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Abstract: This paper focuses on studying the mapping properties of singular integral operators over
product symmetric spaces. The boundedness of such operators is established on Triebel-Lizorkin
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generalize, extend and improve some previously known results on singular integral operators.

Keywords: Triebel-Lizorkin space; singular integrals; rough kernels; product spaces

MSC: 42B20; 42B25; 42B35

1. Introduction and Main Results

Assume that R® (s = « or ) is the 2 < s-Euclidean space and that S°*~! is the unit
sphere in R® equipped with the normalized Lebesgue surface measure do(-). Also assume
that w’ = w/|w| for w € R%\{0}.

Let U be an integrable over S*~! x S7~! and satisfy

O(tu,rv) = O(u,v), Vi, r >0, (1)

A / o /o AN
/SK_lU(u,v)dUK(u) - /SW?1 O, o )doy (v') = 0. @)
The singular integral operator T;; on symmetric spaces R* x R” is defined, initially
for h € S(R* x R7), by

B O, v")
Tuh(x,y) = p.v. //]RKX]R17 h(x —u,y — D)Wdudv.

In mathematical contexts, particularly in integral calculus and complex analysis,
“p.v.” stands for principal value (short for the Cauchy principal value). It is often used
when dealing with integrals that may have singularities (points where the function being
integrated becomes infinite or undefined).

The theory of singular integrals is an important part of Fourier analysis due to its
powerful role in dealing with many significant problems arising in such parts of analysis
as partial differential equations and several complex variables. The study of the mapping
properties for singular integral operators has attracted the attention of many mathemati-
cians for a long time. Historically, the operator T;; was introduced by Fefferman and
Stein in [1], in which they proved the L¥ boundedness of Ty for all p € (1, o0) if U satis-
fies certain Lipschitz conditions. Subsequently, the boundedness of T and some of its
extensions have been investigated by many researchers. For example, Duoandikoetxea
improved the above results in [2] by proving that T is bounded on LP (R* x R”) under the
weaker condition U € L1(S*~! x S"=1). Later on, the authors of [3] confirmed that T is
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bounded on LP(RF x R") (1 < p < o) if U € L(log™ L)?(S*~1 x S7~1). In [4], the authors
established the L? boundedness of Ty for p € (1,0), provided that U in the block space
B,go’l) (S*=1 x S"71) for some q > 1. Thereafter, the discussion of the mapping properties
of Ty and its extensions under various conditions on U has received a large amount of
attention by many authors (the readers are referred to [1-9]).

Our focus in this paper will be on studying the boundedness of Tz whenever U
belongs to a certain class of functions related to a class of functions introduced by Walsh
in [10] and then developed by Grafakos and Stefanov in [11]. To clarify our purpose, we
recall some definitions and some pertinent results related to our current study.

Definition 1. For & > 0, we let G, (S~ x S7=1) be the class of all functions U which are
integrable over S*~1 x ST~ and satisfy the condition on product spaces

sup h[éxlxgnl a+1|§ u ’ log“+1’§ U|

(&,0)eS— 1y sn—1

x|O(u',0") |doy (u")doy (v) < oo.

By following the same arguments as that employed in [11], we obtain the following:

UL (S’“l X S”fl) C Gy (S"fl X S”*1> for any a > 0,
g>1
N Ge (SH x S’7‘1) ¢ L(log* L)X(S* ' xS ¢ | Ga (SH x S”‘l),
a>0 a>0
N Ga(s* xs17) ¢ B 5817 ¢ | Ga (s x817).
a>0 a>0

Let us recall the deflnltlon of the homogeneous Triebel-Lizorkin space F (RK x RT).
For p,s € (1,00) and 7 = (71, 72) € R x R, the homogeneous Triebel— leorkm space

E p (RK x R") is the class of all tempered distributions  on R* x R” that satisfy

thl < oo,

1/¢
( Y 2]‘7162k728}(,4]- ® By) * h|€>

jkez

7 RexR) |
LP(R* xRY)

where fl]-(u) = 27 A(27Tu) for j € Z, Bi(v) = 2 ¥B(27*v) for k € Z and the radial
functions A € S(R"), B € S(R") satisfy the following:

(1) 0<A<L 0<B<1;

(2) supp(A) C {u 13 <ul < 2}, supp (B) C {U 13 <o < 2};
(3) There exists M > 0 such that A(u), B(v) > M for all |ul, |v| € [2, 3];
4 Y AQ7Ju)=1withu#0 and ¥ B(2 %) =1with v #0.

jEZ keZ

The authors of [12] proved the following propertieS'
(i) The Schwartz space S(R* x R") is dense in F (]R" x R7);

_>

.2,0
(i) F, (R*xR7)=LP(R"xRY)forl < p < oo
-

.
(i) F," (R*xRM) CE, " (RF x RY)if e < e.

In [13], Ying showed that if 5 € G, (S*~! x S7™1) for some & > 0, then T;; is bounded
on LP(R* x R") forall p € (3:2%,2 + 24).

1+2a”
In the one parameter setting, the singular operator related to Ty; is given by
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U(ul)clu.

Hyih(x) =p.v. /RK h(x —u)

|ul

For a > 0, the class G, (S*!) is the collection of all functions U € L!(S*~1) that satisfy
the Grafakos—Stefanov condition

sup 16 (u') [log™™ (|& - u’|71)d¢7,<(u’) < 0.
gesr1 /8!

In [14], the authors proved that the integral operator Hy; is bounded on 1.:;,% (R*) for

pe(H2,2420),e€ (334,2+2a) and 11 € R.

It is worth mentioning that the Triebel-Lizorkin space F;yl (R*) covers several classes
of many well-known function spaces including Lebesgue spaces L¥ (R") , the Hardy spaces

HP (R¥) and the Sobolev spaces Lj, (R¥). So, it is understood that the work on these spaces
is more intricate than L? (R¥). This clearly has instigated many authors to investigate the
boundedness of H; and some of its extensions; see, for instance, [15-27].

In light of the results obtained in [14] regarding the P;”h boundedness of the singular
integral Hy; in the one-parameter setting whenever U € G, (S*!), and the work carried
out in [13] regarding the L” boundedness of the singular integral Ty; in the product domains
whenever U € G, (S’“l X S”’l), we are motivated to investigate the boundedness of Ty

—

on F; ! (R* x R") whenever U satisfies the Grafakos—Stefanov condition.
The main result of this paper is the following:
Theorem 1. Suppose that U € G, (S~ x S1~1) for some & > 0. Then, Ty is bounded on
-

T(RE X RY) forp € (22,24 20), e € (22,24 2a) and ¥ € RxR.

Remark 1.

(1) The LP boundedness of Ts was proved in [1], provided that U satisfies certain Lipschitz conditions;
however, in this work, the space was extended to be the Grafakos—Stefanov G (S*~1 x S771).

(2)  The author of [2] showed that Ty is bounded on LP (R* x R') whenever U € L1(S¥~1 x
S171) € G (S*1 x S"71). Hence, our result extends the result in [2].

() IfU € Gu(S*7Y), the authors of [13] confirmed the boundedness of the singular operator T¢s

on LP(R* x R7) = F (]RK X R”) however, we obtained the boundedness of Tys not only

for the case 7 = I but for all ¥ € R xR. Therefore, our results generalize and improve
the result in [13].

(4)  The authors of [3,4] establish the boundedness of Ti5 whenever U belongs to L(log™ L)?
(S*=1 x S1=1) or B[go’l) (S*=1 x S"=1Y, respectively, which are totally different to the space
G (S*1) that we are working on.

(5)  The methodology adapted in the current work is a combination of ideas and arguments

from [14,26,28]. Precisely, to prove the main result, we shall first make an appropriate
decomposition to Ty, and then keep tracking certain constants.

2. Auxiliary Lemmas

We devote this section to establishing some preliminary lemmas. For U € L!(S¥~1 x
S7-1), we consider the sequence of measures {Y¢, : t,r € R} and its corresponding
maximal operator Y* on R* x R by

// hdY,, = // 50 Y) 4o
R xR Iy | | | K
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and
Y (h) = sup|Ye,|+[h],
treR
where I;, = {(u,v) € RF x R7 : 2 < |u| < 21,27 < |o| <2771},
By adapting the same argument used in [11] to the product case, it is easy to obtain
the following:

Lemmal. Let U € G, (SK’l X Sﬁ’l)for some & > 0 and satisfy the conditions (1) and (2). Then,
there is a constant C > 0, such that the estimates

V(20 < G o
Yi,r(6,0)] < Cmin{fzfg ) (10g+}2t§|)f<a+1)}, @
i (&o)| < cmin{2g, (10g+|2r€|>—(a+1)} -

hold for all t,r € Rand (,{) € R*xRY.

IN

A\

Proof. By the definition of Yt/r (&, 0), itis easy to see that

%108, 0)] < (1082)2[[Blls 5x-151-1), ©)

which proves (3). By a change in variable, we deduce that

. . 2r+1 d
@Ol < [, 0o [ 1) S ooy o), )

where )
]t<§, u,l) — / e*i(lZ'é.u)dTl
1

which leads to
-1/2

Jo(&u, 1) < Cl2fglu-&'|| 7.

Hence, by the last estimate and the trivial estimate |J;(¢, u,1)| < (log2), along with the fact
that ¢/ (log t)* is increasing on (2%, c0), we obtain

1
(1og2ie’ - u ")
(log[2¢])**

(@, u,1)| < C if [2°] > 2. ®

Thus, the inequalities (7) and (8) give
¥, (8,0)]
< C(logl2te|) Y / /S . (10g(2]¢"- u|*1))"‘+1 16(u, 0) | dor (u)dory (0),
which in turn implies that
¥,,(8,0)| < C(log|2te]) Y if 2te| > 2%, )
Similarly, we derive that

¥4,(2,0)| < Cllogl2'g|)~*+) if [27¢] > 2% (10)



Symmetry 2024, 16, 1323 50f10

Now, by the cancellation property (1), we have

dldr
—112 Cu
ooz ¢ [l oo [ e i i o
< Cl2gl. (11)
In the same manner, we obtain
Ye,(5,0)] < Cl2°¢). (12)

Therefore, by combining (9) with (11), we obtain (4), and by combining (10) with (12), we
obtain (5). The lemma is proved. O

The following lemma can be found in [4] (see also [2,3,6]).
Lemma 2. Let O € LY(S*™! x S"71). Then, there exists a constant C, > 0 such that

IOl Lr e xrny < CollBll o ) 10| 1 (se-1 0501 (13)
foralll < p < ocoandh € LF(R* x R7).

Let A € S(R*) and B € S(R") be radial functions satisfying the following;:
(1) 0<A B<L<L;
(2) supp(A) C {u 1< |ul < 2}, supp (B) C {U 11 <ol < 2};
(3) Thereis a constant M > 0 such that A(u), B(v) > M for all |u|, |v| € [%, %],
4) fR‘ﬁ(zfu)f = 1with u #0 and fR‘E(zw)‘Z — 1 with v £ 0.
For simplicity, we denote A(tu) by A;(u) and B(rv) by B,(v). Then, it is clear that

Ay (u) = 27" A(u/2") and By (v) = 27"1B(v/2"). Let Wyt o (h)(1,v) = (Ay @ Bor) %
h(u,v). Hence, for any h € S(R* x R"7), we have

dtdr\ /¢
s o~ ([ B )
Fy (RS xRY) R+ xR+ tr

H (//RXR |W2t,2, (h) |£dtdr> 1/¢

Let us give the following result regarding the boundedness of the measures |Y;,| * |h]
—

.g, 0 «
onF, (R*xRT).

LP (R xRY)

LP(RK xRY)

Lemma 3. Let U € L}(S*~! x S7~1). Then, the estimate

1Y el IR o5 < Gplinll. .5

F, (R*xRT) » X

Bl (149

holds forall 1 < p,e < oo.
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— —
¢, 0 ¢, 0
Proof. Let h € F; (R* x R7). Then, for any function f € F;/ (R* x R"7) such that
IfIlo o <1, Holder’s inequality leads to
Fyi (RExRT)
[ Y| [h], f)]
S //][{KXRV /AXR| Yt/7| * W2t+n,2r+m(|h|) §t+",2’+"‘ (f)(u, U)dndmdudv
1/¢
< ( / / 1 Y| W2t+n,2r+m(yh|)rdndm)
RxR
p
1/¢
S/
X ( //‘W;t+n,27+nl (f) dndm)
RxR /
p
which in turn implies
1/e
I Yerl % [BI] <l [ Ierl « Warsngron (D) Fdnam || as)
F,  (RXxRY) R

P

1/¢
Let us now estimate the LP-norm of < ST Y er| % Waten grem (|R]) |£dndm> . Since
RxR

p > 1, by duality there exists the function g € L¥' (R* x R") such that ||g|| L7 (R xRY) = 1
and
/ / 1Yo | = Watin grin (1)) |dndm| = / / (1Y er| 5 Watin grian (1)), g)dndm
RxR p RxR
<[ AW zen(i) 0], Y (@) 1, 0))dndm
RxR
< || [ Warsngron(Ddndm | @),
RxR P
< / Wt grm (|1 )dndm || |0 1 (ge-151-1)5 (16)
RxR p

where g(u,v) = g(—u, —v) and the last inequality is obtained by Lemma 2.
By following similar arguments as that employed in the proof of Lemma 2 in [4], we
obtain

sup | | Yt,r| * W2t+n,2r+m (‘hl)‘

treR

<G,
P

1601t wgr e (17)
P

sup [ Witz ([11)]
treR
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By interpolating between (16) and (17), we obtain

1/e
( INZE w2f+n,zr+m<|h|>\€dndm> < 1Bl 1]

RxR p (REXRY)

P

Consequently, by the last inequality and (15), we obtain (14). O

3. Proof of Theorem 1

Let U € G, (S*! x S§771) for some a > O By the translation invariance of TU, it
8

suffices to prove the boundedness of T on F (R" x R"7), only whenever 7 = 0. Itis

p
clear that
Tsh(x,y) = //RXRYt'r « h(x,y)dtdr
- / Qyu () dndm, (18)
RxR
where

Ql’l m // W2t+n or+m (Yt r * W2t+n 2r+m (h))dtdr

Let us estimate the || Q|| . . By following the same steps in proving (15),
F, (R<xRY)

P
we obtain

1/¢
1Qum®)] 5 <cC / / | e, % Wtin grim ()| “dtdr . (19)
Ey" (R¥xRY)

RxR
r

We need to now consider three cases: 5

-2,0
Case 1. p = 2 = ¢. In this case, we have F, (R* x R7) = L?(R* x R"). So,
by invoking Plancherel’s theorem, we obtain

1Qnm (M), 5
Fy (RrxRY)

< cff. ]l KxRVKA\(ZHng)®g(zr+mg))?t,r(§,g)f(€,€)‘zd(;‘dgdrdt
= ¢ /M //A (A@*"8) @ B2"0) ) Vi, (&,0)h («:,g>\2dgdgdrdt
< C(1+ D+ D)l gy o0

where Ar, = {(¢,0) € RS x RV : § < A(2/¢) <2 and } < B(2'7) <2}.
Case 2. p = ¢. By (15), we obtain

1Qnm (L,

P

=

(21)
(RXXRY)
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: C(//RXR //KXR'? <//SK1><S’11 ML"U(WZHW’ZHHI(h)(u,v))
e 1/e
X |6(u,v)|ox(u)doy (v)) dxdydtdr)
< ([ (J] o000
RxR Se-lxsn—1
p 1/p
x ||Mu,v(W2t+n,2r+m(h)||p0,<(u)d0,7(v)) dtdr) )
where
1 ky ki
M, (h)(u,v) = sup —/ / h(x — tu,y — ro)dtdr
ki koer Kik2 JooJo
which is bounded on LP (R* x R") for 1 < p < co. Therefore,
Qum(M|., 5 <C|b 1A, 5 . 22
19l 5 o < Ol @)

Case 3. p > e. By duality, there is a non-negative function, ¢, that lies in the space
L(P/&) (R* x RY) such that ||¢||L<p/8)/(kaR,7) =1land

1Qum(M

Pp/ (Rx xR7)

€

¢(x,y)dxdy dtdr

IN

C worm (1 —u,y— dud
/RX]R //K - //In ul ‘ |,7W2r+,2+()(x u,y — v)dudo

O(u', )
o) S o S I, io?
H ||L1 Sk-1xsn-1) RxR rexrr 1, |u| |U|’7

X [Watsn grem () (x —u,y — v | dudog(x,y)dxdy dtdr

IN

< C||U||SL/1€SK 1sr-1) //K . (x,y (// | Watn gram (h) (x, ) | dtdr)dxdy
< clIUlli/fSK L1 /AxR‘WZt+n/2r+m(h)(x,y)|£dtdr » HY* Mo/
< Il e/¢ J;l BlE - )
< ClOI A g1 wgn IIF;O(RKW)
Thus, by the last inequality and (22), we obtain
1Qnm(M)| .7 < C”UHLl(SK*l x§1=1) 1.2 : (23)
F,  (R<xRY) F,  (RExRY)

for all p > e. Therefore, by employing duality along with the interpolation, we conclude
that the Inequality (23) holds forall 1 < p < coand 1 < & < oo, which, when interpolated
with (20), enables us to obtain

1Qum(M)|| .5 < C((A+ [n) @+ [m]) " n)| o (24)
F,, (Rx xR F, (R*xRY)

forallGE(O,l),%<%<1—%and%<%<1—%.5ince

To(h)| — < c// m - dndm,
605 < C L L@@l dnn

F, (R*xRR)
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1

1 we end with

then by invoking (24) and choosing 6 >

TRz < Clll .5 (25)
F,  (RXxRY) F, (R*xRY)

forall p,e € (%,24—2&).

4. Conclusions
In this work, we proved the boundedness of the singular integrals T; on Triebel—-
Ve

Lizorkin spaces F; ! (R* x R") forall p, e € (ﬁ%g, 2 + 2a) whenever the kernel function U
in G, (S*~! x S771) for some & > 0. The main result in this paper generalizes and improves

the main results proved in [1,2,13]. In future work, we aim to prove the boundedness of T¢;

—
on F;’ ! (R x R7) for a wider range of p, provided that U € G_(S*~1 x S7~1).
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