triangular inequality. There are several generalizations of metric spaces and most of
it are obtained by weakening or extending the above properties (see, for example, [2-7]
and the references therein). In view of fixed-point theorems, the triangular inequality
associated with metric function plays a crucial role when proving an iterative sequence
to be convergent; thus, several authors have tried to find spaces in which the triangular
inequality was introduced in a weaker or extended form in such a way that the existence of
a fixed point still remained demonstrable. In symmetric spaces (see [5,7]) the triangular
inequality of a metric function is dropped and to establish various properties and existence
of a fixed point of contractive type mappings, various replacements of the triangular
inequality are used.

Inspired by Shukla and Kiinzi [8] and Shukla et al. [6], in this paper we introduce
a graphical structure on the set associated with the space and introduce the notion of
graphical symmetric spaces. This notion extends, generalizes and improves several known
generalized forms of metric spaces. Some fixed-point results in this new setting are also
proved which generalize and extend several fixed-point results. For illustration and jus-
tification of concepts and claims, several examples are provided. An application of our
main results in finding the positive solution of fractional periodic boundary value problems
40/). involving Caputo’s fractional derivatives is presented.
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2. Graphical Symmetric Spaces

Some basic notions and concepts are stated which are needed throughout the paper,
some of them were initiated by Jachmyski [9], Shukla et al. [6] and Shukla and Kiinzi [8].

Let Y be a nonempty set and consider a directed graph Q, without parallel edges, such
that the set V(Q) of its vertices coincides with Y, and the set of its edges E(Q) C Y x Y.
Then, we say that Y is endowed with the graph Q = (V(Q), E(Q)). The conversion of the
graph Q is denoted by Q~!, and it is defined by:

V(Q ) =V(Q)and E(Q!) = {(b,v) € Y x Y: (v,b) € E(Q)}.

By Q, we denote the undirected graph obtained from Q by including all the edges of
Q1. More precisely, we define V(Q) = V(Q) and E(Q) = E(Q) UE(Q!).If b and v are
vertices in a graph Q, then a path in Q from b to v of length | € N is a sequence {b;}/_, of
I + 1 vertices such that bg = b,b; = vand (b;_1,b;) € E(Q) fori =1,2,...,1. A graph Q is
called connected if there is a path between any two vertices. Moreover, two vertices b and v
of a directed graph are connected if there is a path from b to v and a path from v to b. Q is
weakly connected if, when treating all of its edges as being undirected, there is a path from
every vertex to every other vertex. More precisely, Q is weakly connected if Q is connected.
For a subgraph H of Q, we define a set Cy by:

Cy = {(b,v) € Y x Y: thereis a directed path from b to vin H}.

Consider the relation P = {(b,v) € Y x Y: (b,v) € Cy}. Then, P is called the relation of
connectedness, and by the definition of a path in #, it is clear that this relation is a transitive
relation. A sequence {b, } in'Y is said to be H-termwise-connected if (b, b, 1) € Cy for all
n € N. A vertex b € Y is called an isolated point of graph # if neither (b, v) nor (v,b) is in
Cy forallv € Y. For a subset A of Y, we denote Ay = {(a,a): a € A}.

Throughout this paper, we assume that the graphs under consideration are directed,
with nonempty sets of vertices and edges.

Definition 1. Let Y be a nonempty set endowed with a graph Q and oy : Y X Y — R be a function
satisfying the following conditions: for all b,v € Y with (b,v) € Cg

(GS1) o4(b,v) > 0;
(GS2) 0y(b,v) = 0implies b = v;
(GS3) 0y(b,v) = 0g(v,b).

Then, the mapping o, is called a graphical symmetry on Y, and the pair (Y, 0,) is called a
graphical symmetric space.

Remark 1. The following are examples of some standard spaces which are a particular type of
graphical symmetric spaces:

e IfY is a nonempty set endowed with a graph Q such that (Y,dy) is a graphical metric
space (see, [6]), then (Y, 0,) is a graphical symmetric space with the same graph Q, where
0o(b,v) = do(b,v) forall b,v € Y. Hence, every graphical metric space (thus every metric
space) is also a graphical symmetric space.

*  Every b-metric space (see, [3]) (Y,b) is a graphical symmetric space (Y, 0,) with the graph Q
such that E(Q) =Y x Y, where 04(b,v) = b(b,v) forall b,v € Y. Similarly, one can see
that every functional weighted metric space (see, [10]) is a graphical symmetric space.

e Every metriclike space (Y, o) (see, [2]) is a graphical symmetric space (Y, 0,) with the graph
Q such that E(Q) =Y x Y, where o4(b,v) = o(b,v) forallb,v € Y. Hence, every partial
metric space (see, [4]) is a graphical symmetric space.

e Every symmetric space (Y,d) (see, [5,7]) is a graphical symmetric space (Y, 0,) with the
graph Q such that E(Q) =Y x Y, where 04(b,v) = d(b,v) forallb,v € Y.
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Example 1. Let Y = R be endowed with the graph Q, where E(Q) = {(b,v) € Y xY: b =
n+v,n € Z}. Then, the function 0o: Y X Y — R is a graphical symmetry on Y, where
0o(b,v) = e~"Y +sin(b — v) forall b,v € Y. Hence, (Y, 0,) is a graphical symmetric space. Note
that (Y, 0,) does not fall under any class of spaces mentioned above.

Example 2. Let Y = [0,00), Q59 = QN (0,00) and Q% ; = Y \ (Q=0 U {0}). Let Y be endowed
with the graph Q, where E(Q) = {(b,v) € Y x Y: (h,v) € (@50 x QL) U (QLy x Q=0) }-
Then, the function 0o: Y X Y — R is a graphical symmetry on Y, where

oo(b,v) = { ” if (0,0) € (Qx0 X Q) U (@0 x Q>0

2b +v, otherwise

forallb,v € Y. Hence, (Y, 0,) is a graphical symmetric space. Note that (Y, 0,) does not fall under
any class of spaces mentioned above.

We next define some topological concepts in graphical symmetric spaces. As the
graphs associated with the space are not necessarily undirected, we define the topology
and concerned concepts in two ways.

Let (Y, 0,) be a graphical symmetric space. For b € Y and r > 0, denote by B (b, r) the
right ball with center b and radius r, where

Bi(b,r) ={v e Y: |og(b,v) —0oo(b,b)] <r,(b,v) € Co}.
Similarly, a left ball with center b and radius r is denoted by B} (b, r), and
By(b,r) ={v e Y: |oo(b,v) —0oo(b,b)| <71, (v,b) €Co}.
Remark 2. It is obvious that if ri < ry, then BS(b,11) C BS(b,r2) and Bl (b,r1) C B5(b,12) .
Consider the following two collections of subsets of Y:
TR = {U C Y: forallb € U there exists r > 0 such that B§(b,7) C U}; and

1, = {U C Y: forallb € U there exists r > 0 such that B;(b,r) C U}.

Remark 3. We notice that a right ball (left ball) may be empty. In particular, if b € Y is an isolated
point of Q, then we have B5(b,r) = Bj(b,r) = @ for all ¥ > 0. In this case, the inclusion of any
ball in a set becomes a trivial case. On the other hand, if Ay = {(b,b): b € Y} C E(Q), then one
can see that a right ball (left ball) is nonempty. In particular, if Ay C E(Q), then each right ball
(left ball) contains its center. Also, by using Remark 2, one can easily verify that the collections T
and 1y, are two topologies on Y induced by o, and called R-topology and L-topology, respectively.
The members of Tr and Ty, are called R-open and L-open sets, respectively. A subset A C Y is called
R-closed (respectively L-closed) if Y \ A is R-open (respectively L-open).

Remark 4. In a graphical symmetric space, a right ball (left ball) is not necessarily an open set
in the topology Tr (T1.), and this fact is independent of the graphical structure associated with the
space, that is, it is true even if we take the associated graph as the universal graph. For instance,
let f: (0,00) — (0,00) be a one-to-one function and Y = {—1,0, f(r): r € (0,00)}. Let Y be
endowed with the graph Q, where E(Q) =Y x Y (the universal graph). Define cy: Y XY — R by:

oo(b,0) =0,04(b,v) = 0o(v,b) forallb,v € Y;
7ol =1,0) = ,06(0,£(1) = 3;
0o(—1, f(r)) =1 forallr € (0,00).
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Then, it is easy to see that (Y,0,) is a graphical symmetric space. Now, consider the right ball
with center —1 and radius 1, that is, B§ (—1,1). Then, since |0o(—1,0) — 0o(—1,—-1)| = % <1
and (—1,0) € Co, 0 € B5(—1,1). But note that for every r > 0, we have f(r) € B§(0,r) and
f(r) ¢ B5(—1,1). Hence, B5(0,r) € BS(—1,1) for all r > 0. This shows that B(—1,1) is not
an R-open set. Similarly, it can be shown that By (—1,1) is not an L-open set.

Remark 5. In general, the topologies Tg and tp, are not T,. For instance, let Y = R be endowed
with the graph Q, where E(Q) =Y x Y. Define 0o: Y X Y — R by:

oo(b,v) = 0o(v,b) forallh,v €Y;
00(1,2) = 0o(1,1) = 1;

0o(b,v) = 2 in all other cases.

Then, it is easy to see that (Y,0,) is a graphical symmetric space. Note that the singleton {2} is
neither R-closed nor L-closed, because 1 € Y \ {2} and 2 € B{(1,r) (2 € B5(1,r)) forall r > 0.

Theorem 1. Suppose at least one of the following conditions is satisfied:

(A) oo(b,b) =0forallb €Y;
(B) oo(b,v) # 0o(v, ) forallb,v € Y withh # v.

Then, the topologies Tg and T are T1.

Proof. Letb € Y. We show that the singleton {b} is R-closed, that is, the set Y \ {b} is an
R-openset. If Y\ {b} = @, we are done. If v € Y\ {b}, we show that there exists r > 0
such that b ¢ B% (v, r), thatis, B{(v,7) C Y \ {b}. We consider the following cases:

(I If(v,b) € Co, wehaveb ¢ BS(v,r) forall r > 0.

(I) If (v,b) € Cq, by (GS1) and (GS2) we have o,(v,b) = 0o(b,v) > 0 (since v # b).
Letr = |oo(b,v) — 0o(v,v)|; then, since at least one of the conditions (A) and (B) is
satisfied, we must have r > 0 and B5(v,r) C Y\ {b}.

Therefore, in each case, we can find r > 0 such that B§(v,r) C Y\ {b}; thus, Y\ {b} is
R-open. Similarly, one can show that Y \ {b} is L-open. [

Remark 6. It is well known that the R-topology and L-topology induced by a graphical metric
are not necessarily T, (Hausdorff) (see, Theorem 3.4 of [8]). Also, every graphical metric space
is a graphical symmetric space (with the same graph) and it is easy to see that the R-topology
(L-topology) induced by a graphical metric is the same as the R-topology (L-topology) induced by
the corresponding graphical symmetry. Hence, we can say that the topologies induced by a graphical
symmetry are not necessarily To. Similarly, in a graphical symmetric space, the R-open and L-open
balls with the same center and radius are not necessarily the same, as shown by Example 3.1 of [8].

Definition 2. Let (Y, 0,) be a graphical symmetric space and {b,} be a sequence in Y. Then, the
sequence {b,, } is called o-convergent tob € Y, and b is called a oo-limit of {by, } if limy,—ye0 05 (b, b) =
0o(b,b). The sequence {by,} is called Tr-convergent to b € Y (or convergent to b with respect to T,
or simply R-convergent) if for every given € > 0, there exists ny € N such that b, € B5(b, ) for all
n > ng. The tp-convergence (or convergence with respect to 11, or L-convergence) is defined in a
similar manner.

Remark 7. It is clear from the above definition that if a sequence is R-convergent to some point b,
then it is oo-convergent to the same point b. The next example shows that the converse of this fact is
not true; also, this example shows that a sequence in a graphical symmetric space may oo-converge
(Tr-converge) to more than one limit. A similar conclusion holds for L-convergence as well.
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Example 3. Consider the graphical symmetric space (Y, 0,), where Y = R is endowed with the
graph Q with E(Q) = {(b,v) € Y x Y:b,v € Qo,b > v}, and 05: Y x Y — R is given by:

0 ifb=v;
oo(b,v) =< |pvl, ifb,0 € Quoorb € Quo,v € QY

20 +v, otherwise

forallb,v € Y, where Qzg = QNR\ {0}, Q%5 = R\ (Qu U {0}). Consider the sequence

1
{by} inY, whereb, = Efor all n € N. Then, it is clear that limy, e 0 (by,b) = 0 forall b € R;

hence, the sequence {b, } is oo-convergent to each b € R. On the other hand, ifb € Q% then {bn}
is 0g-convergent to b, but note that for every b € Q¢,, we have b, & Bg(b,€) for all € > 0 and for
all n € N. Hence, we conclude that the sequence {b,} is not R-convergent to b for all b € Q;O.

Also, if b € Q.zg, then it is easy to see that {b,, } is R-convergent to b. Thus, a sequence in graphical
symmetric spaces may be o,-convergent (R-convergent) to more than one limit.

Definition 3. Let (Y, 0,) be a graphical symmetric space and {b, } be a sequence in Y. Then, the
sequence {by } is called oo-Cauchy if limy, 00 0o (b, by ) exists.

As there are three ways to define convergence in graphical symmetric spaces, we
introduce three types of completeness of symmetric spaces:

Definition 4. Let (Y, 0,) be a graphical symmetric space and {b, } be a sequence in Y. Then,
(Y, o) is called oo-complete if every oo-Cauchy sequence {by } in'Y is oo-convergent to b € Y such
that im0 0o (bp, D) = limy—e0 06(bn, D) = 0o(b,b). The space (Y, 0,) is called R-complete
(respectively, L-complete) if every oo-Cauchy sequence {b, } in Y is R-convergent (respectively,
L-convergent) to b € Y such that imy, o 05 (by, bin) = 0o (b, D).

Remark 8. From the above definition and Remark 7 it is clear that R-completeness and L-
completeness implies o,-completeness, but the converse of this fact is not necessarily true (see
the next example). Hence, R-completeness and L-completeness are stronger notions than the notion
of oo-completeness.

Example 4. Consider the graphical symmetric space (Y, 0,), where Y = [0, c0) is endowed with
the graph Q with E(Q) = AyU{(b,v) € Y xY:0 < b < v}, and 0o: Y XY — R is given
by oo(b,v) = b+ v forallb,v € Y. Then, it is easy to see that (Y, 0,) is oo-complete. Consider

) 1 . .
the sequence {b,} in Y, where b, = - forall n € N. Then, it is easy to see that this sequence

is a 0o-Cauchy sequence in Y, but there exists no b € Y for which we can find ny € N such
that b, € BS(b,€) for all n > ng or by, € By(b,€) for all n > ng. Therefore, (Y,0,) is neither
R-complete nor L-complete.

Inspired by Shukla and Kiinzi [8] and Shukla et al. [11], we introduce the following
versions of Cauchy sequences and completeness of graphical symmetric spaces.

Definition 5. Let (Y, 0,) be a graphical symmetric space and {b, } be a sequence in Y. Then,
the sequence {b,} is called 0-0o-Cauchy if limy—co 0o(by, bm) = 0. The space (Y, 0y) is called
0-0,-complete if every 0-co-Cauchy sequence in Y is oo-convergent to some b € Y such that
oo(b,b) = 0. If H is a graph such that V(H) =Y, then the space (Y, 0,) is called H-0,-complete
if every H-termwise-connected oo-Cauchy sequence {by } in Y is oo-convergent to b € Y such that
limy 00 06 (b, D) = limy—s00 0o (b, b) = 0o(b,b). While (Y, 0y) is called 0-H-oo-complete if
every ‘H-termwise-connected 0-0o-Cauchy sequence in'Y is o,-convergent to some b € Y such that

oo(b,b) = 0.
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It is not hard to see that every o,-complete space is 0-0,-complete and every 0-c,-
complete space is 0-H-co-complete. The following example shows that the converse
assertions of these facts do not hold, so the above notions of completeness are even weaker
than o,-completeness, and the notion of 0-H-0,-completeness is the most general among
the other notions mentioned above.

Example 5.

(A) Consider Y = [0,00) N Q endowed with the graph Q, where E(Q) = Y x Y. Then, the
function 0,: Y x Y — R is a graphical symmetry on Y, where 04(b, v) = max{b, v} for all
b,v €Y, and (Y,0,) is 0-0o-complete but not o,-complete.

(B) Consider Y = R endowed with graph Q and H, where E(Q) = E(H) = {(b,v) €
Qx Q:0<v<b<1}. Then, the function oo: Y X Y — R is a graphical symmetry on'Y,
where

b+v .
gg(b,v):{ 1- 5 ifb #vandb,v ¢ Q;

max{b,v}, otherwise.

Note that (Y, 0,) is 0-H-0o-complete but not 0-o,-complete.

In the next section, we prove some fixed-point results for a class of mappings defined
on graphical symmetric spaces.

3. Fixed Point Theorems

We first state some definitions which are needed in the sequel.
Let 9: [0,00) — [0,00) be a function and (Y, 0,) be a graphical symmetric space. In
all subsequent discussions, we assume that # is a subgraph of Q with Ap, C Cy, where

Dy = {b €Y: (b,v) € Cy for some v € Y}. A subset A of Y is called H-bounded with
respect to 9, if 9(oy(b,v)) < K for all b,v € A with (b,v) € Cy, where K € [0,00) is a
fixed number.

By ¥, we denote the class of the functions ¢: [0,c0) — [0, ) such that for every
sequence of nonnegative numbers {a,, 1 }, men, we have . 1}1&1 ®(an,m) = 0if and only if

lim a,;, = 0.
n,m—00

Definition 6. Let (Y, 0,) be a graphical symmetric space, T:Y — Y a mapping and H be a

subgraph of Q. Then, the mapping T is called a graphical H-(0, ¢)-contraction if there exist
0, ¢ € Y such that:

¥(oo(Th, Tv)) < B(oo(b,v)) — @(og(b,v)), forallb,v € Y with (b,v) € Cy.

If bg € Y, the iterative sequence {b,}, where b, = T"bg for all n € N, is called the T-Picard
sequence with initial value by. The mapping T is called H-edge-preserving if (b, v) € E(H) implies
(Th, Tv) € E(H) forallb,v €Y.

Theorem 2. Let (Y, 0,) be a 0-H-oo-complete graphical symmetric spaceand T:Y — Y be an

H-edge-preserving graphical H- (9, ¢)-contraction. Suppose that the following conditions hold:

(A) There exists by € Y such that the orbit of T with initial value by, that is, O(T,bg) =
{T"bg: r=0,1,...}, is H-bounded with respect to both ¢ and ¢, and (bg, Tby) € Cy;

(B)  If an H-termwise-connected T-Picard sequence {z,} is co-convergent to some point in'Y,
then there exist a oo-limit z € Y of {z, } and ng € N such that (z,,z) € Cy forall n > ny
or (z,zy4) € Cy forall n > ny.

Then, there exists u € Y such that the T-Picard sequence {b,} with initial value by € Y is

H-termwise-connected and oo-convergent to T u with oo (T u, T'u) = 0 forallr € NU {0}.
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Proof. Let by € Y be such that O(T,by) is H-bounded with respect to both ¢ and ¢, and
(bo, Tho) € Cy. We first show that the T-Picard sequence {b,} with initial value by is a
0-0,-Cauchy sequence.

Since (bo, Thg) € Cy, we have (bg,b1) € Cy. As T is H-edge-preserving, we have
(Tbho, Thy) € Cy, thatis, (b1,b2) € Cy. A repetition of this argument leads us to the
conclusion: (b,_1,b,) € Cy for all n € N. Since the relation of connectedness is a transitive
relation, we have (b, b,,) € Cy for all n,m € N with m > n. As T is a graphical H-(9, ¢)-
contraction, for every m > n, we have

(0o(Ont1,bmr1)) = B(0o(Thn, Thm))
< ¥(oo(bn,bm)) — @(0a(bn, bm))-
This gives
(oo (bus1,bms1)) + @00 (0n, i) < B(0(bn,bm)). (1)

Since the condition (A) is satisfied, for each n € N, two sets of nonnegative numbers:
{0(oo(by-1,bm-1)): n,m € Nym > n} and {¢(0o(by—1,bpm-1)): n,m € N,m > n} are
bounded. Hence, for each n € N, the following numbers must exist:

sn = sup 3(0o(bn, bm)); and p, = sup ¢(0o(bn, bm))-

m>n m>n
As sup, . 0(06(bpi1,0mi1)) = sup,,~,q 8(0o(bpyi1,bm)), taking the supremum over

m(> n) in (1), we obtain

sup 90 (On+1,0m)) + sup @(0o(vn, om)) < sup &(og(bn, m))-

m>n+1 m>n m>n

Hence, by definitions of s, and p, we obtain:
Spt1+ pn < sy foralln € N. (2)

Since ¢, p € ¥, wehave 0 < s, py; s0, by (2), the sequence {s, } is a nonincreasing sequence
of real numbers which is bounded below as well. Hence, it must be convergent to some
nonnegative number s, that is,

lim s, = s.
n—o0

By (2), we have
0<py<sp—syqforalln €N,

which, with the fact that lim,, . 5, = s, gives

lim p, = lim sup @(0o(bn, b)) = 0.

As 0 < @(oo(bn,bm)) < sup,,, ¢(0o(bn, b)) for all m > n, the above equality yields

lim  @(oo(bu,bm)) = 0.

n,m—oo
As ¢ € ¥, the above equality implies that

lim UQ(bn, bm) = O.

n,m-—oo

Thus, we have showed that the T-Picard sequence {b,} with initial value by is an H-
termwise-connected 0-0,-Cauchy sequence.
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By the 0-7{-0,-completeness of Y, the sequence {b, } is 0,-convergent to some point in
Y, and by condition (B), there exist a 0,-limit u € Y of {b,} and ny € N such that

n,}}lg}loo 0o (bn, b)) = Jigr;oag(bn,u) =0o(u,u) =0

and (b, u) € Cy forall n > ng or (u,b,) € Cy forall n > ny.

By mathematical induction, we show that {b,} is c,-convergent to T'u with
0o(T"u, T'u) =0 for all r € N. Suppose that (b,,u) € Cy for all n > ng (the proof
for the second case is same). Then, as T is a graphical H-(9, ¢)-contraction, we have

O(0o(bnr1, Tu)) = B(oo(Thy, Tu))
< (oo(bn,u)) — @(oo(bn, u)).

Since u is a 0,-limit of the sequence {b, }, we have limy,_,c0 05 (by, #) = 0o(1,u) = 0, and
since 9, ¢ € ¥, the real sequences {8(0(by, 1))} and {@(c(bn, 1))} of nonnegative real
numbers must converge to zero. Therefore, the above inequality yields

illgroloag(bnﬂ,"l'u) =0.

As (by,u) € Cy for all n > ng and T is H-edge-preserving, we have (b1, Tu) =
(Tby, Tu) € Cy forall n > ng, so Tu € Dy. Also, as Ap,, C Cy and T is a graphi-
cal H-(9, ¢)-contraction, we have:

Hoo(Tu, Tu)) < Ooa(u,u)) — ¢(oo(u, u))

and as ¢ € ¥, the above inequality implies that oo (Tu, Tu) = 0.

As an induction hypothesis, suppose that {b,, } is ¢,-convergent to T*u and o ( T*u, TFu) =
0 for some k € N. Since (b, u) € Cy forall n > np and T is H-edge-preserving, we must
have (b, Tku) € Cy for all n > ng + k. Hence, for n > ng + k, we have

(0o (bysr, T ) = (0o(Thy, TTFu))
< B(0o(on, TFU)) = (oo (bn, TFu)).

Since TXuisa 0o-limit of the sequence {b, }, we have lim;, ;00 05 (by, Tku) = UQ(Tku, Tku) =0,
and using arguments similar to the previous case, the above inequality yields

- k
Jlim To(bpr1, T ) = 0.

As (by, Tku) € Cy foralln > np+kand T is H-edge-preserving, Tk, € Dy, Also, as
Ap, C Cy and T is a graphical H-(¥, ¢)-contraction, we have:

B(oo(TH 1, TFH)) < (oo (TRu, TFu)) — @0 (Tru, T*u))
= 9(0) — ¢(0)
0

and as © € ¥, the above inequality implies that oo( T*"1u, T**1y) = 0. This completes
the induction.

Thus, the T-Picard sequence {b,, } with initial value by € Y is H-termwise-connected
and o,-convergent to T u with oo(T u, T'u) = 0forallr e NU{0}. O
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Example 6. Consider the set Y = R equipped with the graphs Q, H, where E(Q) = E(H) =
{(b,v) € Y xY:0 < v <b <1}, and consider the function 5: Y x Y — R defined by:

[0 ifo=v;
0o(b,v) = { sin~'(bv), b # v

Then, o, is a graphical symmetry on'Y, and (Y, 0,) is a 0-H-o,-complete graphical symmetric
space. Let T:Y — Y be a mapping defined by Th = sinb forallb € Y\ {0}, TO = 1, and let
9, ¢: [0,00) — [0, 00) be two functions defined by O(t) =t for all t € [0,00) and

o(t) = { t—sin(t), ifte0,7m/2];

BRE7 otherwise.

Then, it is easy to see that T is a graphical H-(0, ¢)-contraction. Since T is an increasing function
on (0,1], T is H-edge-preserving. For any by € (0,1] the orbit O(T,bg) is H-bounded with
respect to both & and ¢ and (bg, Thg) € Cy. Also, if an H-termwise-connected T-Picard sequence
{bn} is oo-convergent to some point in' Y, then there exist a limit z € Y of {b,, } and ny € N such
that (z,b,) € Cy for all n > ng (for example, z = 1 with ng = 1). Hence, all the conditions of
Theorem 2 are satisfied, but T has no fixed point.

Remark 9. The above example shows that the conditions used in Theorem 2 are sufficient to ensure
the convergence of a particular H-termwise-connected T-Picard sequence, where T is an H-edge-
preserving graphical H-(9, ¢)-contraction. But the conditions of the above theorem are insufficient
to ensure the existence of a fixed point of T, so we introduce the following property:

Definition 7 (Property (S)). Let (Y, 0,) be a graphical symmetric space and T:Y — Y be a
mapping. Then, the quadruple (Y, 0o, H, T) possesses the property (S) if:

whenever an H-termwise-connected T -Picard sequence {by, } has two oy-limits u and v,
whereu € Y,v € T(Y), then u=v. 3)

Remark 10. Note that in Example 6, all the conditions of Theorem 2 are satisfied, but the quadruple
(Y, 05,1, T') does not possess the property (S), for example, consider the H-termwise-connected
T-Picard sequence {b, }, where by = 1; then, this sequence has two oy-limits b(= 1) € Y and
v(=sinl) € T(Y), but sinl # 1. This fact shows the significance of the property (S).

Theorem 3. Let (Y, 0,) be a 0-H-oy-complete graphical symmetric space and T:Y — Y be an
H-edge-preserving graphical H-(9, ¢)-contraction. Suppose that all the conditions of Theorem 2
are satisfied and the quadruple (Y,0,, H, T) possesses the property (S), then T has a fixed point
inY.

Proof. Theorem 2 shows that the T-Picard sequence {b,} with initial value by is o,-
convergent to T¥u for all k € NU {0}. Also, by the proof of Theorem 2, it is clear that
this T-Picard sequence is H-termwise-connected. As T'u = u € Y, Tu € T(Y) and the
quadruple (Y, 0,, H, T) possesses the property (S), we must have Tu = u, that is, u is the
fixed pointof T. [

Example 7. Consider the set Y = R equipped with the graphs Q, H, where E(Q) = E(H) =
[0,1] x [0,1], and consider the function o,: Y x Y — R defined by:

0, ifb=vel0,1];
oo(b,v) = { max{b,v}, ifb,ve€[0,1],b #v;

b—v, otherwise.
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Then, o is a graphical symmetry on' Y, and (Y, o) is a 0-H-oo-complete graphical symmetric space.
Let T:Y — Y be a mapping defined by Th = 0 forallb € [0,1] and Tb = b ifb € R\ [0,1].
Consider the functions 9, ¢: [0,00) — [0,00) defined by 9(t) = ¢(t) =t forall t € [0,00). Then,
it is easy to see that T is a graphical H-(8, ¢)-contraction which is H-edge-preserving. For by = 0
the orbit O(T, bg) is H-bounded with respect to both ¢ and ¢, and (bg, Tby) = (0,0) € Cy. Also,
if an H-termwise-connected T -Picard sequence {b, } is oo-convergent to some point z € Y, then
z =0and (0,b,) € Cy forall n > 1. Hence, all the conditions of Theorem 2 are satisfied. Note that
an H-termwise-connected T-Picard sequence in Y must be a constant sequence with every term
of it equal to zero, and if it has a co-limit u € Y, then we must have u = 0. Hence, the quadruple
(Y, 05,1, T) possesses the property (S). Hence, by Theorem 2, the mapping T must have a fixed
point in Y. Note that all the points of the set (—o0,0] U (1, 00) are the fixed points of T.

The above example shows that the conditions used in Theorem 3 can only ensure the
existence of the fixed point of an #-edge-preserving graphical H-(9, ¢)-contraction, but
not the uniqueness of the fixed point.

By F(T), we denote the set of all fixed points of a mapping T:Y — Y. For any
subgraph #H of Q and for a fixed number k € N, the set {z € Y: (z, T¥z) € Cy} is denoted
by xY*, and (z, T*2) is called the corresponding edge of z € ;Y. A subset A of Y is said
to be H-connected if for every distinctb, v € A, we have (b, v) € Cy or (v,b) € Cy.

Theorem 4. Let (Y, 0,) be a 0-H-0,-complete graphical symmetric space and T: Y — Y be an
H-edge-preserving graphical H-(0, ¢)-contraction. Suppose that all the conditions of Theorem 3
are satisfied, then T has a fixed point. In addition, if Y is H-connected and the diagonal
Ay = {(b,b): b € Y} C Cy, then the fixed point of T is unique.

Proof. The existence of the fixed point u of T follows from Theorem 3. For the uniqueness
of the fixed point, on the contrary, suppose that there is a fixed pointv € Y of T and u # v.
Hence, we have T"u = u, T"v = v for all n € N. Since, (1, Tku) = (u,u), (v, Tkv) =
(v,v) € Ay = {(b,b): b € Y} C Cy, we have u,v € Y also, Y is H-connected;
hence, suppose that (1,v) € Cy (the proof for the case (v, 1) € Cy is same), then, as T isa
graphical #H-(9, ¢)-contraction, we have

B(oo(u,v)) = B(oo(Tu, To))
< Y(oo(u,v)) — @(oo(u,v)).

The above inequality shows that ¢ (0, (1, v)) = 0, and since ¢ € ¥, we must have 0, (u,v) =0,
that is, # = v. This contradiction shows that u € Y is the unique fixed pointof T. O

Remark 11. In the above theorem, for the uniqueness of the fixed point of T, we assumed the
H-connectedness of YT and the inclusion of diagonal Ay in the set Cg;. We point out that in
Example 7, although the condition of the H-connectedness of Y = [0,1] is satisfied, the inclusion
Ay C Cy does not hold, so the fixed point of T is not unique.

Remark 12. Let (Y, 0,) be a graphical symmetric space. Then, consider the following property:
(GS4) limy_y00 0o (b, b) = 0o(b,b) = 0 and limy—ye0 0o (b, v) = 0o(v, v) = 0 implies b = v.

Note that property (GS4) implies property (S); hence, if we replace condition (S) by (GS4), the
conclusion of Theorem 3 and Theorem 4 remains true.

Example 8. Consider the set Y = R equipped with the graphs Q, H, where E(Q) = E(H) =
Ay U{(b,v) € Y xY:0<v <b <1}, and consider the function c,: Y x Y — R defined by

(o, ifb=v;
oo(h,v) = { Sinfl(max{b,v}), ifb # v;
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Then, o is a graphical symmetry on' Y, and (Y, o) is a 0-H-oo-complete graphical symmetric space.
Let T:Y — Y be a mapping defined by Tb = sinb forallb € Y and let 9, ¢: [0,00) — [0, 00) be
two functions defined by 9(t) =t forall t € R and

o(t) = { t—sin(t), ifte[0,7m/2];

L, otherwise.
Since T is an increasing function on [0,1], T is H-preserving. For any by € [0,1], the orbit
O(T,bg) is bounded with respect to both © and ¢, and (by, Tbo) € E(H). Also, if an H-termwise-
connected T-Picard sequence {b,} is oo-convergent to z € Y, then we must have z = 0 and
(bn,z) € Cy forall n > 1. Also, if an H-termwise-connected T-Picard sequence {b, } has two
limits u and v where u € Y,v € T(Y), then u = v = 0. Hence, all the conditions of Theorem 2
are satisfied, and the quadruple (Y, 0o, H, T') possesses the property (S). Thus, the fixed point of T
exists. Here, ;)Y = [0, 1]; hence, Y™ is H-connected, and Ay C Cyy. Thus, all the conditions of
Theorem 4 are satisfied, hence, by Theorem 4, T has a unique fixed point. Indeed, F (T ) = {0}.

A graphical metric space (Y, d,) is called H-complete (for details, see Shukla et al. [6])
if every H-termwise-connected sequence in Y converges in Y. In view of Remark 1 and the
fact that Shukla et al. [6] assumed that Ay was always contained in E(# ), we obtain the
following corollary of Theorem 4.

Corollary 1. Let Y be a nonempty set endowed with a graph Q such that (Y, dy) is an H-complete
graphical metric space, and let T:Y — Y be an H-edge-preserving mapping. Suppose that the
following conditions hold:

(A) Thereexist ¢, ¢ € Y such that
O(do(Th, Tv)) < 8(do(b,v)) — @(do(b,v)), forallb,v € Y with (b,v) € Cy;

(B) There exists by € Y such that max{8(do(b,v)), ¢(do(b,v))} < K forallb,v € O(T,bg)
with (b, v) € Cy, where K € [0, 0) is a fixed number and (by, Tho) € Cy;

(C) If an H-termwise-connected T-Picard sequence {z, } converges in'Y, then there exist a limit
z € Yof {zn} and ny € N such that (zy,z) € Cy forall n > ng or (z,z,) € Cy for all
n > ny.

Then, there exists u € Y such that the T-Picard sequence {b,} with initial value by € Y is

H-termwise-connected and convergent to T'u for all ¥ € NU {0}. In addition, if the quadruple

(Y, 05, H, T) possesses the property (S) (in the sense of Shukla et al. [6]), then T has a fixed point

inY. Also, if Y is H-connected, then the fixed point of T is unique.

Corollary 2. Let Y be a nonempty set endowed with a graph Q such that (Y, d) is an H-complete
graphical metric space, and let T:Y — Y be an H-edge-preserving mapping. Suppose that the
following conditions hold:

(A) Thereexist A € (0,1) such that
do(Th, Tv) < Adg(b,v), forallb,v € Y with (b,v) € Cy.

(B) There exists by € Y such that (bg, Thy) € Cy;

(C) If an H-termwise-connected T-Picard sequence {z, } converges in'Y, then there exist a limit
z € Yof {zn} and ny € N such that (z,,z) € Cy forall n > ng or (z,z,) € Cy for all
n > ny.

Then, there exists u € Y such that the T-Picard sequence {b,} with initial value by € Y is

H-termwise-connected and converges to T'u for all ¥ € NU {0}. In addition, if the quadruple

(Y, 05,1, T) has the property (S) (in the sense of Shukla et al. [6]), then T has a fixed point in Y.

Also, if YT is H-connected, then the fixed point of T is unique.
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Proof. Consider the graphical symmetric space (Y, 0,), where 0,(b, v) = dy(b,v) for all

b,u € Y.Define 9, ¢: R — [0,00) by 8(t) = t, p(t) = (1 — A)t forall t € [0, 00). Then, the

mapping T satisfies condition (A) of Theorem 1. Also, by following the process used by
n

Shukla et al. [6], one can easily verify that for m > n, do(T"bg, T"bg) < 7 ): /\dg(bo, Thy) <
1

mdg(bo, Thg). Hence, there exists by € Y such that (bg, Thg) € Cy, and

max{8(do(5,v)), p(da(b, v))} < K(: FlAdg(bo,Tbo))

for all b,v € O(T,bg) with (b,v) € Cy. All other conditions of Corollary 1 are satisfied;
hence, T has a unique fixed pointin Y. O

Remark 13. By following similar arguments as those used by Shukla et al. [6], one can easily
derive the corresponding versions of the results of Ran and Reurings [12] and Edelstein [13] in
graphical symmetric spaces. Here, we omit the proofs.

Corollary 3. Let (Y,b) be a complete b-metric space (see, Czerwik [3]) and T :Y — Y a mapping
such that the following condition is satisfied: for some ¢, p € ¥

B(b(Th, Tv)) < 8(b(b,v)) — @(b(b,v)), forallb,v €Y.

If there exists by € Y such that max{d(b(b,v)), ¢(b(b,v))} < K forallb,v € O(T,by), where
K € [0, 00) is a fixed number, then T has a unique fixed point in Y.

Proof. Consider the graphical symmetric space (Y, 0,), where o,(b,v) = b(b,v) for all
b,v € Y and the universal graph Q where V(Q) =Y, E(Q) = Y x Y. If we assume
E(H) = E(Q), then it is easy to see that all the conditions of Theorem 4 are satisfied, hence,
by Theorem 4, T has a unique fixed point. [0

Corollary 4. Let (Y, 0) be a 0-o-complete metric-like space (see, Shuklaetal. [11))and T: Y — Y
a mapping such that the following condition is satisfied: for some ¢, ¢ € ¥

3o (Th, Tv)) <d(c(b,v)) —¢@(c(b,v)), forallb,v €Y.

If there exists by € Y such that max{d(c(b,v)), ¢(c(b,v))} < K forallb,v € O(T,bg), where
K € [0,00) is a fixed number, then T has a unique fixed point in Y.

Proof. Consider the graphical symmetric space (Y, 0,), where o,(b,v) = (b, v) for all
b,v € Y and the universal graph Q where V(Q) =Y, E(Q) = Y x Y. If we assume
E(H) = E(Q), then it is easy to see that all the conditions of Theorem 2 are satisfied, hence,
by Theorem 2, the T Picard sequence {b, } with initial value by € Y is convergent to T'u
and o(T"u, T"u) = 0 for all r € NU {0}. Hence, by Remark 1 of Shukla et al. [11], we
obtain T"u = u for all ¥ € N; thus, T has a fixed point in Y. The uniqueness of the fixed
point follows from the fact that the graph H is universal. [

Let (Y,d) be a symmetric space (see Wilson [7], Alshehri et al. [5] and references
therein). Since in symmetric spaces, the triangular inequality does not hold, as a replace-
ment, the following property called (W3) is used at several places:

lim d(b,,b) = 0and ’}gr{}od(bn,v) =0imply b =v 4)

n—oo

We derive the following corollary in symmetric spaces.
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Corollary 5. Let (Y,d) be a symmetric space (see Alshehri et al. [5] and references therein) such
that for every d-Cauchy sequence {b, } in'Y, there exists v € Y such that limy,_,e d(by,v) = 0.
Suppose T:Y — Y is a mapping such that the following condition is satisfied: for some ¢, ¢ € ¥

9(d(Th, Tv)) <&d(b,v)) —@(d(b,v)), forallb,v €Y.

If there exists by € Y such that max{d(d(b,v)), (d(b,v))} < K forallb,v € O(T,by), where
K € [0,00) is a fixed number, and suppose property (W3) is satisfied, then T has a unique fixed
point in Y.

Proof. Consider the graphical symmetric space (Y, 0,), where 0,(b,v) = d(b,v) for all
p,v € Y and the universal graph Q where V(Q) =Y, E(Q) =Y x Y. Define the subgraph
H of Qby: E(H) =Y x Y. Then, it is easy to see that conditions (A) and (B) of Theorem 2
are satisfied. Note that condition (W3) implies that condition (GS4) holds; hence, by
Remark 12, the quadruple (Y, 0o, H, T ) possesses the property (S). Hence, by Theorem 3,
the mapping T has a fixed point in Y. The uniqueness of the fixed point follows from the
fact that the graph H is universal. [

A point u € Y is called a periodic point of order k € N of a mapping T:Y — Y if
TRy = w. 1 (Y, 0,) is a graphical symmetric space, then each edge of the graph can be
considered weighted, where the weight of edge (b,v) € E(Q) is given by the quantity
oo (b, v). We prove the following periodic-point theorem:

Theorem 5. Let (Y, 0,) be a graphical symmetric space, T:Y — Y be an H-edge-preserving
graphical H- (0, ¢)-contraction and & be nondecreasing. If there exists a point in Y7 such that
its corresponding edge is with minimum weight in Y™, then T has a periodic point of order k. In
addition, if \Y* is H-connected and the diagonal Ay = {(b,b): b € Y} C Cy, then the periodic
point of T is unique.

Proof. Suppose u € Y is such that its corresponding edge is with minimum weight in
kYZ{, that is,
oo(u, TFu) < oo(v, TF) forall v € Y (5)

where k € N is fixed. We show that u is a periodic point of T of order k. Then, as u € Y7,
we have (1, T¥u) € Cy and since T is H-edge-preserving, we have (Tu, T¥Tu) € Cy,
hence Tu € YH. Let Wi(v) = 0,(v, TX0) for all v € Y and suppose that Wi (1) > 0
(otherwise, 0, (u, Tk u) = 0 implies T*u = u and we are done) then the inequality (5) shows
that 0 < Wi (u) < Wi(v) forallv € (Y.

Since (1, T¥u) € Cy, T is a graphical H-(8, ¢)-contraction and Wi (1) = o (u, TFu) > 0,
we have

8(oo(Tu, TT u)) B(oo(u, T*u)) — @(oo(u, TFu))

<
< O(oo(u, TFu)).

As 8 is nondecreasing, the above inequality shows that oo (Tu, T T¥u) < 0o (u, T*u), that
is, W (Tu) < Wi(u). This is a contradiction because Tu € ;Y*. Hence, we must have
Wi (1) =0, that is, oo (1, Tku) =0. Thus, TFu = u.

For the uniqueness of the periodic point, on the contrary, suppose that there is a
periodic point v € Y of T of order k, and u # v. Hence, we have Thy = u, Tky = .
Since (u, T¥u) = (u,u),(v, T*0) = (v,0) € Ay = {(b,b): b € Y} C Cy and T is H-
edge-preserving, we have (T"u, T"v) € Cy foralln € Nand u,v € WY also, Y is
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H-connected; hence, suppose that (u,v) € Cy (proof for the case (v, u) € Cy is same). As
T is a graphical H-(9, ¢)-contraction, we have

B(oo(u,v)) = (oo(TFu, TF0))
B(oo(T5 1, T10) — oo (T, T 1))

B0 (TF 1y, TF10)).

IAIA

A repetition of this process gives
Hoo(u,0)) < 8(0o(Tu, To)) < 8(oa(u,0)) — ¢(o(u,v)) < 8(0o(u,0)).

This shows that ¢ (0, (u,v)) = 0, and since ¢ € ¥, we must have 0, (1, v) = 0, thatis, u = v.
This contradiction shows that u € Y is the unique periodic point of T of order k. [

Corollary 6. Let (Y, 0,) be a graphical symmetric space, T:Y — Y be an H-edge-preserving
graphical H-(8, @)-contraction and © be nondecreasing. If there exists a point in 1Y such that its
corresponding edge is with minimum weight in 1Y, then T has a fixed point in Y. In addition,
if YT is H-connected and the diagonal Ay = {(b,b): b € Y} C Cy, then the fixed point of T
is unique.

Proof. Since a fixed point of mapping T is a periodic point of T of order one, hence the
existence and uniqueness of the fixed point of T follows from Theorem 5. O

4. Positive Solution of Fractional Periodic Boundary Value Problems

In this section, we apply the results of the previous section to the problem of the
existence of positive solutions of a fractional periodic boundary value problem involving
Caputo’s derivatives of fractional order. We consider the following fractional periodic
boundary value problem for positive solutions:

[0,1] (6)

SDb(t) = h(t,b(t)),t €
= a>0 (7)

b(0) = b(1) = a,

where g Df represents the Caputo derivatives of fractional order «, and b: [0,1] — R and
h: [0,1] x R — R are some functions. We first state some definitions and facts about the
Riemann-Liouville fractional integral and Caputo’s derivatives of fractional order.

Definition 8 (Samko et al. [14], Podlubny [15]). The Riemann—Liouville fractional integral of a
function b € Cr|[b,c] of order a € (0, 00) is given by

B0 = g [ (=9 b(s)s

14

Definition 9 (Podlubny [15]). Caputo’s derivative of a function b: [0,00) — R of order a € (0, 0)
is given by

CDE(t) = 1" [;;b(t)] = r(nl_a) _/bt(t —s)" 1) (5)ds

where n = [a] 4+ 1, and [«] denotes the integer part of a.
Remark 14. It is obvious that if b(t) = t"~1, n € N, then { D¥(t) = 0.
Definition 10. Let P be the cone in Cg|0, 1] defined by

P = {b(t) € C[0,1]: b(t) > 0 forall t € [0,1]}.
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Then, a function b € Cg|0, 1] is called a positive solution of (6) and (7) ifb € P and gD;"b(t) =
h(t,b(t)),t € [0,1] and b(0) =b(1) = a.

The following lemmas play an important role in establishing the existence results for
the periodic boundary value problem (6) and (7).

Lemma 1 (Zhang [16]). Let a > 0; then, the fractional differential equation Db (t) = 0 has
a solution u(t) = co + c1t + ot 4 4y 1t" Y, where ¢; € R, i = 0,1,...,n — 1 and
n=[a]+1.

Lemma 2 (Zhang [16]). Let « > O; then,
a [C o _ 2 n—1
pIf [y DED(E)] = b(t) +co+ et +cot™ 4+ + ¢yt
wheren = [a]+1,¢;€R,i=0,1,...,n—1.

Lemma3. Let1 < a < 2,andlet h: [0,1] x R — R be a continuous function. Then, b € Cr|0, 1]
is a solution of (6) and (7) if and only if it is a solution of the following fractional integral equation

b(t) =a— ﬁ /01(1 — )% (s, b(s))ds + F(lzx) /Ot(t —8)"h(s,b(s))ds.

Proof. Suppose b(t) is a solution of (6) and (7); then, by Lemma 2, we have for some
ag, a1 € R:

b(t) = ag+ayt+olf[SDED(H)]
= g+ ayt+oIf [h(t,b(1))]

_ a0+a1t+r(1a)/0t(t—s)“1h(s,b(s))ds.

Therefore,

b(t) = ap + art + 1”(104) /Ot(t —5)* h(s,b(s))ds. (8)

Applying boundary condition (7) in the above equation, we obtain

a=0b0)=uag; a=b(1) =ap+a, + I‘(loc) /01(1 —8)* h(s,b(s))ds

thatis, ag = aand a1 = _lop 1 —5)*"1h(s,b(s))ds. These values with (8) proves the
ORS F

desired result. [

We next prove that under some particular conditions, the fractional boundary value
problem (6) and (7) has a positive solution.

In the rest of the discussion, we assume that p > 0 is a fixed number, r = 2a (where a
is the constant considered in (7)), Y = Cg[0, 1], and the set Bp(r) is given by

Bp(r) = {b € P: b(t) < rforallt € [0,1]}.

Theorem 6. Assume that the following conditions are satisfied:

(i)  There exist a nondecreasing continuous function x: [0,00) — [0,00) such that x(t) < t for
all t > 0and

(e 5(6)) — o)) < “EED (o) — o)) ©)
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forallb,v € Bp(r);
(ii) 0 <h(t,b(t)) <al(l+uw)forallt e [0,1]andb € Bp(r).

Then, the fractional boundary value problem (6) and (7) has a positive solution.

Proof. We convert the fractional boundary value problem (6) and (7) into the equivalent
fixed-point problem as follows: define T: Y — Y by

t

Th=a— ) /Ol(l — ) 1h(s,b(s))ds + 1,(100 /Ot(t —5)* (s, b(s))ds

Then, it is clear that b(t) is a solution of (6) and (7) if and only if it is a fixed point of T.
Consider the graphs Q and # defined by V(Q) = V(H) =Y, E(Q) = E(H) =
Bp(r) x Bp(r) and the function 0,: Y X Y — R defined by

0o(b,0) = sup |p(t) — v(t)| forallb,v € Y.
te[0,1]

Then, o, is a graphical symmetry on Y, and the pair (Y, 0,) is a 0-H-0,-complete graphical
symmetric space. Let ¢, ¢: [0,00) — [0, 00) be defined by

O(t) = tand @(t) = (1 — 21p>tfor allt € [0, 00).

Since p > 0, wehave ¢,p € Y.
We show that T is an H{-edge-preserving graphical H-(8, ¢)-contraction.
It is easy to see that Bp(r) # @. Consider b € Bp(r). Since (ii) holds, we have

t

1 o 1 gt .
T = a—m/o(l—s) 1h(s,b(s))ds+m/0(t—s) Un(s, b(s))ds

t 1 a—
—W/O(l—s) L.ar(1 4 a)ds

_ tal(1 +a)
al'(a)

> 0

forall t € [0,1]. Also,

T N 1ot
T = a—m/o(l—s) 1h(s,b(s))ds+m/0(t—s) (s, b(s))ds
1 gt .
< a—l—m/o(t—s) LoaT(1 +a)ds

t*al (14 a)

= ot al ()

< 2a=r.

forallt € [0,1]. Hence, T (Bp(r)) € Bp(r). This shows that T is H-edge-preserving.
Suppose (b, v) € Cy; then, by definition b, v € Bp(r), and by (ii), we have

ITh—To| = ’ r(ta) /1(1—5)“1h(s,b(s))ds+r(1“)/0t(t—s)“1h(s,b(s))ds
r(tw /1(1—5)“ (s, v(s ))ds—r(la)/Ot(t—s)"‘_lh(s,v(s))ds

t
['(a)

+F(zx) /ot(f*ﬂ"‘ Hh(s,5(s)) = h(s,v(s))lds.

IN

/01 1—35)*"Yh(s,b(s)) — h(s,v(s))|ds
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Using (i) in the above inequality, we obtain
I'(l+a 1 _ t _
To-Tol < S oo o) a9 s [ (s e
I'(l+a) to

= W[K(Ug(b,v))]l/p |:Dc + :|

< Slxloo(,0))]M7.

N =

for all t € [0,1]. Suppose that o,(h,v) > 0. Then, the above inequality shows that
1

1 1
0o(Th, Tv) < z—px(ag(b,v)) < 270Q(b,v). AsdO(t) =t, ¢(t) = (1 — ZP)t’ we have

B(oo(Th, Tv)) < 8(oo(b,v)) — @(0o(b,v)).

If 04(b, v) = 0, then the above conditions follows trivially.

Note that for any by € Bp(r), we have Tby € Bp(r); hence, (bg, Thy) € Cy. Also, if
bo € Bp(r) and b,v € O(T,bg), thenb,v € Bp(r), thatis, 0 < b(t),v(t) <rforallt € [0,1].
Hence,

oo(b,v) = sup [b(t) —v(t)|F < (2r)P.
te[0,1]
Therefore, O(T,bg) is H-bounded with respect to both @ and ¢. It is easy to see that if an
H-termwise-connected T-Picard sequence {z,} is 0 -convergent to some z € Y, then we
must have z,,z € Bp(r), so by the definition, we have (z,,,z) € Cy for all n € N. Finally,
one can see that the quadruple (Y, 0,, H, T) possesses property (S).

Thus, all the conditions of Theorem 3 are satisfied; hence, T has a fixed point # which
is also a solution of (6) and (7). From the proof of Theorem 3, it is clear that this fixed point
u is a limit of an H-termwise-connected T-Picard sequence, so u € Bp(r); therefore, u is a
positive solution of (6) and (7). O

5. Conclusions

In this work, we presented a new idea of graphical symmetric spaces and proved
some fixed-point results for H-edge-preserving mappings. The class of these spaces is
broad and includes various known classes of distance spaces. The fixed-point results in
graphical symmetric spaces are more general than the existing results for such mappings in
the terms of both the broader domain of graphical symmetric spaces and the contractive
condition applied on the mappings under consideration. In particular, we generalized the
concepts of spaces given in [2,3,5-7] and extended the fixed-point results proved by Shukla
et al. [6], Ran and Reurings [12] and Edelstein [13]. We showed that the H-edge-preserving
mappings and fixed-point results for such mappings in graphical symmetric spaces could
be applied to find the positive solutions of fractional periodic boundary value problems.
A further investigation of applications of these results (or generalized versions of these
results) can be conducted to ensure the solutions of fractional integral inclusion systems,
fractional difference equations, etc. Another possible extension of the results of this paper
is to establish the fixed figure or fixed circle problem (see, [17]) and to apply it to the related
geometric problems.
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