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1. Introduction

In the mathematical handbook [1] (pp. 42, 55) and the paper [2] (p. 798), we find the
Maclaurin power series expansions
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for 0 < u < 7, where By, can be generated in [3] (p. 3) by
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By the series expansion (3), we acquire the Maclaurin power series expansion
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At the site https:/ /mathoverflow.net/q/444321 (accessed on 7 April 2023), the second
author proposed the following question: What and where is the Maclaurin power series
expansion of the function

In(tanu —u), 0<u< g ©)
or
tan u T
ln( . —1), O<|u|<§ (6)

around u = 0? Equivalently speaking, what is the Maclaurin power series expansion of the

function
I 3tanu —u) _ 1n{32<ta“” 1)} 0<ul <2
u u u 2

around u# = 0? These questions are fundamental and significant in the theory of series and
in the theory of generating functions of analytic combinatorics.
In what follows, we consider the logarithmic expression

3(tanu — u) T
In———, 0 =
Py =4~ O<lul<3i @)
0, u=0.

It is easy to see that the function F(u) is even on the symmetric interval (-7, 7).

It is well known that, by virtue of any computer software (or say, any computer algebra
system) such as the Wolfram Mathematica, the Maple, and the MATLAB, one can compute
great deal more but finitely many terms of the coefficients in the power series expansions of
the functions formulated in (5)—(7). One problem is, what are the closed-form expressions
for the general terms of the coefficients in the power series expansions of the functions
in (5), (6), and (7), respectively?

In this paper, we adopt the definition of closed-form expressions at
https:/ /en.wikipedia.org/wiki/Closed-form_expression (accessed on 7 May 2023): “In
mathematics, a closed-form expression is a mathematical expression that uses a finite
number of standard operations. It may contain constants, variables, certain well-known
operations (e.g., + — X =), and functions (e.g., nth root, exponent, logarithm, trigonomet-
ric functions, and inverse hyperbolic functions), but usually no limit, or integral”. In the
article [4], there is a special and systematic review and survey on “closed forms: what they
are and why we care”.

An upper (or a lower, respectively) Hessenberg matrix is an m X m matrix
Hyu = (hys)1<rs<m, whose elements h,; = 0 for all tuples (r,s) such thats+1 < r
(orr +1 < s, respectively). See [5] (Chapter 10).

From the Maclaurin power series expansion (1), it follows that

0 22k+4 (22k+4 1) T
N S | - 2k =
32 2k+4:) | 2k+4‘u ’ ‘M| < 2’ (8)

which is analytic in u € (—%,7%). Because F(u) is an elementary function, all of its
derivatives are elementary, and in theory there must exist a closed-form expression for the
general term of all coefficients in the Maclaurin power series expansion of the elementary
function F(u) around u = 0.
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In this paper, motivated by the above ideas and observations and stimulated by the
results in the newly-published papers [6,7], we will pay our main attention on expanding
the even function F(u) into its Maclaurin power series expansion around u = 0.

In the theory of series, the Maclaurin power series expansion of an analytic function
at the origin 0 is unique. In this paper, we will provide and compare two forms for the
Maclaurin power series expansion of F(u) around u = 0.

2. Preliminaries

For attaining our main aims of this paper, we need the following preliminaries.
Let 1(y) and v(y) # 0 be two n-time differentiable functions on an interval I for a

given integer n > 0. Then, the nth derivative of the ratio % is

d" l:,u(?/):| _ (_1)71 |W(n+1)><(n+1)(]/)| >0 (9)

N 7 n_ 7
dy™ | v(y) vt (y)

where the matrix
W) (n+1) (¥) = (U1 (V) Vinsnysn®)) i1y gy

the matrix U, ;1)x1(y) is an (n + 1) x 1 matrix whose elements satisfy py1(y) = uk=1 (y)
for 1 <k <n+1, the matrix V(,,,1)x,(y) is an (n + 1) x n matrix whose elements are

£—1> (i .

, v=D(y), ¢—i>0

vii(y) = (1) o=
0, {—j<0

for1 </<mn+1land1 <;j<n, and the notation [W, 1) (n+1)(y)| denotes the determi-
nant of the (n + 1) x (1 + 1) matrix W, ;1) (n+1) (). The Formula (9) is a reformulation
of Exercise 5 in [8] (p. 40).

It is common knowledge [3] (p. 51, (3.9)) that the classical gamma function I'(z) can be
defined by

r li nin® 0,—1,-2
(z)—n%m, z#0,-1,-2,....

It is also well known that the Bessel function of the first kind ], (w) can be represented [9]
(p. 360, Entry 9.1.10) as

A 2n
(o) & (=" 1 (w
Mw)‘(z) EF(A+n+1)n!<2) o wel
where A € C\ {—1,-2,...} is called the order of ], (w).

Letj,,forn € Nand A € C\ {—1,—2,...} denote the zeros of the function I AZ(UZ). The
Bessel zeta function

o= v a>1 (10)
n=1 ]/\,n
was originally introduced and studied in [10-13]. In [14] (p. 1251), the special values
1 1

2) = —— 4) = — —

6(2) 4(A+1) 6r(4) 16(A +1)3’
1 10A + 11

ca(6) = ca(8)

T 16(A+ 1)%(2A +3)’ T 256(A+1)5(2A2 +7A + 6)
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are listed. These values were recited in [15] (p. 411, Equation (6)). However, as listed at the
web site https://math.stackexchange.com/a /2911997 (accessed on 8 May 2023), the special
values () (4), ,(6), and {,(8) should be corrected as

1 1

ia(4) = 16(A +1)2(A +2)’ 6r(6) = 32(A+1)3(A+2)(A+3)’

and
51+ 11

T 256(A + DA +22(A +3) (A +4)

In the paper [16], three more special values

2 (8)

21A3 + 18142 + 513\ + 473
G(12) = AT T8 1 2P (1 + 32 A + DA 1 3)(A 1 6)
[.(14) = 33A3 + 32912 + 1081A + 1145
22(A+1)7(A+23(A + 32 (A +H (A +5)(A +6)(A +7)’

and

715MA0 4 16,567A° + 158,568\* + 798,074A3 + 2,217,079A2 + 3,212,847\ + 1,893,046
27(A+1)°(A +2)4(A +3)3(A + 42 [T_5(A + )

0a(18) =

were derived.

Making use of the general Formula (9) for the nth derivative of the ratio of two
nth differentiable functions, the authors established in [15] (Theorems 2.3 and 3.2) two
closed-form formulas

T(A+1 2k+1

Ca(2k) = (_1)k+1[((2k)>,]|P2k+1,1 (A Qar12k(M)] (11)

and
(71)k+1/\

Ca(2k) = Tk)!mzkﬂﬂ (V) Sars1,26(0)] (gps 1w (21 (12)
for A € C\ {0,—1,-2,...} and k € N, where the (2k + 1) x 1 matrix Py11(A) is defined
by

1—(=1)" (i —2)! 1
Pory1,1(A) = (pirf)1§i§2k+1,j=1’ Pij = 2 2=1/2 (A + %)'

the (2k + 1) x (2k) matrix Q1 2¢(A) is defined by

QZk-‘r],Zk(/\) = (Qi,j)1§i§2k+1,1§j§2k,

qH1+(—1)f-f(i—1>(i—j—1)u 1
K 2 j=1) 26072 py iy gy

the (2k + 1) x 1 matrix Rpi11(A) is defined by

1— (=1 (i—-2)!' T(A)
Ropy1,1(A) = (rij) ;< L, Tii= — -,
1<i<2k+1,j=1 ] 2 2(1 1)/2 P(A—i— %)

and the (2k +1) x (2k) matrix Sy 1 2¢(A) is defined by

1+ (= (i— 1) i—j—DI T(A)

SZk-‘rl,Zk()\) = (Si']‘)l<’<2k+l 1<i<2k’ Si,j - . /2 ——.
<i<2k+1,1<)< 2 j=1) 20072 A4+ =)

We note that the determinantal expressions (11) and (12) can be transferred to each other
by simple linear algebraic operations on determinants.


https://math.stackexchange.com/a/2911997

Symmetry 2023, 15, 1686

50f18

3. The First Form of Maclaurin Power Series Expansion

In this section, making use of the general Formula (9), we now start out by establishing
the first closed-form Maclaurin power series expansion of the function F(u) defined by (7).

Theorem 1. The even function F(u) defined by (7) has the Maclaurin power series expansion

F(u) i i Doyju?*
= - k
& 2k
guz+ﬁu4+ 024 ub 20,897 B, ul < T
5° T55" T 23625 6,063,750 ’ 2
where
0 Qo 0 0 0 0
Q1 0 Qo 0 0 0
0 O 0 0 0 0
Dy =| : : : : : :
Qo 0 Q2 - 0 Q 0
0 Q1 0 e GEDQ 0 Qo
Q0 (N1 - 0 GIhA 0
= leijl o k21,
0, (i,j)=(20-11), 1<t<k
Qs (i) = (261), 1<t<k;
LV 1<i<j—2<2k-2
" o, i—j=20, 0<(<k-—1;
(D)@ imi=2e-1, 0se<kon, j22
and 22m+2 (22m+4 _ 1)
= >
Qn = G i Dmr2)@m T 1) @m 13) t2nral m20

Proof. The first derivative of F(u) is

utan®u — 3(tanu — u)

F(u) = tanf— u = ZEZ))

u3

By virtue of the Marclaurin power series expansions (1) and (2), we derive

utan?u — 3(tanu _ u) 0 222+7(£ + 1)(22é+6 _ 1)

p(u) = A = gg} 20+6)! |Byglu
and tanu — u X 2+4(Q20+4 1) 20
v() = —5— = L i) |Bagalu
for 0 < |u| < Z. Accordingly, we obtain
0, n=2¢(

M) () —
H (0) = 22£+4 (22€+6 . l)
(042)(£+3)(20 +3)(2( +5) |Bariol = Qui1, n=20+1

(13)

(14)
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and
22€+2(22€+4 o 1)

W) = | TID T @i T2+ 3) P
0, n=20+1

:Qg, n=24

for £,n > 0. Hence, by the Formula (9), a general formula for the nth derivative of the ratio
of two n-time differentiable functions, we arrive at

F2(0) = fim | 1) @)

u—0 | v(u)
1(0) v(0) 0
1 (0) v'(0) (1)v(0)
. "(0) "(0) (Dv'(0)
RO §H@-3)(0) v-3)(0) (2324 (o)
‘u(%fZ) (0) p(26-2) (0) (2(172)1/(2673) (0)
‘u(2Z71) (0) p(26-1) (0) (2@171)1/(2272)(0)
0 0 0
0 0 0
0 0 0
GV’ (0) (G v(0 0
(V" () (G (0) (53w (0)
GoV"(0)  GiZyv"(0) (v (0)

0 Qo 0 0 0 0

Q1 0 Qo 0 0 0

0 Q1 0 0 0 0
— 320 : : . : :

Q1 0 Qs - 0 Q 0

0 Qu G D 0 Qo

Q 0 (*Hoe - 0 GhHor o
__325D2£

for £ > 1. Considering that the function F(u) is even, we thus derive the Maclaurin power
series expansion (13). The proof of Theorem 1 is complete. O

4. The Second Form of Maclaurin Power Series Expansion

At the site https://mathoverflow.net/a /444638 (accessed on 12 April 2023), Paul Enta
(a physicist in France, https:/ /stackexchange.com/users/3991904/paul-enta, accessed on
12 April 2023) outlined the second closed-form Maclaurin power series expansion of the
function F(u) around u = 0. In this section, for comparison, we recite and revise Paul
Enta’s result and its proof.

Theorem 2. The even function F(u) defined by (7) has the Maclaurin power series expansion

oo 22[—1(222 o 1) u2€

F)= Y| =g 1Bl = G20 | 7l < 5, (15)

where the Bessel zeta function {3/, (2¢) is defined by (10).
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Proof. From the integral representation

1 w\* [ T 1
Ja(w) = \/W<2> /0 cos(wsin@)sin“* 6d6, R(A) > -3
in [9] (p. 360, Entry 9.1.20), it follows that
2 sinw — wcosw
J32(w) = \/;a]g/z (16)
The Formula (16) also appeared in [17] (p. 43).
Entry 7 in [18] (p. 26) reads that
dn 1 n a 1171/2
e v = T (5) wstavi), 0o

Taking n = 0, letting @ = 1, and replacing /w by w lead to

2 cosw
T Jw

Making use of the results in (16) and (17), we write the function F(u) as

J-1/2(w) =

(17)

3(sinu — ucosu) 3J3/2(u)
=In——".
u3 cos u u?J_q,(u)

F(u) =1In

Basing on [19] (§15.41), Dickinson obtained in [20] (p. 949, Equation (14)) the formulas

n-1(u) = r(l/\) (Z)Al ﬁ (1 B ])\i,n)

Injyq(u) = ln[r(l;\) (;)A_l] Z ln(l e 1n>

for A > 0and 0 < u < jy_14, see also [9] (p. 370, Entry 9.5.10). Further considering the
series expansion

and

00 n
In(1 —_ -1 1’l+1u7 1’
n(l4w) = ) ()"l <

we derive

Thus, we acquire
F(u) =In3 —2Inu+InJ3/,(u) — ln],l/z(u)

zz(z m L) "

n 1] 1720 n=1J3/2
53/2(25) 2

n[\ﬂg\

From the formula 2 3
. n—1)m
J-1/2n = f' n>1,
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see the paper [21], for example, we arrive at

20 22[ -1 22671
- = e = @ 0T o

51/226 ZZK _2{27’1—1

n=1J_ 1/2n n=1

for ¢ > 1, where we use the relation

!
|Bye| = 20 g(2¢), teN
n [3] (p. 5, (1.14)) and {(2¢) stands for the Riemann zeta function.
Finally, substituting (20) into (19), we conclude the closed-form Maclaurin power
series expansion (15). The required proof is thus complete. O

5. Applications of Theorems 1 and 2 and Remarks

In this section, applying our main results, the Maclaurin power series expansions (13)
and (15) in Theorems 1 and 2, respectively, we can derive some new results and important
remarks.

As direct consequences of Theorem 1, we derive the following series expansions.

Corollary 1. The series expansions

= 32Dy
In(|tanu| — |u]) = —=In3+3Infu| - ) S
= @

and

tan u = 320Dy, o,
1n< ” —1):—1n3+21n|u|—z 20! u

hold for 0 < |u| < %

Remark 1. These two series expansions in Corollary 1 and the Maclaurin power series
expansion (13), not including their proof and deduction, have been announced at the site
https://mathoverflow.net/a/444485 (accessed on 10 April 2023) as the best answer to the ques-
tion at https://mathoverflow.net/q/444321 (accessed on 7 April 2023).

As direct consequences of Theorem 2, the following series expansions can be deduced.
Corollary 2. The series expansions

20

Bl — 80220)| %

225 1 22€ 1
In(|tanu| — |u|) =3In|u| —In3 + Z [H

and
20

22[ 1 22[ 1 u
Bl ~ taa20)|

tanu
1 —-1) =21 -1
n( ” ) nlu| — n3—|—2{
hold for 0 < |u| < %

Remark 2. Corollary 2 can be regarded as an alternative answer to the question at https://
mathoverflow.net/q/444321 (accessed on 7 April 2023).

Remark 3. For ¢ = 3, the determinant Dy is
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0 Q O 0 0 0 0 3% 0 000
Qi 0 Qo 0 0 0 £ 0 LY o000
D_O Qi 0 Qo 0 0| |0 £ o0 1 0 of 8384
Tl 0 ) 0 Q 0| |B o 4 0 1 o 382725
0 Q 0 (& 0 Q |o B o & o1
Q 0 (D 0 (Q of [ o K o0 5 0

and —%D6 = 592b=. This number coincides with the coefficient of the term u® in the Maclaurin
power series expansion (13). This coincidence implies that the Maclaurin power series expansion (13)
is generally correct.

Remark 4. Due to the evenness of te function F(u), it follows that F2+1)(0) = 0 for £ > 0.
By virtue of the Formula (9), as in the proof of Theorem 1, we can derive

0 Qo 0 0 0 0 0

Q1 0 Qo 0 0 0 0

0 Q1 0 0 0 0 0

QL 0 B 0 0 0 0

: : : . : : : : =0
Q1 0 (7)Q - 0 Qo 0 0

0 Qi 0 o Ehor o Q 0

Q 0 (Hhoes -0 N 0 Qo

0 Qé 0 (2@2{4)Q2 0 (2%2)Q1 0

for £ > 1. We believe that it would be very difficult to calculate this equality by operations of the
linear algebra.

Proposition 1. For n > 1, we have

1 & -1 4 136 o ,
= — — —1)! = e (u)1(2n—L+1)
D>, 32;1;1( 1)1 1).32,1,@(0,5,0, 35""’3,131})[6 ] ) (21)
and
22171(22" — 1) By, | — (2n)!32(2n)
2n 4 136 B (22)
= 1L — 1) =0 22 : F(u)(2n—L+1)
nfzzl( 1) (e 1).32,1,4(0,5,0, 35 lim[et ] )

Proof. From the equation (8), it follows that

00 n20+4(n20+4
Py L Sltanu—w) o gm 27T ) n
¢ u3 3f:0 (20 +4)! |Bopyalu™, |u| < o
This means that the limits
22Z+4 22Z+4 —1)IB
lim[eF W) =0 and  lim[eF®™]*) = 3(20)! ( )|Bag4

u—0 u—0 (25 + 4)!
hold for ¢ > 0. Hence, by virtue of the Fad di Bruno formula [22], we obtain
F () = (In[e" ™))™

1)1 — 1) »
_[Zl()egp((u)>Bn,é([eF(u)]/,[eF(u)]”,..-,[eF(”)]( e+1))



Symmetry 2023, 15, 1686 10 of 18

for n > 1, where B, y denotes the Bell polynomials of the second kind and satisfies

1+ (1)
BZ?H»LZ <O/ up, 0/ Ug,- .-, (2)u2n5+2> =0

for{,n > 0, u, € C, and m € N, see ([22], Remark 7.4). Accordingly, we arrive at
F@+1)(0) = 0 forn > 0 and

2n
FCD(0) = Y (1)1 (£ = 1)!Bayy (o, lime"*]",0, lim [eF)® . lim [eF<u>]<2”—“1>>
u—

=1 u—0 u—0

for n > 1. Consequently, we conclude

_ i u2n
=0 2n)!
i 2" Zzn 1)5 1(6— l)lB 0 é 0 @ lim[eF(u)](Zn—€+l)
o éil . 211,[ 151 ’ 35,...,14*)0 A

Comparing this with series expansions (13) and (15) leads to (21) and (22) forn > 1. O

Remark 5 (Computation of determinants). After obtaining the Maclaurin power series ex-
pansion (13), which is very symmetric and beautiful in mathematics, the next problem is: how to
compute or expand the determinant Dy, into simpler forms?

Comparing the series expansions (13) and (15), we find the relation

(20)1 22071226 —1)
324 (20)!

At the site https://mathoverflow.net/q/444321#comment1147933_444336 (accessed on 11
April 2023), Fred Hucht (University of Duisburg-Essen) pointed out that “you can reduce the
matrix size from 20 x 20 to £ x £ by rearranging the rows and columns, first the odd and then
the even rows/cols. The resulting 2 x 2 block diagonal matrix has one trivial and one non-trivial
determinant”.

Dy = —

|Bae| — C3/2(20)|, £>1.

Remark 6 (Closed-form expressions). From the determinantal representations (11) and (12),
we see that the quantity (3,,(2¢) in the Maclaurin power series expansion (15) is of closed form.
In [23] (Theorem 4.1), the closed-form formula

e e (0) T+ i)
(=1j=1 ( j )

was discovered for the Bernoulli numbers By,,, where T(0,0) = 1 and

D=5 ()G

for ¢,n > 0 such that (n,¢) # (0,0). Consequently, the general expression for coefficients in the
Maclaurin power series expansion (15) in Theorem 2 is of closed form, essentially.

In fact, in theory, because all derivatives of analytic elementary functions are analytic and
elementary, all analytic elementary functions must have unique series expansions whose coefficients
are of closed form.

Remark 7. One anonymous referee pointed out that the following result can be found in [24].
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If
i cpu" = L ntt”
n=0 ZZO:O byu"

and by # 0, then ¢y, can be written as

ag by 0 0 0O 0 0 O
a1 bl bo 0 0 0 0 0
ar bz bl bo 0 0 0 0
as b3 bz b1 0 0 0 0
cy = (Gt : : : : O T (23)
ngrl . . . . . . . . o
an-3 by3 byg byps -~ by by 0 0
a2 by by by -+ by by by 0O
ap-1 byp1 byo by -+ b3 by by by
an by by1 by -+ by bz by by

This result can be used to expand the function F(u) into a Maclaurin power series around u = 0,
as achieved in the proof of Theorem 1.

As demonstrated in [25] (Section 5), the determinantal expression (23) can also be derived
from the derivative Formula (9) as follows.

It is easy to see that

[e/0) n (}’l)
nlc, = lim (Zn—oﬂnu) , n>0.

u—0 Z]i[.o:() bnu”
Let . .
p(u) =Y apu" and v(u) =Y byu".
n=0 n=0
Then

u™0) =nta, and v (0) = n'b,.

From the derivative Formula (9) and in view of algebraic operations for determinants, it follows that

um(zz&o aw”)““ _

u—0 2;1.0:0 byu" o ngrl
0!
ag %bo 0 0 0 0 0 0
1 Sib Lbo 0 0 0 0 0
2la, by 2by Zbo 0 0 0 0
3la; b3 by 3t 0 0 0 0
o : : : : :
(n—3)ans "2y b,y O, s %:i%im <Z:§§ibo 0 0
_ | — ! —2)1 — i — i — i
(n=2)ta, o UgBip, , D, 5 L2, Zi;in Z%ibl (Z%;bo 0
—1)! —1)! —1)! —1)! —1)! —1)! 1)!
(n—1)tay %bn% (nl!‘ b, s (n2!' ) bu-s (fol)!b?’ (273)!%’2 (Zf‘z)!bl ("713!1’0
nlay 01 bn Tibna obu2 (nf'z;)!b‘l (nfé)!b3 (nﬁ'z)!bZ (ni'l)!bl
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aw by 0 0 00 0 0
ay bl b() 0 0 0 0 0
ar bz bl bo 0 0 0 0
| R B
:W ; : : : SR R T

a3 by3 byyg bys -+ by bp O

an2 by by3 byyg -+ by by by O
ap-1 by1 by byz -+ b3 by by by
an  bn byq by -+ by bz by by

The determinantal expression (23) is thus proved.

Remark 8. In [1] (p. 55), one can find the Maclaurin power series expansion

00 22571 (225 _ 1)

2
zZ
oo B = G E g @Y

Incosz = —
(=1

for 2% < ”Tz. Taking the logarithm on both sides of the equality (17) and making use of the series
expansion (24) reveal that

1.2 1
Inj_q,2(z) = Eln;—ilnz—klncosz o
1, 2 1 > 20-1(20 _1q) o o T2
This observation comes from one anonymous referee of this paper.
Taking v = —% in (18) leads to
1.2 1 2l 1|2
ln]_l/z(z)zln—lnz—Z[Z ] —. (26)
2 m 2 (=1|n=1 ]%él/z,n ¢

Comparing the series expansions in (25) and (26), employing the definition in (10), and sim-
plifying result in an identity

B 22671(226 o 1)

C-1/2(20) = i %1 20)1

n=11"1/2,n

|Bye|, £>1.

This is a simple recovery of the identity at the very ends of the equalities in (20).

Remark 9 (Absolute monotonicity). From the Maclautin power series expansion (14), we see
T

that the function v(u) = eF;u) is convex on (— %, F). Strongly speaking, the function v(u) = ef(¥)
is absolutely monotonic on (0, 5) and completely monotonic on (—%5,0). On the other hand,
the logarithmic function Inu is a Bernstein function on (1,00).

We guess that the function F(u) = 31Inv(u) is absolutely monotonic on (0,5 ). In other
words, we guess that the function v(u) is logarithmically absolutely monotonic on (0, 5 ), and then
the sequence Dy is negative for all ¢ € N. If this guess is true, then, from the Equation (19),
the inequality

C172(20) > 332(20), £2>1

is true too. For the definitions, basic properties, and relations of the (logarithmically) absolutely
(completely) monotonic functions and the Bernstein functions, please refer to the papers [26,27] and
the monographs [28-30].
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Remark 10 (Decreasing propoerty). Let F(u) be defined by (7) and

tanu T
{1n M o< ul< 2

G(u) = 2

0, u=020.

On 5 April 2023, Chao-Ping Chen (Henan Polytechnic University, China) guessed that the ratio

£ decreasing on (0, ) and asked the second author for a proof.

G(u)
On the night of 10 April 2023, Chao-Ping Chen, the initial proposer of the decreasing property

of the function é((z)), privately acknowledged the second author that he found out a proof of the
F(u)

decreasing property of the function o] and applied the property in a draft of his joint manuscript
titled “Cusa-type inequalities for trigonometric and hyperbolic functions”.

losif Pinelis (Michigan Technological University, USA) announced the second proof of the de-
creasing property of the function é((l:l)) at the site https://mathoverflow.net/a/444526 (accessed on 10
April 2023) as an answer to his self-designed question at the site https://mathoverflow.net/q/444525
(accessed on 10 April 2023), which originates from the question at https://mathoverflow.net/q/4444
90 (accessed on 10 April 2023), Comment 1147661 at the site https://mathoverflow.net/questions/44
4490/ask-for-a-proof-of-an-inequality-involving-the-bernoulli-numbers#comment1147661_44449
0 (accessed on 10 April 2023), and Comment 1147671 at the site https://mathoverflow.net/questions/
444490/ask-for-a-proof-of-an-inequality-involving-the-bernoulli-numbers#comment1147671_444
490 (accessed on 10 April 2023).

F(u)

The third proof of the decreasing property of the function Gluy was provided by River

Li (https://stackexchange.com/users/14159649/river-li, accessed on 14 April 2023) at the site
https://mathoverflow.net/a/444772 (accessed on 14 April 2023).

Remark 11 (Two guesses). In the paper [31], a monotonicity rule for the ratio of two Maclaurin
power series was presented as follow.
Let ay and by for ¢ € {0} UN be real numbers and the power series

A(w)= Y au’ and B(u) =Y bu'
(=0 =0

be convergent on (—R, R) for some R > 0. If by > 0 and the ratio % is (strictly) increasing for

£ > 0, then the function ‘;((3)) is also (strictly) increasing on (0, R).
In [32] (pp. 10-11, Theorem 1.25), a monotonicity rule for the ratio of two functions was
established as follows.
Fora,b € Rwitha < b, let p(u) and q(u) be continuous on [a, b, differentiable on (a,b),
(

and g’ (u) # 0on (a,b). If the ratio Z,/(Z; is increasing on (a, b), then both ZEB:Z((Z)) and zgz%:s((g))

are increasing in u € (a,b).

First guess:
Making use of the Maclaurin power series expansions (4) and (13), we can write

i 3% Dy 2 2 322Dy o
Fu) = (20! - = (20+2)! 7
G(u) - ) 226(22K71 _ 1) - 0 22€+2(22€+1 _ 1)

|Byy |u2£

o | Baalu
0(2¢0)! 2 (+1)20+2)

(=1

for 0 < |u| < Z. By the above-mentioned monotonicity rule for the ratio of two Maclaurin power
series, we see that if the ratio


https://mathoverflow.net/a/444526
https://mathoverflow.net/q/444525
https://mathoverflow.net/q/444490
https://mathoverflow.net/q/444490
https://mathoverflow.net/questions/444490/ask-for-a-proof-of-an-inequality-involving-the-bernoulli-numbers#comment1147661_444490
https://mathoverflow.net/questions/444490/ask-for-a-proof-of-an-inequality-involving-the-bernoulli-numbers#comment1147661_444490
https://mathoverflow.net/questions/444490/ask-for-a-proof-of-an-inequality-involving-the-bernoulli-numbers#comment1147661_444490
https://mathoverflow.net/questions/444490/ask-for-a-proof-of-an-inequality-involving-the-bernoulli-numbers#comment1147671_444490
https://mathoverflow.net/questions/444490/ask-for-a-proof-of-an-inequality-involving-the-bernoulli-numbers#comment1147671_444490
https://mathoverflow.net/questions/444490/ask-for-a-proof-of-an-inequality-involving-the-bernoulli-numbers#comment1147671_444490
https://stackexchange.com/users/14159649/river-li
https://mathoverflow.net/a/444772
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32K+2D2€+2
(20 +2)! 041 3\ Dy 8)
22€+2(22K+1 _ 1) T02041 _ 1\ 2 |Bze+2|

R ae

were increasing in £ > 0, then the function é((':‘)) would be decreasing from the open interval (0, 5)

onto the open interval (1, ¢).
We guess that the sequence in (28) is increasing in £ > 0.

Second guess:

It is easy to see that we can write

F(u)  F(u) — F(0) 7
Gu) ~ Gu)—c(o) "€ (0'2>
Let
22(
T, = (2£)||B2Z|f >1

Then, from the Maclaurin power series expansion (4) and the relation (8), it follows that

(o)
. 2u Y (0+1)(2%T0 — 1) Ty 5u?
G’(u) —2u Z(ZZZ-H _ 1)Tg+11/l2€, F/(u) _ Z:Ooo ‘ )
(=0 Y (22 — 1) Ty u®
£=0
and
- 2046 20
e LD =T
G’(u) - o0 o
[Z (22€+1 _ 1)Tg+1u2€‘| l2(22K+4 _ 1)T€+2M2£‘|
=0 (=0
[e9)
Y (L+ 1)@ = )Ty au®
- =0
2l 2j+1 20—2j+4 20
Y| T =)@ T - )T Ty gy |0
=0 j=0
or |u| < Z. Denote
for [u| < 3
S(f) _ (£+1)(22[+6_1)Té+3 />0
4 ) . ’ -
Y (FH —1)(@2HE )T Ty
j=0

In the light of the above-mentioned monotonicity rules for the ratio of two functions and for the
ratio of two Maclaurin power series in sequence, we see that if the sequence S(¢) were decreasing in
£ > 0, that is, if the inequality

(¥ — 1) Ty 4] [(222F0 — 1) Ty 4]

[

+| -

N

. ~
+
—_

-
Il
o

(2278 — )Ty py

>
i o (22046 — 1) Ty
[ = D)) [ = )Ty o)

(29)

~
+| -
—
ngl

-
Il
o
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were valid for ¢ > 0, the function é((l:l)) would be decreasing on (0, 7).

At the site https://mathoverflow.net/q/444490 (accessed 10 April 2023), the second author
asked for a proof of the inequality (29).

Remark 12. We can formulate

2

F'(u) 3sin u cosu — 2u sinu cos® u — usinu
=—— . : (30)
G'(u) usinu + usinu cos? u + cos® u — u? cos u — cos u
In [1] (p. 43) and [22] (Theorem 2.1), we find
1 & 32€+1 —-3
L3 (+1 2041
sim u—ig(—l) mu ’ |u‘ <
and .
o 343
3 ¢ 20
cos’ u = (-1) u”, |ul < oo
LD g
Differentiating results in
1 & 32€+1 -3
.2 _ PNV I ]
sin“ucosu = Eéﬂ( 1) 20 ut, |ul <oo

and 20+2
1 & 3 +3
- 2. _ ¢ 20+1
sinu cos™u = 4 EEZO(—l) (2€+1)!u ,ul < oo

Substituting the last three power series expansions into (30) and simplifying yield

1 i(fl)e?’zm — 4032 =360 —9
Flu 12 =~ (20)!
G'(u) 1 i(il)gzmﬂ — 3 4824 540 +3 o
124 (20)!
1) 20+4
33 (WP +13 o
B P (20 +6)!
i 2(0 +1)3245 — (1602 + 78 + 89) Y
Par) (20 +6)!

We now consider the sequence

(40 +3)3%+4 4 40 +13
T(0) = (20 +6)! _ (404 3)32+4 1 40 413
2(0+1)3%45 — (1602 + 780 +89)  2(£+1)3%+5 — (162 4780 + 89)
(20 +6)!

for £ > 0. By induction, it follows that
2(04+1)3%+5 — (160 +78¢ +89) >0, (>0.
The increasing property of the sequence T ({) is equivalent to
[32047 — (2560° + 17600 + 40320 4 3180)]3% T4 43202 + 2400 +433 >0  (31)
for £ > 0. By induction, we can verify that

3247 _ (256/(% + 176007 + 40320 +3180) >0, (>1
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and that the inequality (31) is valid for £ > 1, but not for £ = 0. Hence, the sequence T(¢) is
increasing for £ > 1, but

2 1024
T(O):%:O.645~~>T(1):1(7)—13:0.598~o.

As a generalization of the monotonicity rule for the ratio of two Maclaurin power series,
the following monotonicity rule was established in [33] (Theorem 2.1).

Let f(u) and g(u) be two differentiable functions on the finite or infinite interval (a,b) such
that ¢’ (u) # 0 on (a,b). Define

Hyol = L0

Let -
= Z axt and B(x Z bix!
(=0

be two different real power series which are convergent on (—r,r) and by > 0 for £ > 0. Suppose
that the sequence 3- for ¢ > 0 is decreasing for 0 < ¢ < m and increasing for £ > m, where

m € Nis a fixed posztzve integer. Then the function ’g(( )) is decreasing on (0,r) if and only if
lim, ,,— Hap(x) <O0.Iflim, ,,— Hap(x) > 0, then there exists a number xo € (0,r) such that
the function ‘g(( )) is decreasing on (0, xq) and increasing on (xo, 7).

By straightforward computation, we obtain

4813 + 32(u® + u) cos(2u) — 64u? sin(2u)
—40u? sin(4u) + 4(4u® — 11)u cos(4u)

1 . +12u — 19sin(2u) + 8 sin(4u) + sin(6u)
lim  Hpg(u)=- lim 5 - 5
u—(7/2)- 4 y—(n/2)- [8u?cos(2u) + cos(4u) — 1] (sinu — u cos u)
_4 7
S 2
= —0.29755....

Accordingly, the function

20 +6)!

i 2(0 +1)3245 — (162 4+ 78¢ + 89) A
P (20 +6)!
2sinh(y/x ) (4y/x — 3sinh(2y/x ) 4+ 2/x cosh(2y/x))
3x3
~ [120y/x sinh(y/x ) 4 24,/ sinh(3y/x ) — 32 cosh(3/x )
{ +(24 — 96x) cosh(y/x ) + 27x% + 36x + 8 }
24x3
_ 16sinh(y/x)[4y/x —3sinh(2y/x) 4+ 2+/x cosh(2/x )]
~ [1204/x sinh(y/x ) + 244/ sinh(3/x ) — 32 cosh(3/x)
{ +(24 — 96x) cosh(y/x ) 4 27x% 4+ 36x + 8 }

i (40 +3)32+4 140 +13 ,
E

is decreasing in x > 0.
Remark 13. This paper is an important sibling of the articles [6,7].

6. Conclusions

By virtue of the derivative Formula (9), we established the first form of the Maclaurin
power series expansion (13) of the logarithmic expression F(u) in term of the Hessenberg
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determinants D,, whose elements involve the Bernoulli numbers B,,;. On the other hand,
we recited and revised the second form and its proof of the Maclaurin power series expan-
sion (15) of the logarithmic expression F(u) in terms of the Bessel zeta functions {, (2¢) and
the Bernoulli numbers By, for ¢ > 0.

In summary, our results in this paper are original. We believe that our results will be
widely applied to other areas of mathematical sciences.
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