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Abstract: To meet the desired standard, it is important to monitor and analyze different engineering
processes to obtain the desired output. The bivariate distributions have received a significant amount
of attention in recent years due to their ability to describe randomness of natural as well as artificial
mechanisms. In this article, a bivariate model is constructed by compounding two independent
asymmetric univariate distributions and by using the nesting approach to study the effect of each
component on reliability for better understanding. Furthermore, the Bayes analysis of system
availability is studied by considering prior parametric variations in the failure time and repair
time distributions. Basic statistical characteristics of marginal distribution like mean median and
quantile function are discussed. We used inverse Gamma prior to study its frequentist properties by
conducting a Monte Carlo Markov Chain (MCMC) sampling scheme.

Keywords: reliability; system availability; Weibull Inverse Lomax; Monte Carlo Markov Chain;
Bayesian; maximum likelihood estimation

1. Introduction

To model and analyze the relation of random variables in many fields, bivariate dis-
tributions are of great importance. A significant amount of work is present in the area
of lifetime modeling. Many bivariate distributions are developed and studied by [1-9].
Downton [10] derives a bivariate exponential distribution using a simple failure model
and studies the reliability of the revealed bivariate exponential distribution. Bemis [11]
discusses the reliability of two parallel systems which follow bivariate exponential dis-
tribution. Hougaard [12] discusses details of modeling the multivariate survival models.
Wang [13] studies the reliability measures of a new bivariate extended exponential dis-
tribution. He explores the aging properties of the new distributions like IFR, DFR, IFRA
and DFRA. Filus and Filus [14] describe two distinct techniques to construct multivari-
ate classes of distributions and develop reliability models for multicomponent systems.
Sarper [15] reports the upcoming reliability of two positively correlated components using
the bivariate exponential distribution. Nadarajah and Kotz [16,17] present different forms
of reliability using bivariate gamma distribution and bivariate exponential distribution,
respectively. Pulcini [18] suggests a bivariate distribution to model near-future failure
data and describes its reliability. Nadarajah and Kotz [19] gives the explicit expression
for the reliability measure of bivariate beta distribution. Gupta [20] gives two bivariate
distributions with exponential conditionals and studies the reliability of the illustrated
models. Ahsanullah et al. [21] describe a new bivariate pseudo-Weibull distribution to
study the failure rate of component reliability. Yunus and Khan [22] derive the bivariate
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non-central chi-squared (BNCC) distribution by compounding the Poisson distribution
with the correlated bivariate central chi-squared distribution, aiming to compute the power
function of the test after pre-testing. O’Connor [23] discusses the use of several univariate
and bivariate distributions in the field of reliability engineering. Gupta and Gupta [24]
suggest a bivariate lognormal distribution to study the reliability of series and parallel
systems. They describe the monotonicity of the failure rates. Tang et al. [25] evaluate the
reliability of bivariate distributions under incomplete probability information for depen-
dent structures. They use copulas to construct the bivariate distribution and study its
impact on reliability. Tang et al. [26] formulate the general parallel system reliability using
the copula technique. They provide a generalization of system reliability bounds under a
copula framework for incomplete probability information. Navarro and Sarabia [27] exam-
ine the reliability properties of two classes of distributions with conditional proportional
hazard rate specifications. They also discuss the series and parallel systems of these models.
Verrill et al. [28] implicate the bivariate Gaussian—-Weibull distribution to model wood
strength and study it for the reliability of wood systems. Gupta [29] conducts a reliability
study for the bivariate Birnbaum—Saunders distribution. He derives the distributions for
parallel and series systems. El-Damcese et al. [30] suggest bivariate exponentiated general-
ized Weibull-Gompertz distribution and study it in a reliability context. Khan et al. [31]
derive the pdf and cdf of the singly and doubly correlated bivariate non-central F (BNCF)
distributions. The doubly correlated BNCEF is obtained by mixing the correlated BNCC with
an independent central chi-squared distribution. Klein et al. [32] scrutinize hydrological
multi-model ensembles using pair copula and discuss the reliability of hydrological models.
Vaidyanathan et al. [33] contribute a bivariate distribution to model lifetime data using
the Morgenstern approach and study the reliability properties of the contributed model.
Mercier and Pham [34] design a bivariate random shock model and review the reliability of
the shock model. Lee et al. [35] provide a bivariate distribution using conditional failure
rate to model discrete random variable. Their method is also flexible to model negative and
positive dependence. Ibrahim et al. [36] apply a Marshall-Olkin shock model to generate
bivariate exponentiated generalized exponential distribution and study the reliability prop-
erties of the constructed model. Fuqging et al. [37] consider a bivariate Weibull distribution
to describe the reliability of two-dimensional life data. Tahmasebi et al. [38] conduct a study
of reliability characteristics of the bivariate Rayleigh distribution. Temraz [39] provides an
analysis of the system of two dependent components and implements it into a load-sharing
and degradation facility. Hu et al [40] study time-dependent system reliability, computed
as the probability that the responses of a system do not exceed prescribed failure thresholds
over a time duration of interest. Goharian et al. [41] construct a bivariate model to asses the
reliability and vulnerability of the water system performance index. Sarhan [42] suggests
the generalized bivariate Rayleigh distribution and studies its reliability characteristics.
Vineshkumar and Nair [43] illustrate bivariate lifetime distribution using quantile func-
tions. They give basic reliability functions in terms of quantile functions. Yang et al. [44]
established bivariate distribution by a mixture of two distributions, i.e., Weibull model and
lognormal distribution for wind speed and air density, respectively, for the assessment of
wind energy.

In this article, we suggest a bivariate distribution by compounding two independent so-
called nested models; exponential inverse Lomax and Weibull Inverse Lomax distributions.
In many real-life phenomena, data have complex forms, and modeling such data by
employing usual models may lead to weak inferences. In order to solve this issue, we need
complex models in which one distribution may depend on another distribution rather than
the variables only, as is the case in order statistics distribution, where we must have the
knowledge of cdf of under the study variable. The technique used in this article to construct
so-called nested models is somewhat inspired by order statistics distribution. The aim of
this study is to compound these nested models to construct a bivariate model and perform
the reliability analysis.
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2. Methodology

Let X be a random variable with pdf f(x) and cdf F(x) and T be a continuous random
variable with pdf and cdf h(t) and H(t), respectively; then, the cdf of X — T distribution
described by [45] is

6 - HER) ~ HG)

m,a<x<b. (1)

2.1. Weibull Inverse Lomax Distribution

Let T be a Weibull random variable with parameters y and ¢ and X be an Inverse
Lomax distributed variate with parameter 8; then, the Weibull Inverse Lomax has the
probability density function using (1) and is given as

RS Dl

pr1+3) P le o
(1—377)(7”2

Sx(x) = , x> 0. )

Moreover, the cdf of Wiebull Inverse Lomax distribution is
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2.2. Properties of Weibull Inverse Lomax Distribution

Some statistical properties of like first inverse moment, median, mode, quantile func-
tion and survival function of Weibull Inverse Lomax distribution are given below.

First inverse moment: let X be a random variable following Weibul Inverse Lomax
distribution; then, the first inverse moment of the X is

1
X' 1—e " - @)
where I' is the gamma function.
Median: The median of Weibull Inverse Lomax distribution is
. 1
X = » - /5 1. ®)
(o108 (o)) -
Quantile function: The quantile of Weibull Inverse Lomax distribution is
Q) = - ©
U oty (— 1 WYV
(o108 (=) -

2.3. Exponential Inverse Lomax Distribution

Let T be an exponential random variable with parameter « and Y be an Inverse Lomax
random variable with parameter J; then, the probability density function of the resulting
Exponential Inverse Lomax distribution by using (1) is

Sa(1+ %)—(5—16—04(14,_%)—5
gy(y) = (1—e )2 . )

with respective cdf as

Gy(y) = ﬁ (8)
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2.4. Properties of Exponential Inverse Lomax Distribution

First Inverse moment: Let the random variable Y be distributed as Exponential
Inverse Lomax distribution; then, the expected value of % is

a,1/6 -1 _ -1
B3 =1-— ul iil (%) ©)

Median: The median of Exponential Inverse Lomax distribution is

1

(%log<HJ5(lTﬂ)>il/5 ~1

Quantile function: The quantile function of Exponential Inverse Lomax distribution is

Q) = ! . (1)

(og (rai=e)) 1

2.5. Bivariate Exponential Wiebull Inverse Lomax Distribution

Y =

(10)

The bivariate Exponential Weibull Inverse Lomax distribution (BEWIL) is obtained by
compounding independent variables X and Y with respective pdf in (2) and (7). The pdf of
BEWIL is stated as

1) 141y
b )

e

)7671 e

fry(xy) = , 4,y >0.  (12)

The joint cumulative distribution function (cdf) of (12) is

1 (+1)-78 (1+3)~7F
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— o7 _ e
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Figures 14 are demonstrating the shapes of bivariate model for different combinations of
parameters. For most of the combinations, it reflects that our proposed model is asymmetric.

0=05y=36=28=2k=1 a=1y=36=28=2k=1

a=15y=36=28=2k=1 a=2y=306=28=2k=1

Figure 1. Contour plot for different parameteric combinations.
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Figure 2. Contour plot for different parameteric combinations.
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Figure 3. Contour plot for different parameteric combinations.
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a=05y=306=0.758=2k=1 a=05y=30c=18=2k=1

X X

o=05y=8306=158=2k=1 a=05y=306=28=2k=1

Figure 4. Contour plot for different parametric combinations.

3. Reliability Measures

In this section, some reliability measures like survival function, hazard rate and stress
strength analysis of BEWIL distribution are given.

3.1. Survival Function

The survival function is an algorithm to measure the probability that a device will per-
form after a certain time or period. The aging properties are based on the survival function
F(x,y) =1— Fx(x) — Fy(y) + Fxy(x,y) and are computed for BEWIL distribution as

(1+3)"7
e g e

(1—e7)(1—e)

_ 1y-¢
uc(ler)

F(x,y) = (14)

3.2. Hazard Rate Function

The hazard rate function, also known as instantaneous failure rate or force of mortality,
is the probability of the event occurring during any given time point. There are different
versions of bivariate hazard (failure) rate of which we consider the one given by [46] as

hay(x,y) = (h(x,y), h2(x,y)), (15)

where hy(x,y) = —W and hy(x,y) = —%y(w). For application of the BEWIL
distribution in lifetime situations, we investigate the condition for monotonic aging. A dis-
tribution is called a bivariate increasing hazard rate (IHR) or decreasing hazard rate (DHR)

if h1(x,y) and hy(x,y) are increasing or decreasing functions in x and y, respectively. It
. . —alogFyy(xy) 1\ B —alogFyy(xy) 1\—6—
is easy to verify that —57-~> = %(1 + 1)=7"1 and — Yy = ﬁ(l + ?) 1
using (14). The derivatives with respect to x and y are non-positive,V x,y > 0. Thus, BEWIL
strictly follows DHR property.
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3.3. Stress and Strength Analysis

The stress and strength analysis gives the life of the component for random strength
Y exposed to stress X and fails when X > Y, so R = p(X < Y) is the reliability measure
of a component. Nadarajah and Kotz [17] study the reliability component for certain
bivariate exponential distributions. The reliability component of BEWIL distribution can
be measured as

R=P(x <y) / / fry(x,y)dydx.

(L)~

_ b 1y-6
/ ﬁ/y —B— 1o o7 g_“(l+§)
7(1— et )(1—e%)x2

dx. (16)

The integral part of the reliability component cannot be solved analytically, so numeri-
cal integration is used to solve it.

3.4. Mean Residual Life Time

The mean residual life time function (my, my) for bivariate distribution is given as

, _(Swy)
m](x’]/) - . S(X,y) du/] =1 (17)
©S(x,u), .
; S(x,y)du'] =2. (18)

For BEWIL, the mean residual life time can be obtained by using the survival function
from (14) as

a4+ Ly—p
mj(x,y) = /xw%dur] (19)
o
/ OOL(H) du,j = (20)
y e+D)

4. Distribution of Availability of the System

In this section, we construct the distribution of total time of failure and repair to check
the availability of a certain system. Let X and Y be jointly distributed as BEWT; then, the
joint distribution of total time of failure and repair of a system (S = x + y) with proportional
failure time (W = ﬁ) denoted by fs (S, W) is given as

g7 1 )5
frolS, W) = Boa(1+ L) P11+ Lo)~0-te o hew) o
sw 7 - — 7

o7 (s — sw)Zsw?(1 —e ) (1 — 6_771)

where 0 < s < c0oand 0 < w < 1. The marginal distribution of sum and proportion is
obtained by integrating (21) with respect to W and S, respectively.

An asymmetric behavior of distribution of total time (failure and repair) is observable
in Figure 5. The histogram shows the distribution of data while the curve reflects the
theoretical model fitted to data; both follow the same trend.
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Figure 5. Distribution of total time of failure and repair.

5. Parameter Estimation
5.1. Maximum Likelihood Technique
This section addresses the maximum likelihood estimation of the parameters of BEWIL
distribution in (12). The likelihood function of BEWIL distribution in (12) of n independent
pairs of observed data (x1,y1), (x2,¥2), ...(xn, Yn) is given as
1

L(a,B,0,7,6x,y) = — By ”J”a"H (1 —|— il 1H 1—|—
07"(1—ez7)”(1—e—“) i=1

7 Z:’ 1(1+ ) 7ﬁ67“2?:1(1+a)7(5. (22)

617
The respective log-likelihood of (22) is written as
I =1logl(a,B,0,7,06) = nlogy + nlogB + nlogé + nloga — nylogor — nlog(l —e ") — nlog(l - eﬁl)

—(7ﬁ+1)ilog(1+;) (0+1) Zlog1+ %i 75—&2 1—1—1 . (23)

i=1 i i=1 i=1 1 i1 ]/z
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To find the maximum likelihood estimates of #, ¢, o, k and <y, we partially differenti-
ate (23) with respect to «, ¢, 7, k and 7, and obtain

—o 7 —y n
o _n —nlog(c) + ne’? o "log(o) ﬁZlog(iJrl)
i=1 i

I v 1—e o
& 1 1 1
—poTlog| — + —+1 )P =0 Tlog(o)| —+1)77" ),
Bo~"log 1 1)F7 7 log() 1)-F7 (24)
i=1 Xi Xi Xi
5~ e +1) e ()
— = log( —+1) =) —yo Tlog| —+1
3% vi; 8l & ; 70 log| -
1 P oq
— 1)+, 25
(xi ) B )
ol " (1 _ e~ "ol gn
z V' r=1( = By, = - I
3 1:21 0 (xiH) S p— - (26)
L oae) sl )
L =Y —a(=+1) log(—+1
do g Yi & i
n _ y+1
+5+n< log< y )), (27)
A (L)t e (28)
o H\yi 1—e o

Since X and Y are independent, (24)—(26) represent usual MLEs of Rayleigh inverse
Lomax distribution and (27) and (28) show usual MLEs of exponential inverse Lomax
distribution. Solving (24)—(28) non-linear equations simultaneously, we obtain MLEs of
v, &, c,0 and k. In the literature, several methods are available to solve non-linear equations.
The Newton-Raphson method is used in this research to solve the non-linear equation. The
numerical results of MLE estimators with their standard error of estimates are reported in
Table 1.

Table 1. ML estimates of bivariate model for availability data.

Parameter Estimate Std. Error
B 2.2338 8.9739
o 7.3106 2.8615
0% 1.5520 6.2469
1) 6.5401 1.2143
o 0.3471 1.4763
negative log likelihood —84.95289

5.2. Fisher Information Matrix

The Fisher information matrix can be used for interval estimation and hypothesis test-
ing. The Fisher information matrix can be obtained by taking the second-order derivative
with respect to parameters 7, B,«, 6 and o
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5.3. Bayesian Technique

Bayesian inference takes probability as a degree of belief of how likely something is to
be true based on all relevant information at hand. In other words, the Bayesian framework
tries to find the best estimate of parameters using available data and prior information
about the parameter. In the Bayesian structure, the specification of prior is very important
as well as arduous. The prior can portray many features in Bayesian analysis. Conceivably,
the most precise prior provides apropos information to the understudy problem. There
are mainly five levels of prior one can take into account to perform Bayesian analysis, as
follows:

e  Flat prior;

*  Super-vague but proper prior;

¢ Weakly informative prior;

¢ Generic weakly informative prior;
*  Specific informative prior.

Lemoine [47] describes in detail why one should avoid non-informative (flat prior)
and move beyond it. A weak informative prior can be rather productive. Mostly, the
availability of specific knowledge of prior is not possible, so the selection of diffuse prior
lets the likelihood monopolize the inference. Demirhan and Kalaylioglu [48] use diffuse
inverse Gamma for analysis of normal hierarchical models. In this research, independent
diffuse gamma priors are used

f(7) ey tile (5, (44)
f(B) o pate (D), (45)
Fla) oca b1~ (), (46)
F(0) o571 (), (47)
f(o) o o bs1e=(3), (48)
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where g; and b; are the hyper parameters and i = 1,2, 3,4, 5 are positive. By combining (22)
and (44), the joint density function of , B, &, 6,0, x and y is
f(x/ v, ﬁ/ a,d, (7') p ,)/nfh] 716—(%)‘anbzfle*(%)“n*bg,fl

e_(%)én_b‘l_le_(%)O'_nly_bS_le_(a?S)

P+ L)y (1 + %)—5—16%—2?:1(1+%i)’“rﬁe—txZLI(lJr%)ns
l = , (49)
(1 _ 617)”(1 _ efoc)n
so the posterior density function of v, 8, &, J and ¢ can be written as
)
f(r.Boa 6,00, y) = A AT ARL (50)

N fooo fooo fooo fooo fooof(x/ v,7, B, 6,0)dydBdadédo

6. Application

In this section, we consider a dataset given by [49] consisting of 25 successive uptimes
(or inter-failure times) and downtimes (or repair times) that are recorded in hours for a
certain system. This example is related to the reliability of a repairable system by assuming
that the repairs are instantaneous. As repairs take time, we therefore consider their impact.
When the system is up (operating), it produces products but when it is down (malfunction-
ing), the manufacturer is interested in how rapidly the system will be up again. This is the
main idea behind availability.

The maximum likelihood estimation and Bayesian analysis of the proposed bivariate
model for given data is performed using R packages [50,51], respectively. The results of
MLEs are given in Table 1 and contour plot in Figure 6, which shows that our model fits the
data well. For Bayesian analysis, defuse inverse Gamma distribution is used as prior and
metropolis hasting algorithm is used and the results are given in Table 2. The Metropolis
acceptance rate is 0.32139, which meets the standard value described in the literature. We
use thinning interval 5, which helps to reduce correlation in the samples. The burns-in is
planned to give the Markov Chain time to arrive at its balance dispersion. We have used
burn-in of 20,000 and a total iteration of 139,996 run with a sample of size 24,000 per chain.
Figure 7 shows that the parameters seem to be rather stable.

Figure 6. Contour plot of system availability data using ML estimates.
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Table 2. Summary statistics of the posterior distribution for §,, o, and «.

25th 75th

Parameters Mean Median S.D. Percentile Percentile 95% CI
B 3.1943 2.4371 2.3911 1.5710 4.0391 0.861-9.971
04 4.5209 3.4703 1.5316 3.4703 5.4544 1.781-7.795
o 0.7314 0.6402 0.4271 0.3943 0.9843 0.170-1.753
1) 5.3925 5.4016 0.9523 4.7636 6.0232 3.50-7.24
o 63.9082 60.4044 30.9696 41.6535 79.0033 19.107-156.206
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Figure 7. Shapes of the posterior distributions along with the trace plots of the model parameters for

system availability data.

7. Conclusions

In this research, a new Bivariate Exponential Wiebull Inverse Lomax distribution
(BEWIL) is proposed by compounding two independent asymmetric univariate nested
distributions to model the availability of the system. The aging properties of BEWIL are
also derived. The real-life data are exposed to show the efficacy of the new proposed model.
To support the model efficacy, graphical presentations are also reported. The parameters of
the proposed model are estimated by both the classical (MLE) and Bayesian approaches.
The newly proposed bivariate distribution BEWIL appears to model system availability
well. Our proposed model BEWIL is suitable for modeling the survival of systems which
depend on two independent components, which makes it flexible to implement in different
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fields of research like medical, environment, agriculture and others. Although the proposed
model is rather flexible, it has limitation that cannot be implemented to a scenario wherein
the components are dependent. The researcher can extended this work to model the
phenomena with dependent structures. The researchers can also derive test statistic to test
the hypothesis. The suggested model addresses the problem of availability of a system in
the presence of independent components, and can be implemented in several fields.
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