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Abstract: In this research paper, we propose a novel approach termed the inertial subgradient
extragradient algorithm to solve bilevel system equilibrium problems within the realm of real
Hilbert spaces. Our algorithm is capable of circumventing the necessity for prior knowledge about
the Lipschitz constant of the involving bifunction and only computes the minimization of strong
bifunctions onto the feasible set that is required. Under appropriate conditions, we establish strong
convergence theorems for our proposed algorithms. To validate our algorithms, we illustrate a series
of numerical examples. Through these examples, we demonstrate the performance of the algorithms
we have put forth in this paper.

Keywords: bilevel system of equilibrium problems; inertial method; subgradient extragradient
algorithm and monotone operator

1. Introduction
Throughout this article, let H be a real Hilbert space and C be a nonempty closed

convexsubsetof H. I =1,2,..., N is set a finite index. This work studies the bilevel system
of equilibrium problems (shortly, BSEP(g;, f, C)) as follows:

N
Find x* € Q = (| SEP(g;,C) such that f(x*,y) >0 forevery y € Q. (1)
i=1

where f and {g;}c; are finite family of bifunctions from H x H to R, such that f(x,x) =0
and g;(x,x) = 0 forevery x € H; SEP(g;, C) is the nonempty solution set of the equilibrium
problem defined as follows:

Qi(x*,y) >0 forally € C.

The solution set of (1) is denoted as ()*.

In the case of N = 1, we see that the BSEP(g;, f,C) can be considered on bilevel
equilibrium problems, introduced in 2000 by Chadli etal. [1] and developed by Moudafi [2]
(see also [3-9]), such that the bilevel equilibrium problem is defined by the following:

Find x* € SEP(g,C) such that f(x*,y) > 0 forevery y € SEP(g,C). ()

where f and g are bifunctions from H x H to R. SEP(g, C) is the nonempty solution set of
the equilibrium problem defined as follows:

g(x*,y) >0 forevery y e C. (©)]

The authors of [10] show that the function f is strong monotonicity and of Lipschitz-
type continuity. Then, the Equation (2) has a unique solution. Equation (3), referred
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to as the Ky Fan inequality, is an homage to the contributions of this field [11], and
Equation (3) can be transformed into many special cases, for instance, fixed point problems,
variational inequality problems, optimization problems, saddle point problems, and the
Nash equilibrium problem in noncooperative game; see details in [12-16].

The proximal-like method was presented as the first methods to solve the Equation (3).
This methodology, rooted in the auxiliary problem principle, was presented in [17]. Under
different assumptions, the bifunction is pseudomonotone and Lipschitz-type continuous;
it obtains the convergence result see more in [18]. More precisely, the method in [18] is
generated by sequence {x,} and {y,} as follows:

xg € C
yn = argmin {Af (xu,y) + 3[ly — xa[* 1y € C}
Xp+1 = argmin {Af(y,, z) + %”Z — xn||2 1z € C},

where A > 0 is a suitable parameter. In recent years, many authors paid attention to
the integration of inertial techniques into traditional algorithms that aimed to modify
algorithms to solve Equation (3) (see [19,20]). It is underscored that most algorithms
must use the knowledge of Lipschitz-type constants of the bifunction in order to choose
suitable stepsize A. These constants are often limitations or not practical for actual use
in practice. Nevertheless, two optimization sub-problems on the feasible set C need to
be solved during each iteration, which is high overhead and affects the performance of
the algorithm. To circumvent this problem, many authors introduced a self-adaptive
stepsize procedure so that the knowledge of Lipschitz-type constants of the bifunction is
not necessary (see [21,22]).

For the bilevel equilibrium Equation (2), there are many methods to solve Equation (2).
The authors of [2] introduced a simple proximal method and obtained a weak convergence
to solve Equation (2). By using the proximal method and Halpern method to solve the
bilevel monotone equilibrium and fixed point problem [6]. For more bilevel equilibrium
problem details and recent works on the methods to solve equilibrium problems, we refer
the reader to [3-5,23,24].

Recently, Anh et al. [25] proposed a new explicit extragradient algorithm for solving
a class of bilevel equilibriums, which is generated by

xg€C

yn = argmin {A,(g(xn,y) + @(y)) + 3y — xal? 1y € C}
zn = argmin {A,(g(yn, z) + P(2)) + 3|z — xu|? : z € C}
X1 = argmin {Bof (2 1) + Ly — 225 £ € C}

under the bifunctions f and g, which are Lipschitz continuous and monotone on C. The
convergence of {x,} is obtained. Moreover, the strong convergence is obtained under the
main assumptions that the Lipschitz-type constant of the bifunction is known.

Motivated and inspired by all of the above contributions, in this work, we will propose
iterative algorithms for finding the solution of the bilevel system of equilibrium problems.
The strong convergence of the sequence generated by the proposed method is obtained
under the main assumptions that the Lipschitz-type constant of the bifunction is unknow.
Finally, we present a numerical result of our algorithm, which show that our algorithm
has efficiency.

2. Preliminaries

In this part, we present some definitions and lemmas in the following for proving
convergent theorem. For each x,y € H, we have

lx +y 1 < Hlx 1 +2{y, x + ). )
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Letf: Hx H —R.

(i) fis B-strongly monotone on C if

feoy) +fy,x) < —Blx—yl* YxyeC
(ii) f is monotone on C if
fley)+fly,x) <0 Vx,yeC;

(iii) f is pseudomonotone on C if
flx,y) > 0= f(y,x) <0, Vx,y€C.

For each x € H, let f(x, -) be convex, and the subdifferential of f(x,.) at x, denoted by
92 f (x, x), is defined by

hf(x,x) = {weH:f(xy) - f(x,x)>(wy—x) Yy € H}
= {weH:f(xy) > (wy—x) Yy € H}, 5)

studied in [26].

Lemma 1 ([15]). Let H be a real Hilbert space and C be a nonempty closed convex subset in H.
Let g : C — R be a convex, lower semicontinuous, and subdifferentialble function on C. Then, we
have x* is a solution to the convex optimization problem

min{g(x):x € C}

if and only if 0 € 0g(x*) + Nc(x*), where 0g(-) denote the subdifferential of g and N (x*) is the
normal cone of C at x*.

Lemma 2 ([27]). Let {x,} be a sequence of non-negative real numbers, {a, } be a sequence of real
numbers in (0,1) with Y. a, = oo, and {y, } be a sequence of real numbers. Assume that
n=1

Xpy1 < (1 - lxn)xn + anlYn

for all n € N.If limsup,_, yn, < 0 for every subsequence {xu .} of {x,} satisfying
Eminfy_, o (X, 41 — Xn,) > 0, then limy, 00 X = 0.

Lemma 3 ([23]). Let f : H x H — R be B-strongly monotone, and x +— 9, f(x, x) is L-Lipschitz

continuous on every bounded subset of C. Let0 < a < 1,0 <y <1—-waand0 < p < %‘j For
each x,y € C,w € drf(x,x) and v € 92 (y,y), we have

(1 =n)x —apw —[(1 —n)y —apo]|| < (1 -7 —at)l|x -yl
where T =1 — /1 —u(2p — ul?) € (0,1].

In order to solve a solution of BSEP(g;, f, C), we must use the following assumptions:
Conditions I

(1)  f(x,-) is convex, weakly lower semicontinuous, and subdifferentiable on H for every
fixed x € C;

(2)  f(-,y) is weakly upper semicontinuous on H for every fixed y € C;

(3) f:HxH — Ris -strongly monotone on H.

(4) The mapping x — 9, f(x, x) is bounded and L-Lipschitz continuous on every bounded
subset of C.

Conditions II
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g(x,.) is convex, weakly lower semicontinuous, and subdifferentiable on H, for every
fixed x € C.

g(+,y) is weakly upper semicontinuous on H for every fixed y € C;

g is pseudomonotone on C with respect to SEP(g,C), i.e.,

g(x,x*) <0,Vx e C,x* € SEP(g,C);

g is Lipschitz-type continuous, i.e, there is two positive constants L1, L, such that

g(x,y) +8(y,z) > g(x,z) — Li|lx —y|* — Lally — z||*, V x,y,z € H;

g is jointly weakly continuous on H x H in the sense that, if x,y € C and {x,},
{yn} € C converge weakly to x and y, respectively, then g(x,, v») — g(x,y) as
n — +4oo;

Let {e,} be a positive sequence such that lim, 0 3 = 0, where {a,} C (0, 1) satisfies
the following conditions : ) ; , = o0 and lim;, . &, = 0. Moreover, the sequence

. N )
{ni} C[y,7) C (0,1] such that } #}, = 1.
i=1

3. Main Results

In this part, we introduce a inertial subgradient extragradient algorithm to solve the

bilevel system of equilibrium problems. The strong convergence is obtained under the
Lipschitz-type constant of the bifunction, which is unknown.

The modified inertial subgradient extragradient algorithm (shortly, MISE Algorithm)

. N .
(Initialization :) Set® > 0,A] > 0,1 € (0,1),0 <y < %E,o <w<a<l, '21 =1
i=

and choose xg, x;1 € H

Step 1: Given the iterates x,,_1 and x,(n > 1), set

Wy = Xn + 00 (X0 — Xp1)

where
En

min{ —,0}, ifx Xp_
D Lol Pt [ i e ©
0, otherwise

Step 2: Compute

1

Vi = argmin{g;(wn,y) + 7o lly —wnll}
Step 3: Select ul, € 92¢;(wy, y’,) and compute
i ~ i 1
z, = arg min{g;(y,, y) + v lly — wall}
yEH;, n

where H), = {x € H: (w, — Ayul, — yi, x —y}) <0}

N ..
Step 4: Compute z, = ). 17,2, Select v, € 92f (zn, zn) and compute

i=1

Xp41 = Zn — QnYOn.

Step 5: Set A' = g;(wn, z;) — gi(vh, 2h) — &i(wn, ¥iy)

@)

e {mm{;;(nwn—ym%||z;—y;||2>,m;}, if A' >0
n+1 =

AL, otherwise
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Remark 1. We obtain that

. Oy
Ml = xua ) = 0.

Indeed, let x, # x,_1, we obtain

en [[Xn — xnll
an ||xn — 1]

®)

0
0< =y — 2y <
&n
Taking n — oo in (8), we obtain
0
lim —||x, — x,_1| = 0.
&n

Lemma 4. Let the bifunctions g; satify Condition IL. It follows that the sequence {\!,} generated
by (7) is a nonincreasing sequence and

nli_r;r.}o)\;:gozmin{ 5y foralli=1,2,...,N.

H
2max{Li, Ly}’
Proof. Leti =1,2,...,N. It obvious that

Me1 < A
for all n € N. Therefore, {)\’n } is a non-increasing sequence. Since g; is Lipschitz-type
continuous on C, there is L}, L, > 0 such that

8i(wn, ¥) + 81 (Wi Z) = 8i(wn, zp) = Lilwn =y |1* = Ly, — 221>
So, we have
A= gi(wn ) = 8i(@n y) = 8ilvwz) < Lillon =l + Lol —zl>
< max{Ly, Ly} ([lwn — 3,1 + llys, — 2 [1%)-
This implies that ' o ' ‘ '
AT < max{Ly, Ly} (|lwn — yol* + llyh — z,]1%)-
So, for each A’ > 0, we have

lwn = gl + 12k = yi 2

2max{Ly, Ly} (lwn = yi 1> + llyh — 2 1%)

_
2max{L!, L5}

Sl = yill? 4+ 1z~ i) =

It follows that ' " ‘
AL > min{ —————, A4},
n _mln{zmaX{Ll,Lé} O}

for all n € N. Thus, we conclude that lim,, )\fq exists such that

lim Al = ¢ >min{— il
n—soo " ¢ = {Zmax{Ll,L’Z} O}
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Lemma 5. Let the bifunctions g; satify Condition II, and {z,} be sequences generated by (7). Then,
N

forallp € Q = (N SEP(g;, C), we have
i=1

) Al . Al . .
IIZZ—pIVSIIwn—PIV—(l—uAi” My = wal® = (1= p=7")llz3 — vl
n+1

foralli=1,2,...,N.

Proof. Leti =1,2,..., N via the definition of the equation:

. ) 4 1
z, = arg min{g;(y;,, y) + oYY ly — wnll }-
yeH;, n

Thus, ‘ ' o ' ‘ ‘
An(&i(Wn y) — 8i(Yn,2n)) = (Wn — 2,y — z,), forally € H.
O
Since p € SEP(g;,C) C Hi foralli=1,2,...,N, we have

i

M (8i (W P) = 8i (W) 2 (w0n — 2, p — 23). ©
Since p € SEP(g;,C) and yi, € C,we have g;(p,y!,) > 0. Using the pseudo monotoxicity of
gi, we have g;(yi, p) < 0, which we obtain from (9) that

(wn — 2y, p — z4) — M&i (Y3, P)

—An8i (W Zn) > }
> (w2 p— 2. (10)

Since u, € 92i(wy, V'), we have

8i(wn,y) = gi(wn, yy) = (up,y —yy,), forally € H.
Therefore,
8i(Wn, 23,) = &(Wn, Yp) = (1t 2 — V).
So,
220, (8 (wn, ) — &ilwn, Y1) = 275, (i, 2 — Y- (11)
Since z}, € Hi,, we have o o '
(wn — Ayt — i 2 — i) < 0.
Thus, o ‘ o ‘
200t 2 = Yu) = 2(Wn = Yius 2 — Yir)- (12)
From (10)-(12), we obtain
200, (8i(wn, 20) — 8i(Wn, 1) — 8i(Yin Z))
> 2((wn =2y, p — 2) + (Wi — Yoy 20 — Vi) (13)
= zh = PP = llwn = pII* + llwn =y > + 3 — 20l

Therefore,

123 = PI? < Nwn = plI? = llwon = yol® = l123, = v + 225, (8 (w3, 20) — &i(Wn, 13,) = 8i (Vi 20))-
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Using the definition of A!,, we have

Iz = pl> < Nlwn = plI> = lwn = yull* = Iz — v |I?
N ;
t2o7 b (8i(wn, 2h) — 8i(Yh 2) — 8i(wn, vy
n+1
< lwn = pl? = llwn = yill* = |z — vil®
AL , o
Y (llwn = yill> =z — vl
n+1
= Jw, —plP - (1~ A )|wn —yiulI> = (1 - )||Z —yull*.
n—P 7/‘/\, n—Yn /\1 Yn
n+1 n+1

Theorem 1. Let bifunctions f satisfy Condition I, and g; satisfy Condition II. Suppose that
Q= ﬂ SEP(gi, C) is a nonempty set. Then, we have the sequence {x, } generated by the MISE
Algorzthm which converges to the unique solution of (BSEP).

Proof. Under the assumptions of the bifunctions g; and f, we obtain the unique solution of
the bilevel system equilibrium Equation (1), denoted as p. It implies that f(p,y) > 0 for all
y € Q. Thus, p is a minimum of the convex function f(p, -) over Q). Using the optimality
condition, we obtain

0 €9xf(p,p) + Nalp)-
Then, there exists v* € d,f(p, p) such that

(v*,z—p) >0 forallze Q. (14)

O

Next, we prove that {x, } generated by the MISE Algorithm converges to p. We divide
the proof into four steps.
Step 1: We show that the sequence {x,} is bounded since
i

lim (1 — y/\/l\”

n—oo ntl

)=1—u>0.

Foreachi=1,2,...,N, thereis né € N such that

i

1—;4A >0, V> nlb.
Al 0
n+1

Choose ng = max{né :i=1,2,...,N}. For each n > ng, we have

i

— >0, Vi=12,...,N. (15)
An—i—l
Therefore,
lzn — plI> = IIZ%Z —pl?
< ||2nnz -p)l? (16)

N
Z nllzn P||2—*2271n77n||2 S

zlt
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Combining Lemma 5 and (16), we have

>||z —yul% (17)

20 = plI* < flewn — plI* 277111_ )”yn_leHZ Zﬂnl—

)\l

i
n+1 /\

n+1
It implies from (15) that
120 = pll < llwn = pll, Vn = no. (18)

Therefore,

260 + 0 (xn — x0-1) — Pl
10 (xn — xn—1) || + llxn — p| (19)

[wn = pll

IN A

0
= an— %0 — x|+ [lxn — pl-
Xn

. 0 .
According to Remark 1, we have a—"”xn — x,_1|] = 0. There exists a constant M; > 0
n

such that o
L ||x,1 Xp_1|| < My, Vn > 1. (20)
Combining (18)-(20), we obtam
O
1z =Pl < llwn = pll < an_ =l = x0all + [l = p| (21)
n

< apMy + [|xy — pll, Y > ng.
Using Lemma 3 and (7), it follows that

[xn41 =Pl = llzn — any0n — p+ any0™ — 2y y0" ||
= |[(zn — any0n) — (p — any0") — any0™||

< (1 —ant)llzn — pll + anyllo”||

< (1 —anT)(anMy + [|xn — pll) + any][o||

= agMy — 0Ty + (1= a0, T) |50 — pl| + any|]o*
M

< (1 =a0)lx — pll+ et + T o7
M v

= (1= aD)lln = pll + awt(— + —[lo[])

M + [[o"||
< max{f,Hxn—P”}

for all n > ng, where T = 1 — /1 — (28 — yL?). Through induction, we obtain

M + v][v*]]
I pll < maxe M ey,

Hence, the sequence {x,} is bounded.
Step 2: Show that there is My > 0 such that

N
L1~ Myi —wal? + Z 7:(1—

per” “ )l — vl

i
n+1 /\

n+1

< lxw = plI* = llxn = plI* + &uMs,
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for all n > ny. One has

%1 = pl> < llzn = &wyon + anyo* — anyo”™ — p|?
< |l(zn — anyon) = [p — anyv*] - "‘n’W*HZ
< |l(zn —anyon) — [p— ‘Xn'YU*]”z
—2(anYv", Zp — Ap YO — P+ Ay Y0" — ayy0*) (22)
= |l(zn = @wyon) = (p = @0 | = 2007 (0%, p — xp11)
< (1= ant)?(|z0 — pl® + €nMa
< lzn — pl* + @My

for some M; > 0. Using (17), we obtain

Ixnr1 = pl? < llwon — plI* — Zﬂn Y l)I\y;rWII2 27711 (1= 7"z = v + anMo. (23)
n+

It follows from (21) that

i
An—&-l

lwy —plI> < (Jlwn — pllanMy)?
< lxn — plI* 4 200 My [|xn — p|| + a5 M3 (24)
< lxn — pl* + auMs

for some M3 > 0. Combining (23) and (24), we obtain

N
. AL )
[xn1 —pl> < IIxn—PIIZHnMa—Z%(l—#A, ) vy — wall?
i= n+1
N /\ )
= Y (= g 2 = P 4 M
i=1 n+1
Hence, ' ‘
N b ) l ) 1o
¥ (1= =)y — wal +271n(1— = )1zi = Yl
= /\ A
=1 n+1 n+1

IN

Ixn = plI? = xns1 = plI? + an (M3 + Ma)
10 = pI? = [lxnr1 = plI* + &My

where My = My + Ms.
Step 3: Show that

2 *
%1 =PI < (1 =) 20 — pI* + “n’f[%@ P Xnt) + — Xp41l[]
for all n > ny. Indeed, we have
lwn —plI* = |lxn+ 60n(xn — xn11) — plI?
= |l(xn —p) +Oulxn — xn+l)||2
= |lxn— PHz + 204 (Xn — P, Xn — Xpy1) + G%HXH - xn—i-le (25)

IN

1% = plI + 260120 — pllllxn — xnall + 63120 — x>
Combining (18) and (22), we obtain

(1= anT)llzn = plI* + 2007 (0", p = Xn11)
(1= anT)llwn — pl? + 200y (0", p = Xny1). (26)

lsr = pl? <
<
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for all n > ng. Substituting (25) into (26), we obtain

e =PI < (1= anT) |0 = plI* + 2007 (0%, p — x011)

+0ulxn — xp1][2l[xn — pll + 0l[xn — Xn41])
M6,
XnT

2
< (1—0¢nT)||xn—PII2+anT(%<v*,P—xn+1>+3 [0 = %n1]])

for all n > ny where M = sup{||x, — p||, 0||xn — x,—1||} > 0.
Step 4: {||x, — p||}? converges to zero. Indeed, using Lemma 2, it suffices to show that

limsup (o™, p — x,+1) <0,
k—o0

for every subsequence {||x,, — p||} of {|lx, — p||} satisfying liminfi_,(|[xy,+1 — pl| —
|xn, — pl|) > 0. Assume that {||x,, — p|| is a subsequence of {||x, — p||} such that

li;ninf(Hxnk —pl* - [ +1 — plI?) > 0.
—00
In Step 2, one has

i i

y Nil_ A P2 Nil_ Mo Niai g2
lmsupkﬁoo[,zlﬂn( p Nyn — wall +,2117n( 1z Nz = vull?]
1= 1=

i i
An+1 )LnJrl

< lirknsup[ocnkM4 + [[xn, — pl* - l|%n, 1 — Pl
—00

< limsup ay, My + limsup([|xn, — pl|* = [|xs, 11 — p[1*]
k—o00 k—o0

= liminf(|xy, 11 = plI” — [lan, — pII°]
< 0
foralli =1,2,...,N. This implies that
lim [lyh, — s, =0 and  lim Iz}, — i, | =0, @)
foralli =1,2,...,N. Therefore

Jim 12}, — | =0. (28)

foralli=1,2,...,N. We know that

N o
Hznk - wT’lkHZ H Z’?il’lkz:’lk - w”kHZ
i=1

N . .
H Z 77111}((25’!]C - wnk)Hz
i=1

S 21 SRR to2
= ZT];‘ZkHZ;’lk _wnkH - 52277;1,{’771,(”2171;( _Zi’lkH :
i=1 i=1t=1
Taking k — oo in the above inequality, we obtain
kh—glo ”an — Wy, | =o0. (29)

Moreover, we can show that

B {241 = zn || = Hm apylfon || =0 (30)
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and
li = lim @ = li g =0 31
P (X, — wn, || = P well %, — X1l = kl_{f)‘o“nkanxnk — x| =0. (31)
We know that
2y = X || < N1 = 2z || + |2my — Wi || + llw0ny, — %, |- (32)

Taking k — oo in (32) and using (29)—(31), we obtain
im [, 1 | = . (33)

Since the sequence {x;, } is bounded, there exists a subsequence {x,, } of {x,, }, which
j

converges weakly to some z € H such that

limsup(v*, p — xp,) = im (v*, p —xp;) = (v*, p — 2). (34)
k—s00 jreo

It follows from (31) and (27) that {wy,, } and {y;k} converge weakly to some z € H. Since
C is closed and convex, it is also weakly closed, and thus, z € C. Next, we show that

N ,
z € Q= () SEP(g;,C). It follows from Lemma 1 and the definition of {y} } that
i=1

1 , .
0 € %{gi(wn,y) + 237 v = wal*} (i) + Ne ().
n

Therefore,

An{8i(wWn,y) — gi(wn, v} = (wn — yhy — i) forally € C. (35)

Let n = ny in (35) and taking k — oo, using the assumption of the sequence {A,} and
Condition II (5), we obtain g;(%,yy) > 0 forally € Cand foralli =1,2,..., N. This implies
that z € Q. By using (14), we obtain (v*, p — z) < 0. It follows from (34) and the above
inequality that

limsup (v*, p — x,,,41) < 0. (36)
k—o0
: : On .
Since limy,—co P llxn — x,_1]| = 0 and (36), we obtain
n

3M6,,

. 2 .
lim sup[l@ P = Xp41) +
k—o0 T Ny

1% = X2 (]] < 0. (37)

Combining Step 3 and (37) with Lemma 2, we can conclude that {x, } converges strongly
to p. This completes the proof.

4. Numerical Example

In this section, we present a numerical example for testing the modified inertial
subgradient extragradient algorithm (shortly, MISE Algorithm) to solve the bilevel sys-
tem of equilibrium problems. We consider the following problem. Let H = R" and
C={xeR":-20<x; <20,Vj€{1,2---,n}}. Letthebifunction f : R" x R" — R
and g; : R" x R" — Rforalli =1,2,---, N be defined via

fry) = (Px+Qyy—x),  VyyeR',
gilx,y) = (A'x,y—x) Vx,y e R",Vi=1,--- N, (38)
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where P and Q are randomly symmetric positive definite matrices defined via
Q=W'W+nl, P=Q+ V'V +nl,

where W and V are random n X n matrices, and I, is the identity n x n matrix. Al R" 5 R
are linear operators given via A’ = (a§ Jnxn € R, which are randomly symmetric
positive definite matrices foralli =1,2,--- , N.

Note that the bifunction f(x, y) is n-strongly monotone on R”, and for fixed x € H,
we have f (x,-), which is convex on R". Moreover, we obtain that the subdifferential
d2f (x,x) = {(P+ Q)x}. We also obtain that the function x — 9, f(x, x) is bounded, and g;
are pseudomonotone on R" and Lipschitz-type continuous with L} = L} = 1||Af|| for all
i=12,---,N.

We have tested our algorithm for this example in which the dimension is expressed
as follows:

n = 10,50, 100, 500, 1000;

the number of system N = 10,50,100,500. The matrices P and Q are matrices of W
and V, respectively, being randomly generated in the interval [—5,5]. The linear oper-
ators A’ : C — R" are defined via A" = (aﬁs)nxn, where afs are randomly generated
inCforalli = 1,2,---,N. We choose the starting point of the MISE Algorithm xg
and x; to be vectors with coordinates that are one and parameters that are as follows:
L=YP+Q| L =L=1AYi=1-,N; L =max{LLi,L,:i=1---,N}

I Y A | P P IOV SO SR [V | _ 1
0=qpA =g, Vi=1, ,N,y—4L,'y—7HP+QH2,17n—N,txn——nﬂanden_i

(n+1)%°
Note that at each iteration in the MISE Algorithm, we obtain v, and z/, via
yh, = Pe(w, — AL Alw,) (39)
and
Zy = Py (v — A A, (40)

Since C = {x € R" : =20 < x; < 20,Vj € {1,2,---,n}} isbox and H}, = {x € R" :
(wy — Abul, — yi, x — )} is a half space, ¥/, and z/, can be computed explicitly. For more
details, see [21].

The experiment is performed under MATLAB R2018a running on a laptop with 2.59
GHz Intel Core i7 and 4 GB RAM. We terminate Algorithm via the stopping criterions

[1%n+1 — Xn]|
ot TPl <e
lxall +1 7

where ¢ = 107° to obtain the number of iteration and CPU times, and the CPU times are
considered in the second unit. The results are presented in Table 1, where the following
are noted:

*  The number of the tested problems denoted as N.P;
*  The average number of iterations denoted as Average iteration;
*  The average CPU computation times denoted as Average times.

We see the computed results reported in Table 1. The sequence generated by our
proposed MISE Algorithm is convergent and effective for finding the solution of bilevel
system of equilibrium problems.
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Table 1. The result of the modified inertial subgradient extragradient algorithm.

n N N.P Average Iteration Average Times
10 10 10 300 0.0703
50 10 254 0.1813
100 10 238 0.4266
500 10 253 1.9734
50 10 10 204 0.1797
50 10 207 0.2828
100 10 196 0.6547
500 10 197 2.7172
100 10 10 90 0.2469
50 10 89 1.2828
100 10 90 2.2328
500 10 91 12.1719
500 10 10 17 1.7171
50 10 18 8.8781
100 10 19 15.7156
500 10 17 80.5547
1000 10 10 9 7.9687
50 10 8 33.2968
100 10 8 73.9375
500 10 9 362.4844

Next, we present the comparison of the proposed MISE Algorithm and the extragradi-
ent subgradient Halpern method (shortly, ESH Algorithm) [23]. We consider Problem (38)
in the case of the number of systems, N = 1. We tested the example with the dimension
n = 50,100, and the matrices P and Q are the matrices of W and V, respectively, being
randomly generated in the interval [—5, 5]. The matrix A = (a;5), where a;; are randomly

generated in C. The parameters are defined as follows:

e MISE Algorithm: the starting point of xg = x; = (1,---,1)T; L = }||P + Q|| Li =
L R T
4L o HP+QH2’ n = NS T T T (12 +1)

e ESH Algorithm: xg = (1,---,1)"; A, = 4\|AH; u= HPJFZQHz/ ay = n+1 and 17, = &111)-

We terminate the algorithms by stopping the criterion W < 107°. The results

are presented in Figures 1 and 2.

10° T T T T T T T r :

- = - MISE Algorithm
- == ESH Algorithm

102

Error of tolerance
]
&
et

10*

LU SIS DU S L I ANl s S T T IR S T E W R W
1

S,
i
T

1n.s 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500
Number of iteration

Figure 1. The number of iterations of MISE Algorithm and ESH Algorithm, where dimension is

n = 50.
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Figure 2. The number of iterations of MISE Algorithm and ESH Algorithm, where dimension is
n = 100.

From the result reported in Figures 1 and 2, we obtain that the sequence generated by
the MISE Algorithm is significantly better than the ESH Algorithm.

5. Conclusions

We have proposed the inertial subgradient extragradient algorithms to solve the bilevel
system equilibrium problems in real Hilbert spaces. Our algorithm obtained without the
prior knowledge of the Lipschitz constant of the involving bifunction. Under oppropriate
conditions, we obtain strong convergence theorems of our algorithms. Finally, we have
presented some numerical examples and shown that our algorithms are efficient.
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