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Abstract: Despite its apparent simplicity, the idea of connectedness has significant effects on topology
and its applications. An essential part of the intermediate-value theorem is the idea of connectedness.
In many applications, such as population modeling, robotics motion planning, and geographic
information systems, connectedness is significant, and it is a critical factor in differentiating between
various topological spaces. This study uses soft open sets and the concept of soft ideals as a new class
of soft sets to present and explore the ideas of soft connected spaces and strongly soft connected spaces
with soft ideals. Also, under certain assumptions regarding the subsequent concepts—soft-ideal
connectedness and stronglysoft-ideal connectedness in soft-ideal topological spaces—we characterize
this new class of sets by employing soft open sets and soft ideals to examine its fundamental features.
Furthermore, we look at a symmetry between our new notions and other existing ones, and this
study examines the relationships between these concepts.

Keywords: soft open set; soft idea; soft local function; soft connected; strongly soft connected
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1. Introduction

Scientific processes, as opposed to tried-and-true methods, must be utilized to answer
most empirical issues in technology domains—such as engineering, computer science, and
social sciences—that deal with uncertainty and unreliability. In [1], Molodtsov outlined
a novel mathematical method known as soft set theory to solve some issues. Molodtsov
effectively utilized the soft set theory in [1,2] in several domains, including probability,
measurement theory, Riemann integration, game theory, operation research, and smooth-
ness of functions. Considerable advancements in theory and technology have resulted from
an exponential growth in the study of and applications of this soft set (see [3-9]). Next,
a well-focused investigation of an abstract soft set operator theory with applications to
decision-making problems was conducted by Maji et al. [10]. The work of Shabir and Naz
focused on the theoretical studies that introduced the idea of soft topological spaces [11].
These spaces are defined over an initial universe that has a predetermined set of soft
topological space features. Kandil et al. [12] presented the concept of soft ideals initially.
In addition, they established the concept of the soft local function. Several symmetric
concepts have been proposed for identifying new soft topologies from old ones, commonly
known as soft topological spaces with soft ideals (X, T, I). Kandil et al. [13] explored some
applications of soft sets in several sectors. Lin [14] developed the concept of connectedness
in soft topological spaces. In [13], the authors explored the concept of (x-soft separated,
*-soft connected, and #;-soft connected) sets in soft topological spaces with soft ideals.
Al-shami et al. [15] examined notions of connectedness via the class of soft somewhat-open
sets. Additionally, Al-shami et al. [16] introduced new types of symmetrical soft connected
spaces and infra-soft locally connected spaces and components. Local connection and
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connectedness are some essential concepts in soft topology. In 1983, Atanassov introduced
intuitionistic fuzzy sets [17]. Basic results on intuitionistic fuzzy sets are reported in [18,19].
Yager [20,21] suggested a new form of fuzzy sets called Pythagorean fuzzy sets. Yager [22]
introduced the g-rung orthopair fuzzy set for dual universes. Saber Y. et al. [23] discussed
the connectedness and stratification of single-valued neutral topological spaces. Li et al. [24]
introduced the notion of g-rung picture fuzzy sets. Ajmal et al. [25] investigated the idea
of connectedness and local connectedness in fuzzy topological spaces. Refs. [26,27] pro-
vide further information about soft connectedness. Research in soft topology and related
topics remains active (see, for example, [28,29]), with opportunities for significant contri-
butions. The principal characteristics of these notions are defined and examined by the
researchers of [6,15]. Thus, our objectives in this article are to introduce the concept of
soft-ideal connected spaces and soft-strongly-ideal connected spaces using ideals, and to
extend some significant results on strong connectedness. Also, we aim to ascertain under
which conditions soft connectedness, soft-ideal connectedness, and soft -strongly-ideal
connectedness are equivalent. Finally, we provide some more examples to illustrate some
of the characteristics.

This manuscript is a continuation of the previous works based on symmetric soft
connected spaces. The structure of this paper is as follows: Section 2 reviews the main
definitions and findings of soft theory. After defining “soft connected” and “soft ideal
connected spaces”, some of their many extensions are shown in Section 3. With the aid
of strong examples, we examine their salient features and make clear the relationships
between them. We present the idea of strongly-soft -I.-connected spaces in Section 4 and
explore deeply its main characteristics. We show that this concept is comparable to that of
“soft connected”. Lastly, we provide some insights and pave the way for further research in
Section 5.

In this study, topological space and soft topological space, respectively, shall be de-
noted by the terms used in publications: TS and STS. This essay aims to introduce and
explore the notion of soft connected spaces and strongly soft connected spaces with soft ideals.

2. Preliminary

In order to keep this publication self-contained, we will discuss the ideas and con-
clusions from previous research that are necessary to understand the results that we have
found here.

Definition 1 ([1]). Let € be a set of parameters and X be an initial universe. Let B be a non-null
subset of parameters e and 2% be the power set of X. A pair (A, B) indicated by Ap is a soft set over
X, such that A is a mapping provided by A : B — 2X. Alternatively stated, a soft set over X is a
parameterized collection of subsets of the universe Xe. For a certain e € €, A(e) may be thought of
as the set of e-approximate elements of the soft set (A, €) = A¢; also, ife & ¢, then A(e) = ¢, i.e.,
Ae = {A(e) s e € g, A : & — 2X}. The collection of all soft sets is represented by SS(X)e.

Definition 2 ([10]). Assume Ag, B € SS(X)e. We call A,:

(a) A soft subset of B, represented by As T B, if A(e) C B(e), forall e € e.
(b)  An absolute, represented by X, if A(e) = X, forall e € &.
(c) A null, represented by ¢, if Ae) = ¢, forall e € e.

In this instance, Ag is a soft subset of Be and B, is a soft superset of Ae, Ae T Be.

Definition 3 ([30]).
(a)  Asume A to be an arbitrary index set and Q) = {(Ay)e : & € A} to be a subfamily of SS(X)e.
Then:

(i) The union of all (Ay)e is the soft set Ae, where A(e) = Uyea(Aa)e(e) foralle € e.
We compose Uyep(Ax)e = As.

(i) The intersection of all (Ay)e is the soft set Ng, where N(e) = Nyea(Aa)e(e) for all
e € &. We compose Mycp(Ax)e = Ne.
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(b) A soft set A in (X, T) is a soft neighborhood of the soft point x, € X, if there exists a set
B. € T such that x. € B, C A,.

(c) A soft set A¢ € SS(X), is a soft point in X, if there exist x € X and e € € such that
Ale) = {x} and A(e°) = ¢ for all e € ¢ — {e}. This soft point A is denoted by x..

Definition 4 ([11]). Let (X, T) bea STS and A, € SS(X)e.

(@) A complement of a soft set A, indicated by AS, is described as follows: A° : e — 2X isa
mapping given by A°(e) = X¢(e) — A(e), forall e € €, and A° is called a soft complement
function of Ae.

(b) A difference of two soft sets A and A, over the common universe X, denoted by A — Ae, is
the soft set Be, for all e € ¢, such that B(e) = Ae) — A(e).

(c)  The soft interior of Ag is Int(Ae) = U{A¢: Ae € Tand Ag T A}

(d)  The soft closure of A¢ is cl(A¢) = M{Ag : Ag € TCand ¢ T A¢}.

(e)  Let A¢ be a soft set over X, and x; € X.. We say that x, € A indicates that x, belongs to the
soft set Ag whenever x.(e) € A(e), forall e € e.

More details about soft set theory and its applications in various mathematical struc-
tures may be found in [8,31,32].

Definition 5 ([12]). Let L. be a non-null collection of soft sets over a universe X.. Then, I, C
SS(X)e is called a soft ideal on X, if:

1. A €l;and B, € I, then A; UB; € L.

2. A €l;and B, C A, then B, € 1.

Definition 6 ([12]). Let (X,, T) be an STS and I, be a soft ideal over X, with the same set of
parameters e. Then, D (I, T) (or D,) = U{xe € X : Oy, M D ¢ I for all soft open set Oy, }
is the soft local function of D, with respect to I, and soft topology T, where Oy, is a soft open set
containing xe.

Theorem 1 ([33]). Let (X¢, T) be an STS and I, be a soft ideal over X with the same set of
parameters e. Then, the following statements are equivalent:

1. TNl = ¢

2. A €l;implies Int(Ag) = ¢¢;

3. Forall B €1, B, CB,;

4 X.=X..

Definition 7 ([1]). An STS (X, 7) is called soft connected if X cannot be articulated as the soft
union of two soft separated sets in (Xe, T). If it is not soft connected, (X¢, T) is said to be soft
disconnected.

3. Soft-Ideal Connected Spaces

In this section, we introduce and explain the concept of soft-ideal connected spaces.
Additionally, we demonstrate that, subject to specific limitations, the product of soft-ideal
connected spaces is also a soft-ideal connected space.

Definition 8. Let (X, T) be am STS with a soft ideal I, on X. A soft subset Y of X, is soft
Ie-connected if Y, cannot be expressed as a union of two non-soft-ideal sets A, and B, such that
Ye M Ae 1 Be = ¢ = Ae M Be 1 Ye. A non-soft-ideal set A in Xe is a subset of X, such that
Ae ¢ L, and Az is a soft closure of A¢ in T.

Any soft connected set is soft [,-connected, but the opposite is not always true, as
shown below.
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Example 1. Let (X, 7,) = (R, 7,) denote the reals with usual topology and Y = [0,2] U
{3,4,5} C X. Let I, denote the ideal of all finite subsets of X, and E = {e}. Let T = {F €
SS(X,E) : F(e) € 1y, forall e € E}, be a soft topological space. Then, Yy is soft Lg-connected but
not soft connected.

Example 2. Let X = {hy,hy, h3}, e=ley, €2}, and © = {X¢, e, Ae, Be }, where A and B are
soft sets over X defined as follows: A(e1) = {hy}, A(ez) = {h1,hs}, and B(ey) = {h1,h3},
B(ey) = {hyp}. Then, T is a soft topology on X. Let I, = {¢¢, I, J¢, K¢, Le }, where I, J¢, K¢, Le
are soft sets over X defined by 1(e1) = {h2}, I(e2) = {1}, J(e1) = {h1, h2}, J(e2) = {h3},
K(ey) = {ha}, K(e2) = {h1,h3}, and L(e1) = {h1}, L(e2) = {h3}. Then, L, is a soft ideal on X.
Hence, X, is not soft connected but it is soft l.-connected.

Next, we characterize the soft-ideal connected spaces.

Theorem 2. Let (X, T) be an STS with a soft ideal I, on X. Then, the subsequent statements are
equivalent:

1. X, is soft Ie-connected.
2. X, cannot be expressed as a union of two disjoint non-soft-ideal soft open sets.
3. X, cannot be expressed as a union of two disjoint non-soft-ideal soft closed sets.

Proof. (1) = (2): Suppose (2) is not true. Then, X, = A, U B, for some soft subset
Ag, B ¢ I, such that A, B, are disjoint soft open sets. Then, A, = A and B; = B, implying
A, M B, = P = Ae T B.. This contradicts (1). Therefore, X, is not characterized as a union
of two disjoint non-soft-ideal soft open sets.

(2) = (3): Suppose (3) is not true. Then, X, = A, U B, for some soft subsets A¢, B; ¢ I
such that A, B; are disjoint soft closed sets. Then, X, = A; U B, where A, B, ¢ I,
Ae¢MBe = ¢, and A, = X¢ — Be, B = X — A, are soft open sets, which contradicts (2).
Therefore, X, not characterized as a union of two disjoint non-soft-ideal soft closed sets.

(3) = (1): Suppose X; is not soft I;-connected. Then, X, = A, U B, for some soft
subsets A, B ¢ I, such that A, M B, = ¢ = A Be. This implies that A, C A, and
B: C B,. Hence, X, = A. U B, where A, B, ¢ I, and A, B¢ are disjoint soft closed sets;
which is a contradiction to (3). So, X; is soft I.-connected. [

It is well known that the union of two connected sets is connected if A, M B, # ¢.
This result can be generalized as follows.

Theorem 3. Let (X,, T) be an STS with a soft ideal I, on X and A., Be be two soft L¢-connected
sets with Ag T Be ¢ L. Then, A. U By is soft Ie-connected.

Proof. Suppose A¢ U B is not soft I.-connected. Then, A, LI B, = C. U D¢, where C¢, D, ¢ I
and (A; UBe) MCe M De = ¢ and (A¢ LI Be) MCe M1 De = ¢e. We have (A M Be) = (Ce I
A¢MBe) U (De M A M Bg) ¢ L. Then, either Ce M Ag M Be ¢ I or D 11 A M B ¢ L. Suppose
CeMA:MB €1, then CcM A & I and C. M Be ¢ I.. Since A = (CeMA:) U (DM A;) isa
soft [.-connected, either C. M A, € l;or DM A; € I.. AsC: M A, ¢ 1., wehave D, M A, € I,.
Similarly, we have D, M B; € I;. So, D, = (DM A¢) U (D¢ M Bg) € I, and hence D € [,
which is a contradiction. Hence, A, U B; is soft I.-connected. [

Theorem 4. Let (X, T) be an STS with soft ideal I, on X, with T M1, = ¢¢. Then, X, is soft
I-connected if X, is soft connected.

Proof. Itis enough to prove that if X is soft I.-connected, then it is soft connected. Suppose
X, is not soft connected. Then, X, = A, Ul B;, where A, B; are non-null soft open sets
and A, M B, = P = Al B.. Since T M1, = ¢e, we have A¢, By ¢ I.. So, X, is not soft
Ie-connected, which produces a contradiction. Consequently, X, is soft connected. [
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Theorem 5. Let (X, T) be an STS with soft ideal I, on Xe. If Ae T X, is soft Ig-connected and
A, C B C A:) (closure of Ag in T*), then Bg is soft Ig-connected.

Proof. Suppose that B; is not soft I.-connected. Then, B, = C; U D,, where C;, D, ¢ [
and B M Ce M Dy = ¢ = B¢ M Ce M De. Now, we have A, = (A 1Ce) U (A 1 Dg). Since
Ag is soft I,-connected, either A, 1M C, € I or A; M D; € L. Suppose A, M D, € [ and let
X¢ € D¢ — Ag. Then, for every neighborhood Ve of x¢, Ve M Ag & Le. As Ve M Ay = (Ve AN
Ce) U (VeM AN D) ¢ I, wehave Ve M A M C; ¢ L. In particular, V; M A¢ 1 Ce # ¢e. Then,
Ve M Ce # ¢ and hence x, € C,. Therefore, x, € D, — A,, implying that x, € C,, which
is a contradiction to B, C, M D, = ¢.. Hence, D, — A, = ¢ and D, C A,. Therefore,
D¢ = D, M A € I, which is a contradiction. Consequently, B; is soft I.-connected. O

The above theorem is not true if we replace *-closure with closure. We give the
following example.

Example 3. Let (X, 1,) = (R, ) be the real line with usual topology. Let A = [0,1] U {x : x
be rational, 4 < x < 5} and let I, be the ideal of measure zero sets Xe and E = {Z}. Let
T={F € SS(X,E) : F(e) € 7, forall e € E} be soft topological. Then, A is soft I.-connected,
but A = [0,1] U [4, 5] is not soft I-connected.

Theorem 6. Let (X, T) and (Ye, o) be STSs and let I be a soft ideal on X. Let fpy : (Xe, T) —
(Ye, o) be soft continuous surjective. If (X, T) is soft le-connected, then (Ye, o) is soft fpu(Ie)-
connected.

Proof. Let fy, : (Xe, T) — (Ye, o) be a soft continuous surjective map and (X, T) be soft
Ie-connected. Assume that (Ye, o) is not soft fy, (I )-connected; then, Y = B¢ LI C¢, for some
Be,C. ¢ fpu(Hg), Be M Ce = ¢. and B, C are soft open sets. Since fp,; is soft continuous,
fp’ul(Bg), fp’ul(Cg) are soft open and f];ll(Bg) ITfpj}(Cg) = fp’ul(B£ nce) = f;jul(cpg) = ¢.
Also, f,H(Be), fil (Ce) & Te f fp! (Be) € T, then Be € fpu(Ie)). Now, Xe = f,,!(Be) U
fp_ul(Cs), where fp_ul(Bg), fp_ul(Cg) are soft open sets such that fp_ul(BS) M fp_ul(Cg) = ¢. and
fp_u1 (Be), fr,_u1 (Ce) ¢ I.. Hence, (X, T) is not soft I.-connected, which is a contradiction to
our assumption. Thus, (Y, ) is soft fp, (I¢)-connected. [

Theorem 7. Let (X,, T) be an STS and I, be a soft ideal on X, and let Ag, Be C X,. If A; is soft
Ie-connected and B, € I, then A, U Be is soft Ie-connected.

Proof. If A, U B; is not soft I.-connected, then there exist soft open sets C; and D; in X
such that:
1. (A:UB:)MCeMD; = ¢ and (A¢ UBe) M Ce M De = ¢pe.
2. (A:UB.)MNCe ¢1I,and (AU B) M D ¢ 1.

Since B, € I and B, M C, € I, we have (A, M C¢) ¢ L. Similarly, we have (A¢ M D;) ¢
Ie. Now, A = (A: M Ce) U (Ae 11 Dg), which is a contradiction to A, being soft I-connected.
Hence, A; L B; is soft I.-connected. [

Corollary 1. Let (X¢, T) be a STS and let 1, be a soft ideal on Xe. If Ag is a soft Le-connected and
Xe — A € I, then X, is a soft Le-connected.

Now, we show that the product of soft I.-connected spaces is soft I.-connected under
some conditions.

Theorem 8. Let (X, T) be soft Je-connected and (Ye, o) be soft He-connected. Assume that
Je N T is closed under arbitrary unions. If I is a soft ideal in X x Y, containing py Y(J.) and
Pyt (He), then X X Y, is soft [.-connected.
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Proof. If X, € J;, then X, X Y; is in the soft ideal I and hence X, x Y; is soft I.-connected.
Now suppose that X; ¢ J: and X, x Y, is not soft [.-connected. Then, X, x Y; = A, U B,
where Ag, B & I, A: T1B: = ¢ such that A, B, are soft open sets in X, X Y,. For each
Ve € Y, define Ae(ye) = {xc € Xe : (X, ye) € Ae} and Be(ye) = {x¢ € Xe : (Xe,Ye) € Be}.

Let Ce = {ye € Ye: Ac(ye) € Je} and De = {ye € Ye : Be(ye) € Te}-

Then, X, = A¢(ye) U Be(ye). For each ye, both A¢(y:) and B.(ye) are soft open sets,
and A¢(ye) M Be(ye) = ¢pe. As X, is soft Je-connected, either A¢(y:) € Je or Be(ye) € Je. In
fact, to each v, € Y, exactly one of A¢(ye) and Be(ye) € Je. Ye = Ce LI De and C, 11 Dg = ¢bs.
Now, we claim that C; is a soft closed set. Fix ye € C. If A¢(ye) € Je, then Ag(ye) # ¢
Since A, is a soft open set, for each x; € A¢(y,), there exist soft neighborhoods U, (x¢) of
xe and V(y:) of y such that (x;,ve) € Ue(x:) X Ve(ye) E Ae. Asye € C, there is one
. € Ve(ye) MCe 50 Ue(xe) % {y.} T Ae and hence Ue(xe) C Ac(y,). As Ae(v.) € Je, we
have U;(xe) € Je. Therefore, A¢(ye) C U, ¢ Ag(ye)llg(xg) € Je (by assumption).

Hence, A¢(ye) € Je and hence y, = C;. Thus, C; is a soft closed set. Similarly D, is a
soft closed set. Since Y; is soft H.-connected, we have C, € H, or D, € H,.

Case (1): If C¢ € H,, then X¢ x C¢ € I.. Take My = L{Be(ye) : e € D¢} € T T
(assumption). So, M, X Y € I and (Xe x C¢) U (Mg X Ye) € Ie. Fix (xe,ye) € Be. If
Ye € Cg, then (x¢,y¢) € Xe X Ce. If ye € Ce, then y, € D, and x¢ € Be(ye) T M,. Therefore,
(xe,¥e) € Mg X Ye. Hence, B C (X, X C¢) U (M, X Ye). Hence, Be € I, which contradicts
the fact that B, ¢ 1.

Case (2): If D, € He, then X x D, € 1. Asin case (1), we obtain a contradiction. Thus,
Xe X Ye is soft I.-connected. [

Now, we introduce the definition of soft connected component C, and discuss the
product of soft I.-connected spaces.

Definition 9. Let (X,, T) be an STS and I be a soft ideal on X. A soft connected component Ce of
X with respect to T is said to be a soft-ideal component in X, if C € I.

Theorem 9. Let (X, T) be soft Je-connected and (Ye, o) be soft He-connected. Assume that any
union of soft-ideal components is a member of Je. If I is a soft ideal in X X Y, containing py YT
and py L(He), then X, x Ye is soft Te-connected.

Proof. If X, € T, then X, X Y, is in the soft ideal I.. Hence, X, X Y is soft I.-connected.
Suppose that X ¢ J¢, and X, x Y, is not soft [;-connected. Then, X, x Y, = A U B, where
A¢, Be & I, A¢ M Be = ¢ and A, B, are soft open sets. For every soft component C, of
Xe and D, of Y;, Ce X Dy is a soft connected subset of X, X Y and hence C¢ x D, C A; or
CexDeC Be...... (1). For every component D; of Y, write

A =U {C¢ : C; is a soft component of X, and C¢ x D C A},
B, =U {C¢ : C; is a soft component of X and C¢ x De C B, }.

Now, we claim that A, is a soft open set. Let x; € A,. Then, there exists a soft component
Ce of X, such that x; € C; and C¢ x De C A,. Fix ye € D,. Therefore, (x¢,ye) € Ce X De T
Ag. Since A is soft open, there exist soft neighborhoods U (x,) and V;(y,) of x; and
Ve, respectively, such that Uy (x:) X Ve(ye) C Ae. If x¢ € Be, then Ue(xe) M B, # ¢e. Let
x; € Ug(xe) M B, i.e., x; € Ug(xe) M Cé, for some soft component C;, where C; X D¢ C Be.
Let (x,,ve) € Ue(x,) x V, (ye) C Be, where Ug(x.), V. (y¢) are some soft neighborhoods of
x, and v, respectively. Then, (x,,ve) € (Ue(x) M Ug(x;))~>< (Ve(ve) MVi(ye)) E Ae M B,
which is a contradiction to A ' B = ¢.. Therefore, x, € A, implies that x. is not a limit
of the soft point of B. That s, A, is a soft open set. Similarly, B, is a soft open set. Thus,
X, = AU B, A, and B, are soft open sets, so exactly one of A or B is in J;, because

Xe & Te.
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Let D; ={D; C Y; : D; is a soft component of Y; and Ae € T},

D;/ ={D; C Y; : D; is a soft component of Y, and B, € Te}-
Write H, = uDseDéDS and K, = I_IDgeDé/ D;. Then, Y = He UK and He M Kg = ¢be.

We claim that H; is a soft closed set. Fix h; € H,. Let D; be the soft component of Y;
such that ke € D,. Suppose hy ¢ H,. Then, D, ¢ D; implies that Ag ¢ ., 50 Bz € T.. By (1)
and our assumption, there is a soft component C; of X, such that C; ¢ J;, C¢ X D T A..
Fix a member ¢, € C,. Then, (c¢, he) € Ae. Since Ag is a soft open set, there exist soft
neighborhoods U, (c,) and Ve (he) of c¢, he in X, Y, respectively, such that (cg, he) € Ug(ce) X
Ve(he) £ Ag. So there is a member h/€ € Ve(he¢) M He and there is a component H; of Ye
such that h; S H; and A'; = U{C¢ : C; is a soft component of X, and C; x H; C A} €T
Then, (cs,h;) € Ue(ce) x Ve(he) E A.. Therefore, C; x H; C A; and C; € J;, because
C. C Ay € J.. This contradicts C; ¢ J;. Therefore, h; € Hy, i.e., H. = H, and H, is a soft
closed set. Similarly K. is a soft closed set. Thus, Y, = H, LI K, where H, K are soft open
sets and H, M K¢ = ¢,. Since Y, is soft H-connected, either H, € H, or K, € H,. Without
sacrificing generality, we may assume H, € H.. Then, X, x H, € .

Take M, = LU D.en!! B. € J, (by assumption). So, M, x Y € I and hence (X, x Hg) U
(Mg x Ye) € I . It is enough to prove that B, T (X, x He) U (Mg X Y¢). Fix (x¢,Ye) € Be.
Then, there exist soft components C, and D, such that (x¢,y¢) € C¢ x D¢ C Be. If y. € H,
then (x¢, ye) € Xe X He. If ye ¢ He, theny, € Ko = "'DSGDQ’ D, and hence x; € C¢ C B; C M,

for some D, € D;’. Therefore, (x¢,ye) € Mg X Ye. Hence, Be T (X X He) U (M X Y) € L.
This is a contradiction to B, ¢ I.. Hence, X, X Y; is soft [.-connected. [J

4. Strongly Soft [.-Connected

We present and define the idea of strongly soft [.-connected spaces and characterize
the concept of strongly soft I.-connected spaces in this part. Additionally, we show that the
image of the strongly soft I.-connected set is preserved by the soft continuous surjective
maps.

Definition 10. Let (X, T) be an STS with a soft ideal I on X¢. A subset A¢ of X is called strongly
soft lle-connected if there is a soft connected subset B of X, such that Ay = Be U C¢, where C; € L.

Now, we show that every strongly soft [.-connected set is soft I.-connected.

Theorem 10. Assume that (X,, T) is an STS with a soft ideal I on X,. Let (X,, T,1¢) be strongly
soft Ie-connected. Then, (Xe, T, 1) is soft L.-connected.

Proof. Suppose that (X, T, 1) is strongly soft [;-connected and X, = B¢ LI C¢, where B; is
soft connected and C; € I.. Let X = D. LI D., where D, and D, are soft open sets and
D.M D, = ¢.. Then, B, = (D, M B;) L (D, MB) and D, M Be = ¢, or D, M B = ¢¢. Then,
D; C X — B; or D: C X, — B;. Therefore, D; C Ceor DZ C C; and D; € I, or D;, € .
Hence, X; is soft [.-connected. O

The converse of the above theorem is not true.

Example 4. Let X = {hl,hz, h3,h4, h5}, £ = {81}, and T = {Xg,(Pg, Ag, Bs, Cg, Dg}, where
Ag, Be, C¢, and Dy are soft sets over X defined as follows: A(e1) = {hy}, B(e1) = {hs, ha},
C(e1) = {ha, h3,hy}, and D(e1) = {hy,h3, hy, hs}. Then, T defines a soft topology on X. Let
Ie = {¢pe, Ic }, where I is a soft set over X defined by I(e1) = {hy}. Then, I, defines a soft ideal on
X. Clearly, X, is not soft connected and not soft Io-connected. Now, if Y = {hq,h3, ha, hs} C X,
e = {e1} and v = {Ye, ¢¢, Ec}, where E(e1) = {hs, ha}, then Ty defines a soft topology on Y.
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Then, Y is soft connected and X, = Y U E¢ and E; € I. Therefore, X, is strongly soft l-connected
and not soft Lg-connected.

Remark 1. Let (X, T) bean STS and let I; be a soft ideal on X. If A is a strongly soft Le-connected
set and Be € I, then A, U B is strongly soft I.-connected.

We obtain equivalent conditions for connectedness in ideal soft spaces in the following
corollary.

Corollary 2. Let (X, T) be an STS and let I, be a soft ideal on X, with T M1 = ¢,. Then, the
subsequent statements are equivalent. X is:

1. Soft connected.
2. Soft Ie-connected.
3. Strongly soft le-connected.

Example 5. Let X = {hy,hy,h3}, € = {e1,€2}, and T = {Xe, e, Ae, Be }, where A, and B
are soft sets over X defined as follows: A(e1) = {ha}, A(ea) = {h1,hs}, and B(e1) = {hy, h3},
B(ey) = {hy}. Then, T defines a soft topology on X. Let Iy = {¢¢, I } be a soft set over X defined
by I(e1) = {ha}, I(e2) = {h1}. Then, I, defines a soft ideal on X. Clearly, X, is not soft connected
since T M1g = ¢¢. Therefore, X, is not strongly soft le-connected.

It is well known that the union of two connected sets is connected if A, M B, # ¢.
This result can be generalized as follows.

Theorem 11. Let (X, T) be an STS and let I be a soft ideal on X,. If B and A, are strongly soft
I-connected sets such that A M B, ¢ I, then A¢ LI B is strongly soft Ie-connected.

Proof. Let By and A; be strongly soft [.-connected sets. Then, A, = H LI K¢ and B, =
M, U N, where H, and M, are soft connected sets and K, N, € I.. Since A, ' B, ¢ I, the
A¢,Be,He, M, & I, Let D, = (A¢ M Be) MKg and D, = (A¢ M Be) M Ne. Then, D, D, € I.
Therefore, D, LI D, € I.. Now, put D, = (A;MB;)\ (D.UD,). Then, D; ¢ I because
A¢M B ¢ I and D,, D, € I. Since D, C H, and D¢ C M, then D C M, 1 H, ¢ I, which
implies that M, I He # ¢.. Hence, M, LI H; is soft connected and A, LI Be = (M, U He) LI C,
where C; C (A \ He) U (B \ M) C (KcUN;) € L. Thus, C; € L. Hence, A, U B, is
strongly soft I.-connected. O

Theorem 12. Let (Xe, T) be an STS and let I, be a soft ideal on Xe. Let I € I, forall I € 1. If
A¢ C Be T Ag such that A is strongly soft I.-connected, then By is also strongly soft I.-connected
for all Be. In particular, A is strongly soft Ie-connected.

Proof. Suppose A; is strongly soft I.-connected. Then, A, = C¢ U D¢, where C; is soft
connected and D; € I,. Since A; C B, C A, and A, = C, U D, C B, we have B; = (CeM
Be) 1M (D¢ M B;), where C¢ N Be is soft connected as C¢ C (C¢ M Be) = Ce and D M B € I.
Hence, B; is also strongly soft [.-connected. As a particular case when A is strongly soft
Ie-connected, A, is strongly soft I.-connected for all Iel,, O

It is well known that the continuous image of a connected set is connected. This result
can be generalized as follows.

Theorem 13. Let (X,, T) and (Ye, o) be a STSs and let I be a soft ideal on Xe. Let fpy : (Xe, T) —
(Ye, 0) be a soft continuous surjection. If (X, T) is a strongly soft I-connected, then (Ye, o) is a
strongly soft fpy (I)-connected.

Proof. Let fy, : (X¢,T) — (Y, 0) be a soft continuous surjective map and (X, 7) be
strongly soft I.-connected. X, = B, U C,, where B, is soft connected and C; € I,. Therefore,
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Ye = fpu(Xe) = fou(BeUCe) = fpu(Be) U fpu(Ce), where fp,(B;) is soft connected and
fou(Ce) € fpu(lle). Thus, (Y, o) is strongly soft fpu(]lg)-connected. O

Theorem 14. Let (X,, T) be strongly soft Je-connected and (Ye, ) be strongly soft He-connected.
If I, is a soft ideal in X, X Y, containing pl_l(jg) and p;l(”l—[g , then X¢ x Y is strongly soft
Ie-connected.

Proof. Suppose that X, is strongly soft J.-connected and Y is strongly soft H.-connected.
Then, X, = A¢ LI H; and X, = B, LI K¢, such that A, and B, are soft connected subsets of X,
and Y, respectively, and H, K, € L. Therefore, Xe X Y; = (Ae X Be) U [(He X Ye) L (X X
K¢)]. Since A, x B is soft connected with T x ¢ and H, x Y; € I, and X, x K, € I, then
(He X Ye) U (Xe X K¢) € L. Thus, X, x Y is strongly soft I;-connected. [J

5. Conclusions and Future Work

Shabir and Naz [11] and Cagman et al. [34] have individually shown how a soft
topology on a universal set expands the classical (crisp) topology. Investigating this
topological generalization is starting to seem intriguing. There are a lot of approaches
for generating soft topologies available in the literature that can be used. We broadened
our understanding of soft topology by exploring the concepts of soft connected, soft-ideal
connected, and strongly soft-ideal connected spaces. The connection of soft-ideal spaces
is the foundation of this investigation. We discussed some basic activities in pliable ideal
places. A description of a soft-ideal connected space is given, along with an outline of its
attributes. These are preliminary results, and additional investigations will examine more
aspects of soft-ideal connected spaces. Prospects for further contributions to this trend
are created by our study in terms of soft primal topologies and fuzzy soft topologies in
soft and classical environments, as well as soft connectedness along with idea structures
using generalized rough approximation spaces. This is accomplished by combining these
two strategies.
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