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Abstract: The differential evolution (DE) algorithm is a simple and efficient population-based evo-
lutionary algorithm. In DE, the mutation strategy and the control parameter play important roles
in performance enhancement. However, single strategy and fixed parameter are not universally
applicable to problems and evolution stages with diverse characteristics; besides, the weakness of the
advanced DE optimization framework, called selective-candidate framework with similarity selection
rule (SCSS), is found by focusing on its single strategy and fixed parameter greedy degree (GD)
setting. To address these problems, we mainly combine the multiple candidates generation with multi-
strategy (MCG-MS) and the adaptive similarity selection (ASS) rule. On the one hand, in MCG-MS,
two symmetrical mutation strategies, “DE/current-to-pbest-w/1” and designed “DE/current-to-
cbest-w/1”, are utilized to build the multi-strategy to produce two candidate individuals, which
prevents the over-approximation of the candidate in SCSS. On the other hand, the ASS rule provides
the individual selection mechanism for multi-strategy to determine the offspring from two candidates,
where parameter GD is designed to increase linearly with evolution to maintain diversity at the
early evolution stage and accelerate convergence at the later evolution stage. Based on the advanced
algorithm jSO, replacing its offspring generation strategy with the combination of MCG-MS and ASS
rule, this paper proposes multi-strategy differential evolution algorithm with adaptive similarity
selection rule (MSDE-ASS). It combines the advantages of two symmetric strategies and has an
efficient individual selection mechanism without parameter adjustment. MSDE-ASS is verified under
the Congress on Evolutionary Computation (CEC) 2017 competition test suite on real-parameter
single-objective numerical optimization, and the results indicate that, of the 174 cases in total, it wins
in 81 cases and loses in 30 cases, and it has the smallest performance ranking value, of 3.05. Therefore,
MSDE-ASS stands out compared to the other state-of-the-art DEs.

Keywords: evolutionary computation; differential evolution; multi-strategy; adaptive parameter;
similarity selection

1. Introduction

Differential evolution (DE), proposed by Storn in 1996 [1], is a representative population-
based evolutionary algorithm (EA). Similar to another representative EA, genetic algorithm
(GA) [2,3], DE includes initialization, mutation, crossover, and selection. However, its mutant
vector is generated by the parent difference vector in mutation and crossed with the parent
individual vector to generate offspring in crossover, which is distinguished from GA. Due
to the simple and efficient characteristics, it is common for DE to apply to optimization
problems in various scientific and engineering fields, such as protein structure prediction [4],
machine scheduling [5], electromagnetic devices optimization [6], combinatorial [7] and
constrained multiobjective optimization [8]. In DE, the mutation strategy mainly searches
individuals to determine the evolution direction, and the control parameter is mainly to adjust
the evolution scale. These two aspects affect the convergence and diversity of the algorithm,
which play important roles in performance enhancement. So, researchers usually focus on the
improvement of the mutation strategy and the control parameter to propose the DE variants.
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On the one hand, in addition to the mutation strategy of the original DE, “DE/rand/1” [1],
there are some other mutation strategies, such as “DE/best/1” [1], “DE/current-to-best/1” [9],
“DE/rand-to-best/1” [10], and “DE/current-to-pbest/1” [11]. On the other hand, some
parameter setting suggestions were proposed in the past [1,12,13]. For example, Storn [1]
suggested that the value of the scaling factor (F) is set to 0.5, and the population size (NP)
should be between 5·D and 10·D, where D is the dimension of the individual. According to
Storn and Price [12] and Liu and Lampinen [13], a suitable range of F and CR are in the range
[0.5, 1] and [0.8, 1], respectively. However, since different mutation strategies and parameter
settings cause the algorithm to show different features, different problems and evolutionary
stages with diverse characteristics cannot be well met by single strategy and fixed parameter
setting. To handle this problem, multi-strategy and adaptive parameter setting have been
introduced by researchers.

With the extensive study, researchers proposed many DE variants by considering the
adaptation of the control parameter. Table 1 shows the nomenclature of these variants.
Liu and Lampinen [14] proposed fuzzy adaptive differential evolution (FADE), which
utilizes fuzzy logic controllers to adapt the control parameters F and CR. jDE and JADE, the
former proposed by Brest et al. [15] and the latter proposed by Zhang and Sanderson [11],
are both DEs with control parameter adaption mechanism. In [11,15], some formulas
designed in them achieve the adaptive control parameters F and CR. SaDE, proposed by
Qin et al. [16], also has the adaptation of the control parameter, which causes DE to choose
the most appropriate control parameters, F and CR, in different stages of evolution. A
two-level approach [17] in a novel DE proposed by Yu et al. estimates the optimization
state to determine F and CR at the population level and further adjusts F and CR at the
individual level. Tanabe and Fukunaga [18] designed a parameter adaptation technique
to propose SHADE which allocates parameters based on historical successful evolution
experience. Based on SHADE [18], by exploring the control parameter NP, Tanabe and
Fukunaga [19] further designed an adaptive mechanism, called linear population size
reduction (LPSR), which continually decreases NP through a linear function. Poláková
et al. [20] achieved the adaptation of the parameter population size NP. This proposed
mechanism is able to adaptively adjust the NP during the search with the linear reduction
of the population diversity. A novel parameter with adaptive learning mechanism (PALM)
for the enhancement of DE was proposed by Meng et al. [21]. In PALM, the adaption for
CR is based on its success probability, and the adaptive learning for F is based on its success
information as well as the associated fitness values. Adam et al. [22] modified the F and
CR adaptation in SHADE to address the problem of premature convergence. Focusing on
LSHADE [19] and distance-based Db-LSHADE algorithms in [22], the generalized Lehmer
mean and linear bias reduction were proposed by Vladimir et al. [23] to control the para
meter adaptation bias for performance enhancement. Arka et al. [24] proposed the nearest
spatial neighborhood-based scheme for the improvement of parameter adaptation in the
SHADE algorithm. These aforesaid DE variants are dedicated to realizing the adaption of
the control parameters F, CR, and NP, but most of them still adopt the single strategy or
design a novel mutation strategy. So, we mainly research the multi-strategy and find that
some DE algorithms with multi-strategy were proposed by researchers in the past (these
related works are described in Section 2.2).

Table 1. The list of nomenclature.

Nomenclature Descriptions

JADE [11] Adaptive differential evolution with optional external archive
FADE [14] Fuzzy adaptive differential evolution

jDE [15] New version of the DE algorithm with self-adapted control parameters
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Table 1. Cont.

Nomenclature Descriptions

SaDE [16] Self-adaptive differential evolution
SHADE [18] Success-history based adaptive differential evolution

LPSR [19] Linear population size reduction
LSHADE [19] SHADE using linear population size reduction

PALM [21] Parameters with adaptive learning mechanism
Db-LSHADE [22] LSHADE with distance-based parameter adaptation

From multi-strategy in the past, we notice that most of the schemes select an appro-
priate single strategy from multiple strategies to generate the offspring, such as SaDE [16],
SaM-JADE [25], and EPSDE [26]. So, we focus on considering another multi-strategy ap-
proach in which the multi-strategy produces multiple candidate individuals respectively,
and, then, the best individual is determined from multiple candidates as the offspring. For
example, in CoDE [27], three strategies are adopted to generate three individuals respec-
tively, and the individual with the best fitness value among three individuals is determined
as the offspring. So, it is a crucial problem for this approach, how to design an effective in-
dividual selection mechanism to select the appropriate individual from the candidate pool.
Aiming at the multi-strategy method and its important individual selection mechanism,
we pay attention to an advanced DE optimization framework, namely, selective-candidate
framework with similarity selection rule (SCSS), which was proposed by Zhang et al. [28]
in 2020. It consists of multiple candidates generation (MCG) and similarity selection (SS)
rule. On the one hand, the MCG section has its disadvantage because of single strategy,
which may be because the small difference of candidates (these are discussed in detail
in Section 3.1). For this drawback, introducing the multi-strategy may be an effective
approach. On the other hand, the SS rule selects the best individual as the offspring from
the candidate pool, which may be very suitable for multi-strategy as its individual selection
mechanism. Moreover, the performance of SCSS may be limited by the fixed parameter GD
in the SS rule.

Therefore, in this paper, we mainly combine multiple candidates generation with
multi-strategy (MCG-MS) and the adaptive similarity selection (ASS) rule, and further
propose a novel multi-strategy DE algorithm, namely, multi-strategy differential evolution
algorithm with the adaptive similarity selection rule (MSDE-ASS). The main contributions
of MSDE-ASS are summarized as follows.

(1) On the one hand, in MCG-MS, two symmetrical mutation strategies, “DE/current-
to-pbest-w/1” from advanced DE algorithm jSO [29] and the designed “DE/current-
to-cbest-w/1”, are utilized to build the multi-strategy to produce two candidate
individuals with different trends, which prevents the over-approximation of the
candidate in SCSS;

(2) On the other hand, the ASS rule provides the individual selection mechanism for the
MCG-MS to determine the offspring from two candidates through distance measure,
where parameter GD is designed to increase linearly with evolution. This adaption
divides the algorithm into two symmetrical stages, to maintain diversity at the early
evolution stage and accelerate convergence at the later evolution stage;

(3) Based on advanced jSO, replacing its offspring generation strategy with the combi-
nation of MCG-MS and ASS rule, a novel multi-strategy DE algorithm MSDE-ASS
is proposed. It combines the advantages of two symmetric strategies and has an
efficient individual selection mechanism without parameter adjustment. MSDE-ASS
is verified under the Congress on Evolutionary Computation (CEC) 2017 competition
test suite on real-parameter single-objective numerical optimization, and the results
indicate that, of the 174 cases in total, it wins in 81 cases and loses in 30 cases, and it
has smallest performance ranking value, of 3.05. Therefore, MSDE-ASS stands out
compared to the other state-of-the-art DEs.
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The rest of this paper is organized as follows. Section 2 introduces DE and the
related work about strategy in DE. Section 3 describes the concrete content of the proposed
algorithm. Section 4 presents the experimental study and relevant discussions, and Section 5
concludes this paper.

2. Related Work

This section introduces the detailed procedures of DE and summarizes the related
work about strategy in DE. Table 2 provides the list of mutation strategies.

2.1. DE

DE is a population-based stochastic search algorithm for global optimization [1]. Its
detailed procedures including four basic components are provided as follows.

Initialization: Every individual in the population is represented as xi,g =(
x1,i,g, x2,i,g, x3,i,g, . . . , xD,i,g

)
, i = 1, 2, . . . , NP, where NP is the population size,

D is the dimension, and g is the current generation index. When initialization begins,
i.e., g = 0, the j-th dimension of the i-th individual is obtained by

xj,i,0 = xj,min + randi,j[0, 1]·
(

xj,max − xj,min
)

(1)

where xj,min and xj,max denote the lower and upper bounds, respectively. randi,j[0, 1] is
a random number between 0 and 1, conforming to uniform distribution.

Mutation: Three individuals are sampled randomly from the current population as
parent to generate the donor vector vi,g, which is shown as

vi,g = xr1,g + F·
(

xr2,g − xr3,g
)

(2)

where F ∈ [0, 1] is scaling factor and r1, r2, r3 ∈ [1, NP], i 6= r1 6= r2 6= r3. When the value
of the donor vector vi,g is out of lower bound xj,min or upper bound xj,max, the Formula
(3) on boundary constraints can be used.

vj,i,g =

 (x j,i,g + xj,min

)
/2, i f vj,i,g < xj,min

(x j,i,g + xj,max

)
/2, i f vj,i,g > xj,max

(3)

Crossover: The trial vector, which is represented as ui,g =
(

u1,i,g, u2,i,g, u3,i,g, . . . , uD,i,g
)
,

i = 1, 2, . . . , NP, is formed by exchanging elements from the donor vector vj,i,g and the
target vector xj,i,g on the dimension level. The binomial crossover is outlined as follows

uj,i,g =

{
vj,i,g, i f randi,j[0, 1] ≤ CR or j = jrand
xj,i,g, otherwise

(4)

where CR ∈ [0, 1] is the crossover rate and jrand ∈ [1, NP] represents a random integer.
Selection: The selection operation is applied to pick up the superior individual from

the target and the trial vector for the next generation with the purpose of letting the
population size be maintained at NP. For a minimization optimization problem, which is
given by

xj,i,g+1 =

{
uj,i,g, i f f

(
uj,i,g

)
< f

(
xj,i,g

)
xj,i,g, otherwise

(5)

where f
(

xj,i,g
)

and f
(
uj,i,g

)
represent the objective function value of the individual xj,i,g

and uj,i,g , respectively. From Formula (5), it is obvious that the trial vector uj,i,g with better
fitness value (i.e., smaller objective function value) replaces the individual xj,i,g as the
target individual xj,i,g+1 for the next generation g + 1.
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2.2. Strategy in DE

In the past, many strategies were designed by researchers, which can be divided into
single strategy and multi-strategy.

On the one hand, there are a large number of algorithms using single strategy such
as FADE [14], jDE [15], ODE [30], and so on. JADE [11], SHADE [18], LSHADE [19],
and iL-SHADE [31] all utilize the mutation strategy “DE/current-to-pbest/1” to generate
the donor vector. In the DE algorithm proposed by Islam et al., a new mutation opera-
tor “DE/current-to-gr_best/1” [32] is modified from the conventional mutation scheme
of “DE/current-to-best/1” to prevent the premature convergence of the algorithm. Yu
et al. [17] presented a new adaptive DE. In this algorithm, they design a new mutation
strategy named “DE/lbest/1” to enhance the diversity capability of the algorithm. In ADE-
ALC [33], a novel mutation strategy, “DE/current-to-leader/1”, is designed by Fu et al. to
generate the mutant individual with strong convergence. A modified JADE version with
sorting crossover rate introduced by Zhou et al. is called JADE_sort [34]. This algorithm
uses the same single mutation strategy as the original JADE [11]. Zheng et al. [35] suggested
a new DE variant called collective information-powered differential evolution (CIPDE).
In CIPDE, a new collective information-based mutation (CIM), namely, “DE/current-
to-cbest/1”, is developed to generate the individual. Compared with “DE/current-to-
pbest/1”, it has a stronger convergence capability. jSO [29], proposed by Brest et al., uses
a new weighted version of the single mutation strategy “DE/current-to-pbest-w/1” to
further balance the convergence and diversity. Meng et al. [21] introduced the parameters
with adaptive learning mechanism (PALM) for the enhancement of DE aiming to avoid the
mis-interaction of control parameters in the evolution. For the mutation operator, as with
JADE [11], the powerful single mutation strategy “DE/current-to-pbest/1” is also adopted
in this algorithm. In the NBOLDE, Wu et al. [36] develop a novel neighborhood muta-
tion strategy based on “DE/current-to-best/1”, namely, “DE/neighbor-to-neighbor/1”,
to maintain the balance between convergence and diversity. By designing the mutation
strategy based on historical population and novel parameter adaptive mechanisms, a novel
DE variant [37] was proposed by Meng and Yang, called Hip-DE.

Table 2. The list of mutation strategies.

Mutation Strategies Formulas Characteristics

DE/rand/1 [1] vi,g = xr1,g + F·
(

xr2,g − xr3,g
) xr1,g , xr2,g , and xr3,g are sampled randomly; strong

diversity.

DE/best/1 [1] vi,g = xbest,g + F·
(

xr2,g − xr3,g
) The best individual xbest,g as the base vector; strong

convergence.
DE/current-to-best/1 [9] vi,g = xi,g + F·

(
xbest,g − xi,g

)
+ F·

(
xr1,g − xr2,g

)
Use the current best individual xbest,g; strong convergence.

DE/current-to-pbest/1 [11] vi,g = xi,g + F·
(

xpbest,g − xi,g
)
+ F·

(
xr1,g − xr2,g

) Use the top p% best individual xpbest,g; more diversity than
DE/current-to-best/1.

DE/lbest/1 [17] vi,g = xlbesti ,g + F·
(

xr2,g − xr3,g
) xlbesti ,g denotes the best individual in the group with

respect to target vector i; more diversity than DE/best/1.

DE/current-to-pbest-w/1
[29] vi,g = xi,g + Fw·

(
xpbest,g − xi,g

)
+ F·

(
xr1,g − xr2,g

) Use weighting-based scaling factor Fw; further balance
convergence and

diversity.
DE/current-to-gr_best/1

[32] vi,g = xi,g + F·
(

xgrbest,g − xi,g
)
+ F·

(
xr1,g − xr2,g

) Use the best individual of a dynamic group xgrbest,g; more
diversity than DE/current-to-best/1.

DE/current-to-leader/1
[33] vi,g = xi,g + F·

(
xleader,g − xi,g

)
+ F·

(
xr1,g − xr2,g

) xleader,g represents the best individual during the
proposed leader’s lifetime; strong convergence.

DE/current-to-cbest/1 [35] vi,g = xi,g + F·
(

xcBest,g − xi,g
)
+ F·

(
xr1,g − xr2,g

) xcBest,g is the centroid of the multiple best vectors; more
convergence than DE/current-to-pbest/1.

DE/neighbor-to-
neighbor/1

[36]
vi,g = xr3,g + F·

(
xbest,g − xr3,g

)
+ F·

(
xr1,g − xr2,g

) Replace xi,g with a random individual xr3,g in the
neighborhood; balance convergence and diversity.

On the other hand, there are some DE algorithms with multi-strategy. The algorithm
SaDE [13] adaptively selects an appropriate mutation strategy from the strategy candi-
date pool by learning previous successful and failed experiences in evolution. Focusing
on the further improvement of JADE, Gong et al. [25] proposed SaM-JADE, by adding
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strategy adaptation mechanism (SaM) in JADE. In SaM, a strategy parameter is set to
adaptively select the best mutation strategy from the multi-strategy. EPSDE [26], developed
by Mallipeddi et al., also owns a pool of mutation strategies, which determines the suitable
mutation strategy according to the success information. In CoDE [27], Wang et al. utilized
three strategies to generate three individuals, respectively, and, then, chose the individual
with the best fitness value as the offspring from three individuals after estimating their
fitness values. Ali et al. [38] suggested a new differential evolution algorithm, sTDE-dR.
In sTDE-dR, the population is divided into some subgroups, and different subgroups are
allocated to different mutation strategies. IDE, presented by Tang et al. [39], has an adaptive
mutation strategy component called individual-dependent mutation (IDM) strategy. Con-
cretely, according to the fitness ranking information, the IDM strategy put each individual
into the superior set or inferior set to assign different mutation strategies. Similar to the IDM
strategy in IDE, in MPADE, Cui et al. [40] split the population into three sub-populations
and designed three novel mutation strategies for sub-populations. Fan and Yan [41] devel-
oped an adaptive mutation strategy with a roulette wheel in the ZEPDE algorithm. The
sum of the difference between the fitness value of each individual and the max fitness value
was adopted to calculate the cumulative probability (cp) of each mutation strategy. With
parameter cp obtained, the roulette wheel can run to achieve multiple mutation strategies
adaption. Liu et al. [42] presented a new historical and heuristic DE (HHDE), utilizing
both the historical experience and heuristic information for the adaptation. They combined
success and failure evolution information and fitness ranking information to adapt multiple
mutation strategies and determine the parameters. In NDE proposed by Tian and Gao [43],
a neighborhood-based mutation (NM) strategy employed neighborhood information and
individual information to design two novel mutation operators and a probability parameter
to accomplish the adaption of the mutation strategy. An underestimation-based multi-
mutation strategy (UMS) [44] was designed by Xiao et al. for DE. In the UMS, a set of
candidates were simultaneously produced for each parent through multi-strategy and,
then, a cheap abstract convex underestimation model was built to obtain offspring from
the candidate pool. Mohamed et al. [45] suggested a novel triangular mutation in the
proposed DE (EFADE). This designed mutation and mutation “DE/rand/1” were assigned
to the algorithm through a nonlinear probability rule. Sun et al. [46] presented a new DE
algorithm named CSDE. CSDE adopted two mutation operators to generate individuals
and provided an adaptive mechanism based on the historical success rate to co-ordinate
these two. Attia et al. [47] proposed a novel algorithm MSaDE. In this DE variant, the
multi-mutation strategies included “DE/rand/1”, “DE/best/1”, and designed mutation
technique, and only one mutation strategy was selected to form the trial vector in each
generation. In their algorithm GPDE, Sun et al. [48] designed a novel Gaussian mutation
and improved common mutation schemes to adaptively produce new mutant individuals.
Wang et al. [49] proposed a self-adaptive mutation DE algorithm based on PSO (DEPSO).
A modified “DE/rand/1” was presented based on an elite archive to address the tendency
of premature convergence and another PSO-based mutation scheme was introduced to
accelerate the convergence speed. Deng et al. [50] developed a novel DE, namely, DSM-
DE. In this algorithm, two designed dynamic speciation-based mutation strategies were
utilized to produce two individuals in which the better individual was selected as the
offspring after fitness estimation. Xia et al. [51] proposed a fitness-based adaptive DE
algorithm, which achieved the adaption of the combination of mutation strategy with
the F and CR parameters. It belongs to the multi-strategy because it has three breeding
strategies. Yan and Tian [52] presented a novel differential evolution algorithm (TLADE).
In this new algorithm, they mainly designed two prediction-based mutation operators
through neighborhood information of each individual and, then, used the two-level in-
formation, the history search information of the neighbors of the individual and that of
the whole population, to implement a two-level adaptive (TLA) mechanism, aiming to
effectively integrate the advantages of two different mutation operators. In the algorithm
APSDE, Wang et al. [53] designed the accompanying evolution, using failure information
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to establish the accompanying population. This accompanying population was utilized to
achieve the mutation strategy adaptation.

In summary, after researching many DE algorithms with single strategy and multi-
strategy, these works in the past can be roughly summarized, which are shown in Table 3.
For single strategy, a series of mutation strategies were designed and adopted by researchers
in the past. Focusing on combining the advantages of the different mutation strategies,
multi-strategy may be a great research method. For multi-strategy in the past, on the one
hand, and most of them follow this thought, the best strategy is chosen from multi-strategy
to produce offspring, where the strategy adaption is the common way to implement. On
the other hand, like CoDE [27], UMS [44], and DSM-DE [50], the idea is that the offspring is
determined from multiple individuals produced by multi-strategy, but there is a lack of
further research—it may be a good direction to explore.

Table 3. Strategy in DE.

Algorithm Strategy

FADE [14], jDE [15], and ODE [30]. Single strategy, use DE/rand/1 [1].
JADE [11], SHADE [18], LSHADE [19], PALM [21],

iL-SHADE [31], and JADE_sort [34].
Single strategy, DE/current-to-pbest/1 is designed in [11] and

utilized in [18–21,31,34].

A new adaptive DE presented by Yu et al. [17], jSO [29], DE
algorithm proposed by Islam et al. [32], ADE-ALC [33],

CIPDE [35], NBOLDE [36], and Hip-DE [37].

Single strategy, design a new mutation strategy DE/lbest/1 [17],
DE/current-to-pbest-w/1 [29], DE/current-to-gr_best/1 [32],

DE/current-to-leader/1 [33], DE/current-to-cbest/1 [35],
DE/neighbor-to-neighbor/1 [36], and the mutation strategy based

on
historical population [37], respectively.

SaDE [13], SaM-JADE [25], EPSDE [26], ZEPDE [41], HHDE
[42], NM [43], EFADE [45], CSDE [46], MSaDE [47], GPDE
[48], DEPSO [49], a fitness-based adaptive DE proposed by

Xia et al. [51], TLADE [52], and APSDE [53].

Multi-strategy, mutation adaption, i.e., adaptively select an
appropriate mutation strategy from the multiple strategies.

sTDE-dR [38], IDE [39], and MPADE [40].

Multi-strategy, another approach to determine the best strategy
from the multiple strategies, i.e., the population is divided into

some subgroups, and different subgroups are allocated to
different mutation strategies.

CoDE [27], UMS [44], and DSM-DE [50].

Another multi-strategy, the offspring is determined from
multiple individuals produced by multi-strategy. In CoDE [27] and

DMS-DE [50], the individual with the best fitness value is
selected as the offspring from multiple individuals by estimating all

candidates. In UMS [44], a cheap abstract convex
underestimation model is built to obtain offspring from the

candidate pool.

3. Proposed Method

Section 3 proposes the motivation, introduces the details of the MSDE-ASS through
three parts, and describes the complete procedure of the proposed algorithm, respectively.

3.1. Motivation

SCSS [28] is a DE optimization framework. We focus on its two components, multiple
candidates generation (MCG) and the similarity selection (SS) rule. In the MCG section,
M candidates are independently generated using single strategy, which means that each
parent in the population has its own candidate pool [28]. And, then, in the SS rule section,
the offspring is determined from each candidate pool to participate in the DE selection.
This process is controlled by the parameter greed degree (GD) and the Euclidean distance
between the parent and each candidate.

Although it is advanced, SCSS still has shortcomings. On the one hand, in the MCG
section, each current solution owns a pool of candidates but the high similarity of these
candidates may be observed because of single strategy. Compared with the single strategy,
mutation strategies with different features in multi-strategy are more likely to generate
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individuals with low similarity. Therefore, introducing the multi-strategy may be an
effective approach.

In order to clearly reveal the deficiency of single strategy and the advantage of multi-
strategy in MCG, we plot Figure 1 to describe two methods of different multiple candidates
generation (here, we set the candidate number M = 2 , according to [28]), where the
situation in the left subplot maybe occurs in single strategy, and the situation in the right
subplot is more likely to occur in multi-strategy; besides, we use the green dots, the blue
dots, and the orange dots to represent the current solution x, the candidate u1, and the
candidate u2, respectively. Also, d1 and d2 measure the distance between x and u1, and
the distance between x and u2, respectively.
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between x and u1, and d2 is the distance between x and u2).

As observed in Figure 1 left subplot, the candidates u1 and u2 are produced by the
current solution x. Because they are the result of using the same mutation strategy, they
do not have a clear trend of convergence or diversity, i.e., the calculated distances d1 and
d2 are too approximate. That affects the effectiveness of the SS rule and, finally, limits the
performance enhancement of the algorithm. On the contrary, as shown in Figure 1 right
subplot, we can see that x produces two candidates, u1 and u2, utilizing two symmetrical
mutation strategies, respectively, i.e., the convergence strategy (mutation of CIPDE) and
the diversity strategy (mutation of jSO). Compared with the multiple candidates generation
in the left subplot, the multiple candidates generation in the right subplot prevents the
over-approximation of the distance between d1 and d2. Thus, it is obvious that, if we use
the multi-strategy as in Figure 1 right subplot, i.e., adopt the two symmetrical mutation
strategies to generate the candidates, the MCG will be able to reduce the possibility of
occurrence of the situation shown in Figure 1 left subplot, which will further enhance the
effectiveness of SS rule.

On the other hand, parameter adaption is a commonly used idea to improve the
performance of the algorithm. In Section 1, we mention that many DE variants were
developed based on the parameter adaption since different problems and different stages of
evolution have different appropriate parameter settings. However, in the SS rule, parameter
GD is set to a fixed value to control the convergence and diversity of SCSS. This means that
we can consider implementing adaptive GD to enhance the performance of SCSS.

In summary, we analyze the deficiency of adopting single strategy and the advan-
tage of introducing multi-strategy in MCG. It is indicated that the over-approximation
problem of the distance between two candidates is likely to arise in single strategy, which
limits the SS rule and, thus, limits the performance, while the multi-strategy adopting
two symmetrical mutation strategies is more likely to generate candidates with larger dis-
tance differences, which can reduce the likelihood of this bad phenomenon occurring and,
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thus, further enhance the effectiveness of SS rule. For the SS rule, we discuss the necessity
for adapting GD. The fixed parameter GD controls the convergence and diversity of SCSS
and the fixed parameter is not universally applicable to problems and evolution stages with
diverse characteristics, which means that the performance may be further enhanced by the
commonly used parameter adaption. Therefore, according to these motivations, we propose
the multiple candidates generation with multi-strategy (MCG-MS), where two symmetric
mutation strategies are introduced in Section 3.2.1, and the adaptive similarity selection
(ASS) rule as the individual selection mechanism required for multi-strategy, where the
adaptive GD is introduced in Section 3.2.2. To design a state-of-the-art DE, based on the
advanced algorithm jSO, replacing its offspring generation strategy with the combination
of MCG-MS and the ASS rule, we further propose a multi-strategy differential evolution
algorithm with the adaptive similarity selection rule (MSDE-ASS), where the complete
procedure is introduced in Section 3.2.3.

3.2. MSDE-ASS

This section is divided into three parts to introduce the details of the MSDE-ASS.

3.2.1. Mutation Strategy in MCG-MS

In the MCG-MS section, we first consider the mutation strategies of the CIPDE [35]
and jSO [29], which are shown in Formulas (6) and (9).

Firstly, the mutation strategy of CIPDE is the following formulas.

vi,g = xi,g + F·
(

xcBest,g − xi,g
)
+ F·

(
xr1,g − xr2,g

)
(6)

where xcBest,g is collective vector, computed by:

xcBest,g =
m

∑
k=1

wk· xi,k (7)

From Formula (7), we can know xcBest,g is obtained by finding the centroid of the m
best vectors (m ∈ [1, i], is a randomly generated integer). Specifically, the weighting factors
wk are utilized to describe the different contributions of different vectors. Considering a
vector with a higher rank should contribute more [35], we let

wk =
m− k + 1

1 + 2 + · · ·+ m
(8)

where k = 1, 2, . . . , m.
Secondly, the mutation strategy of jSO is following the formulas.

vi,g = xi,g + Fw·
(

xpBest,g − xi,g
)
+ F·

(
xr1,g − xr2,g

)
(9)

where xpBest,g is randomly chosen as one of the top 100·p% individuals in the current
population with p ∈ (0, 1] and Fw is calculated:

Fw =


0.7·F, FEs < 0.2·Max_FEs
0.8·F, FEs < 0.4·Max_FEs
1.2·F, otherwise

(10)

From the Formula (9) we note, the mutation strategy of jSO is the modified version of
the JADE mutation strategy “DE/current-to-pbest/1” [11], called “DE/current-to-pbest-
w/1” in [29]. To better combine the advantage of the two symmetrical strategies, we further
design the improved mutation strategy of CIPDE similar to jSO, called “DE/current-to-
cbest-w/1”, which is shown in Formula (11).

vi,g = xi,g + Fw·
(

xcBest,g − xi,g
)
+ F·

(
xr1,g − xr2,g

)
(11)
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where xcBest,g defines as Formula (7) and Fw defines as Formula (10).
So, two symmetrical mutation strategies, “DE/current-to-cbest-w/1” and “DE/current-

to-pbest-w/1”, are obtained to build the multi-strategy in MCG-MS. Specifically, as the
convergence strategy, the mutation strategy “DE/current-to-cbest-w/1” is biased towards
fast convergence because it seeks the local population centroid as the base vector in the
mutation strategy. On the contrary, compared with the mutation strategy “DE/current-to-
cbest-w/1”, the mutation strategy “DE/current-to-pbest-w/1” prefers to maintain pop-
ulation diversity as the diversity strategy because its base vector is from the top 100·p%
individuals.

3.2.2. Adaptive Parameter GD in the ASS Rule

In the ASS rule section, as shown in the following formulas, the adaptive parameter
GD is designed.

GD =
FEs

Max_FEs
(12)

where FEs is the consumed function evaluations and MaxFEs is the allocated maximum
function evaluations.

The value of parameter GD ranges from 0 to 1. The median value of 0.5 divides the
algorithm into two symmetrical stages, convergence and diversity stages. When GD is
larger than 0.5, the algorithm enhances convergence. Oppositely, when GD is smaller
than 0.5, the algorithm tends to maintain diversity. So, from the Formula (12), MaxFEs
is fixed and GD increases from minimum to maximum with the FEs increasing. In the
pre-middle stage of evolution (GD < 0.5), the algorithm is in the diversity stage with strong
population diversity. With the GD value increasing, the algorithm enters the mid–late stage
of evolution (GD ≥ 0.5), i.e., the convergence stage, and the convergence capability of the
algorithm is increasingly stronger. Through such a GD adaption, a better balance between
the convergence and diversity of the algorithm can be implemented.

3.2.3. Complete Procedure of MSDE-ASS

The pseudo-code of the MSDE-ASS is presented in Algorithm 1 to describe its complete
procedure.

As is shown in Algorithm 1, this new DE algorithm, similar to SCSS [28], also includes
two components, multiple candidates generation with multi-strategy (MCG-MS) and the
adaptive similarity selection (ASS) rule. After initializing population X via Formula (1) in
line 1 and evaluating the fitness of X in line 2, the algorithm enters the loop, and, then,
the fitness ranking obtained in line 4 is prepared for individual selection in the ASS rule.
In the MCG-MS section, two candidates are generated with the proposed multi-strategy
and two sets of parameters from the adaptive parameter mechanism of jSO [29] (lines
6–12). So, each current solution xi owns a pool of candidates ym

i . Especially, in line 8,
symmetrical mutation strategies from Formulas (9) and (11) are introduced to produce
two donor vectors, respectively. Then, their boundary problem is repaired via Formula (3)
in line 9 and two candidates are gained through the binomial crossover in the following
line. In line 11, the Euclidean distance distm

i between each candidate ym
i and the parent

xi are obtained, serving as the selection standard for candidate solutions in the ASS rule.
For the ASS rule section, in line 14, the value of parameter GD at the current generation
is determined by the Formula (12). Then, in lines 16–24, GD divides individuals sorted
by fitness value into two groups, which controls the convergence and diversity of the
MSDE-ASS. According to the opposite selection rules (minimum or maximum Euclidean
distance) for these two different groups (lines 14 and 18), a solution is selected from the
pool (lines 18 and 22) and corresponding parameters in use are also recorded (lines 19 and
23). After gaining the offspring Y, similar to line 2, we have evaluating the fitness of Y in
line 26. Finally, in line 27, solutions are selected as new X from X∪ Y using Formula (5) to
enter the next iteration. The algorithm repeats the whole evolution process (line 4 to line
27) until the stopping criteria are met.
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Algorithm 1 Pseudo-code for the MSDE-ASS

1: Initialize population X = {x1, x2, x3, . . . , xNP} via Formula (1)
2: Evaluate the fitness of X
3: While the stopping criteria are not met Do
4: Determine the fitness ranking rank(i) of each individual i {i = 1, 2, 3, . . . , NP}
Component 1: Multiple Candidates Generation with Multi-strategy
5: For i = 1 : NP
6: For m = 1 : 2
7: Produce the control parameters of every individual CPm = {CPm

1 , CPm
2 , CPm

3 , . . . , CPm
NP} BY

THE ADAPTIVE PARAMETER MECHANISM OF JSO
8: Produce DONOR VECTOR vm

i FOR xi via THE MUTATION FROM FORMULA (9)
AND (11)
9: REPAIR THE BOUNDARY PROBLEM OF DONOR VECTOR vm

i via FORMULA (3)
10: Operate binomial crossoverthrough FORMULA (4) to produce new solution ym

i
11: Calculate distm

i = Euclidian distance
(
ym

i , xi
)

12: End For
13: End For
Component 2: Similarity Selection Rule with Adaptive Greedy Degree
14:PARAMETER GD IS ADAPTIVELY DETERMINED BY FORMULA (12)
15:For i = 1 : NP
16: If rank(i) ≤ ceil(NP×GD)
17: index = argmin(distm

i ), m ∈ {1, 2}
18: yi = yindex

i
19: CPi = CPindex

i
20: Else
21: index = argmax(distm

i ), m ∈ {1, 2}
22: yi = yindex

i
23: CPi = CPindex

i
24: End If
25: End For
26: Evaluate the fitness of Y
27: Select solutions as new X from X∪ Y using Formula (5) to enter the next iteration
28: End While

3.3. Time Complexity

This subsection discusses the time complexity of the MSDE-ASS. According to [28],
considering SCSS-DEs firstly, the complexity of SCSS-DEs is O

(
M·NP·D2·gmax

)
. As

investigated in [28], M = 2� NP is sufficient for advanced DEs. Thus, the complexity
of advanced SCSS-DEs remains as O

(
NP·D2·gmax

)
. Because of the similar framework

composition as the advanced SCSS-DEs and the two proposed improvements in MSDE-ASS
which have no effect on the time complexity, the time complexity of MSDE-ASS is also
O
(

NP·D2·gmax
)
.

4. Simulation

In this section, the effectiveness of the proposed MSDE-ASS is investigated through
comprehensive experiments conducted using the CEC2017 (the file and codes of the
CEC2017 test suite can be downloaded from https://github.com/P-N-Suganthan/CEC201
7-BoundContrained) [54] benchmark function sets. This test suite consists of 29 functions
with diverse mathematics properties, which are characterized by unimodal functions F1
and F3, simple multi-modal functions F4–F10, hybrid functions F11–F20, and composition
functions F21–F30. For each test function, the final solution error values are obtained
after achieving the stop criteria which is set to 104 × D function evaluations (D is the
dimension) [54]. And 51 independent runs are performed, while the mean and standard

https://github.com/P-N-Suganthan/CEC2017-BoundContrained
https://github.com/P-N-Suganthan/CEC2017-BoundContrained
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deviations of the finally obtained solution error values are reported. The error of the
solution is used to measure the performance of the algorithm, which is defined as

SE = f (x)− f (x∗) (13)

where f (x) is the fitness value of the optimal x achieved with 104 × D function evalua-
tions (D is the dimension) and f (x∗) is the fitness value of the global optimal x∗.

In order to draw statistically sounded conclusions, the Wilcoxon rank-sum test with
5% significance level is applied to compare the performances. The symbols ”−”, “=”, and
“+” represent that the proposed algorithm performs significantly worse than, similar to, or
better than the compared algorithms, respectively. All the algorithms were implemented in
MATLAB and run on an Intel core i7 3.40 GHz PC with 8 GB of RAM in Windows 10 system.

4.1. Comparison with Single Strategy

In order to test the effectiveness of the multi-strategy in MSDE-ASS, because the muta-
tion strategies in MSDE-ASS are taken from “DE/current-to-cbest-w/1” and “DE/current-
to-pbest-w/1” [29], we let MSDE-ASS compare to two advanced DE algorithms with single
strategy, jSOc (“DE/current-to-cbest-w/1” as the mutation strategy) and jSO (“DE/current-
to-pbest-w/1” as the mutation strategy). It is noticed that jSOc is different from jSO (the
MATLAB codes of jSO can also be downloaded from https://github.com/P-N-Suganthan/
CEC2017-BoundContrained). It replaces the mutation strategy of jSO with “DE/current-
to-cbest-w/1” and other contents are the same as the jSO. The parameter settings of all
algorithms are the same as those in [29] for fair comparisons.

Comparison results on 50-D CEC2017 functions are summarized in Table 4. Statis-
tically, of the 58 cases in total, MSDE-ASS wins in 32 cases (=20 + 12) and only loses in
7 (=2 + 5) cases. MSDE-ASS is more excellent than jSOc on 20 functions and only loses
on 2 functions. Compared with jSO, MSDE-ASS wins on 12 functions and underperforms
on 5 functions. It is demonstrated that the multi-strategy in MSDE-ASS can effectively
enhance the performance of the algorithm.

Table 4. Performance results of jSOc and jSO with MSDE-ASS on 29 50-D CEC2017 benchmark
problems.

Algorithm jSOc jSO

+/=/−: 20/7/2 12/12/5

After comparing the performances among MSDE-ASS, jSOc, and jSO, we further
discuss the characteristics of the mutation strategies of the three algorithms. To describe the
population convergence and diversity capability of these mutation strategies, we introduce
the metrics, population diversity (div), which is calculated as:

div =
1

NP

NP

∑
i=1
‖xi − c‖ (14)

where ‖xi − c‖ is the Euclidean distance between xi and c , and c = 1
Np

Np
∑

i=1
xi is the center

of the population. Figure 2 depicts the convergence of the div value on F5 and F19 from
50-D CEC2017 test functions. In addition to the convergence graphics of the metrics div,
we also record the best error value (BE) during the entire course of the evolution, aiming to
perform a comprehensive analysis. The metrics BE is defined as follows, similar to Formula
(13).

BE = f (xbest)− f (x∗) (15)

https://github.com/P-N-Suganthan/CEC2017-BoundContrained
https://github.com/P-N-Suganthan/CEC2017-BoundContrained
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where f (xbest) is the fitness value of the current best individual xbest and f (x∗) is the
fitness value of the global optimal x∗. Figure 3 describes the convergence curves about
metrics BE on F5 and F19 from 50-D CEC2017 test functions.
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Figure 2. Convergence graphics of the population diversity (div) achieved by the MSDE-ASS, jSO,
and jSOc on the 50-D CEC2017 functions: (a) F5; (b) F19.

From Figure 2a, on F5, the div value of jSOc reduces quickly and the div value
of jSO decreases slower than jSOc. From Figure 2b, we can observe that, on F19, the
convergence rate of jSOc and jSO have similar features as the situation on F5. So, it is
indicated that the mutation strategy of jSOc has stronger convergence capability and the
mutation strategy of jSO tends to maintain the population diversity. Notably, the proposed
MSDE-ASS maintains more population diversity than jSO in the early evolutionary stage
and accelerates convergence in the middle and later evolutionary stages. At the same time,
from Figure 3, we can see the convergence case of BE achieved by the MSDE-ASS, jSO, and
jSOc. jSOc is more excellent than jSO on F5 but jSO performs better than jSOc on F19. The
MSDE-ASS gains the best performance among all algorithms on F5 and F19.
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Therefore, single mutation strategies with different characteristics are applicable to
different test functions with different features. On F5, the mutation strategy of jSOc beats
the mutation strategy of jSO because of its convergence ability. On F19, due to the diversity
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of the mutation strategy of jSO, the obtained result is the opposite to that on F5. Importantly,
the combination of multi-strategy with the ASS rule is able to effectively give full play to
the advantage of multi-strategy. Facing the different test functions, the MSDE-ASS can still
efficiently optimize.

4.2. Working Mechanism of MSDE-ASS

Aiming to research the working mechanism of MSDE-ASS, we design a series of
experiments.

4.2.1. Source of Individual

Firstly, to explore the working mechanism of the multi-strategy of MCG-MS, we focus
on the source of individuals of near and far Euclidean distance selected from the candidate
pool. We design an individual ratio (IR) to describe it, which is calculated as:

IR = IN/TN (16)

where IN defines as the number of individuals derived from a certain mutation strategy in
all near or far individuals determined as offspring, and TN is the total number of near or
far individuals as offspring. When IR equals to 0.5, the multi-strategy is invalid, because
this situation means the source of individuals near and far is random, equivalent to the
original SCSS with single strategy.

Concretely, for the multi-strategy of MCG-MS in MSDE-ASS, we record the num-
ber of the near and far individuals determined as offspring, TNnear and TN f ar, and the
number of individuals provided by “DE/current-to-cbest-w/1” in TNnear and gener-
ated by “DE/current-to-pbest-w/1” in TN f ar, called INcbest and INpbest. According to
Formula (16), the IRcbest and IRpbest are obtained and the results of these two metrics on
the 29 50-D CEC2017 test suite are shown in Figure 4 (IRcbest and IRpbest are black and
red lines, respectively, in the figure); besides, we consider two single strategies of MCG in
SCSS, “DE/current-to-pbest-w/1” and “DE/current-to-cbest-w/1”, as the contrast group,
calculating two IRpbest (blue and green lines) and two IRcbest (purple and brown lines),
respectively, which are also presented in Figure 4.
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From Figure 4, we can find that, on the one hand, the values of IRcbest and IRpbest
from multi-strategy on all test functions are more than 0.5. On the other hand, the values
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of two IRpbest and two IRcbest from single strategy on all test functions are all close to
0.5. So, the mutation strategy “DE/current-to-pbest-w/1” and “DE/current-to-cbest-w/1”
are not necessarily able to produce near and far individuals, respectively, but it is also
distinguished from ineffective multi-strategy. On each test function, the mutation strategy
“DE/current-to-cbest-w/1” and “DE/current-to-pbest-w/1” both have the tendency to
produce the close and distant individual, respectively, which proves the effectiveness of the
multi-strategy of MCG-MS in MSDE-ASS.

4.2.2. Mechanism of the ASS Rule

Secondly, to explore the working mechanism of the ASS rule, we designed a compared
algorithm with the reverse operation version of the ASS rule named OMSDE-ASS and
designed another compared algorithm with the random operation version of the ASS rule
called RMSDE-ASS. Finally, on the 29 50-D CEC2017, we compared the performances
among MSDE-ASS, OMSDE-ASS, and RMSDE-ASS, which are shown in Table 5.

Table 5. Performance results of OMSDE-ASS and RMSDE-ASS with MSDE-ASS on 29 50-D CEC2017
benchmark problems.

Algorithm OMSDE-ASS RMSDE-ASS

+/=/−: 21/6/2 14/13/2

From Table 5, compared with OMSDE-ASS, MSDE-ASS wins on most of the test
functions and only loses in 2 cases. Because of the opposite operation in the ASS rule,
the performance of the OMSDE-ASS is, naturally, worse than that of the MSDE-ASS.
Similarly, compared with RMSDE-ASS, MSDE-ASS performs better in 14 cases and only
underperforms in 2 cases. This result distinguishes between the ASS rule and random
operations. In summary, the effectiveness of the ASS rule in MSDE-ASS is confirmed, which
means that the ASS rule can effectively select the appropriate individual as the offspring to
participate in the DE selection operation.

4.2.3. Adaptive Setting of the Parameter GD

Moreover, to verify the effectiveness of the adaptive GD in the ASS rule, the MSDE-ASS
compares to the MSDE with a different fixed GD. For different fixed GD settings, because
the GD value ranges from 0 to 1, by setting the step size to 0.2, five GD values 0.1, 0.3, 0.5,
0.7, and 0.9 are determined for validation. In addition to GD, other parameter settings of
all algorithms are the same for fair comparisons. Performance comparison results on 29
50-D CEC2017 benchmark functions are summarized in Table 6.

Table 6. Performance results of fixed GD with adaptive GD on 29 50-D CEC2017 benchmark problems.

GD 0.1 0.3 0.5 0.7 0.9

+/=/−: 16/11/2 5/20/4 6/20/3 10/17/2 18/9/2

From the results of the performance comparison in Table 6, compared with MSDE
with fixed GD, MSDE-ASS still wins in 14, 1, 3, 8, and 16 cases, respectively, after offsetting
the number of winnings and losings. Whether the fixed value of the GD setting is small or
large, the performance of the algorithm with adaptive GD is more excellent than them. It is
proved that the adaptive GD setting is effective, and is able to gain better performance of
the algorithm.

In summary, two components of the MSDE-ASS, MCG-MS, and the ASS rule, can be
effectively co-ordinated in operation. That is why the MSDE-ASS is capable of effective
performance enhancement.
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4.3. Comparison with the State-of-the-Art DEs

To test the performance of the MSDE-ASS, it is compared with six state-of-the-art
DEs [29,55–59]:

PaDE [55]: An enhanced L-SHADE algorithm with a novel adaptive mechanism of
control parameters;

jSO [29]: An L-SHADE variant with fine-tuning parameter settings and weighting-
based scaling factor at different evolution stages. It is the top-ranked DE algorithm in the
CEC2017 competition;

EB-LSHADE [56]: An improved L-SHADE algorithm with a novel mutation strategy;
LSHADE-cnEpSin [57]: A modified L-SHADE algorithm integrating sinusoidal pa-

rameter adaptation and covariance matrix adaptation-based crossover;
EaDE [58]: An explicit adaptive DE algorithm with SCSS-L-SHADE and SCSS-L-

CIPDE;
LSHADE-RSP [59]: An improved jSO algorithm with rank-based selective pressure

strategy. It is the champion in the CEC2018 competition.
Table 7 presents the performance comparison results on 50-D CEC2017 functions (the

detailed performance data are shown in Table A1).
From the results summarized in Table 7, of the 174 cases in total, MSDE-ASS wins in 81

cases (=17 + 12 + 19 + 14 + 11 + 8) and loses in 30 cases (=5 + 5 + 4 + 8 + 4 + 4). With respect
to PaDE, jSO, EB-LSHADE, LSHADE-cnEpSin, EaDE, and LSHADE-RSP, the “+/−” metric
achieved by MSDE-ASS is “17/5”, “12/5”, “19/4”, “14/8”, “11/4”, and “8/4”. Referring to
these results, it is obvious that MSDE-ASS stands out among the state-of-the-art DEs.

Table 7. Performance results of state-of-the-art DEs with MSDE-ASS on 29 50-D CEC2017 benchmark
problems.

PaDE jSO EB-LSHADE LSHADE-cnEpSin EaDE LSHADE-RSP

F1 = = = = = =
F3 = = = = = =
F4 = = + − = =
F5 + + + + = +
F6 − − − − − −
F7 + + + + = +
F8 + + + + − +
F9 = = + = = =

F10 = = = = = +
F11 + + + = + =
F12 + = + − + =
F13 + = + + + =
F14 + = + + + −
F15 + + + + + +
F16 + + + = = =
F17 + + = = + =
F18 + + + + + +
F19 + + + + + =
F20 + − + − = =
F21 + + + + = +
F22 − = = − = =
F23 − = = + = =
F24 − − − + − =
F25 + + + − + =
F26 = = − + = =
F27 + + + + + +
F28 + − + − = −
F29 − − − − − −
F30 = = + + + =

+/=/− 17/7/5 12/12/5 19/6/4 14/7/8 11/14/4 8/17/4
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In addition to the performance results presented in the table, Figure 5 shows more
detailed experimental results on 8 test functions from the 50-D CEC2017 test suite, which
are the unimodal function F1, the simple multimodal functions F5, F7, and F8, the hybrid
functions F15 and F18, and the composition functions F21 and F27, respectively. These
8 subgraphs in Figure 5 describe the convergence curves about metrics BE of all compared
algorithms. The horizontal coordinate axis FES is the fitness estimation number. The
vertical co-ordinate axis log(BE) represents the logarithm form of BE, which records the
best error value defined in Formula (15) and displays the result more clearly compared
to BE. Through Figure 5, the gap between the fitness value of the current best individual
and the fitness value of the global optimal can be revealed throughout the evolution. The
curves of the MSDE-ASS (black line) are mainly concerned.

So, the performance of algorithms on each test function can be revealed in Table 7 and
Figure 5. Considering the function properties, the following are observed.

On the unimodal functions F1 and F3, as with the results on F1 provided by Figure 5a,
all the algorithms converge to the best error value less than 1E-08, which means that they
all search for the optimal value. So, all the state-of-the-art algorithms perform very well,
including MSDE-ASS.

On the simple multimodal functions F4–F10, MSDE-ASS outperforms all compared
algorithms except EaDE on F5, F7, and F8, and performs worse than other competitors in
all cases on F6. As seen in Figure 5b–d, on these functions, MSDE-ASS maintains the most
population diversity of all algorithms at the early and middle stages, and converges very
quickly at the later stage. This feature is the reason that MSDE-ASS stands out on F5, F7,
and F8.

On the hybrid functions F11–F20, MSDE-ASS has the most outstanding performance.
Compared with PaDE and EB-LSHADE, respectively, it exhibits better performance on all
hybrid functions, and on other all hybrid functions except F17 (the comparable performance
on F17). Compared with jSO, MSDE-ASS is superior on 6 functions (F11, F15–19) and only
inferior on F20. Compared with LSHADE-cnEpSin, MSDE-ASS shows advantages for
solving 5 functions i.e., F13–15, F18–19, and only shows disadvantages on 2 functions
F12 and F20. Compared with EaDE, MSDE-ASS performs well on 8 functions (F11–15
and F17–19) and underperforms in none of the cases. Compared with LSHADE-RSP,
MSDE-ASS wins on F15 and F18, and loses on F14. For illustration, on F15 and F18 from
Figure 5e,f, MSDE-ASS exhibits performance superiority compared with the competitors
because it reaches the smallest BE value among all algorithms. It is worth noting that
the algorithm EaDE, which performs well on the simple multimodal functions like F5, F7,
and F8, underperforms on the hybrid functions like F15 and F18. Unlike the EaDE, the
algorithm MSDE-ASS has excellent performance on both.

On the composition functions F21–F30, MSDE-ASS is still very competitive. Compared
with PaDE, it performs well on 4 functions (F21, F25, and F27–28) but also underperforms
on the same number of functions (F22–24 and F29). Similar to the contrasting results of the
PaDE, while winning in 3 cases F21, F25, and F27, MSDE-ASS performs worse than jSO in
3 cases, which are F24 and F28–29. Compared with EB-LSHADE, LSHADE-cnEpSin, and
EaDE, respectively, MSDE-ASS is superior on 5, 6, and 3 functions and inferior on 3, 4, and
2 functions. After offsetting the number of winning and losing, MSDE-ASS are both more
excellent than EB-LSHADE and LSHADE-cnEpSin on 2 test functions and is also better than
EaDE on 1 test function. Compared with LSHADE-RSP, MSDE-ASS wins on F21 and F27,
and loses on F28 and F29; besides, as shown in Figure 5g,h, MSDE-ASS reaches the smallest
BE value among all algorithms on F21 by maintaining the diversity and, then, converges
quickly like on F5, F7, and F8, but on F27, MSDE-ASS rapidly searches to small BE value
early and, then, always maintains an advantage over other state-of-the-art algorithms.

Therefore, MSDE-ASS can maintain its performance advantage and algorithm compet-
itiveness on different test functions with diverse mathematics characteristics.

Further, the overall performance ranking of state-of-the-art DEs and MSDE-ASS can
be obtained by the Friedman test, which is given in Table 8. It is confirmed that MSDE-
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ASS achieves the overall best efficiency among all state-of-the-art DE algorithms with the
smallest ranking value, of 3.05, followed by LSHADE-RSP (3.16), jSO (3.43), and EaDE
(3.78).
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Table 8. Overall performance ranking of state-of-the-art DEs and MSDE-ASS on 29 50-D CEC2017
benchmark problems.

PaDE jSO EB-LSHADE LSHADE-cnEpSin EaDE LSHADE-RSP MSDE-ASS

Ranking 5.38 3.43 5.00 4.21 3.78 3.16 3.05

To further show the statistical significance, Figure 6 plots the critical difference dia-
gram [60], where algorithms with no significant difference are connected. It is indicated
that MSDE-ASS is statistically better than PaDE and EB-LSHADE, but it is not statistically
better than the other four state-of-the-art DEs.



Symmetry 2023, 15, 1697 19 of 24

Symmetry 2023, 15, x FOR PEER REVIEW 19 of 26 
 

 

  

 

(g) (h)  

Figure 5. Convergence graphics of the best error value (BE) achieved by the compared DEs on the 

50-D CEC2017 functions: (a) F1; (b) F5; (c) F7; (d) F8; (e) F15; (f) F18; (g) F21; (h) F27. 

Therefore, MSDE-ASS can maintain its performance advantage and algorithm com-

petitiveness on different test functions with diverse mathematics characteristics. 

Further, the overall performance ranking of state-of-the-art DEs and MSDE-ASS can 

be obtained by the Friedman test, which is given in Table 8. It is confirmed that MSDE-

ASS achieves the overall best efficiency among all state-of-the-art DE algorithms with the 

smallest ranking value, of 3.05, followed by LSHADE-RSP (3.16), jSO (3.43), and EaDE 

(3.78). 

Table 8. Overall performance ranking of state-of-the-art DEs and MSDE-ASS on 29 50-D CEC2017 

benchmark problems. 

 PaDE jSO EB-LSHADE LSHADE-cnEpSin EaDE LSHADE-RSP MSDE-ASS 

Ranking 5.38 3.43 5.00 4.21 3.78 3.16 3.05 

To further show the statistical significance, Figure 6 plots the critical difference dia-

gram [60], where algorithms with no significant difference are connected. It is indicated 

that MSDE-ASS is statistically better than PaDE and EB-LSHADE, but it is not statistically 

better than the other four state-of-the-art DEs. 

 

Figure 6. Comparison of DEs on 29 50-D CEC2017 benchmark problems with critical difference 

value. 

Through the results of the above series of experiments, it is concluded that, compared 

with 6 state-of-the-art DEs, MSDE-ASS does not statistically significant advantage on mul-

tiple problem tests but performs better on single problem tests. 

Finally, the performance of MSDE-ASS has also been investigated on 4 real-world 

problems (RP1-RP4) [61], which are the parameter estimation for frequency modulated 

(FM) sound waves problem (RP1), the spread spectrum radar polly phase code design 

problem (RP2), the circular antenna array design problem (RP3), and the “Cassini 2” 

spacecraft trajectory optimization problem (RP4), respectively. From Table 9, MSDE-ASS 

is prominent on RP1 and RP3 because it achieves better performance than all competitors 

except for LSHADE-RSP on RP1 and PaDE on RP3; besides, it performs significantly better 

Figure 6. Comparison of DEs on 29 50-D CEC2017 benchmark problems with critical difference value.

Through the results of the above series of experiments, it is concluded that, compared
with 6 state-of-the-art DEs, MSDE-ASS does not statistically significant advantage on
multiple problem tests but performs better on single problem tests.

Finally, the performance of MSDE-ASS has also been investigated on 4 real-world
problems (RP1-RP4) [61], which are the parameter estimation for frequency modulated (FM)
sound waves problem (RP1), the spread spectrum radar polly phase code design problem
(RP2), the circular antenna array design problem (RP3), and the “Cassini 2” spacecraft
trajectory optimization problem (RP4), respectively. From Table 9, MSDE-ASS is prominent
on RP1 and RP3 because it achieves better performance than all competitors except for
LSHADE-RSP on RP1 and PaDE on RP3; besides, it performs significantly better than the
EB-LSHADE and LSHADE-RSP on RP2 and is significantly similar to other compared algo-
rithms. On RP4, PaDE and LSHADE-cnEpSin are better than other algorithms, including
MSDE-ASS, while MSDE-ASS is not worse than the other 4 competitors. Overall, on these
4 real-world problems, MSDE-ASS has advantages in performance against all algorithms
excluding PaDE and it is still competitive compared to PaDE.

Table 9. Performance comparisons of MSDE-ASS with state-of-the-art DEs on 4 real-world problems.

PaDE jSO EB-LSHADE MSDE-ASS

RP1 6.00E-03 (1.60E-02) + 8.23E-01 (2.88E+00) + 1.96E-03 (9.94E-03) + 1.45E+00 (3.68E+00)
RP2 1.00E+00 (1.85E-01) = 9.83E-01 (1.37E-01) = 1.14E+00 (9.00E-02) + 1.03E+00 (9.73E-02)
RP3 −2.23E+01 (4.12E-02) = −2.16E+01 (7.42E-02) + −2.16E+01 (9.54E-02) + −2.18E+01 (1.44E+00)
RP4 1.20E+01 (1.02E+00) − 1.52E+01 (2.61E+00) = 1.49E+01 (1.13E+00) = 1.42E+01 (2.60E+00)

+/=/− 1/2/1 2/2/0 3/1/0

LSHADE−cnEpSin EaDE LSHADE−RSP MSDE−ASS

RP1 2.40E+00 (4.48E+00) + 4.92E-01 (2.46E+00) + 5.98E-01 (2.42E+00) = 1.45E+00 (3.68E+00)
RP2 1.01E+00 (7.76E-02) = 1.02E+00 (1.43E-01) = 1.08E+00 (1.02E-01) + 1.03E+00 (9.73E-02)
RP3 −2.13E+01 (1.60E-01) + −2.16E+01 (7.49E-02) + −2.17E+01 (3.96E-02) + −2.18E+01 (1.44E+00)
RP4 1.30E+01 (1.33E+00) − 1.31E+01 (2.80E+00) = 1.47E+01 (2.29E+00) = 1.42E+01 (2.60E+00)

+/=/− 2/1/1 2/2/0 2/2/0

5. Conclusions

To deal with the weakness of the over-approximation of MCG and the fixed GD
parameter setting of the SS rule in SCSS, this paper proposes multiple candidates gen-
eration with multi-strategy (MCG-MS) and the adaptive similarity selection (ASS) rule,
respectively. Further, based on jSO, a state-of-the-art DE algorithm, namely, multi-strategy
differential evolution algorithm with the adaptive similarity selection rule (MSDE-ASS), is
proposed by combining MCG-MS and the ASS rule. There are two symmetrical mutation
strategies “DE/current-to-cbest-w/1” and “DE/current-to-pbest-w/1” to generate the
candidates in MCG-MS and an appropriate individual selected from candidates as the
offspring controlled by adaptive GD in the ASS rule. So, it combines the advantages of
two symmetric strategies and has an efficient individual selection mechanism without
parameter adjustment. We have described the design motivation (Section 3.1), the details
of the algorithm MSDE-ASS (Section 3.2), and discussed its time complexity (Section 3.3),
compared the multi-strategy to the single strategy (Section 4.1), analyzed the working
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mechanism (Section 4.2), and also compared the MSDE-ASS to the state-of-the-art DEs
(Section 4.3). Comprehensive experiments show that: (1) two proposed components MCG-
MS and ASS rule are both effective to enhance the performance algorithm; and (2) of the
total 174 cases in the performance comparison results, MSDE-ASS wins in 81 cases and
loses in 30 cases; besides, it has the smallest performance ranking value, of 3.05. As a
state-of-the-art DE, MSDE-ASS stands out among the all competitors with its best overall
performance.
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Appendix A

Table A1. Performance comparisons (mean (std.)) of state-of-the-art DEs with MSDE-ASS on 29 50-D
CEC2017 benchmark problems.

PaDE jSO EB-LSHADE LSHADE-
cnEpSin EaDE LSHADE-RSP MSDE-ASS

Mean 2.26E-14 0.00E+00 2.01E-14 1.81E-14 0.00E+00 0.00E+00 0.00E+00
F1 Std. Dev. 7.06E-15 0.00E+00 7.06E-15 6.40E-15 0.00E+00 0.00E+00 0.00E+00

Sig. = = = = = =
Mean 1.77E-13 0.00E+00 1.93E-13 1.18E-13 0.00E+00 0.00E+00 0.00E+00

F3 Std. Dev. 4.78E-14 0.00E+00 5.69E-14 3.57E-14 0.00E+00 0.00E+00 0.00E+00
Sig. = = = = = =

Mean 7.44E+01 6.50E+01 7.09E+01 4.81E+01 6.98E+01 5.49E+01 5.72E+01
F4 Std. Dev. 4.77E+01 4.59E+01 4.86E+01 4.54E+01 5.22E+01 4.85E+01 4.55E+01

Sig. = = + − = =
Mean 1.70E+01 1.63E+01 1.23E+01 2.74E+01 7.92E+00 1.30E+01 8.40E+00

F5 Std. Dev. 1.96E+00 3.35E+00 1.93E+00 6.82E+00 3.15E+00 3.09E+00 2.65E+00
Sig. + + + + = +

Mean 3.92E-04 3.73E-07 2.34E-05 7.70E-07 2.41E-08 1.71E-07 4.62E-06
F6 Std. Dev. 1.78E-03 5.80E-07 1.15E-04 6.46E-07 9.85E-08 4.91E-07 1.04E-05

Sig. − − − − − −
Mean 6.51E+01 6.65E+01 6.29E+01 7.75E+01 6.11E+01 6.60E+01 6.11E+01

F7 Std. Dev. 2.15E+00 2.94E+00 1.90E+00 5.98E+00 1.97E+00 3.70E+00 1.73E+00
Sig. + + + + = +

Mean 1.73E+01 1.73E+01 1.27E+01 2.65E+01 8.28E+00 1.23E+01 9.53E+00
F8 Std. Dev. 2.33E+00 2.75E+00 2.30E+00 6.52E+00 3.12E+00 3.71E+00 2.81E+00

Sig. + + + + − +
Mean 4.90E-14 0.00E+00 1.76E-03 9.14E-14 0.00E+00 0.00E+00 0.00E+00

F9 Std. Dev. 5.69E-14 0.00E+00 1.25E-02 4.56E-14 0.00E+00 0.00E+00 0.00E+00
Sig. = = + = = =

Mean 3.15E+03 3.12E+03 3.16E+03 3.20E+03 3.01E+03 3.51E+03 3.12E+03
F10 Std. Dev. 3.62E+02 3.74E+02 3.46E+02 2.60E+02 4.47E+02 4.45E+02 3.47E+02

Sig. = = = = = +
Mean 6.25E+01 2.69E+01 4.50E+01 2.15E+01 3.27E+01 2.36E+01 2.29E+01

F11 Std. Dev. 9.99E+00 3.95E+00 7.18E+00 1.72E+00 4.16E+00 3.91E+00 3.64E+00
Sig. + + + = + =

Mean 2.26E+03 1.62E+03 2.12E+03 1.33E+03 2.01E+03 1.56E+03 1.70E+03
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Table A1. Cont.

PaDE jSO EB-LSHADE LSHADE-
cnEpSin EaDE LSHADE-RSP MSDE-ASS

Mean 2.26E-14 0.00E+00 2.01E-14 1.81E-14 0.00E+00 0.00E+00 0.00E+00
F12 Std. Dev. 4.86E+02 4.48E+02 5.08E+02 3.98E+02 5.76E+02 4.41E+02 4.54E+02

Sig. + = + − + =
Mean 5.53E+01 3.28E+01 5.31E+01 7.68E+01 4.53E+01 3.56E+01 3.10E+01

F13 Std. Dev. 2.61E+01 2.65E+01 2.95E+01 3.70E+01 2.46E+01 2.10E+01 1.69E+01
Sig. + = + + + =

Mean 2.98E+01 2.42E+01 2.76E+01 2.67E+01 2.61E+01 2.33E+01 2.44E+01
F14 Std. Dev. 3.31E+00 1.89E+00 2.93E+00 2.68E+00 2.31E+00 1.99E+00 2.54E+00

Sig. + = + + + −
Mean 4.17E+01 2.32E+01 3.35E+01 2.57E+01 2.80E+01 2.15E+01 2.03E+01

F15 Std. Dev. 1.09E+01 2.33E+00 7.14E+00 3.63E+00 4.00E+00 1.95E+00 1.61E+00
Sig. + + + + + +

Mean 3.65E+02 4.41E+02 3.74E+02 3.02E+02 3.59E+02 3.46E+02 3.16E+02
F16 Std. Dev. 9.85E+01 1.56E+02 1.17E+02 1.10E+02 1.39E+02 1.45E+02 1.37E+02

Sig. + + + = = =
Mean 2.76E+02 2.70E+02 2.27E+02 2.15E+02 2.88E+02 2.34E+02 2.25E+02

F17 Std. Dev. 6.76E+01 9.54E+01 6.91E+01 6.38E+01 1.12E+02 9.43E+01 9.32E+01
Sig. + + = = + =

Mean 4.69E+01 2.43E+01 3.29E+01 2.42E+01 2.73E+01 2.28E+01 2.22E+01
F18 Std. Dev. 2.12E+01 1.96E+00 6.63E+00 2.19E+00 3.63E+00 1.22E+00 1.22E+00

Sig. + + + + + +
Mean 2.69E+01 1.38E+01 1.89E+01 1.76E+01 1.61E+01 1.10E+01 1.18E+01

F19 Std. Dev. 9.71E+00 2.77E+00 3.73E+00 2.62E+00 3.23E+00 2.84E+00 2.89E+00
Sig. + + + + + =

Mean 1.74E+02 1.24E+02 1.61E+02 1.01E+02 1.94E+02 1.35E+02 1.40E+02
F20 Std. Dev. 7.73E+01 6.99E+01 5.49E+01 1.51E+01 1.39E+02 7.53E+01 6.17E+01

Sig. + − + − = =
Mean 2.18E+02 2.17E+02 2.13E+02 2.26E+02 2.09E+02 2.14E+02 2.10E+02

F21 Std. Dev. 2.98E+00 3.77E+00 2.34E+00 6.36E+00 4.02E+00 3.98E+00 2.49E+00
Sig. + + + + = +

Mean 1.77E+02 1.45E+03 2.60E+03 1.56E+03 2.69E+03 2.46E+03 2.67E+03
F22 Std. Dev. 4.28E+02 1.79E+03 1.59E+03 1.70E+03 1.62E+03 1.87E+03 1.55E+03

Sig. − = = − = =
Mean 4.26E+02 4.29E+02 4.28E+02 4.39E+02 4.28E+02 4.31E+02 4.32E+02

F23 Std. Dev. 5.50E+00 5.40E+00 4.14E+00 7.87E+00 4.49E+00 6.58E+00 9.82E+00
Sig. − = = + = =

Mean 5.04E+02 5.06E+02 5.06E+02 5.13E+02 5.06E+02 5.09E+02 5.09E+02
F24 Std. Dev. 5.79E+00 4.30E+00 2.99E+00 7.20E+00 3.02E+00 4.17E+00 4.28E+00

Sig. − − − + − =
Mean 4.97E+02 4.81E+02 4.86E+02 4.81E+02 4.82E+02 4.81E+02 4.81E+02

F25 Std. Dev. 2.94E+01 3.39E+00 1.18E+01 2.51E+00 3.86E+00 3.19E+00 2.76E+00
Sig. + + + − + =

Mean 1.14E+03 1.13E+03 1.11E+03 1.22E+03 1.14E+03 1.13E+03 1.15E+03
F26 Std. Dev. 7.10E+01 4.29E+01 5.68E+01 9.06E+01 6.09E+01 4.35E+01 6.66E+01

Sig. = = − + = =
Mean 5.37E+02 5.14E+02 5.29E+02 5.26E+02 5.26E+02 5.12E+02 5.05E+02

F27 Std. Dev. 1.05E+01 1.08E+01 1.82E+01 9.20E+00 1.46E+01 1.21E+01 1.14E+01
Sig. + + + + + +

Mean 4.97E+02 4.59E+02 4.77E+02 4.58E+02 4.66E+02 4.59E+02 4.59E+02
F28 Std. Dev. 2.03E+01 1.60E-13 2.39E+01 9.74E+00 1.76E+01 3.98E-13 4.51E-13

Sig. + − + − = −
Mean 3.51E+02 3.61E+02 3.53E+02 3.52E+02 3.61E+02 3.65E+02 3.77E+02
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Table A1. Cont.

PaDE jSO EB-LSHADE LSHADE-
cnEpSin EaDE LSHADE-RSP MSDE-ASS

Mean 2.26E-14 0.00E+00 2.01E-14 1.81E-14 0.00E+00 0.00E+00 0.00E+00
F29 Std. Dev. 8.58E+00 1.50E+01 9.94E+00 1.06E+01 1.15E+01 1.76E+01 1.69E+01

Sig. − − − − − −
Mean 6.16E+05 6.11E+05 6.70E+05 6.63E+05 6.50E+05 6.16E+05 6.22E+05

F30 Std. Dev. 3.66E+04 3.59E+04 9.14E+04 7.00E+04 7.39E+04 3.90E+04 5.33E+04
Sig. = = + + + =

+/=/− 17/7/5 12/12/5 19/6/4 14/7/8 11/14/4 8/17/4
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