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Abstract: Converting a parametric curve into the implicit form, which is called implicitization, has
always been a popular but challenging problem in geometric modeling and related applications.
However, existing methods mostly suffer from the problems of maintaining geometric features and
choosing a reasonable implicit degree. The present paper has two contributions. We first introduce
a new regularization constraint (called the asymmetric gradient constraint) for both polynomial
and non-polynomial curves, which efficiently possesses shape-preserving. We then propose two
adaptive algorithms of approximate implicitization for polynomial and non-polynomial curves
respectively, which find the “optimal” implicit degree based on the behavior of the asymmetric
gradient constraint. More precisely, the idea is gradually increasing the implicit degree, until there is
no obvious improvement in the asymmetric gradient loss of the outputs. Experimental results have
shown the effectiveness and high quality of our proposed methods.

Keywords: approximate implicitization; parametric curves; machine learning; implicit curve fitting;
asymmetric gradient constraint

1. Introduction

In geometric modeling and computer-aided design, the implicit and the parametric
form are the two main representations of curves and surfaces. The parametric represen-
tations provide a simple way of generating points for displaying curves and surfaces.
However, it has to introduce a parametrization of the geometry, which is always a chal-
lenging problem. Without requiring any parametrization, the implicit representations
offer several advantages, such as the closeness under certain geometric operations (like
union, intersection, and blending), the representation ability for describing an object with
complicated geometry, and so on. Thus in this paper, we discuss the problem of convert-
ing the parametric form of curves into the implicit form, which is called implicitization.
Implicitization is also of independent interest, since certain questions in areas as diverse
as robotics [1,2]. For instance, in [3], they compute the implicit polynomial equations that
describe the constraints of a mechanism by a linear algorithm.

1.1. Related Work

Implicitization has been receiving increased attention in the past few years. Traditional
implicitization approaches are based on the elimination theory (such as µ-basis [4], Gröbner
bases [5,6], resultants [7] and moving curves and surfaces [8,9]), in which the impliciti-
zation problem is solved by the elimination of the parametric variables. However, high
polynomial degrees of their outputs not only make this form computationally expensive
and numerically unstable, but also cause self-intersections and unwanted branches in
most cases.

To alleviate this problem, many approximate implicitization techniques have been
proposed, and we follow this line of work. Most of these methods fix the degree of the
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objective implicit form, and thus the implicitization problem converts to find a solution in
a finite vector space. We group these methods into two categories:

Methods in the first category minimize the algebraic distance from the input parametric
curve/surface to the output implicit curve/surface, with a chosen implicit degree. One
of the first methods that use this idea is [10], in which the main approximation tool is the
singular value decomposition. Later, Ref. [11] discussed theoretical and practical aspects of
Dokken’s method in [10] under different polynomial basis functions, and proposed a new
method for the least squares approach to approximate implicitization using orthogonal
polynomials; see Section 2.2 for details. Furthermore, piecewise approximate implicitization
with prescribed interpolating conditions using tensor-product B-splines was studied by [12].
Recently, Ref. [13] proposed a method to determine primitive shapes of geometric models
by combining clustering analysis with Dokken’s method. In that paper, the implicit degree
of curve/surface patches was determined by checking whether the smallest singular value
is less than a certain threshold, where the threshold was inferred using a straightforward
statistical approach.

The second category is the fitting-based methods, which is also called discrete approx-
imate implicitization. These methods minimize the squared algebraic distances of a set
of points sampled from the given parametric curves and surfaces. Ref. [14] proposed an
approach, that is, to approximate the set of sampling points with MQ quasi-interpolation
in order to possess shape preserving and then to approximate the error function by using
RBF networks. Ref. [15] developed an autoencoder-based fitting method, which is to put
sampling points into an encoder to obtain polynomial coefficients and then put them into a
decoder to output the predicted function value. Ref. [16] described an algorithm for ap-
proximating sampling points and associated normal vectors simultaneously, in the context
of fitting with implicitly defined algebraic spline curves. In that paper, the coefficients of
the output function f are obtained as the minimum of

N

∑
j=1

( f (pj))
2 + λ

N

∑
j=1

∥∥5 f (pj)− nj
∥∥2

+ “tension”,

where
{

pj
}N

j=1 are sampled point data,
{

nj
}N

j=1 are unit normals at these points, and λ

is the regulator gain. The first term represents the (algebraic) distance of the point data
from the implicit curve f = 0. The second term, which is called the symmetric gradient
constraint by us in this paper, controls the influence of the normal vectors nj to the resulting
curve. However, the symmetric gradient constraint is too strict to find output curves of low
degrees, since it requires that the gradient vector5 f (pj) and the normal vector nj have the
same direction and magnitude simultaneously in any point pj. The third term “tension” is
added to pull the approximating curve towards a simpler shape. Afterward, the idea of [16]
has been generalized to the algebraic spline surface case in [17], the rotational surface case
in [18], and the space curve case in [19].

A related approach has been proposed by [20], where an alternative gradient constraint

1− 1
N

N

∑
j=1

5 f (pj)∥∥5 f (pj)
∥∥ · nj

is defined to make the normalized gradient vector
5 f (pj)

‖5 f (pj)‖ close to the unit normal vector

nj in any point pj. More precisely, this gradient constraint requires that the mean of angles

of
5 f (pj)

‖5 f (pj)‖ and nj equals to zero. This constraint is used subsequently in their algorithm

to find the “optimal” degree of the implicit polynomial needed for the representation
of the data set. However, the normalization of both gradient and normal vectors leads
to multimodal functional dependencies of the solution from data, and computationally
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expensive metaheuristic algorithms have to be used to realize a better exploration of the
search space.

1.2. Contributions of the Paper

In this paper, we attempt to recover the approximate implicitization of the planar
parametric curve adaptively. The contributions of our work are summarized as follows:

• As we know, for a parametric polynomial (or rational) curve of degree n, the exact im-
plicit representation has a total degree less than or equal to n. Thus, if we approximate
with degrees higher than n, some constraints have to be added to avoid bad behavior
such as extra branches or near-singular areas.
To tackle these challenges, we introduce the so-called asymmetric gradient constraint,
which bends the direction of the implicit curve closer to that of the parametric curve,
even for the cases of implicit degrees higher than n. Moreover, compared to the
symmetric gradient constraint in [16], our new regularization constraint enlarges the
solution space.

• We perform our objective function of approximate implicitization into the quadratic
form, so that the eigenvalue/eigenvector method can be used to find the minimum
more rapidly than the PSO (particle swarm optimization) algorithm in [20].

• We develop an adaptive implicitization algorithm, which is to find an implicit polyno-
mial that produces a compact and smooth representation of the input curve with the
lowest degree as possible, and at the same time minimizes the implicitization error.

The remainder of the paper is organized as follows. We state the problem and present
a synopsis of Dokken’s method for approximate implicitization in Section 2. Section 3 intro-
duces our implicitization method (AGM) for polynomial curves and shows our numerical
results. In Section 4, the AGM is extended to non-polynomial curves. Section 5 finalizes the
paper with a conclusion and some possible directions for future work.

2. Background
2.1. Problem Formulation

A parametric polynomial curve of degree m in R2 is given by

p(t) =
(

p1(t)
p2(t)

)
, t ∈ [a, b],

where p1 and p2 are polynomials in t. An implicit (algebraic) curve of degree n in R2, is
defined by the zero contours of a bivariate polynomial

fb(x, y) =
k

∑
i=1

biφi(x, y)

= (φ1(x, y), φ2(x, y), . . . , φk(x, y))


b1
b2
...

bk

,

where {φi(x, y)}k
i=1 generates a basis for bivariate polynomials of total degree n, k =

(
n + 2

2

)
denotes the number of basis functions, b = (b1, b2, . . . , bk)

> is the coefficient vector of
fb(x, y).

An exact implicitization of p(t) is a non-zero fb(x, y), such that the squared algebraic
distance (AD for short) from p(t) to the implicit curve fb(x, y) = 0 equals to zero, i.e.,

LAD =
∫ b

a
[ fb(p(t))]

2dt = 0.



Symmetry 2023, 15, 1738 4 of 18

However, as stated in the introduction, in practice, one may prefer to work with lower
degrees. Thus in this paper, we consider the approximate implicitization problem, which
is to seek the “optimal” fb(x, y) with a lower degree n, that minimizes the squared AD
constraint LAD under some additional criterion to be specified.

2.2. Dokken’s (Weak) Method

In this subsection, we give a brief description of Dokken’s (weak) method (DM for
short). Notice that the expression fb(p(t)) is a univariate polynomial of degree mn in t,
Dokken finds that fb(p(t)) can be factorized as

fb(p(t)) = (α(t))>D1b,

where

• b is the unknown coefficient vector of fb(x, y);
• α(t) = (α1(t), α2(t), . . . , αmn+1(t))

> is the basis of the space of univariate polynomials
of degree mn; and

• D1 is the collocation matrix whose columns are the coefficients of φi(p(t)) expressed
in the α(t)-basis.

Lemma 1 ([11]). Let

Gα =
∫ b

a
α(t)(α(t))>dt (1)

denote the Gram matrix of the basis α(t). Then, the squared AD of p(t) from fb(x, y) = 0 can be
written as

LAD =
∫ b

a
[ fb(p(t))]

2dt = b>A1b, (2)

where
A1 = D>1 GαD1

is a positive semidefinite matrix.

Lemma 1 shows that LAD is a homogeneous quadratic form of b. In order to avoid the
null vector b = 0, Dokken introduces the normalization ‖b‖ = 1. Denote by bDM the unit
eigenvector corresponding to the smallest eigenvalue of A1, then bDM is the solution of
Dokken’s method for minimizing LAD subject to ‖b‖ = 1.

3. Methodology for Polynomial Curves

In this section, we provide the approximate implicitization methodology for polyno-
mial curves. First, we propose the asymmetric gradient constraint to keep the gradient
vector of fb(x, y) = 0 and the tangent vector of p(t) being perpendicular. Then, we
represent the objective function in the matrix form. Finally, we propose the adaptive im-
plicitization algorithm to compute the “optimal” implicitization fb(x, y) and perform some
experiments to show the validity of the algorithm.

3.1. Distance Constraint

We use the squared AD constraint (AD loss for short) in Equation (2):

LAD = b>A1b.

3.2. Asymmetric Gradient Constraint

To obtain a non-trivial solution, the implicitization problem must be regularized by
restricting fb to some specified class of functions. One reasonable approach is to require
that this be the class of “shape-preserving” functions. We present the so-called asymmetric
gradient constraint (AG loss for short):
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LAG =
∥∥5 fb · p′

∥∥ =
∫ b

a

[
5 fb(p(t)) · p′(t)

]2dt, (3)

where

• 5 fb(p(t)) is the gradient vector of the implicit curve at the point p(t);
• p′(t) is the tangent vector of the parametric curve at the point p(t); and
• The inner product is

5 fb(p(t)) · p′(t) = ‖5 fb(p(t))‖
∥∥p′(t)

∥∥ cos θ,

where θ denotes the angle of5 fb(p(t)) and p′(t) at the point p(t).

Compared to the symmetric gradient constraint in [16], Our AG constraint only re-
quires that the gradient vector of the implicit curve and the normal vector of the parametric
curve have the same direction at any point. Intuitively speaking, the AG constraint bends
the direction of the implicit curve closer to the parametric curve’s direction. If the inner
product5 fb(p(t)) · p′(t) equals 0, then the tangents of the implicit and parametric curve
are exactly parallel. The smaller the inner product is, the more similar are the appearance
of them.

Theorem 1. The AG constraint LAG in Equation (3) can be written in a homogeneous quadratic
form of b using the basis α(t).

Proof. We can perform the AG constraint as follows. Since the expressions p′(t) and
5 fb(p(t)) are polynomial vectors of degree m− 1 and (n− 1)m in t, respectively, their
inner product5 fb(p(t)) · p′(t) is a polynomial of degree nm− 1 in t. Thus, it also can be
written as a linear combination of α(t), which is the basis for univariate polynomials of
degree mn. Every coefficient of this linear combination is a linear expression of b. As a
result, the inner product can be factored into

5 fb(p(t)) · p′(t) = (α(t))>

b’s linear expression
...

b’s linear expression


= (α(t))>D2b,

where D2 is the collocation matrix whose rows are the coefficients of “b’s linear expressions”
expressed in b. Finally, the AG constraint can be written as

LAG =
∫ b

a

[
5 fb(p(t)) · p′(t)

]2dt = b>A2b, (4)

where
A2 = D>2 GαD2

is a positive semidefinite matrix and Gα is the Gram matrix of the basis α(t) in
Equation (1).

3.3. Putting Things Together

Summing up, due to Equations (2) and (4), the approximate implicitization is found
by minimizing the positive semidefinite quadratic objective function

Lλ,n(b) = LAD + λLAG = b>(A1 + λA2)b (5)

over the coefficients b of fb(x, y), while keeping the degree n of fb(x, y) fixed. The first
term in Equation (5) measures the fidelity of the implicit curve to the given parametric
curve, and the second term in Equation (5) tries to maintain geometric features that the
implicit curve must have. The trade-off between these requirements is controlled by λ > 0,
called the regulator gain.
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Similar to Dokken’s method, denote by bAGM the unit eigenvector corresponding to
the smallest eigenvalue of the symmetric matrix

A = A1 + λA2,

then bAGM is the solution for minimizing Equation (5) subject to ‖b‖ = 1.

3.4. Adaptive Implicitization Algorithm

The adaptive implicitization is to obtain the “optimal” degree nop for the implicit
polynomial fb, where 1 ≤ nop ≤ nmax. We estimate nop via the behavior of the AG
constraint as the implicit degree n increases. We have performed lots of experiments on
examining the change trend of the AG loss in Equation (4), and have found that the change
usually goes through three stages as n increases:

• First, the AG loss drops significantly (i.e., under-fitting).
• Second, the AG loss reaches the minimum, and then changes very slightly (i.e., good

fitting).
• Third, the AG loss increases conversely (i.e., over-fitting).

Thus, we introduce two thresholds for the stopping criterion:

• εAD: to examine whether the AD loss in Equation (2) satisfies our default precision;
• εAG: to check the monotonicity of the AG loss in Equation (4) to avoid over-fitting.

The adaptive implicitization methodology for polynomial curves, called the asym-
metric gradient method (AGM for short), is summarized in Algorithm 1. The inputs of
Algorithm 1 are the parametric curve p(t), the maximum implicit degree nmax, and thresh-
olds εAD, εAG. Line 1 is employed to initialize the implicit degree n. In the whole loop (line
2 to line 20), the matrix A(n) in the objective function Lλ,n(b) is computed first using the

collocation matrix D(n)
1 , D(n)

2 and the Gram matrix G(n)
α ; then for the nth (current) cycle, the

“optimal” coefficient vector b(n) is found, the AD loss e(n)1 and the AG loss e(n)2 are computed
subsequently; if n = nmax, which means that the coefficient vectors b(1), . . . , b(n−1) obtained
in previous cycles are unacceptable, then b(n) is treated as the final result and the algorithm
is terminated under this circumstance (line 10 to line 12); if n < nmax and e(n)1 , e(n)2 satisfy the
stopping criteria (line 14), then return b(n) as the final result and terminate the algorithm; if
none of the aforesaid If statements holds, then let n increase by one and go to the next cycle.

3.5. Experiments

Additional branches (i.e., the extra zero contour) generated in the implicitization
procedure make the resulting curves challenging to be interpreted, and the elimination of
additional branches is the main problem in designing the implicitization methods. Ref. [21]
addresses this problem by combining two or more eigenvectors (associated with small
eigenvalues), which leads to a gradual decline in accuracy. With the AGM developed in
this paper, additional branches can be avoided as much as possible in the implicitization
procedure.

We choose the basis α(t) to be the univariate Bernstein polynomial basis of degree
p = mn + 1, i.e.,

αi(t) = Bi,p(t) =
p!

i!(p− i)!
ti(1− t)p−i, i = 0, 1, . . . , p,

and the basis {φi(x, y)}k
i=1 to be the bivariate monomial basis of total degree n. We set

the maximum implicit degree nmax = 7, the regulator gain λ = 0.1, and the thresholds
εAD = 10−4 and εAG = 10−3.
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Algorithm 1: AGM for polynomial curves.

Data: The polynomial curve p(t); the maximum implicit degree nmax; the
stopping thresholds εAD, εAG.

Result: The coefficient vector bAGM of the implicit polynomial fb.
1 n← 1;
2 while n ≤ nmax do
3 Construct the collocation matrix D(n)

1 of the AD constraint;

4 Construct the collocation matrix D(n)
2 of the AG constraint;

5 Compute the Gram matrix G(n)
α ;

6 A(n)
1 , A(n)

2 ← (D(n)
1 )>G(n)

α D(n)
1 , (D(n)

2 )>G(n)
α D(n)

2 ;

7 A(n) ← A(n)
1 + λA(n)

2 ;
8 b(n) ← the unit eigenvector corresponding to the smallest eigenvalue of A(n);

9 e(n)1 , e(n)2 ← (b(n))>A(n)
1 b(n), (b(n))>A(n)

2 b(n);
10 if n = nmax then
11 bAGM ← b(n);
12 return
13 else
14 if e(n)1 ≤ εAD and |e(n)2 − e(n−1)

2 | ≤ εAG then
15 bAGM ← b(n);
16 return
17 end
18 end
19 n← n + 1;
20 end

Example 1. Consider the polynomial parametric curve

C1(t) =
(

0
0

)
B0,3(t) +

(
2
1

)
B1,3(t) +

(
0
2

)
B2,3(t) +

(
1
0

)
B3,3(t),

where the parameter of C1(t) takes value in [0, 1], and {Bi,3(t)}3
i=0 is the Bernstein polynomial

basis of degree 3. C1(t) is shown in Figure 1.

Figure 1. The input curve C1(t).
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The first row and second row of Figure 2 show the adaptive implicitization process of C1(t)
by AGM and DM, respectively. We notice that the second-order (n = 2) outputs of AGM and
DM both give rather poor fits to the input curve C1(t). The third-order (n = 3) outputs of the two
methods both seem to give the best fit. When we go to a much higher-order polynomial (n = 5), our
AGM obtains an excellent fit, which refrains from additional branches as much as possible, see (c) vs
(f) in Figure 2.

(a) AGM (n = 2) (b) AGM (n = 3) (c) AGM (n = 5)

(d) DM (n = 2) (e) DM (n = 3) (f) DM (n = 5)

Figure 2. Adaptive implicitization of C1(t). The blue dash line in (a–f) is the input curve, the red line
in (a–c) is the output curve by our method, and the black line in (d–f) is the output curve by DM.
From left to right: the implicit degree n = 2, 3, 5.

Figure 3 shows the statistic of our method on changes of the AD and AG loss for C1(t), when
the implicit degree n is increasing. We note that the second order output (n = 2) gives relatively
large values of the AD and AG loss, and this can be attributed to the fact that the corresponding
output is rather inflexible and is incapable of capturing the oscillations in the input curve C1(t). The
third and fourth orders (n = 3, 4) both give small values for the above two losses, and these also give
reasonable implicit representations, as can be seen from Figure 2. the case of n = 5 is an over-fitting
since the AD and AG losses become relatively large again, and it should be avoided in practice.
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Figure 3. Statistics of our method on changes of the AD and AG loss for C1(t), as the implicit degree
n increases.

Example 2. Consider the polynomial parametric curve

C2(t) =
(

1
5

)
B0,4(t) +

(
−3
−15

)
B1,4(t) +

(
2

20

)
B2,4(t) +

(
11
−5

)
B3,4(t) +

(
1
5

)
B4,4(t),

where the parameter of C2(t) take values in [0, 1], and {Bi,4(t)}4
i=0 is the Bernstein polynomial

basis of degree 4. C2(t) is shown in Figure 4.

Figure 4. The input curve C2(t).

The first row and second row of Figure 5 show the adaptive implicitization process of C2(t)
by AGM and DM, respectively. Generally speaking, these two methods have similar outputs as
the implicit degree n varies. We notice that both outputs for n = 2, 3 give rather poor fits to the
input curve C2(t), and the ones for n = 4, 5 seems to give the “nearly” best fit. When we go to a
much higher-order polynomial (n = 6), both outputs produce unwanted branches. However, in the
viewpoint of “shape-preserving”, we can see from Figure 5 that for every iteration of the implicit
degree n, the shapes of AGM’s outputs approach C2(t) much closer than that of DM’s.
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(a) AGM (n = 2) (b) AGM (n = 3) (c) AGM (n = 4) (d) AGM (n = 5) (e) AGM (n = 6)

(f) DM (n = 2) (g) DM (n = 3) (h) DM (n = 4) (i) DM (n = 5) (j) DM (n = 6)

Figure 5. Adaptive implicitization of C2(t). The blue dash line in (a–j) is the input curve, the red line in (a–e) is the output curve by AGM, and the black line in (f–i)
is the output curve by DM. From left to right: the implicit degree n = 2, 3, 4, 5, 6.
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Figure 6 shows the statistic of our method on changes of the AD and AG loss for C2(t), when
the implicit degree n is increasing. We note that the second and third orders (n = 2, 3) give relatively
large values of the AD and AG loss, and this can be attributed to the fact that the corresponding
output is rather inflexible and is incapable of capturing the oscillations in the input curve C2(t).
The fourth and fifth orders (n = 4, 5) both give small values for the above two losses, and these
also give reasonable implicit representations, as can be seen from Figure 5. The case of n = 6 is an
over-fitting since the AD and AG losses become relatively large again.

Figure 6. Statistics of our method on changes of the AD and AG loss for C2(t), as the implicit degree
n increases.

Finally, the evaluation results of three methods (AGM, DM, and the method in [20])
on the input curves C1(t), C2(t) are presented in Table 1. Table 1 shows that the proposed
AGM achieved enough precision. In addition, AGM has the second-lowest inference time
after DM, and is significantly faster than the method in [20].

Table 1. Performance of AGM on C1(t), C2(t) (all timings are measured in seconds).

Input AD Loss AG Loss AGM Time DM Time Method in [20] Time

C1(t)
2.312×
10−16

1.266×
10−14 0.0019 0.0016 48.71

C2(t)
3.727×

10−6
9.119×

10−4 0.0030 0.0023 128.81

4. Methodology for Non-Polynomial Curves

To deal with non-polynomial curves, our approach in this section is to sample several
of points with associated oriented tangent vectors, and then convert them into implicit
polynomials by discrete approximate implicitization (i.e., implicit fitting).

4.1. Curve Sampling

Here, we employ the uniform sampling, which makes the sample points distribute
uniformly in the parametric space. All the sampling points and their associated tangent
vectors are, respectively, denoted by

{
pj
}N

j=1 and
{

Tj
}N

j=1.

4.2. Discrete Approximate Implicitization

Discrete approximate implicitization, also called implicit fitting, is to retrieve the
implicit polynomial

fb(x, y) =
k

∑
i=1

biφi(x, y)
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from the sampling points {pi}N
i=1 by minimizing the sum of the squared algebraic distances

(AD loss for short):

LAD =
N

∑
j=1

( fb(pj))
2 =

∥∥∥( fb(p1), fb(p2), . . . , fb(pN))
>
∥∥∥2

. (6)

We simplify LAD into the matrix form. While

fb(pj) =
(
φ1(pj), φ2(pj), · · · , φk(pj)

)
b, j = 1, 2, . . . , N,

we have
( fb(p1), fb(p2), . . . , fb(pN))

> = D1b,

where D1 =
(
φi(pj)

)
N×k. Then, LAD in Equation (6) can be written as

LAD = b>A1b, (7)

where
A1 = D>1 D1.

To avoid the trivial b = 0 for LAD’s minimization, we introduce the asymmetric
gradient constraint (AG loss for short) for the discrete case:

LAG =
N

∑
j=1

(
5 fb(pj) · Tj

)2

=
∥∥∥(5 fb(p1) · T1,5 fb(p2) · T2, . . . ,5 fb(pN) · TN)

>
∥∥∥2

.

where 5 fb(pj) is the gradient vector of fb(x, y) in any point pj. The role of LAG is to
keep pj’s tangent vector and the gradient vector of the implicit polynomial fb being
perpendicular.

Theorem 2. The asymmetric gradient constraint LAG can be written in a homogeneous quadratic
form of b.

Proof. Notice that each inner product5 fb(pj) ·Tj can be represent as a linear combination
of b, j = 1, 2, . . . , N. Then

(5 fb(p1) · T1,5 fb(p2) · T2, . . . ,5 fb(pN) · TN)
> = D2b,

where D2 is the collocation matrix, whose rows are the coefficients of5 fb(pj) · Tj’s linear
expressions. Afterwards, LAG can be written in the matrix notation as

LAG = b>A2b, (8)

where
A2 = D>2 D2.

Finally, due to Equations (7) and (8), the discrete approximate implicitization is found
by minimizing the positive semidefinite quadratic objective function

Lλ,n(b) = LAD + λLAG = b>(A1 + λA2)b (9)
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over the coefficients b of fb(x, y), while keeping the degree n of fb(x, y) fixed. Denote by
bAGM the unit eigenvector corresponding to the smallest eigenvalue of the symmetric matrix

A = A1 + λA2,

then bAGM is the solution for minimizing Lλ,n(b) subject to ‖b‖ = 1.

4.3. Adaptive Implicitization Algorithm

The asymmetric gradient method (AGM for short) of adaptive implicitization for
non-polynomial curves is summarized in Algorithm 2. Algorithm 2 is almost identical to
Algorithm 1, with three changes:

• The curve sampling is employed in the first place (line 1);

• The AD and AG matrices A(n)
1 , A(n)

2 are constructed without the Gram matrix Gα

(line 6);
• Since the changing trend of the AG’s loss for non-polynomial curves is more subtle (see

the last Figure for example), the stopping criterion of εAG is replaced by e(n)2 ≤ εAG
(line 14), to check whether the AG loss satisfies our default precision.

Algorithm 2: AGM for non-polynomial curves.

Data: The parametric curve p(t); the maximum implicit degree nmax; the stopping
thresholds εAD, εAG.

Result: The coefficient vector bAGM of the implicit polynomial fb.
1 Uniform sampling on p(t);
2 n← 1;
3 while n ≤ nmax do
4 Construct the collocation matrix D(n)

1 of the AD constraint;

5 Construct the collocation matrix D(n)
2 of the AG constraint;

6 A(n)
1 , A(n)

2 ← (D(n)
1 )>D(n)

1 , (D(n)
2 )>D(n)

2 ;

7 A(n) ← A(n)
1 + λA(n)

2 ;
8 b(n) ← the unit eigenvector corresponding to the smallest eigenvalue of A(n);

9 e(n)1 , e(n)2 ← (b(n))>A(n)
1 b(n), (b(n))>A(n)

2 b(n);
10 if n = nmax then
11 bAGM ← b(n);
12 return
13 else
14 if e(n)1 ≤ εAD and e(n)2 ≤ εAG then
15 bAGM ← b(n);
16 return
17 end
18 end
19 n← n + 1;
20 end

4.4. Experiments

We choose the basis {φi(x, y)}k
i=1 to be the bivariate monomial basis of total degree

n. We set the maximum implicit degree nmax = 7, the regulator gain λ = 0.01, and the
thresholds εAD = 10−2 and εAG = 10−1.

Example 3. Consider the non-polynomial parametric curve

C3(t) =
(

2(1 + cos t) cos t
2(1 + cos t) sin t

)
,
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where the parameter of C3(t) take values in [0, 10]. C3(t) is shown in Figure 7.

Figure 7. The input curve C3(t) and 10 points are sampled uniformly from C3(t).

The first row and second row of Figure 8 show the adaptive implicitization process of C3(t)
by AGM and DM, respectively. We notice that the third-order (n = 3) outputs of AGM and DM
both give rather poor fits to the input curve C3(t). When we go to a much higher-order polynomial
(n = 4, 5), our AGM obtains a much more excellent fit than DM, which refrains from additional
branches as much as possible.

(a) AGM (n = 3) (b) AGM (n = 4) (c) AGM (n = 5)

(d) DM (n = 3) (e) DM (n = 4) (f) DM (n = 5)

Figure 8. Adaptive implicitization of C3(t). The blue dash line in (a–f) is the input curve, the red line
in (a–c) is the output curve by AGM, and the black line in (d–f) is the output curve by DM. From left
to right: the implicit degree n = 3, 4, 5.

Figure 9 shows the statistic of our method on changes of the AD and AG loss for C3(t), when
the implicit degree n is increasing. We note that the third order output (n = 3) gives relatively
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large values of the AD and AG loss, and this can be attributed to the fact that the corresponding
output is rather inflexible and is incapable of capturing the oscillations in the input curve C3(t).
The third and fourth order (n = 4, 5) both give small values for the above two losses, and these also
give reasonable implicit representations, as can be seen from Figure 8.

Figure 9. Statistics of our method on changes of the AD and AG loss for C3(t), as the implicit degree
n increases.

Example 4. Consider the non-polynomial parametric curve

C4(t) =
(

t cos t
t sin t

)
,

where the parameters of C4(t) take values in [0, 14]. C4(t) is shown in Figure 10.

Figure 10. The input curve C4(t) and 20 points are sampled uniformly from C4(t).

The first row and second row of Figure 11 show the adaptive implicitization process of C4(t) by
AGM and DM, respectively. We notice that the third- and fourth-order (n = 3, 4) outputs of AGM
and DM both give rather poor fits to the input curve C4(t). When we go to higher-order polynomials
(n = 5, 6, 7), our AGM still outputs “shape-preserving” fits, which refrain from additional branches
as much as possible.
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(a) AGM (n = 3) (b) AGM (n = 4) (c) AGM (n = 5) (d) AGM (n = 6) (e) AGM (n = 7)

(f) DM (n = 3) (g) DM (n = 4) (h) DM (n = 5) (i) DM (n = 6) (j) DM (n = 7)

Figure 11. Adaptive implicitization of C4(t). The blue dash line in (a–j) is the input curve, the red line in (a–c,g,h) is the output curve by AGM, and the black line in
(d–f,i,j) is the output curve by DM. From left to right: the implicit degree n = 3, 4, 5.
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Figure 12 shows the statistic of our method on changes of the AD and AG loss for C4(t),
when the implicit degree n is increasing. We note that the low orders (n = 3, 4, 5) give relatively
large values of the AD and AG loss, and this can be attributed to the fact that the corresponding
output is rather inflexible and is incapable of capturing the oscillations in the input curve C4(t).
The seventh order (n = 7) gives small values for the above two losses, and this gives a reasonable
implicit representation.

Figure 12. Statistics of our method on changes of the AD and AG loss for C4(t), as the implicit degree
n increases.

Finally, the evaluation results of three methods (AGM, DM, and the method in [20])
on the input curves C3(t), C4(t) are presented in Table 2. Table 2 shows that the proposed
AGM achieved enough precision. In addition, AGM has the second lowest inference time
after DM, and is significantly faster than the method in [20].

Table 2. Performance of AGM on C3(t), C4(t) (all timings are measured in seconds).

Input AD Loss AG Loss AGM Time DM Time Method in [20] Time

C3(t)
2.011×
10−13

3.558×
10−13 0.0039 0.0027 59.49

C4(t)
1.114×

10−3
6.721×

10−2 0.0051 0.0039 166.58

5. Conclusions

In this paper, we proposed a novel approach for the adaptive implicitization of para-
metric curves based on the so-called asymmetric geometric constraint, named AGM. AGM
solves the implicitization problem with regularization terms naturally with very little
extra computation effort. Thus, it not only avoids additional branches but also reduces
the computational cost-effectively. Several experiments presented demonstrate that AGM
produces high-quality implicitization results. In future work, we plan to generalize the
proposed method to the cases of parametric surfaces and space parametric curves.
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21. Jüttler, B.; Chalmovianskỳ, P.; Shalaby, M.; Wurm, E. Approximate algebraic methods for curves and surfaces and their

applications. In Proceedings of the 21st Spring Conference on Computer Graphics, Budmerice, Slovakia, 12–14 May 2005; pp. 13–18.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://doi.org/10.1017/S0263574721000060
http://dx.doi.org/10.1049/cth2.12420
http://dx.doi.org/10.1016/j.cagd.2021.101957
http://dx.doi.org/10.1016/j.cagd.2004.07.001
http://dx.doi.org/10.1088/1742-6596/2106/1/012017
http://dx.doi.org/10.1016/j.jsc.2007.10.001
http://dx.doi.org/10.1016/j.cad.2019.05.019
http://dx.doi.org/10.1016/j.cagd.2019.03.001
http://dx.doi.org/10.1155/2012/293746
http://dx.doi.org/10.13140/RG.2.2.21853.15849
http://dx.doi.org/10.1016/j.cagd.2020.101876
http://dx.doi.org/10.1109/TNNLS.2021.3051430
http://www.ncbi.nlm.nih.gov/pubmed/33497343
http://dx.doi.org/10.1023/A:1015200504295
http://dx.doi.org/10.1016/j.cag.2017.05.002

	Introduction
	Related Work
	Contributions of the Paper

	Background
	Problem Formulation
	Dokken's (Weak) Method

	Methodology for Polynomial Curves
	Distance Constraint
	Asymmetric Gradient Constraint
	Putting Things Together
	Adaptive Implicitization Algorithm
	Experiments

	Methodology for Non-Polynomial Curves
	Curve Sampling
	Discrete Approximate Implicitization
	Adaptive Implicitization Algorithm
	Experiments

	Conclusions
	References

